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Abstract

The effective field theory of the minimal low scale orientifold models is developed. It describes universal
features of related orientifold vacua in string theory. It contains, beyond the Standard Model fields, an
MSSM-like Higgs sector and three anomalous (massive) U (1) gauge bosons. All renormalizable couplings
are included as well as some dimension-five couplings that are important for anomaly cancellation. The
Higgs symmetry breaking induces mixing between the anomalous U (1) gauge bosons, the photon and
ZY. This mixing as well as the anomaly related cubic vector boson couplings is potentially important for
discriminating such models from other theories containing Zs. Some interesting tree-level processes are
also evaluated.
© 2006 Published by Elsevier B.V.

1. Introduction

String theory owes its popularity and promise to the fact that it includes consistently gravity
along with other gauge interactions. The most explored set of vacua in string theory have a string
scale that is close to the four-dimensional Planck scale. All successful heterotic vacua, whether
perturbative, or M-theoretic have this property. This is appealing due to indications from running
coupling unification. On the other hand, no simple reliable predictions are possible without a

* Corresponding author.
E-mail address: irges @physics.uoc.gr (N. Irges).

0550-3213/$ - see front matter © 2006 Published by Elsevier B.V.
doi:10.1016/j.nuclphysb.2006.04.009


mailto:irges@physics.uoc.gr
http://dx.doi.org/10.1016/j.nuclphysb.2006.04.009

78 C. Coriano et al. / Nuclear Physics B 746 (2006) 77—-135

detailed vacuum, that is sufficiently close to the Standard Model (SM) at low energy. Although
there are some heterotic vacua that come close [1,2], it is fair to say that none so far has passed
all tests in a controllable fashion. Moreover, to put it simply, it is hard to see string effects at
E ~ 1 TeV when M, ~ 10" TeV.

In the past decade, other perturbative vacua of string theory have been explored. A particularly
interesting class are orientifold vacua [3—5], that in their broad sense are compactifications of the
type I string. Their generic structures involves a compact six-dimensional manifold or orbifold
thereof, times a Minkowski space. The more general option, relevant in the presence of fluxes
may warp Minkowski space. The internal space is threaded with D, >3 branes and orientifold
planes that stretch along Minkowski space and have their potential extra dimensions wrapped
around cycles of the internal manifold.

Because of this, there is no direct link between the string scale and the four-dimensional
Planck scale. By adjusting (if possible) the internal volumes any possible number for My < Mp
can be obtained [6-9]. Of course, especially in the absence of supersymmetry, volumes along
with other moduli acquire potentials, and their values are determined dynamically. It has been
argued that there may be vacua where the string scale could be as low as 1 TeV although to the
present day, no reliable such vacuum exists.

There has been quite a bit of success though in model building so far with a high string scale
(see [10-12] and references therein), although, as in the heterotic case, there is no perfect vacuum
yet.

Low scale string vacua, have the undeniable charm that there may be amenable to experi-
mental tests. Even though, as already stated, there may be no such model at present solving the
tadpoles conditions, their general structure has characteristic features, and experimental signals
that are essentially generic. The purpose of the present work is to formulate and parameterize
the generic low energy action of the most interesting class of such vacua, that we call minimal
low scale orientifold models or mLSOM for short. Such an effective action can help both the
string theory search for such vacua, currently under way [14], as well as the parametrization and
computation of experimental observables.

Orientifold vacua have a conceptual simplification build in: there is a clear separation typically
between the open string spectrum, coming from the D-branes, and the “bulk” spectrum coming
from the unoriented closed strings. The graviton is part of the bulk spectrum, whereas the branes
give rise to particles at the massless sector with spin at most one.

The standard model gauge group and other particles is naturally realized on the D-branes
rather than the bulk. There are several reason for this. A simple and powerful one is that it is
not possible to realize the non-Abelian structure of the SM including its reps in type II string
theory [15].

The gauge group coming from the D-branes is a product of classical but not exceptional
groups, each factor coming from a stack of branes at the same point in transverse space. The
minimal gauge groups that can accommodate the standard model particles are U (3) x U (2) x
U(),and UQB) xU2) x U(1) x U(1) [16,18,19]. There are variants where U (2) — Sp(2) ~
SU(2), and U(1) — O(2). There will be in general a hidden group, that for the whole paper we
will neglect, although it may be important (depending on the model) for issues of supersymmetry
breaking. Of course, one may consider more complicated groups. The Pati—Salam like group
U (4) x U(2)? is the simplest example. However unlike field theory, here the minimal groups are
more advantageous, since the larger ones must be eventually broken and we should be able to
describe them directly in their broken phase.
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There is an obvious observation: all such embeddings involve U (1) factors that are more
numerous than what we know in the SM, namely the hypercharge [16]. It is also known that
many U (1)s can be anomalous in orientifolds [20]. Anomalies cancel, although the appropri-
ate charge traces are non-zero, thanks to variants of the Green—Schwarz mechanism [21]. It is
known that anomalous U (1)s become eventually massive, and the associated gauge symmetry
is broken. Under certain conditions, the global symmetry may remain unbroken in perturbation
theory (see [22] for a review). It is then hoped that all extra U (1)s except the hypercharge become
hopefully massive. In fact, this is generically the case.

The anomalous U (1) masses, can be calculated unambiguously via a one-loop (annulus) com-
putation [23-25]. A rich pattern of masses appears. It turns out that the physical masses are
bounded above by the string scale, but can be arbitrarily low, if some internal dimensions are
large. In the generic case however they turn out to be a few times smaller than M, if one in-
cludes, s and is.

In fact, the anomalous U (1)s gauge bosons have essentially all their renormalizable couplings
fixed by charges and anomalies. Apart from their minimal couplings, they mix with appropriate
bulk axions, that couple to other gauge fields via PQ-type couplings. They also have most of the
time, cubic Chern—Simons-like interactions due to anomalies [27]. The effective cubic couplings
together with the non-zero triangle diagrams, provide an effective cubic vertex to the anomalous
U (1)s gauge bosons. This effect is absent from usual non-anomalous Zs. They may have there-
fore signals that distinguish them from other Zs candidates, [28—30]. Moreover, due to the fact
that the Higgs is always charged under such anomalous U (1)s the Zs mix with the Z° gauge
boson. Therefore, the photon and the Z° acquire a (suppressed) cubic vertex.

If the string scale is in the TeV range, such anomalous U (1)s are prime candidates for detec-
tion. At the same time, they provide many contributions to known processes, that could exclude
ranges of the parameters (Z-couplings [31-33], g — 2 [34] and production rates, [26] being three
examples that have been partially studied so far).

Apart from the SM spectrum and the anomalous U (1) gauge bosons, there are other low-
energy particles in the orientifold vacua with low string scale. We will enumerate them below
and describe briefly their characteristics.

e Additional Higgses. Higgses typically come in pairs, even if supersymmetry is broken at the
string scale. The large scale study of [35] based on the hypercharge embedding of [36,37],
shows that there are different vacua with a variable number of doublets. Of course there
should be at least one. And for simplicity we assume that there are no others around.

e Superpartners of the SM particles. Depending on the way supersymmetry is broken, they
may have masses that are well below, to around the string scale. In fact, in low scale ori-
entifold models, the most natural way of breaking supersymmetry is the “explicit breaking”
which gives M; as the susy breaking scale. In such a case the partners have masses at the
string scale and they are typically heavier than the anomalous U (1) gauge bosons, with the
possible exception of the higgsinos.

e Non-chiral massless states. There are no such states in the SM therefore they must be
somehow lifted in mass. It is possible, combining intersecting branes with Scherk—Schwarz
deformations to actually remove all such states from the massless spectrum [38].

e Possible hidden groups, encompassing all other massless-level open string states that do not
directly interact (by construction) with the SM particles.

e Open string KK-states. Some of the branes may wrap internal dimensions. As explained
in [17], when the string scale is low, the most advantageous configuration has two large
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dimensions. All others have size at most twice the string length. Moreover all SM particles
wrap the small dimensions. Therefore, their KK states have masses at the string scale. There
are two exceptions. The first is when one of the branes wraps the two large dimensions. The
associated anomalous gauge boson, on the other hand is massive, and it should be arranged
that the mass comes from N = 2 sectors so that it is of the order of the string scale [17].
Therefore although its KK states are very tightly spaced, its zero point mass is large. It is
interesting that this type of massive gauge boson, might have a very particular signal at LHC,
because of this very special property.

The second exception concerns the KK states of the right-handed neutrinos that come from
the above described brane. These mix with the zero modes and provide an interesting pattern
of masses. This was analyzed in [17].

Stringy states of open strings. All the states above have stringy excitations (vibration modes)
of the associated open strings with masses at the string scale and above.

Massless bulk modes, including the graviton, having gravitational strength couplings to the
open sector. After the breaking of susy, all but the graviton should acquire masses.

Bulk KK states. Since there are two compactification scales, the one that dominates at low
energy is associated to the two larger dimensions. The physics of such KK states has been
analyzed in the past [39].

Bulk stringy states, with masses at the string scale or more.

Typically, apart from the SM particles, the particles that are lightest from the brane particles,
are firstly the anomalous U (1) gauge bosons and then superpartners. The distribution of masses
depends on the vacuum. In this paper, we will neglect superpartners, since this is a well studied
sector. We will focus on the anomalous U (1) gauge bosons, the Higgses and the SM particles.
The bulk axions that are crucial for anomaly cancellation will also be included. Most importantly,
the particles we leave out, are not expected to affect qualitatively our results.

In successful low scale orientifold vacua, baryon and lepton number are gauge symmetries.
They are in fact some of the anomalous U (1)s. Their gauge bosons will become massive but
the associated global symmetries will remain intact in perturbation theory. This is a crucial fact,
since at low M, baryon and lepton number violating operators will be hardly suppressed, [40].
There will be breaking due to instantons but this is known to be small.

This general class of models has important open problems that need to be eventually addressed
at the string level, in order to have concrete successful string vacua that realize this setup.

e The setup needs radii much larger than the string scale. This hierarchy, leading to a low string
scale must be explained/accomodated.

e It must be arranged that the PQ symmetry is explicitly broken, in order to avoid a massless
axion.

e The problem of one-loop tadpoles needs to be accommodated somehow.

There are several important effects, in the effective theory we are describing. A crucial ingre-
dient is that in all cases, the Higgs gauge bosons are charged under one linear combination of
the anomalous U (1)s. In fact we can go to a basis (a non-orthogonal one) where the four generic
U (1) symmetries of the low scale orientifold vacua are hypercharge, Y, baryon number B, lep-
ton number, L, and a Peccei—Quinn-like symmetry PQ. The Higgs then has B = L =0, and its
vacuum expectation value breaks ¥ and PQ.
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The UV mass matrix of the U (1) gauge bosons is characterized by three mass eigenvalues of
order M (hypercharge is massless) as well as three mixing angles. The second source of gauge
boson masses is the Higgs symmetry breaking. Due to the (mild) hierarchy of the Higgs vev and
M there is interesting pattern in the gauge boson mass-eigenstates.

The photon is the usual mixture of ¥ and W3. However, the Z°, apart from its Y and w3
components, it has a small (~ O(M % / MX2 )) admixture of the other three anomalous U (1) gauge
bosons. Similarly, the three heavy Zs have a small admixture of ¥, W3. The presence of this
mixing affects in an interesting way several issues:

o 79 has non-standard couplings to fermions. This also affects the p parameter.

e y and Z° acquire a trilinear vertex, an avatar of their mixing to the anomalous U (1)s and the
triple anomalous U (1) vertex. This is very interesting for LHC.

e There are non-standard photon and Z° couplings to the Higgs.

It is these issues that we will analyse to a certain extent in the present paper.

We should also briefly mention the parameters of the effective field theory. We do have, to
start with, all the SM parameters.

The Higgs sector resembles that of the MSSM, in the sense that it has two Higgses.! How-
ever, if supersymmetry is broken at the string scale, the structure of the potential at the level
of the quadratic terms maybe different. It depends in fact on the way supersymmetry is broken.
However for orbifold and SS breaking the tree level potential is of the supersymmetric type.
However, in this paper, for generality we will keep all possible terms.

We split the terms in the Higgs potential into those that preserve the PQ symmetry and those
who do not. The PQ-preserving part has four real quartic couplings and two quadratic ones.
The PQ-breaking part has one complex quadratic coupling and three complex quartic ones. It is
essential for giving a mass to an otherwise massless scalar, the axi-Higgs, a mixture of one if the
Higgs phases and the bulk axions.

The anomalous U (1) sector has a 4 x 4 UV mass matrix that is generically not diagonal. One
of its eigenvalues is zero corresponding to the hypercharge. The hypercharge linear combination
is fixed by a set of integers. For mLSOM, there are two choices. The rest of the matrix can
be parameterized in terms of three mass eigenvalues and three mixing angles. The axion-gauge
boson mixing, axion-gauge boson CP-odd couplings as well as the CS-like couplings are then
determined in terms of the mass matrix and the charges, that are known.

One of the anomalous U (1) gauge bosons comes from a brane that wraps the two large di-
mensions [16]. This implies that its UV mass term as well as the mixing terms with the other
U (1) gauge bosons should be anywhere between M, and ~ 1073 eV. We will assume in this
paper, for simplicity that its mass comes from an N = 2 sector and therefore its physical mass is
of the order of the string scale. In any case, its mass must be larger than around 50 MeV to avoid
standard supernova cooling constraints [17].

In the neutrino sector that is not discussed in this paper, there are further parameters that
enter. If there is a single bulk right handed neutrino then there are three parameters associated
to its coupling to the three lepton doublets. If there are three bulk neutrinos, then one has the
standard KM-like mixing matrix. On top of this there is neutrino mixing with the right-handed

1 This is the minimal choice. There can be orientifold models with several pairs of Higgses. The general qualitative
features of such extensions are similar for the effects we are studying in this paper.
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neutrino KK modes that are densely spaced. In the simplest uniform case of a 7% with the same
radius, it is the radius that enters as an new parameter (constrained at the same time by fitting the
gauge couplings and the Planck scale). These issues are discussed in detail in [17]. In the sequel
we choose the innocuous case of three bulk neutrinos and neglect the mixing with the KK states.

The structure of this paper is as follows: In Section 2 we describe the string theory origin of
the effective field theories that we analyze. They should correspond to string theory vacua with a
string scale in the TeV range.

In Section 3 we describe the effective action under study. We describe in detail the UV
(stringy) gauge boson mass terms, and we also describe convenient gauge fixings in the unbroken
phase.

In Section 4 we analyze in detail the issue of electroweak symmetry breaking. This is of im-
portance as the properties of Zs are affected importantly. We discuss in particular, the gauge
boson masses the structure of the Higgs sector, the details of the Green—Schwarz sector respon-
sible for anomaly cancellation and finally a convenient gauge-fixing in the broken phase.

Section 5 contains the computation of various tree level cross sections that are relevant for
constraining the parameter space and analyzing new physics in this class of models.

Finally Section 6 contains our conclusions and further comments.

Appendix B contains a comparison of the Higgs sector here with the MSSM Higgs sector
while Appendix C contains a rewriting of the Lagrangian in the physical basis.

2. String theory origin of the mLSOM

In this section® we motivate the type of effective theory we will be studying in this paper, by
linking it to a class of interesting vacua of string theory. These are known as orientifold vacua.
Useful reviews introducing this subject and describing recent progress can be found in [10-13].

The generic structure is as follows. The ten dimensions of superstring string theory are split
into four flat non-compact dimensions and six compact dimensions, threaded with other possible
background fields (tensor fluxes). Several groups of D> 3-branes are inserted in this vacuum,
so that their 3 4+ 1 dimensions are parallel and fill the four-dimensional Minkowski space. If
they have more dimensions, then these wrap appropriately some cycle of the internal compact
manifold. There will be generically also orientifold planes, non-dynamical hyperplanes, with
typically negative energy density. Their basic property is to change the orientation of open and
closed strings. They are typically required for the consistency of the theory, and they enter cru-
cially both in anomaly cancellation but also in the conditions for IR stability (or absence of UV
divergences).

We shall restrict ourselves to models in which the closed string sector is supersymmetric,
while supersymmetry is generically broken by the open strings at the string scale [41]. We intend
to have a string scale M that is in the TeV range. M is related to the four-dimensional Planck
scale as

Vi
M} =2M2, 2.1)
8s

2 Reading this section is a not a prerequisite in understanding the rest of the paper. It does however give a motivation
for the effective theories, and also some idea on what parameter choices are easy to accommodate and which not.
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where Vg is the volume of the internal six-dimensional manifold in string units, and g, the string
coupling constant, that is smaller but not much smaller than one.? Therefore a low string scale im-

plies a (very) large volume for the internal manifold. Its linear dimension is Vﬁl/ S~ (Mp/My)'3.

For M; =1 TeV, V6_1/ ® < 10 MeV. We know however that the internal manifold must not be

uniformly large. It must have small cycles, otherwise some of the standard models fields would
have KK states with masses ~ 10 MeV and this is obviously experimentally excluded.

A convenient way to describe this is in orientifold model building based on orbifolds of 7°°.
There, we can take a number n of radii to be large and the rest 6 — n to be close to the string
scale. There are however cases to be avoided. If only one radius is large, then it is macroscopic
and therefore excluded. Moreover, this is a highly unstable situation [42]. If all of them are
large, there is no space to wrap some of the SM branes since this will produce unacceptable
KK descendants of the SM particles as argued above. In fact we should have as many small
dimensions as possible to allow manoeuvering the SM branes. This gives the case of two large
dimensions (with size in the 1 pum—1 mm range), as the optimal possibility.

There has been a wide search for D-brane configurations that provide the standard model in
the context of orientifolds, and have acceptable gauge coupling properties [16,17,43,44]. It turns
out that the minimal number of stacks necessary to allow for a low string scale is 4. One could
do with three, but there the string scale must be close to the Planck scale. This has been analyzed
in [45].

The existence of the two large dimensions, provides an immediate mechanism for light neu-
trinos [46]: If the right-handed neutrinos emerge from a U(1) brane wrapping the two large
dimensions, then, as shown in detail in [17], the neutrinos will have masses, with the right order
of magnitude.4 We will label this brane as U (1), to indicate that it is the only brane that wraps
the two large dimensions.

Therefore within our framework, the minimal ensemble of D-branes needed in our construc-
tion contains the following stacks: a stack of three coincident branes to generate the color group,
a second stack of two coincident branes to describe the weak SU(2); gauge bosons, and one
more brane to generate the U(1), bulk discussed above. The resulting gauge group so far is
UB)e x UQ2)L x U(1)p, with the three U (1) generators denoted by Q., O and Qp, respec-
tively. Since the string scale will be low, to ensure proton stability, we require baryon number
conservation with generator B = Q.. The hypercharge Y cannot have a component along Qj,
since this would lead to unrealistically small gauge coupling, and as explained in [16] the cor-
rect assignment of SM quantum numbers requires the presence of an extra Abelian factor, named
U (1)1 with generator Q1, living on an additional brane. In the simplest situation this brane should
lie on top of the color or the weak stack of branes, as we argue below. However, one may relax
some of the assumptions, and have more freedom with the U (1); coupling constants.

In our framework, supersymmetry is expected to be broken by combinations of (anti)branes
and orientifolds which preserve different subsets of the bulk supersymmetries. The simplest pos-
sibility is that any pair of D-branes D p and Dp’ should satisfy p — p’ = O0mod4. It follows that a

3 This is because it enters into the gauge couplings constants. Once there are D3 branes, or the volumes higher branes
wrap are string-scale sized, then the gauge couplings at the string scale are essentially determined by g;.

4 There are two options with neutrinos. The first is that there is a single bulk neutrino which couples to the SM ones.
The KK modes also play a role here. This is a very constrained situation. In [17] it was shown that this option lies
at the borderline with the current neutrino data. It was pointed out recently in [47] that if one weakens the coupling
between branes and bulk, then this option is viable. The other possibility, involves three bulk neutrinos. This is much less
constrained, but also less predictive.
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system with three stacks of mutually orthogonal branes in the six-dimensional internal (compact)
space consists, up to T-dualities, of D9-branes with two different types of D5-branes, extended
in different directions. Specifically, the U (1) lives on the D9-brane, while the U (3), and U (2),
are confined on two stacks of 5-branes, the first along say the 012345 and the other along the
012367 directions of ten-dimensional space—time.> Thus, the (sub-millimeter) bulk is necessar-
ily two-dimensional (extended along the 89 directions), and the additional U (1); brane has to
coincide with either U (3). or U(2). The parameters of the model are the string scale Mj, the
string coupling g, and the volumes v45, vg7 and vgg of the corresponding subspaces, in string
units. Using T-duality, we choose all internal volumes to be bigger than unity, v;; > 1. In terms
of those, the four-dimensional Planck mass M p is given by

8
M3 = ?U45U67U89Mg2 (2.2)

N

and the non-Abelian gauge couplings are

1 1 1 1
— = — V45, — = — V67 2.3)
g3 gS g2 gS

It follows that

M3 = 8 vgoM? = 2 5 M?> 2.4
P 2 2 V89 My vgoMy, 2.4)
838> o302

where o; = gi2/471 and Ugy9 = vgy/ (271)2 = Rg Ry for a rectangular torus of radii Rg, Rg. The
U (1) gauge coupling g1 is equal to g3 (g2), if the U (1) brane is on top of the U(3). (U(2)L).

The gauge coupling g, of the U (1), gauge boson which lives in the bulk is extremely small
since it is suppressed by the volume of the bulk vgg. For instance, in the case where the U (1),
lives on a D9-brane, its coupling is given by

1 1 8s A/Il23
— = —U45V67V89 = — —=, 2.5
iy 45U6TUSY = g e (2.5)

where in the second equality we used Eq. (2.2). Using now the weak coupling condition g < 1
and the inequality gy > g% , following from v;; > 1 in Eq. (2.3), one finds

M 8 M
V82 <gb<£ S,
Mp g3 Mp

(2.6)

which implies that g, ~ 10~19-10~1% for M, ~ 1-10 TeV. The corresponding gauge bosons
must have a mass larger than 50 MeV to avoid supernova constraints that are more stringent than
those for the graviton [17].

5 The picture of branes advocated here has a pictorial interest and does not include several details. One important detail
is the generation of chirality and family replication. We know at least two ways to generate chirality, brane intersections
and orbifold singularities. Families can be generated by multiple intersections or by the symmetry of some orbifold
singularities.
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2.1. The simplest allowed configurations

In this section we will describe the four brane configurations and hypercharge embeddings,
that give models that are compatible with a low string scale and very basic phenomenological
constraints [17].

In all configurations, the baryon number appears as a gauged Abelian symmetry. This symme-
try is broken due to mixed gauge and gravitational anomalies leaving behind a global symmetry.
Baryon number conservation is essential for low string scale models, since one needs to elimi-
nate effective operators to very high accuracy in order to avoid fast proton decay, starting with
dimension six operators of the form Q Q QL which are not sufficiently suppressed [40].

In addition to baryon number, one should also assure that the lepton number is a good sym-
metry of the low energy theory. Lepton number conservation is also essential for preservation of
acceptable neutrino masses, as it forbids for instance the presence of the dimension 5 operator
LLHH. Such an operator would lead to large Majorana neutrino masses, of the order of a few
GeV, in models where the string scale, typically a few TeV, is too low for the operation of an
effective sea-saw mechanism. Hence, we shall be interested only in models in which the lepton
number is a good symmetry. Being anomalous, this symmetry will be broken, but lepton number
will survive as a global symmetry of the effective theory.

In fact, these four models can be derived in a straightforward way by simple considerations
of the quantum numbers. The quark doublet Q is fixed by non-Abelian gauge symmetries, while
existence of baryon number implies that the anti-quarks u“, d° correspond to strings stretched
between the color branes and one each of the Abelian branes U(1); and U(1),. Thus, one has
two possibilities leading to models that we call A (d° has one end in the bulk) and B (1€ sees the
bulk). Existence of lepton number fixes the lepton doublet as a string stretched between the weak
branes and the U (1), brane, while for each of the models A and B there are two possibilities
for the anti-lepton e¢ to emerge as a string stretched between the two Abelian branes, or to have
both ends on the weak branes. Thus, we obtain two additional models that we call A’ and B’. All
these models have tree-level quark and lepton masses and make use of two Higgs doublets. They
also require low energy string scale for some of the brane coupling conditions.

2.1.1. Models mLSOM 4 and mLSOM 4
They are characterized by the common hypercharge embedding

1 1
Y=—§Qc—§QL+Q1 @7

but they differ slightly in their spectra. The spectrum of model A is

03.2,+1,-1,0,0),  «°3,1,-1,0,-1,0),  d°3,1,-1,0,0,-1),
L(1,2,0,+1,0,-1), e“(1,1,0,0,+1, +1), H,(1,2,0,+1,+1,0),
Hd(17 27 01 _17 Oa _1)1
while in model A’ the right-handed electron ¢ is replaced by an open string with both ends on
the weak brane stack, and thus ¢“(1, 1,0, —2, 0, 0) (see Fig. 1).
Apart from the hypercharge combination (2.7) all remaining Abelian factors are anomalous.

Indeed, for every Abelian generator Qy, I = (c, L, 1,b), we can calculate the mixed gauge
anomaly K;; =Tr Qg sz with J = SU(3), SU(2), Y, and gravitational anomaly K4 = Tr Q;
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u3), Q u@), UQ3). uQ),

Fig. 1. Pictorial representation of models A, A’.

for both models A and A’:

1 1 1 1
0 4 o 1
@w_|z -1 0 —3 (A" 3 —L 0 =5
KP=12 . 1 °] K %o s _a 3 (2.8)
2 3 3 6 2 3 3 6
0 4 -2 —4 0 -6 -3 -

It is easy to check that the matrices K KT for both models have only one zero eigenvalue corre-
sponding to the hypercharge combination (2.7) and three non-vanishing ones corresponding to
the orthogonal U (1) anomalous combinations. In the context of type I string theory, these anom-
alies are canceled by a generalized Green—Schwarz mechanism which makes use of three axions
that are shifted under the corresponding U (1) anomalous gauge transformations. As a result, the
three extra gauge bosons become massive, leaving behind the corresponding global symmetries
unbroken in perturbation theory [48]. The three extra U (1)s can be expressed in terms of known
SM symmetries:

1
Baryon number: B = 3 Oc,
1
Lepton number: L = E(Qc + 01— 01— 0,

1
Peccei—Quinn: Opg = _E(QC — Q1 —301—-30p). 2.9)

Thus, our effective SM inherits baryon and lepton number as well as Peccei—Quinn (PQ) global
symmetries from the anomaly cancellation mechanism. Note however that PQ is the original
Peccei—Quinn symmetry only in model A’, such that all fermions have charges +1, while H,
and H; have charges —2 and +2, respectively. In model A, the global PQ symmetry defined
in (2.9) is similar but with lepton charge +3. The reason is that in model A the fermion-Higgs
Yukawa couplings are different, and leptons get masses from H,, and not from Hj.

The general one-loop string computation of the masses of anomalous U (1) gauge bosons, as
well as their localization properties in the internal compactified space, was performed recently
for generic orientifold vacua [23]. It was shown that orbifold sectors preserving N = 1 super-
symmetry yield four-dimensional (4d) contributions, localized in the whole six-dimensional (6d)
internal space, while N = 2 supersymmetric sectors give 6d contributions localized only in four
internal dimensions. The latter are related to 6d anomalies. Thus, even U (1)s which are appar-
ently anomaly free may acquire non-zero masses at the one-loop level, as a consequence of 6d
anomalies. These results have the following implications in our case:
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1. The two U (1) combinations, orthogonal to the hypercharge and localized on the strong and
weak D-brane sets, acquire in general masses of the order of the string scale from contri-
butions of N = 1 sectors, in agreement with effective field theory expectations based on 4d
anomalies.

2. Such contributions are not sufficient though to make heavy the third U (1) propagating in the
bulk, since the resulting mass terms are localized and suppressed by the volume of the bulk.
In order to give string scale mass, one needs instead N = 2 contributions associated to 6d
anomalies along the two large bulk directions.

3. Special care is needed to guarantee that the hypercharge remains massless despite the fact
that it is anomaly free.

The presence of massive gauge bosons associated to anomalous Abelian gauge symmetries is
generic. Their mass is given by M% ~ g Msz, up to a numerical model dependent factor and is
typically smaller by a factor or 2-5 than the string scale. When the latter is low, they can affect
low energy measurable data, such as g — 2 for leptons [34] and the p-parameter [31], leading to
additional bounds on the string scale.

An extension of the model is the introduction of a right-handed neutrino in the bulk. A natural
candidate state would be an open string ending on the U(1), brane. Its charge is then fixed
to +2 by the requirement of existence of the single possible neutrino mass term L Hyvg. The
suppression of the brane-bulk couplings due to the wave function of vg would thus provide a
natural explanation for the smallness of neutrino masses. Note that if the zero mode of this bulk
neutrino state is chiral, the anomaly structure of the model changes: B — L becomes anomaly
free and as a consequence the associated gauge boson remains in principle massless. However,
as we discussed above, this is not in general true because of 6d anomalies [23]. In any case, this
problem is absent if we introduce a vector-like bulk neutrino pair

vr(1,1,0,0,0,+2) +vg(1,1,0,0,0, -2)

that leaves the anomalies (2.8) intact. Note that vj does not play any role in the subsequent
discussion of neutrino masses and oscillations.

2.1.2. Models mLSOMpg and mLSOM g/
Another phenomenologically promising pair of models consists of two models, named here-
after B and B’, which correspond to the hypercharge embedding

2 1
Y=30c—50L+ 01 (2.10)

The spectrum is

0@3,2,+1,+1,0,0), u¢3,1,—1,0,0, 1), d‘3,1,-1,0,1,0),
L(172’O’ +170’_1)5 ec(1’110707+19+1)7 Hu(l’zsov_la()y_l)v
H;(1,2,0,+1,+1,0)

for model B, while in B’ ¢¢ is replaced by ¢°(1, 1, 0, —2, 0, 0) (see Fig. 2).
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u(l), u(),

w, Lo, ue 2 o,

Fig. 2. Pictorial representation of models B and B’.

The four Abelian gauge factors are anomalous. Proceeding as in the analysis (2.8) of models
A and A’, the mixed gauge and gravitational anomalies are

1 1 1 1
(3) L3 2, (3) L3 2,
3 9 o -1 / 3 9 o -1
(B) _ (B") _
KP=12 52 4+ o0 K7=2% 41 5 2.1
2 3 3 6 2 3 3 6
0 8 4 2 0 6 3 1

It is easy to see that the only anomaly free combination is the hypercharge (2.10) which sur-
vives at low energies. All other Abelian gauge factors are anomalous and will be broken by
the generalized Green—Schwarz anomaly cancelation mechanism, leaving behind global symme-
tries. They can be expressed in terms of the usual SM global symmetries as the following U (1)
combinations:

1
Baryon number: B = 3 O, (2.12)
1
Lepton number: L=—§(Qc— Or+ 01+ 0p), (2.13)
1
Peccei—Quinn: Opg = E(_QC +30r+ 01+ Op). (2.14)

Similarly to the analysis of models A and A’, the PQ charges defined above are the traditional
ones only for model B. In model B’, the lepton charge is —3, as a result of the Higgs Yukawa
couplings to the fermions (see below). The right-handed neutrino can also be accommodated as
an open string with both ends on the bulk Abelian brane:

vr(1,1,0,0,0,4+2) +v;(1,1,0,0,0, —2).
3. The effective action of the mLSOM

We will consider models which can originate from a non-supersymmetric string compactifi-
cation where the Standard Model is localized on D-branes and/or intersections of D-branes in the
presence of orientifold planes. The low energy limit of such models, assuming that they contain
the Standard Model spectrum, is marked by the presence of extra U (1) gauge bosons and of a
certain number of scalar fields with axion and Stiickelberg couplings. Consistency of these mod-
els and more specifically the cancellation of anomalies requires also certain Chern—Simons type
of couplings.
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Therefore apart from the Standard Model fields, we have three more U (1)s, three scalars
(axions) that mix with the U (1)s, and two Higgs doublets.
The minimal Lagrangian consistent with these features is

1 1 1,
L=—3uGuG" = Su W W = Fy P!

2
— ‘(au + i%r“Wﬁ + iq,‘”“>g1AL>Hu

+ QLG”DM Ori + uk&“DﬂuRi +d};i5'MDp,dRi

2
.82 .
- ‘(BM —HEr“Wﬁ + lql(Hd)glAiL>Hd

+ inGMDMLLi + e;ié"Dﬂem + v;ﬁ“DﬂvRi
+7 H,/t*(Q10%ur)) + Vi[jl' HJ(QtLiazdRJ') tee.
+ VinJ (Lyio%er;) + Yij Hj t*(Ly;0%vgj) +cec.
1 2
=5 2 (0ua” + M AL) o+ B 7 AL AT F,
1

+Y (Dra’ w{G A G} + Fra' te(W A W} + Cryppa’ F™ A F")
1

+ V(Hu, Hg,a"), 3.1)

where we have introduced two-dimensional notations for the fermion interactions, as specified
below. The gauge symmetry under which this Lagrangian is invariant is

4
SUQB) xSUR)w x Gy, G = l_[U(l)l. 3.2)

I=1
The U (1) factors are all anomalous in general. In the above the indices /,m,n =1, ...,4 count

the U (1)s in the D-brane basis. There is also a sum over SU(2) indices a = 1, 2, 3 and a sum over
flavor indices i =1, 2, 3. G, is the field strength for the gluons and the W, is the field strength
of the weak gauge bosons W,,. The fermions in Eq. (3.1) are either left handed Weyl spinors f ,
or right handed Weyl spinors fr and they fall in the usual SU(3) and SU(2) representations of
the Standard Model. The covariant derivatives act on the fermions f7, fr as

DufL= (3;/. +iA, + iql(fL)glAl,u)fL,
Dyufr=(0p+iAy—ig"® g1A1,) fr, (3.3)

where A, is a non-Abelian Lie algebra element. The matrices o# = (09,09 where ¢0 =
diag(1, 1), o are the Pauli matrices and ¢/ = (9, —o%). We have also introduced two Higgs
SU(2) doublets H, and H;. The matrices / are Pauli matrices acting on SU(2) indices.

In the Yukawa sector, the Pauli matrix 72 acts on the SU (2) indices while the Pauli matrix
o2 acts on the spinor indices. The symbol T () suggests transposition with respect to SU(2)
(spinor) indices. To lighten the notation we do not show explicitly the SU(3) contraction. It
should be understood however that the quarks are, on the top of all contractions explicitly shown,
contracted as qz qr in the SU(3) sense. The yi‘]‘., etc., are complex three by three matrices. The
standard procedure is to bring them in a form as close as possible to diagonal. The result of this
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is

Ly =Y HIT(Q4,0°U Mug;) + Y HY(Q0° Tidri) + c.c.
i i

i
+ ) H (L0 U5 T ery) + Y Hi T (L0 vg,) +cc., (3.4)
i,j i

where the I'*-¢-¢"" are diagonal matrices and /¢ is the CKM matrix which appears in the Yukawa
sector of this model in a similar way as in the Standard Model. The /¥ matrix is the MNS
neutrino mixing matrix. In the electroweak vacuum the Higgs couples universally to the Yukawa
sector and the Yukawa couplings turn into mass terms for the fermions. The CKM and MNS
matrices disappear from the Yukawa couplings but they appear explicitly in the gauge boson—
fermion—fermion interactions, as we will see later. Issues of flavor in intersecting D-brane models
are discussed in [49-51] and references therein.

The couplings M,In, Fr, Dy, Cimy and Ejp,, are known once a specific string vacuum has
been chosen. One feature of the action, as we are going to describe below, is the presence of both
dimension-4 and dimension-5 operators, which render it an effective non-renormalizable exten-
sion of the Standard Model. The mechanism of cancellation of the anomalies which is enforced
on the model is different from the Standard Model one and for this reason all the couplings the
E, D, and C carry an intrinsic power of A, the Planck constant, in their definition. The index
I =1,..., N, runs over the scalars with axion couplings whose number is in general different
(and usually much larger) than the number of U (1) fields. In the mLSOM the number of relevant
axions will be taken to be always one less than the number of U (1)s (i.e. the number of D-brane
stacks), in our case N, = 3.

Finally, the Higgs potential is one that is consistent with the symmetries of the theory and
breaks the electroweak symmetry spontaneously down to electromagnetism as in the SM. In
general it can depend on all scalar fields present in the spectrum, namely both on the Higgs fields
and on the axions, provided it is compatible with the gauge invariances. We will split the Higgs
potential in two parts. The one in Eq. (4.1) which does not depend on the axions, and the one in
Eq. (4.73) which mixes the Higgs doublets with the pseudo-scalars.

3.1. Changing basis in gauge symmetry space

A first interesting aspect of such models is that some of the gauge bosons can pick up masses
even in the absence of electroweak (EW) symmetry breaking because of (potential) anomalies.
Indeed, by inspecting Eq. (3.1) one can see that there are couplings that give a tree-level mass to
the anomalous U (1) gauge bosons without a Higgs mechanism. The mass squared matrix of the
4 U (1) gauge bosons is

M=M"M, (3.5)

which in general is a real, symmetric but non-diagonal matrix. The dimension of M is equal to
the number of U (1)s. In order to simplify the expressions as much as possible, we absorb in its
elements the corresponding factors of the gauge couplings. M is real and symmetric thus it can
be diagonalized by an orthogonal transformation

M=0"mo, (3.6)
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where O is the appropriate orthogonal matrix. The diagonal matrix m contains the eigenvalues
of M, i.e. the masses squared of the gauge bosons. When N, = Ny — 1, where N; is the number
of stacks, m contains at least one zero eigenvalue.

To write the other terms in the action in the new basis, we start from the U (1) sector in the
D-brane basis and focus for the moment on the gauge kinetic and the gauge-fermion—fermion
interaction terms

1 -

> P F2+> " Aqiy, 3.7)
1 l

where the charges are normalized to integers and

~ 81
l = b
8 V2N

where g; is the standard normalized coupling of the associated SU(N) group.®

We will keep three bulk axions, the number that is relevant to cancel the anomalies of the
three anomalous U (1)s.”

The (normalized) hypercharge generator can be written as

av =) _kiqr. (3.9)
1

(3.8)

We will rescale the gauge fields as A; — g; A, to obtain
1 5 _
ZZFzZJngzAzquw. (3.10)
I I

We will now do an orthogonal transformation to go to a basis where one of the gauge fields is
the hypercharge while the rest have a diagonal UV mass matrix

A=) oA, oo’ =1. (3.11)

The index !’ in the new basis (referred to as the hypercharge basis from now on) runs through
I =Y, I, with I running through the last 3 values. For the above transformation to be consistent,
we must take

8101y ~ ki VL. (3.12)
Normalizing we obtain
k; 1
Oy =gy —, P Z
81 8y ]

We must now pick the 3 vectors 7i; = O;; so that they are orthogonal to the hypercharge, they
are normalized, and they diagonalize the mass matrix. They can be parameterized in terms of 3
SO(3) angles. This is detailed in Appendix A.

2
ke (3.13)

oo

5
l

6 This relation comes from the fact that the full group is U (N), see [16].
7 In general the number of bulk axions is larger, but only the linear combinations that enter into anomaly cancellation
is relevant.
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Since there is no natural quantization for the three other rotated U (1) charges (apart from the
hypercharge Y) we will keep all the coupling dependence inside the rotated charges

4
qr=Y_qiOir. (3.14)
i=1

Next, we must rotate the Green—Schwarz couplings. As we will show, in this basis the Stiickel-
berg couplings take the simple form

%Z(aa’[ + MAT) (3.15)
1

with a) the hypercharge basis axions and M; the (square root of the) non-zero eigenvalues con-
tained in m.

Therefore, in the gauge sector we have the following parameters: the four gauge couplings
83,82, 81, 8b, the three UV mass eigenvalues M; of the gauge boson mass matrix, and the
three mixing angles in the mixing matrix O, described in detail in Appendix A. Moreover, the
hypercharge coefficients k; take values (—l, —%, 1,0) for models A, A’ and (%, —%, 1,0) for
models B, B’. However, the three gauge couplings g3, g2, g1 are fixed by the Standard model
values. Indeed, g3 is the strong coupling constant, g» is the weak SU(2) coupling constant and
g1 is indirectly fixed from the hypercharge coupling

1 6k 4k; 2k}
g &3 & g
Therefore, the new physics parameters that are not directly determined are, g5, My, [ =1,2,3
and the three angles of the mixing matrix O.

(3.16)

3.2. Anomalous couplings

This section is devoted to the discussion of the terms in Eq. (3.1) referred to as Green—Schwarz
couplings. It should be clear by now that the low energy effective action that corresponds to low
scale orientifold vacua has certain distinctive features. To begin, most of the extensions of the
Standard Model that are widely believed to be experimentally testable, such as the MSSM or the
NMSSM, are essentially usual gauge theories coupled in a conventional way to a larger set of
matter fields than the one encountered in the SM. By this we mean that all the couplings that
one finds in these extensions are of the same type as the couplings of the SM. The reason for
qualitatively new types of couplings not being necessary in these conventional models is the way
gauge anomalies cancel. In the MSSM for example, anomalies cancel in the same way as in the
SM: The anomaly of each gauge factor vanishes separately. In string theory, however, there is
room for an alternative way to cancel anomalies, via the Green—Schwarz mechanism.

The net effect of the Green—Schwarz mechanism on the four-dimensional effective action is
a number of scalar fields with Stiickelberg and axion-like couplings and certain Chern—Simons
couplings. It is also interesting to point out that these unusual couplings are remnants of the
interplay between closed and open strings from the string theory point of view or the gravitational
and gauge sectors in the language of the low energy effective action. The pseudoscalar axions
originate from (closed string sector) RR fields coupled to the (open string sector) gauge fields of
the D-brane world volume through the Wess—Zumino effective action. Besides their theoretical
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interest, the presence of these terms may provide us with a unique opportunity to test string
theory experimentally.
The D-brane basis Stiickelberg couplings in Eq. (3.1) can be then written in matrix form as

1
[Stuck _ 5 Z(aual +MIIAL)(3/L‘11 +MIIAL) (3.17)
I

and as we have seen in detail, ensure that some of the U (1)s pick up masses of the order of the
string scale.
The other Green—Schwarz couplings in Eq. (3.1) consist of the axion-like terms

L™ = Dya’ r{G A G} + Fra' t{W AW} + Cpypa’ F™ A F", (3.18)

where we have introduced the dimensionfull couplings D;, F7 and Cy,,, and the Chern—Simons
terms [27],

LES = Epne? Al AT FYL . (3.19)
In the above the sum over [, m, n is implied. Under the U (1) gauge transformation
Al — Al +0,€ (3.20)

with e the gauge transformation parameters, the anomalous variation of the Lagrangian is®

El-loop :Gl[glg:%ASth)G AG +glg§A2tl(2)W AW+ Alglgmgntl(r:z)nFm A F'l]’ (32])
where
1 1
1 1 1
i =0 @gnan). ti = 5 0(aian). ) = 5 u(a) (3.22)
and
3 » o
1 =w(qTATY), 1P =u(q@T!TY). (3.23)

Here the index A (a) labels the generators of SU(3) (SU(2)). The nature and meaning of the
quantities Ay, A and Aj is clear once the anomaly diagrams are explicitly computed in mo-
mentum space. They can be seen to be the shift necessary to be performed in the momentum
integration of the triangle anomaly diagram so that the Green—Schwarz anomaly cancellation
mechanism is reflected by the Ward identities.

The axions transform under the U (1) transformations as

al —a' —Mle. (3.24)

The Stiickelberg and the axion-gauge—gauge couplings are gauge invariant separately but the
Chern—Simons term is not. The gauge variation of the latter is cancelled by the anomaly. By
comparing the different gauge variations, we can easily read off the four-dimensional version of
the Green—Schwarz anomaly cancellation conditions

DiM| = Asgigin?, (3.25)
FiM] = tgig3n?, (3.26)

8 We use a symmetric regularization scheme.
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1
CImnM]I + (Etmn — Emin) = Alglgmgntl(m)n' (3.27)

The first two of the above, Eqgs. (3.25) and (3.26) represent the cancellation of the anomalous
triangle graph with a U(1); gauge boson and two gluons and SU(2) gauge bosons for external
legs respectively. The third, Eq. (3.27) represents the mixed U (1) anomaly cancellation.

We can put some restrictions on the couplings Ej,,,. Define

Imn _ I
S = / e‘”f"’AMAL" F/’}a, (3.28)
which transforms as
ssimn = /(—EZFm AF"+e"FI A F"). (3.29)

It is easy to see that S”" satisfy

and that the transformation property of the Chern—Simons couplings is
S(Elmnslmn) = /(Emln - Elmn)lem NF", (3.31)

which was used to derive Eq. (3.27). An immediate consequence of Eq. (3.30) is that Ej,,, glmn
vanishes identically unless Ej,,;, is antisymmetric in the first two indices. Now, if Ej,,, is totally
antisymmetric, then Ej,,,, S can be seen to be again identically zero by using the identity

Slmn + Snlm + Smnl =0, (3.32)

which can be derived by integrating by parts. Therefore the only choice left is the one where
Ejpn 1s antisymmetric in /m. Then, Eq. (3.27) reduces to

1
Clmanl + Eimn + Einm = Alglgmgntl(m)n (3.33)

and the gauge transformation to
8(EmmnS™) = —2 f Eimn€ F™ A F". (3.34)

The rotation to the hypercharge basis can be done by means of Eq. (3.6). The transformation
of the vectors and axions consistent with Eq. (3.6) is

/

a
A= Oy Ay, a’=§ M{OJ,M—J, (3.35)
J
J

respectively, with M; the mass of the Jth gauge boson in the hypercharge basis. The sum over
[ and !’ is implicit but we show the sum over the indices I explicitly when present. The proper
gauge transformation rules become

Ay — Ap +0€'p, (3.36)
a;y —a; — Mjej, (3.37)
where €/ = Oe and the Stiickelberg coupling transforms into

1
Stuck _ 5 Z(aﬂa} + MIA;IL)Z- (3.38)
1
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Indeed, Eq. (3.38) is precisely Eq. (3.15), as claimed.
The Green—Schwarz couplings Eqgs. (3.18) and (3.19) can be written in the hypercharge basis
as

L9 =3"(Dja;tr{G A G} + Fjaj (W AW} + C' i, F™ A F™)
1

+ Eppyy e Al AT F (3.39)
with
D}:;MLIDJM{OH, F}=;MLIFJM{011,
cp. =y, Milc JmnM{ 01101y Oy (3.40)
J
and
Ermn = Etmn Oy Oy O (3.41)

It is now straightforward to show that the Green—Schwarz anomaly cancellation conditions in the
hypercharge basis are

3
DyM; = Asgreat)?, (3.42)
2
FjM; = Axgigat)®, (3.43)
1
Clpm M1+ 2E iy = A1818m 8w )0 (3.44)

with the anomaly coefficients ¢’ (1>3) computed in the hypercharge basis.
3.3. Gauge fixing in the unbroken phase

We work in the (Y, I) basis, with Y the hypercharge and I the index denoting the anomalous
U (1) gauge bosons in the hypercharge basis.

A useful gauge is the one where the axions become longitudinal components of the mas-
sive anomalous gauge fields. Clearly, in this gauge there should be no direct axion-gauge boson
interactions. It is not hard to come up with a gauge where the unphysical couplings of the type

M@ - Ap)a; (3.45)
are absent. The necessary gauge fixing functions for SU(3), SU(2), U(1)y and the U(1); are
Gh=9-G*, (3.46)
G'=9- w4, (3.47)
Gr=a-A", (3.48)
G'=8-A' +arMd), (3.49)

respectively, where we have introduced gauge fixing functions with real parameters «; for the
anomalous U (1)s. The gauge fixing terms are

1 1 1 1
gf _ AgA aga Yoy I I _ 1ol
c 2a3g G+ 559°9" + 37979 + EI Lop L= 75,-9' (3.50)
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and the ghost terms are

*A (SgA B

L£eh =
g SwB

8Ga
+ n*“mn” + @) (an") + DL (3.51)
1

where in the SU(3) part

8% _ —(@-3)88 — f48C(5. G°) (3.52)

SwB
is the change of the gauge function under a gauge transformation parameterized by w® and n*4
and n* are the anticommuting ghost fields. Analogous is the notation for the other gauge groups.
We will now derive £, .

Under the gauge fixing conditions, the Stiickelberg Lagrangian describing the dynamics of
each anomalous gauge boson is given by
1 1 2 1 2

Litueck = —ZF,ZW — 5 (%) + MA;)" + E(BMA/IL +arMjay)”. (3.53)
The action is not gauge invariant under the full U(1); gauge transformation parameterized by
€, it is however invariant under gauge transformations that satisfy

(9% —asrM7)e) =0. (3.54)

One should now observe that these are just the equations of motion of the aj and therefore
that gauge transformations performed by the axions playing the role of the gauge functions are a
symmetry of the gauge fixed action. In fact, the model could be extended to include an anomalous
fermion interaction of the form

L =9[(gvy" — gar"ys)(idu + g1AL) v (3.55)
The total Lagrangian (barring ghosts) is then invariant under the transformations

SAIMZBMG}, SG;Z_M](Z},

AN eigla}lﬁ, lp N e—igm}&. (3.56)

Let us now derive the remnant symmetry when we include ghosts. If we denote by n;(x) and
1} (x) independent anticommuting scalar fields, the Lagrangian is by construction invariant under
the transformation s:

SAy =0, sap=—Mmi, sy =igimy,

sy =—igim¥,  sn; =0, (3.57)

which can be read off Eq. (3.56). The above BRST transformation is nilpotent even off shell
(s> = 0) and 7; are free, i.e. not constrained by the Klein—Gordon like equation Eq. (3.54). In
terms of the new fields the gauge fixing plus ghost Lagrangian in the quantum action is of the
form

1
Ll + Ll=—nj(sGr) + ZTHQ% (3.58)

for a given gauge fixing function G;. We of course choose Eq. (3.49) for the gauge fixing func-
tions and for the ghost part we finally obtain the expression

Lly=—n7(0* —arM7)n;. (3.59)
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4. Electroweak symmetry breaking

The electroweak symmetry breaking in mLSOM is a very interesting effect, because the Hig-
gses are charged under the anomalous U (1) gauge symmetries.

In order to discuss EW symmetry breaking we have to be more specific about the Higgs
potential. Before EW breaking the Abelian gauge symmetry in the D-brane basis is G and the
Higgs potential Vpq is the most general SU(2); x G invariant constructed from the two Higgs
SU(2) doublets H, and Hy:

Voo(Hu. Ho) = Y (W2H] Ha + haa (H] Ha)?)

a=u,d
2
— 2a(H Ha) (H) Ha) + 20,4 | H 72 Hy | 4.1)
We can parameterize the Higgs fields in terms of 8 real degrees of freedom as
) =)
H,={ "%, H;= , 4.2)
‘ (W HY
where H,\, H and H?, H{? are complex fields. Specifically
Hfy+iH}), Hyp +iH,,
H;:M, H;:M, H’;:HMJF*, H;:Hd_*' 4.3)
V2 V2

Expanding around the vacuum we get for the uncharged components
0 4 g0 0 i 170
HptiH, Hyp +1Hy
V2o V2
The Weinberg angle is defined via cos Oy = g2/ g, sinfy = gy /g, with g2 = g% + g%. We also
define cos B = vy /v, sin B = v, /v and v? = ”in + vf,.
As in the MSSM one can set H;} = 0 at the minimum by an SU(2) transformation. Then a
minimum with 9V /3 H;” = 0 must also have H; = 0. A necessary condition for the potential

Vpq to be bounded from below can be obtained by requiring that the potential is non-negative
definite around the electroweak breaking vacuum:

H,?:vu~|—

HY=v,+ (4.4)

Mﬁvﬁ + ,utzivfi + Auu vi + )»ddvj — 2)»udv3v§ >0. 4.5)

The above constraint should be satisfied simultaneously with the constraint coming from the
requirement that the vacuum (H,?) =0, (Hg) = 0 (which does not trigger electroweak symmetry
breaking) is an unstable minimum of the potential. This is the case when

pay <O. (4.6)

Minimizing the potential with respect to H,? and Hg one can see that the Higgs vevs

H,=v, (?), H;=vy (?) 4.7

do not break electric charge and minimize Vpq (at tree level) if

2 2
My —4 —Auu Aud ) (vu ) 4.8
(Mﬁ) ( Mid  —had ) \ V3 48
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with Ay, Agq and A,4 all real. Using the above conditions, the constraint Eq. (4.5) becomes
uivi + ,uflvﬁ > 0. “4.9)

Furthermore, the couplings A,,, A4g and A,4 should be such that Eqs. (4.6) and (4.9) are also
consistent.

4.1. The gauge boson masses

The vevs Eq. (4.7), in addition to breaking SU(2)y X G’1 down to U(1),, should not be in
contradiction with the low energy EW data. The previous discussion for the gauge boson masses
still applies with appropriate adjustments that take into account the effects of EW breaking. Tech-
nically speaking, the neutral U (1) mass matrix MEW should have precisely one zero eigenvalue
consistent with an unbroken U (1), .

MEW is the 5 by 5 matrix that can be read off the quadratic form

1 2
Dy Hal? + Dy Hal? + 5 3 (3] + M AT) (4.10)
1
and whose eigenvalues and eigenvectors we will now compute. Notice that as before, we have
absorbed in M; a factor of g; in the Stiickelberg part of the above formula. One can easily
put it back in the following analysis by doing the rescaling M; — gy M;. We will reinstate the
couplings explicitly when we discuss NG bosons. The covariant derivatives are”

i o i i [
DHHM=<3M+Eg2(T+W++T w )+§gzr3W3,L+EgyA,{JrEZquAL)Hu,
1
B i Frt L e L o 82 Py i 1Al
DMHd_<aM+Eg2(T Wr+T™W )+17t3W3u+EgyA,ﬁrEXI:‘IdAu)Hd’

where q,f’ 4 are the U (1) charges of the two Higgses in the rotated basis. They are related to the
Higgs charges q,’;’ 4 in the D-brane basis by (3.14) namely

4 4
9t =>"4\30i. )= 4izi0i (4.11)
i=1 i=1

where g; are defined in (3.8). In Section 2.1.1 we found

g =(0,1,1,0), q;=1(0,-1,0,—1) Models A, A’ (4.12)
and in 2.1.2
g =(0,-1,0,-1), q;=1(0,1,1,0) Models B, B'. (4.13)

The matrix O is given in Appendix A. We also have
1

ql =q) = 5 (4.14)

9 We use normalized kinetic terms for all gauge bosons.
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The SU(2) generators and gauge bosons are defined as

2 1
T/ =—, TH*=T'+iT? wEt=—(w!'xiw?), (4.15)
; vl )
we obtain explicitly
I+ SeoWay + Sey Al + 5 Yl AL Lgyw+
DMH,,:<” 2820on T 28Y AT 2 2t , V2% )Hu (4.16)
58V du— 5eaWsu + Sey AL + 53 gl Al

and a similar expression for the covariant derivative of H;. The mass matrix in the mixing of the
neutral gauge bosons can be then computed from

2
—ZMI 1( 2W’§M+gYA +un > vy

1 2
sy (—eWacr el + Yalal) 2 @i
I
and it reads
A - e 3 — g2
M =7 —ggyv?  gy?? gy X1 , (4.18)
—82X] gvx;  2M378;;+ Ny

where

v2=v3+v§, N11=q£qujv,%+q£q0{v§, x1=q;v§+qév§. 4.19)

The zero eigenvalue corresponds to the photon

8y 82
Ay =Siwa AT g= g+ (420)

We will now assume that the UV masses M, are much larger than other mass scales as expected
in realistic orientifold vacua. Then we can treat all other parameters of the mass matrix as of
order one.

Parameterize the eigenvectors as

W +65AY + A “.21)

and the mas eigenvalue as m? to obtain

&1 =—gz#, L=gr 523 i%ﬂ’ x-E= lesl, (4.22)
,  x-& I, ) B
8 mm +4(5M, —m >51+NIJEJ =0. (4.23)
There is an extra non-zero eigenvalue which is of order one, corresponding to the Z gauge boson:
Z=W +5A" +54 (4.24)
with
a=2+rom?),  a=- o), (4.25)

8 8
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&= %61 + O(Mf4) (4.26)
and a mass
m2 = m?> —g—ZZe o(m;* 2 —122 4.27
7 — 70 8 ].X[+ ( I )9 mz()_4g v ( . )
I

with m220 the SM value of the neutral gauge boson mass and

X

=— 4.28
n? (4.28)

€]
small parameters.
The other eigenvalues are of order M;
1 1

2
(m%)" =M+ Nu (4.29)

and correspond to the eigenstates
Nyy

— A +0(MY), (4.30)
2M? — M32) ()

1
Zi=Ar—eas(@W —gra’)+ 3
J#£1

where we have assumed that |M 3 — M12| >> v? so that the perturbation theory is non-degenerate.
Here and in the following analysis we will assume that the smallness of the corrections originat-
ing from new physics is exclusively due to the large value of M;, in other words we will avoid
the “accidental” x; = 0 and Nj; = O regions of the parameter space. Notice that then N;; are
expected to be of the same order of magnitude as x;. We can now read off the rotation matrix:

Ay W3
(z):oA(AY>, (4.31)
z Al

where
8y 82 1
4 g g 0
of=| & —m ogq |, (4.32)
—2e e Xy
Niy
Xpj=81/+) ——5—. (4.33)
2M2— M?)

1#]

The decoupling limit can be studied in terms of the parameters €;. In order to identify the
modifications introduced by the new model on the masses of the W and Z bosons and to the
Standard Model p parameter we recall that in any 2-Higgs doublet extensions of the Standard
Model the kinetic terms for the W* and Z gauge bosons are given by

&

2 2
2,0 ,0u | 82 2ytuyy— 4 82 2u—uyyt
Too o 272" + LW+ ot (4.34)

Lyin =
which bring in the identifications

2 g% 2 2 g% 2
my = ZU s mZo = mv . (435)
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We can now compute the tree-level corrections to the p parameter, which are given by

2,2

my, 8 1 X 4
= =14+=) = +0(M™. 4.36
-y 22131112 (M) (4.36)

Using the experimental fact that the deviation of the p parameter from unity should be <2 x
10~4, we can obtain constraints on the UV parameters of the theory which should be understood
as an approximate lower bound on the Z gauge boson’s mass and consequently on the string
scale Mg, [31].

The small €; limit can be also studied directly in the mixing matrix which however yields
typically similar, but weaker constraints than the ones derived from the p parameter.

4.2. The Higgs masses
The physical Higgs and axion masses can be found by inserting Eq. (4.4) into the scalar

potential Eq. (4.1), collecting the quadratic terms and then diagonalizing.
We extract the quadratic part V,(H) of Vpg, which is given by

H,' Re H,°
- — 0 0
\Q(H):(EQ,EQ)A41<H3)-+(ReHu,ReHg)A42<ReE£O>

Im H,°
Im H,°, Im H;°) M “O). 4.37
+ ( u d ) 3 (Im Hdo ( )
A direct computation shows that M3 = 0. One of the linear combinations of Im H,° and Im H,;°
is a massless physical Higgs field called A°, and the orthogonal linear combination, G°, is a NG

boson. In the other sectors we obtain

2 .
—4) 22 cos” 8 —sinBcos B
Ml - 4)\‘udv (_ Sin,BCOS,B Sin2,3 ) B (438)
and
-2 .
— g2 Ayy sin” B —Augsin B cos B
Mo =8 <_)‘ud sin B cos B Add cos? B ) (4.39)

The rotation matrix in the charged sector is

H;f sing —cosp) (G"
<H;) - <cos,3 sin B ) <H+> (4.40)

and the mass of the physical charged Higgs H is given by
iy, =43 0%, (4.41)

The other state in the mass eigenstate basis G is a NG-boson. In the CP-even neutral sector, the
rotation to the mass-diagonal basis is given by

Re H.,° . _ h
eH,"\ _ (sina cosa 0 ’ (4.42)
Re H;0 cosa  sina Hy
where the rotation angle is
1
cose = ——, (4.43)

a’+1
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and
2 ) .
1 m ] ' m?, .
T S sin2,3( vgo — 16) sin” ﬁ) = —8)ud sm25< U’; — 162y sin? ,3) . (4.44)

We have expressed a in terms of the two mass eigenvalues m 0 < m go of the two neutral physical
Higgs fields hg (lighter) and Hy (heavier)

mio = 8v? cos? ﬁ[(kuu - IC(ﬁ)) tan’ B+ Auu],

m?, = 8v* cos” B[ (A + K(B)) tan® B + Auu ], (4.45)
with

K(B) = [22, tan* B+ (4hud — 2huuraa) tan® B+ 23,]"°.
We do not get any NG-bosons from this sector.

In summary, in the Higgs sector there are four massive physical Higgs fields, one massless
physical Higgs field and 3 NG-bosons, two from the charged sector and one from the CP-odd
sector. The axion sector leaves an additional 3 Goldstone modes. Since a state with the properties
of A® is phenomenologically unacceptable, we postpone a thorough discussion of the scalar

spectrum and NG-bosons until Sections 4.3 and 4.4 where we will modify the model in such a
way so that the presently massless physical Higgs field gets a mass from a more general potential.

(4.46)

4.3. Higgs-axion mixing and NG-bosons

From the third and fourth lines of Eq. (3.1) and more specifically from the parts linear in
the partial derivatives, we can extract the linear combinations of fields that are physical and the
linear combinations that are NG-bosons. A new feature with respect to conventional extensions
of the SM is the mixing of the axions with the fields appearing in the Higgs sector. It is important
therefore to describe the unitary gauge of this model in detail. The results from this analysis will
be useful also in the gauge fixing process.

We do a naive counting to see what we can expect: There are 8 real Higgs scalar degrees of
freedom and 3 axions, for a total of 11 degrees of freedom. There are two different symmetry
breaking mechanisms taking place in these models. One is the UV Stiickelberg mechanism which
breaks 3 local symmetries down to their global subgroups. Recall that in the class of models under
consideration where M II =0 for I > 4 the Stiickelberg mechanism does not affect hypercharge
and therefore it can break only up to 3 symmetries. Thus we expect to find at least an equal
number of NG bosons associated with the broken generators. In fact, in the absence of a mixing
of the axions with the Higgs fields the identification of these NG bosons would be very simple.
To see why, recall that in order to identify NG bosons one looks for unphysical couplings in the
action that, after expanding the fields away from their vacuum values and keeping terms linear
in the fluctuations, trigger a tree level transformation of a gauge field into a scalar field. Then a
generic such term linear in the derivative can be always written as

CAM@,G), (4.47)

where A" is some gauge boson, C is a constant with dimension of mass and G is the NG boson.
On the other hand, the cross term from the Stiickelberg coupling in the mass diagonal basis has
the form

mA*(d,a), (4.48)
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where m is a mass and a is one of the axions. Comparing these two expressions immediately
identifies @ as a NG-boson. In some sense this is not unexpected in view of the fact that, as
we have seen, the axions transform under a gauge transformation by a shift, a signature of NG-
bosons.

In the presence of an Higgs-axion mixing the identification is more involved. This happens
when there are axion corrections to the Higgs potential. The Higgs potential will break as many
generators as in the SM, one linear combination of hypercharge and W3 and W* for a total of
3 generators. In addition, when the Higgs fields are charged also under some of the other U (1)s
they can break them spontaneously too which means that there will be additional contributions
to Eq. (4.48) from the Higgs kinetic terms. Then there is Higgs-axion mixing and some linear
combinations will be NG-bosons and some others physical fields.

In any case, the vacuum should break 3 4 3 = 6 generators, corresponding to the symmetry
breaking pattern

SUQR)L x G — U(1)y. (4.49)

Thus, we expect 5 real physical fields to appear and corresponding to the 6 broken generators
we expect to find in total 6 NG-bosons. Even though we did our counting for the case of 3
extra U (1)s, it would be straightforward to generalize it for arbitrary N; (as for any of the other
formulas shown here for Ny = 4).

We now apply these general arguments to our model. Defining

= ~H (0, H ) + H (9 H) + HY (9, Hy) — H (9, HY),  a=u.d, (450)
CguZ_H;*(%H;)WLH;(B/AH;*)_Hg*(altH£)+Ha()(auH£*)’ a=u,d, (451)
C*,=H)(0,H}*) - H*(9,H])., C{,=C" a=u.d (4.52)

the terms contained in the Higgs kinetic terms linear in the derivatives can be written as
i -
) (ng+ (C" +CY) — W™ - (Ch +CL) + g2W3 - (C + Cf)

+gvAy - (C5+CY) + > [81A" (g1 Ch + 4 C§) — 2igi M Ay - (aa;)]>, (4.53)
1

where in the terms proportional to M; we have put back the factor of g;.
Let us first look at the charged terms. They can be written as

—%(ng'HLvBMG_ — W "v3,GT), (4.54)
where

G~ =sinpH, " +cos pH] ™, Gt =(G)*. (4.55)
The above definition is consistent with the rotation Eq. (4.40) that transforms to the basis where

the G* are massless. Two NG bosons gave been accounted for (G and G ™) and therefore we
expect to find the other 4 NG bosons in the neutral sector.
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Using Eq. (4.31) we can bring Eq. (4.53) into the form
24y {2200 (€Y + ) + 21 O}y (€4 + )
27 {8203, (Cl + ) + 8102 (C + ¢9)

+ Y (6102, (0l + a}cd) — 2iesM1 0%, 47 )
I
=522 {008t c) + 0104, (€54 )
J

+ Sler 03, al s +alcd) - 2ies 108, 45 )] |. @56
1

Notice now that when we expand the Higgs away from its vacuum value and keep terms linear
in the fluctuations we find that the coefficient of A, vanishes identically and

Cs, =—Cf, =2iIm[v, (3, H*)] =2i9,C, C“=v,ImHY, a=u.d. (4.57)

We can then rewrite Eq. (4.56) as
zﬂau{fucu + faCh+ Y giM; og,a}}
I

+ Zzg“au{fu,,cu + fasCl+ ) g1M10 a) } (4.58)
J 1

where
fu=820%y, —grOzy — Z‘LﬁglOgl’
1
fa =gZO§W3 - gYOQY - 2515810'241,
I
fus =807y, —8v07y =) 4,810 .
I

A A I, A
Ja.1= 82029 ws — &Y Oz_',y - 21:%181 Oz’jr (4.59)

By means of the orthogonal rotation

Im HB XO
Im H) Gy
. =o0r| GY (4.60)
a; .

with OX an 5-dimensional orthogonal matrix, we can transform to the mass eigenstate basis. We
have denoted the physical field by x and the 4 NG-bosons by G? ..4- Then, Eq. (4.58) becomes
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X X A X VA
Zuaﬂ{x [fuuuo11 + fava O} + Zg,M,OZ,o,HJ +mynG }
1

+ZZ/M8 { |:fu,JUu0f(1+fd,JUd0§1+281M10?/110;(+2’11|+mz’JG§/},
1

4.61)
where
M; X
fu 12+fd—022+231 02101+22
mzo
+G4[fu Of(s"‘fd 025"‘281 021 I+2N+1i| (4.62)
v
GZ —Go[ful - 0X2+fd] 2+Zgl OA/ O;(+22:|
v

+G2|:fu,./m—u01 Ns+1 +fa’] 25+Zg1 0;(+2 5] (463)

Z/ Z/ /

J

Let us try to elucidate a bit these apparently complicated expressions. The simplest example is
the case of the potential Vpg of Eq. (4.1) where the axions do not couple to the Higgs fields,
which translates into applying Eq. (4.60) with all but the upper left two by two sub-matrix of OX
set to zero:

Im H})) < A0 >
= 0§ : 4.64
<Im HY 2\¢? (69

In the above we have added a subscript to the rotation matrix in order to emphasize its dimension
and called the physical mass eigenstate A (as in the MSSM) instead of x, a term reserved for
fields with axion-like couplings. From Eq. (4.64) it is clear that since in Vpg the Higgs fields do
not mix with axions the physical state in the CP-odd sector does not acquire an axion coupling.
Furthermore, since the mass matrix in the CP-odd sector M3 is identically zero not only the NG-
boson G° but also A remains massless. On the other hand, according to our general discussion,
from the axion sector all a; = G? are (3) massless Goldstone modes. The total number of fields
is then 5 physical Higgs fields (four massive and one massless) and 6 NG-bosons taking into
account also the 2 NG modes from the charged sector.

For the potential Vpg + Vpg in Eq. (4.73) of the next section the situation is quite different.
The fields G(l), ey Gg will turn out to be massless accounting for that many NG bosons and the
field x will turn out to be a massive physical field with an axion coupling because of the mixing
of the D-brane basis axions with the CP-odd Higgs sector. Again, the counting is 5 physical
fields, four Higgs and one axion (all five massive) and 6 NG-bosons.

The expression Eq. (4.61) contains unphysical couplings. Requiring that the gauge fields mix
only with NG-bosons, introduces the constraints

fuvu Oy + favaOF +Y " g1M; 04,07, | =0,
1
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FuavaOf + fa.1va 03y + ) g1M103, 05 =0. (4.65)
1

These have the simple solution

Of(l =—Ncosp, Ogl = Nsin g, (4.66)
I 1
qdy —4q V . B
Ofp =—— 5 ENs1n2ﬂ=(~)1 (4.67)

normalized as

N = ! . (4.68)

25in?2 al—aj\2
iy (sl

Eqgs. (4.66) and (4.67) represent the first column of OX which is an SO(5) matrix with 10 in-
dependent rotation angles. Having fixed its first column (which is essentially a consequence of
the fact that there is one physical linear combination) leaves a freedom of SO(4) rotations on the
vacuum manifold. The number of NG bosons is therefore

SO(5)

corresponding to the 4 rotation angles parameterizing the vacuum manifold S*, as expected.
We will present the rotation matrix in its full form when we encounter it again while we are
discussing the Higgs and axion masses in the next section where we will extract the rotation
matrix OX from the full Higgs potential. Of course, the two methods give the same result which
means in particular that if we had computed the rotation matrix first and then the mixings between
x and the Z-bosons, we would have found them to be all identically zero.

Evidently, the charged and CP-odd parts of the original Higgs kinetic terms together with the
gauge boson mass terms contained in Eq. (4.10) can be written in this new basis as

(0GT —imwW*) (3G~ +imwW™)

+0x)? + (067 +mpZ)’ + Y (3GF +my Z'1), (4.70)
1

a form that clearly suggests that indeed the G*, G and GIZ/ are the 6 NG bosons we are after.
4.4. Higgs-axion mixing in the potential

The potential Vpg does not give a mass to one of the scalars. In order to avoid this, one must
take into account new types of contributions to the scalar potential, where not only the Higgs
fields enter but also the axion fields a; which transform under U (1) transformations as (see
Eq. (3.37))

a; — ay — Mje;. 4.71)
The gauge invariant Higgs potential is then

Voo =Y (HaH] Ha+ raa(H] Ha)") = 2hua (H) Hu) (H] Ha) + 20 |H o2 Ha|
o @.72)
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as before, plus the new terms

i N . i [N
Vm:b(HJHde DWICH q”’)Ml)+/\1(Hu'Hde 121944 7, )2
—i N
+ oo (H H) (H] Hye ™" 21030 )

(B HY) (H Hae ™ S0 1 e e, 4.73)

In the above, b has dimension of mass squared and A1 2 3 are dimensionless. As before, we can set
H, = 0 at the minimum by an SU (2) rotation and then consistency requires that also HJ =0at
the minimum. To avoid a stable vacum with unbroken electroweak symmetry, the (MSSM-like)
condition

Hapy <b° (4.74)

must hold. Contribution of terms proportional to A2 3 do not appear in this condition since
they all correspond to terms that mix neutral and charged components of the Higgs fields. The
potential, around the correct vacum, is non-negative definite when

uﬁvz + ,u%vdz + Auu v;: + kddvg — 2Audv5v§ + 2bv, vy
4 20203 (A1 + Az tan B + A3 cot B) > 0. (4.75)

This is a necessary condition so that the potential is bounded from below. The vevs Eq. (4.7) still
minimize Vpg + Vpg if

3
v v
/,Lbzl = —b—d — 2Auuv3 +2)‘ud“c21 — 2k1v5 — 3 v, v — A3—d,
vy Uy
2 Vu 2 2 2 v
ny=—b— —2xqqv; +2hyqv; — 2110, — A2 —3A3v,04 4.76)
Vd Vd

and consistency of the minimum of the potential requires that the couplings b, A1 23 are all
real. Furthermore, Eqs. (4.75) and (4.76) are compatible when

uﬁv,f + uﬁvﬁ > —2bv,v,. 4.77)

Finally, the parameter range of the couplings should be such that Eq. (4.77) is consistent also
with Eq. (4.74).

One should not forget that these statements about the minimum of the potential are tree level
statements. At 1-loop the potential will change and in general one has to do the minimization
from the beginning and make sure that the chosen Higgs vacuum expectation values still cor-
respond to a stable minimum that can break the electroweak symmetry in the desired way. It is
possible that there exists an energy regime where the 1-loop correction to the effective potential
is negligible (as it is the case in the MSSM) and then the tree level results can be still trusted. In
this paper however we restrict ourselves to the tree level analysis.

In order to find the masses of the physical Higgs fields we have to expand Vpq + Vpp away
from Eq. (4.7) and collect the terms quadratic in the fields. Our discussion here is similar to that
of Section 4 with the obvious modifications.
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The quadratic sector is given by

Vy(H)+ V/(H,a)) = (H,, H )N (H;> + (Re H,", Re Hdo)/\@(Re H”O>
AN urd Hf ‘o Re H,;°
ImH,°
+ (Im A,°, Im H,°, a} ) N3 <Im Hd()) ) (4.78)
aj

In the charged sector, the mass matrix elements are

Ni(1, 1) = =2cot B(r3cos? B+ (A1 — ALy) sin2B + Az sin B)v* — 2bcot B,
Ni(1,2) =2(rzcos® B+ (A1 — Al,,) sin2B + A sin® B)v? + 2b,
Ni(2,2) = =2(A3c08% B+ (b1 — M,g) Sin2B + Ay sin® B)v? tan B — 2b tan B, (4.79)

and we find a zero eigenvalue, corresponding to the goldstone mode G™ and the non-zero eigen-
value

mh = 4) yqv* — 2( + 2A1 + tan BAs + cot ﬁA3> v? (4.80)

vZsin2B

corresponding to the charged Higgs mass. The rotation matrix into the physical eigenstates is

HF i _ Gt
u+ _ sin 8 cos B ’ 4.81)
H, cosfB  sinf Ht
consistent with Eq. (4.55).

In the neutral sector both a CP-even and a CP-odd sector are present. The CP-even sector is
described by A,. The mass matrix in the CP-even sector is given by

3
No(1,1) = —2(—4vzkuu sin® B+ v2 3 cos? Beotf — EU2A2 sin2p + bcotﬂ),
Na(1,2) = 2(3v? Az cos? B+ 3v?az sin® B + 2v% Ay sin28 — 20244 8in 28 + b),
Na(2,2) = —2sec B(—4hgav? cos® B — 3azv* sin fcos? B+ Av*sin’ B+ bsin f) (4.82)

and can be diagonalized by an appropriate rotation matrix in terms of CP-even mass eigenstates
(h°, H®) as

<Re Hu0> _ <sinot —f:osa> <ho>’ (4.83)
Re H,° cosa  sina HO
with
_ MDD -ME22)-VA
tana = 2/\/.2(1’ 2) (4.84)
and
A= (Na(l, 1))2 —2M52(2,2)N2(1, 1) + 4(Na(l, 2))2 + (M2, 2))2. (4.85)

The eigenvalues corresponding to the physical neutral Higgs fields are given by
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my, = %(Nz(l, D+ M (2,2) —VA),
my, = %(/\/2(1, D) +MN2(2,2) +V4). (4.86)

The lighter of the two, h°, is the state which is expected to be the one that corresponds to the
Standard Model Higgs field.

Finally, the symmetric matrix describing the mixing of the CP-odd Higgs sector with the axion
fields a) reads

1
N3 = =5 Vuvacy’
1 1 2 2 3 3
_ 9u—94 944 9u—44
cotf 1 Vd =51 Vd =5 Vd =
1 1 2 3 3
94— 4i—4q 4=
-1 tan 8 —Vu g d —vu d —Vu g d
1 1 1
X 9u—4 u—4y
V4 —v
M UM,
G4 . da—dq (@4 —a)) @ —4)
Vi, Vu =7, Vy V4 Unn
3 3 3
Qu—49q _ 9u—9q
Vd M Uy M
(4.87)
with
4b
+ 411 + Axtan B + A3 cot B. (4.88)

Cyl = e
X 12sin28

The rotation from the interaction to the mass eigenstates in the CP-odd sector is given by
Eq. (4.60). To construct the rotation matrix we start from the matrix whose columns are the
normalized eigenvectors of M3:

—NcospB sinB NiQi N»Q» N30z

N sin 8 cos 8 0 0 0

EX=| NQjcosp 0 Ny 0 0 , (4.89)
N Q>cosf 0 0 No 0
N Q3 cos B 0 0 0 N3

where we have defined
0 =—(q! —qg)MLI sin 8, (4.90)

N is given by Eq. (4.68) and

1
Ny = —— 4.91)

Ji+ 03

This is not an orthogonal matrix yet since it corresponds to 3 degenerate eigenvalues. One can
construct the orthogonal matrix OX by starting from the first two columns which are already
orthonormal and apply the Gram—Schmidt orthogonalization method to the rest. Doing this one
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obtains the matrix
—Ncosf sinf NlQl cos _l gQg cos ]\_/1_]\_]2]\_]91@9005/3
N sin 8 cosfp —N1Qisinf —NiN2Q2sinff —N;N2N3Q3sinf
O*=| NQjcosp 0 N1 —NiN20102  —NiNaN30103 |,

2
NQ>cosp 0 0 N> —NaN30203
NQzcospp 0 0 0 N3
(4.92)
where we defined
01 = Q) cosp, 0> = Q2N cos B, 03 = Q3N Ny cos B (4.93)
and
_ 1 _ 1 _ 1
N = Ny= ——, Ny= ——. (4.94)

Ji+ @ J1+83 J1+83

The fact that this is indeed the same as the matrix OX of Eq. (4.60) of the previous section is
an important self consistency check of the model. The mass matrix M3 has 4 zero eigenvalues
representing the NG-bosons that parameterize the corresponding 4-dimensional branch of the
vacuum manifold and one non-zero eigenvalue that corresponds to a physical axion field y with
mass

2
___[ +Z(q" Lsmzﬂ) :|cx/v2. (4.95)

The mass of this state is positive if ¢,/ < 0.
4.5. The Green—Schwarz sector in the broken phase

The anomalous couplings computed in Section 3.2 imply in the broken phase a number of
interesting processes. After electroweak symmetry breaking some of the U (1)s get rotated to
the basis where electromagnetism is the good quantum number. In particular, the W3, Y and A,
gauge bosons become linear combinations of the physical states A,, Z, Z}, as we have seen in
detail. The rotation to the physical mass eigenstate basis is done by the 5 by 5 orthogonal matrix
0% of Eq. (4.32):

A=0"B, (4.96)
where in components
AP ={A,,7,7Z}},  BP={ws A"} 4.97)
The rotation of the /th and W3 components then reads
v A 4P A AP
A = Oﬁl,AI’, W3 = 05y, AL, (4.98)

with the sum over p implied. In order to analyze the theory in the broken phase it is also con-
venient to separate the quadratic from the cubic and quartic terms in the product of the field
strengths of the gauge fields. We define

1
+ _ 1 1172
WM“ - E(W’” :FlWl”) :t Q;w’
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Wi, =W, + 0, (4.99)

where
Wi, =0, Wy — o, Wy,
05, =iga(Wows — wowi),
Wi, =0, W, —a,W,,
wa =igr(Wiw, — W, W) (4.100)

Also, as we have showed, the hypercharge basis axions must be rotated as

4
ay=0x+ Y "G, (4.101)
i=1

where @ and clw are dimensionless, computable but model dependent coefficients. Putting
Eqgs. (4.98) and (4.101) into Eq. (3.39), we obtain the Green—Schwarz terms in the photon eigen-
state basis

4
L9 =gX88y (G AGI+ Y D} Y iV GIr{G A G)
1 i=1

4
+ e WEAWT Y F Y PG u{wt A wT)
I i=1

4

X p q A A A A ) 0 p q

+ gk X FP AFT 4+ (F{OMy, Oy, + Cly O 08) Y el GIFP A F1
1 i=1

+ gpgre" 7 ADATFT (4.102)

where we have separated the physical couplings

g¥X88 = Z D)0y,

I
gt =Y "Foy,
I
A A A HA
ggq_ = Z(FI/ 0]7W3 qug + C;m/n/ Oﬁm/ an/)@[ N
1

gﬁl}f = E[/m/n/ Ogl/ Oqu/ 0;4”/, (4103)

from the interactions of the NG-bosons with the gauge bosons.

4.6. Gauge fixing in the broken phase

The gauge fixing functions can be straightforwardly obtained, as in the SM. The SU(3) part
of the gauge fixing terms is without any modification since the symmetry is not broken. For the
rest, we now have in the charged sector the gauge fixing functions

Gt=09-wt+ %gzva+G+,
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g =9-W - %gzva*G* (4.104)
where G* are as in (4.55) and o~ = («)*. In the neutral sector we have the gauge fixing
functions

gr =0 A7,

GZ=0-Z+a’G?,

Gf'=0-Z;+af G, (4.105)

with GZ and GIZ/ given in (4.62) and (4.63), respectively. The gauge fixing terms are then

1 1 1 1 g
e _ _ - orvgy +o— ZnZ
L Zan g +Wg g +2aZg G+ E, —2alzlg1 agr. (4.106)

The SU(3) ghosts remain the same as before and for the broken part we have

£eh = {(an;) ~(@ny) + (9n3) - @n-) + (9n%) - Bn+)
+(9nz) - Gnz) + ) (8m) - (9nz;)
I

_ ! 2
+my (@ i+ ntng) Fefmynynz + Y af (mIZ;) n};nz;}- (4.107)
1

In the limit o™, o™, %, oeIZ/ — oo the gauge fixing conditions reduce to the unitary gauge con-
ditions
G*t.G~.G*.G¥ >0, (4.108)

Indeed, one should be able to exploit the original SU(2)w x U (1)* gauge symmetry to transform
into a gauge where the NG-bosons vanish. Denoting by £é+73, £Z and EZ} the corresponding
gauge transformation parameters, we can choose them in such a way so that they act on the
gauge fields as

SW™ =06~ +EtW3 — 3w = 3G,

mwy
SWT = 8$+ +§_W3 _E3W+ — _l_aG—’
mwy

SW3 =98> +2(8TW™ +& W) =0,

1
8Z =0t = —3G?,

mz
! 1 !

872 = 3g% = —3G?1. (4.109)

mz;

These transformations act on the NG-bosons in such a way so that in the new basis they vanish.

It is expected that in this gauge the ghosts decouple, as in the SM. For certain computations
this is a useful gauge but in general computations are done in more practical gauges. In this work
the processes we will be interested in are simple enough so that we can perform all calculations
in the unitary gauge without any problems.
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5. Tree level decay rates and cross sections

In this section we are going to present selected tree-level decays rates that are useful on two
counts.

e They are important in order top constraint the parameters of mLSOM using current data.

e They are crucial for uncovering new physics in forthcoming colliders.

5.1. Minimal gauge interactions

The interaction of two fermions with a gauge boson can be found in the fermion kinetic terms
and more precisely in the part linear in the gauge fields.

Let us first look at the interaction terms contained in the interaction Lagrangian L;,;. We will
use the hypercharge values

f O ugr dp L erR VR
gy 1/6 —2/3 1/3 —12 1 0

Writing the lepton doublet as
L= (“Li ) (5.1)
eLi
we have the terms
Ling=iL]o"DyL; +ieh,5"Dyeri +ivha"Dyvg;

i ! L L VL
—l e femug ol Sl (1)
1

+eR Glt|:q(€R)g AY+Zq(eR) ]

+v,2i5ﬂ[ VP gy AY+Zq<”R)g AL]\)R,’. (5.2)

The interaction terms in terms of the currents are given by

gr &2 smy | +ouesw 1 ~ (M)
Lp=—2202 A7 gV o ity ——aW, I

g M7 fz . V2
Zz 7. (5:3)

where the electromagnetic and charged currents are

J]’,‘(SM) = —(ez.a"eu + e;&,i&“em), (5.4)
JHOM e} U vLi, (5.5)
JEOW =T oty . (5.6)

The latter are the same as in the Standard Model modulo the presence of the MNS matrix due to
the presence of the right handed neutrinos. In particular, Eq. (5.3) implies that the electric charge
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can be defined as
_8r&
8

The neutral currents have, in addition to the usual Standard Model values, corrections due to the
additional U (1) structure. They can be expressed as

5.7

Jg = CZ leG“vL, + C oleri + C cr”vR, + C oueR,-, (5.8)

where

vL,:_+ Zelq gr+---,

Z_gY_gZ (L)

VR1_+ qu( R)gl_f_.... (5.9)
It is convenient to organize to lowest order the currents as follows
w_ quesm 1 (D)
Iy =1y ~|—§21:e1g1JZ’1 : (5.10)

where we have introduced a standard model contribution (SM) and a D-brane correction (D).
The SM contribution is obtained in the M; — oo limit:

2
sM 1 lgy — & 8y + -
J”( ) — Jgo = EleU“vL, + 5 Yg2 zezl eri — g—ge;ﬁo“em (5.11)

and the corrections induced by the extra gauge bosons are given by

JD) _ (L) (L)t (en) i
z,1

=q;, v;;0" v +q; e 0t e +q WR), ¢

eR oleri+q; M vp 0" vpi. (5.12)

The currents J g (1 ) are new interactions not predicted in the Standard Model and therefore should
put constraints on the model.
A similar computation for the J 7, current gives

Jl/'

7= CUL, leo VL —i—CeL,eLl otey; +CVR1 UR:O VRi —|—C€R eRlcr Yeri, (5.13)

where
[P
C”L’__Zg €+ E 61 gJXJI+~--,

1
clr = —Z(g% —er+Y aPgi X+

Z/
Cep; = _6 +Zq( RerXyr+---,
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Zq( WX+,

which we can express as

n© | g
1y =gy + 10+

where
0 L
Jg,( ) —q§ )"LG VLi +q1 eLla“eLl —l—q( R)e;rh Heri —i—q; R)v};la“vm
and
M(l)_ L, (L), 1 T
J —( 48 e1+12:q 4(M2 M2)>1)Lio’ VL
£1
1 (er g Nu1 i
+( —@)er+ Y a4V e ——5—= |ej 0" eLi
48 yo aM2— M2l
2
8y (er) N1 to—n
+<—61+Zq, 81— |epio"er:
27— AM3—M3)) R
(UR) Nj1 T
—— |v,.c"vpi.
(Zq a4 - M%)) mi

J#£I

115

(5.14)

(5.15)

(5.16)

(5.17)

As we can see from these results, in the limit ¢; — 0, the Z} gauge boson interacts with a
strength which is of order of the coupling g; and can be identified with the original A; gauge
boson, modulo corrections of order v/M;. The Z couplings to the leptons tend to the usual

Standard Model coupling of the Z°.

We now turn to the Higgs-quark—quark interactions contained in the quark kinetic terms

iQLa“DM Ori + iu}rﬁ&”DuuR,' + id;ﬁ“Dude. Writing the quark doublet as

o fug
QL! = ( dLi ) s
after some algebra we find the interactions

1
ﬁq — _@AV JHEM) _g2W+I/L(SM) b

_ 2
g ney ﬁ I3 ﬁ
—8Z,1} Zglzm b

where the SM hadronic electromagnetic and charged currents given by

— ju(SM)
W I

2 _ 1 _
Iﬁ‘(SM) = g(uzia“uu +u§io“um) - g(dziff“du +d;,~0“dm),

SM
I’_” )_uLJZ/{qa dr;,
If:(SM) dLZ/{;]lTG Uri.

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)
(5.23)

In Egs. (5.22) and (5.23) we introduced in the quark mass eigenstate basis the CKM matrix which

again enters in an analogous way as in the Standard Model.
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The quarks couple to the Z-boson by the current

1y =CZul 0" upi + CF d} otdLi + CL w6 ugi + CZ diy" dri, (5.24)
where
g (Q)
CuZL,'=2 ZGIq g1+"'7
Cfu = ﬁ - —+ ZGICI(Q)81+~--,
27
C14ZR1:___Y+ ZG q(uR)g[+"'v
ci =L+ Zelq( Wgp 4. (5.25)

We decompose the Z current also in this case in terms of an ordinary Standard Model contribu-
tion and a second term coming from the extra contributions

=14 - Ze,g,ﬂ‘( ). (5.26)

The SM contribution is obtained in the €; — 0 limit

wSM) _
;W =1,
2 2 2 &2
_ (82 8\t o, (82 8y \i o n,
= (251~ g Jubeotuss = (554 s s G20
287 - 18y i -
— 5?”’“ M”Ri‘l'gg_ZdRiO'MdRi (5.28)
while the corrections induced by the extra gauge bosons at lowest order are given by
Ié"(ID) —q;Q)uT o*uy; —i—q(Q)cff otdy; +q("R) i ;0 uR; +q;dR)d;gi6“dRi. (5.29)
Again, as for the lepton currents, the corrections to the SM neutral currents / ’ZL ®) are suppressed

in the limit of large M.
Finally, the coupling of the Z) gauge boson to the quarks is given by

Ig, =CuLluLlo ML1+Cd dzl “dL,—l—CuR,u}fhcr uR,—l-Cd d;lo dRi, (5.30)
where
z; 1 @
C”Lt_ 4 gY €1+Zq g]X][+"',

7z, 1 1
Cy = Z<g§ + 58%)61 + 245Q)8JXJI +--,

7!

Cu; =——gy€l +Zq( “r) giXyr+...,
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= —qu + Zcﬂ W Xp . (5.31)

As in the leptonic coupling of the Z also in this case we split the quark current writing

1, =g 1“(0) +1““) (5.32)

with
0 d

15,7 = ;% w0 uri + ;2 d] o i+ g w6 g+ g™ iy drg (5.33)

and
1 Nyj
pm (Lo L), @,  Nio N\
ZI 4 gY ]+‘;q‘] gJ4(M2 MIZ) Li Li

+ (%(g% + %g%)GI + ]ZﬂqﬁQ)gJ W)dzio"du
G N )
J#I 1
( grer+Y qi™g %)d;ifwd,ﬁ. (5.34)
= Tam? = m?)

Having the explicit form for the currents and the couplings, one can derive easily certain tree
level decay rates and cross sections. Since the charge currents are the same as in the Standard
Model, the tree level decay rates of the Ws do not get any new contributions. On the other hand
the neutral currents associated with the remaining gauge bosons receive (small) corrections with
respect to their Standard Model values, so we expect to have comparable corrections to the tree
level Standard Model decay rates of the Z°. Here we will provide a rather general analysis of
the main decays of the Z and Z), gauge bosons into leptons and quarks and then we will present
predictions for the Drell-Yan cross sections. We will also compare at a quantitative level the pre-
dictions coming from the D-brane model with other models containing, for instance, sequential
U (1)s, with charge assignments different from the ones we discuss here.

We present a few examples of some possible phenomenological interest. For future conve-
nience and for a direct comparison with the literature on the Standard Model, we rewrite here
the interaction Lagrangian of quarks and leptons with the neutral gauge bosons Z and Z) in
4-component form. We obtain for the leptons

~ 82 - 82 (- f

— Y +5..,0 _ IV LA M _ 2V

Ly =eeiy"e 2«/EW ejy" (I —ys)vildj; 2ﬁW vy (I —ys)eid;
82 - -7 v—27 5

— %% iy eV B Ha,5) .

303G i(gv “v" =g v )i

82 - -z e—Z 5

— %% ghz(e® mo_ K3 e:

Fo0sGy i(gy “v" =g v"y)e

-7 v—2" _ e—Z7
Tyt — g Tty — g1 2, e (g

— a1 Z" i (gy
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and

2 1-
L, = —e<§ﬁl~y“ui o iy“di)AM

82 s ey 24 _ 82 w3 uq a7
2«/§W ujy (1 ys)dluji 2«/§W d/)/ (1 VS)uzuji
82 - -z -z 5
~ 30036 ZMai (g vt — g vy i
82 5 (.d-Z d—Z 5
— A "_ 1,5\ g
503G (v v =gy tvMyY)d;

_ u—2" u—272,
—a1Z gy vt =gy v y)u

- d—7/ d—7'
—gZi"di(gy Tyt =gy Ty"yY)d, (5.36)

for the quark interaction. We recall that the Standard Model result for the neutral currents

82 v -z° A
Lzo= " 2cosOy Zol“/ff (85 y"—gal™? VHVS)Wf (-37)
where
-z0 i . —70
gl P =10 —2sin?owoly, et =T (5.38)

and g»/cosOy = g, is now generalized to include corrections of first order in v/ M. We obtain
for the coupling of the Z gauge boson to the leptons

_ 1 _ 1
gv i=5(CL+Ch) e f=5(C - Ch),

VRi VLi VRi
1 1
-7 VA VA —Z Z VA
g?/ = E(Ceu + CeRi)’ gi = E(Ceu - CERi)’ (5.39)

while the Z couple as

z 1,z ; -z _ 1.7 7
gy ! =5(CvZL’,- +Co), gy =§(CvZLIi - Ch).

-z, 1, 7z z -2z, 1, 7 z
RS (o e ) N e 1o e ) (540

For the coupling of the quarks to the Z boson we obtain

1

r=s(Ch v el gt =5(ch, —Ch,),

2 UL URi 2 UL URi
1 1
d—Z V4 z d—Z V4 z
gv " =5(Co, +Ca) 8" =3(Ca, —Cay) (5.41)

and the corresponding coupling of the Z) are

u-2, 1, 7z u-2z, 1, 7 z,
8y IZE(CuLi—i_CuRl‘)’ 8a IZE(CMLI:‘"’_CMI;i)’
a-z, 1, 7z z -z, 1, 7z z!
av ' =5(Co, +Cap) g T =5(Cal +Cap)- (5.42)
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5.2. Z and Z'; decays into fermions
In the case of the decay of the neutral gauge boson Z into leptons we obtain in the massless
limit

2
T gHrmz —7\2 —7\2
FZ—ll)= =2 e iosz ™ (&%) + (&%) (5.43)

and for its decay into massive (m,) quarks

2 2
_ gymz —Z\2 —Z\2 my q-2Zj\2 q—Z7\2
P20 = i (7 + 7+ 2 () 20 77))
z
mz} 1/2
X (1 —4—2> . (5.44)
mz
Similar results hold for the Z gauge boson
2
- 8pQMz, ,, 1-7)\2 1=Z}\2
rzp 1= =52 () + @) (545)
and for its decay into massive (m,) quarks
2 2
_.  8pQz q—Zj\2 qa—Zj\2 my  q=27}\2 q—2Z}\2
Pz ap) = T2 (6 4 (67 2 () = 24 )
Z
m2 \ 172
x (1—4 2") : (5.46)
mZ,

I

5.3. The Drell-Yan cross section

In eTe™ annihilations and in pp collisions there are some standard signatures for the new
gauge interactions which can be tested against the Standard Model background, as we are going
to discuss below. For simplicity we consider the case where only one of the Z; gauge bosons is
relevant in the spectrum, being the heavier contributions suppressed.

The contribution of the 3 diagrams in the computation of the Drell-Yan cross section near
the resonances is summarized here. There are three diagrams containing an s-channel gauge bo-
son, respectively the photon y, the gauge boson Z and the gauge boson Z'—the corresponding
squared amplitudes are denoted by A,, Az and Az respectively—plus there are their interfer-
ences (Ay_z,A,_z, Az_z). At amplitude level we have

f q S q 5f
_ N Jr I J5

+
S s4mi—ilmI, % (s)  s+md, —iImIT,57(s)

where f here denotes a generation of leptons and we approximate the width with the imaginary
part of the 1 loop self-energies 1 (s) defined by

M (5.47)

1
myzl'y = ImHZZOOP(s =m%)

3 ag(m%) o
=ZFZ(Z—>qq)><3<1+—>+ZFZ(Z—>1 I7) (5.48)
q T 1
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and with a similar expression for the Z’. The decay rates appearing in (5.48) are those computed
in (5.44) and (5.43) or (5.46) and (5.45) for the Z' case. We have included a correction factor
3(1 4+ a5 /) in the contribution of the quarks.

The position of the two massive resonances is sensitive to the ratio v/M and to the other
parameters of the theory, most notably gpg. To simplify the notation here we denote by e, gz
and g/, the three coupling constants of the photon, the Z and the Z’ gauge bosons. We let p;
and p, be the momenta of the gg pair, while k; and k; are those of the final state fermions
(leptons). P; and P, are the momenta of the two incoming protons which in the collinear limit
are expressed in terms of the two Bjorken variables x| and x2: p; = x1 Py and p» = xo P>. We
also define s = x1x2S to be the total energy of the initial partons. At parton level we define
11 = (p1 — k1)? and uy = (pa — k1)?, with s + t; + u; = 0. The partonic contributions to the
cross section are given by

1
8N, sm?

o=

fd4k8+(k2)8+(s + 11 +up)MP?

= /dcos9|M|2
325N,

1
= | an \MI>. 5.49
167”21%/ M| (5.49)

A factor 1/N, has been introduced for color average and with |M|? being the partonic matrix
element given by

IMP>=A, +Az+Aza+A,_z+A,_z+Az 7. (5.50)
The diagram with the photon exchange gives
oA
1Ay 1> =8— (] +u?) (5.51)
s
while the Z gives

1Az1> =885 (Do()> + D1()) (((e477) + (€% %)) (s> + 2015 +267) (g%’

x4gh 2ol P el s+ 28l F 4 (o) (85 )+ (6179))
X (s +2t1s~|—2t1)), (5.52)

where we have introduced the Breit—Wigner propagator (Dg(s) + i D (s))ng with

2

Do(s) s —my Dy (s) mzIl'y
0(s) = s 1(8) = s
(s —m2)2+mir2 (s —m2)2 +mir2
q"q"
Dy =g+ L1 (5.53)
mz

The expansion of the propagator for the Z’ gauge boson is similar. We use the notation Dj, and
D' withmz — m', and I'’7 — I'z in (5.53). We obtain the interferences

Ay_z= 16e2 [ £ s(s—|—2t1)—|—gf Zg?, Z(s2+2t1s+2t12)], (5.54)

D/ _ 7 _ 7/
Ay_Zr:16e2g% Ol gt s(s+2) + g Z g4 (P20 +27)],  (5.55)
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while the Z—Z' interference is

Az_z =16g%8%,(DoDy+ D1 D)) (vis* + vatf + v3sty), (5.56)
where

—Z q-7' -7 A —Z q—-7Z q-7' -7/
vi=gh et el el ey el el e
~Z, q-7" g-7Z -Z q-7'\ -7
+eh C(eh el e el e
f=z' _q-7' f-Z q-Z =z

-7 —7Z -7’
+gy T8t Tay Tel + gl [7 gl

g el gl

-7 -7 -7 -7/ 4 -7
+eh Ceh T (e e el Mel Y,
f-z f-7'

v =2(g) el el el e e el e,
R S W At A W S A
+eh Vel el )
S (I Y S S A o S A S A Al I T

~7' q—7Z q-7'
+eh eh ey )] (5.57)
Given the generality of the charges of the model and the presence of additional parameters such
as the masses of the heavy resonances it is not possible, at this stage, to provide a specific estimate
of the leading order process.

5.4. Properties of the axi-Higgs

Let us now discuss the properties of the physical field that appears in the CP-odd scalar sector.
We call this field x the axi-Higgs since it is a gauge invariant mixture of the bulk axions and the
Higgs phase. In a unitary gauge it is proportional to a; which have axionic couplings. As its D-
brane basis cousins a, it appears in the Lagrangian through a dimension five operator. We have
already computed its coupling in the broken phase to the gauge bosons. We can also compute the
coupling of x to the fermions.

The Yukawa couplings provide mass terms for the fermions as well as cubic Higgs-fermion—
fermion interactions and axion-fermion—fermion interactions. All these can be extracted from

E%iﬁ: _HL?(“tLi)Tazﬂlf“Ri + H;(dtLi)Tozﬂ7“Ri +HS (“tLi)TUZFi?dRi
+ H*(d7,) o2 Tdg; + H"v], 07 Tiei + HY*el) 0 Tier: — H)V} 07 I} v
+Hf el ;0 [Yvgi +c.c. (5.58)
with

1
H)=v, + —(hosina— Hocosa) +i0{x,

V2

1
HF :——H+cosﬁ,
V2

u

1
H[?:vd + —(hOCOS(X+HOSin()l) +i0§1)(,

V2
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1
Hf = —H"sing (5.59)
d \/E
the unitary gauge expression for the Higgs fields. In Eq. (5.58) the bold notation and the dagger
on the quarks reflects their non-trivial SU(3) transformation property. The Higgs field expanded
around its vacuum expectation value is to lowest order

0 iNcosﬁX .
H, = (v, +--)e wr % ~v, +iNcospy,
. Nsinp

HY = (vg +---)e' "t * ~ v, +iNsin By, (5.60)

where the dots stand for the contribution of the (small) fluctuations of #° and H° and which are
negligible for this discussion. Defining

my; = —UMF‘M

e
iis Mme; = —v, I7;

i’

mai = —va ¢ my; = —vgl;, (S.61)

i’
we can write the parts of the effective action that the axion appears (suppressing the spinor
contraction) as

+ iNcosﬁX + iNSiﬂﬂX ; Neosp
myjupugie vt +mgid; drie Y4 T +mejepiegie v
. Nsinp
+myjvpiVRie Vd +c.c.,
duxd"x +g*8x r{GAGY+ g xu{Wr AW} + ggéxF’_’ AFA. (5.62)

From the above equations one can see that the couplings of the Higgs fields to the fermions in
the Yukawa sector will induce an axion-fermion—fermion coupling

—il°0f =il"“Ncosp (5.63)
to the up quark and “electron” sector respectively and
ir’ o} =irNsing (5.64)

to the down quark and right handed neutrino sector respectively. As expected, by doing a chiral
rotation on the quarks one can make the 6-parameter of QCD vanish.
The decay rate of x into two gauge bosons A and A, of mass m and m; is given by

1/2 m% m% 2
I'(x — A1Ay) = o211, —, = |(1A4P), (5.65)
167Tm,y mf( mi
where
D(x,y,2) =x>+y> + 7% — 2xy — 2x7 — 2yz (5.66)

and the part involving the amplitude can be computed to be

AP = _(nglAz)z[m%mg _ %(mi - mgf], (5.67)

In our case, the gauge bosons Aj 5 can be two gluons, a W pair or any of a photon, a Z and
a Z;. Clearly, in the electroweak channel, the decay that dominates is the one into two photons.
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Including a factor of 1/2 when averaging over the final state, we obtain
(gxw)Zmi

641
with gXV? given in Eq. (4.103). This decay rate is to be compared with the rate of the 1-loop

decay h° — yy (the only channel for a scalar decaying into two photons available in the SM)
which is

I'x —>yy)= (5.68)

e*sin? am?

ho

102475m3, 69
with m0 given in Eq. (4.86) and sin« in Eq. (4.84). In low scale models these two rates could
be comparable in magnitude or even the axi-Higgs decay could be dominating. When y is off
shell, the axi-Higgs-photon—photon vertex gives a tree level contribution to the pp — yy cross
section.

The state x is peculiar since it is neither a typical PQ-type of axion [52] nor a typical Higgs
field. It is something in between. It inherits properties from both precisely because it is a linear
combination of the original Higgs and axion fields (for a similar situation see [53]). We can
summarize then by saying that the mLSOM axion is massive with mass m, generated by the
Vpg part of the scalar potential (given in Eq. (4.95))

2 1 q,j —qé v, 2 4b )
mX:_E ]+Z 5 Estﬂ m—l—ﬁlkl—l—)»ztanﬁ—i-)gcotﬂ ve.
I (5.70)

Strictly speaking to this one should add the usual mass that is generated non-perturbatively. This
is a small contribution to the mass, proportional to the coupling of the axion to the gauge bosons.
For the PQ axion this is the only mass generating source which implies that if its coupling to
the gauge bosons is suppressed then its mass is automatically tiny. This (strong) correlation
between the (small) mass and the coupling of the PQ axion results in computable cosmological
and astrophysical effects that put severe bounds on models with such axions [54]. Here, as can be
seen from Eq. (5.70) the mLSOM axion acquires from spontaneous symmetry breaking a rather
large mass which is generically expected to be of the order of O(100 GeV) since it is proportional
to v. This property is one inherited by its Higgs nature. On the other hand, its coupling to the
gauge bosons is given by Egs. (4.103) which show that it is suppressed by the explicit factor
of 1/Mgy contained in D, F and C and further suppressed by the factor v/M; contained in
©®r defined in Eq. (4.67). This property is a remnant of its axion nature. Evidently the mass is
essentially not related to the gauge boson couplings, i.e. a suppressed coupling does not imply a
tiny mass as in typical axion extensions of the SM.

In the fermion sector the situation is slightly different. The PQ axion has a coupling to the
fermions proportional to its coupling to the gauge bosons and therefore it is equally suppressed.
The mLSOM axion on the other hand from Egs. (5.63) and (5.64) is seen to have an O(1)
coupling to the fermions. Some relative suppression in the latter due to B (by one or two orders
of magnitude) is perhaps still allowed.

F(h0—> yy)~

6. Conclusions

We have presented the mLSOM effective field theory describing universal features of orien-
tifold string vacua with a low string scale, in the TeV range. The basic features of such vacua
have been described in [16,17].
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Although, the associated string theory has numerous different types of particles, we have kept
here, for simplicity, the ones that are generically the lightest, namely the two Higgs and three
extra anomalous U (1) gauge bosons.

The theory has a gauge group U (3) x U(2) x U(1) x U(1)’ generated by appropriate stacks
of D-branes in the string theory. The U (1)’ in particular comes from a brane wrapping the two
large dimensions, and it has therefore a tiny gauge coupling of almost gravitational strength.

The hypercharge is a specific linear combination of the U(1)3, U (1), and U(1) factors. It
is massless and anomaly free. The other three U(1)s can be identified with a gauge version
of well known symmetries: baryon number, lepton number and a Peccei—Quinn-like symmetry.
The extra U(1)s have triangle anomalies, that as usual in string theory, they are cancelled by
generalizations of the Green—Schwarz mechanism. As a result the three U (1) gauge symmetries
are broken, and the associated gauge bosons have (UV) masses that can be computed in string
theory.

The theory has a Higgs sector that MSSM-like. The Higgses are charged under the anom-
alous U (1). When the Higgses acquire vevs and break the electroweak symmetry:

(a) There are additional sources of mass for the anomalous U (1) gauge bosons

(b) They mix with the Z° with strength of order M % / Msz.

Having seen the ingredients of mLSOM we may reappraise the parametric freedom of the
effective field theory. We do not include the SM parameters in our counting.

In the U (1) sector, we have a priori four coupling constants, one for each U (1). However, in
the case of the U(3) and U (2) groups, it is related to the associated non-Abelian SM coupling
o233 as [16]

2 2

EN 8
=" =—) 6.1
N= 47 T 8aN .1

where g is the associated U (1) coupling, normalized so that all U (1) brane charges are integers.
The three-coupling constants corresponding to the U(3), U(2) and U (1) branes, are therefore
fixed from the measured SM coupling constants. The coupling constant of the U(1) is a free
parameter. Since the U (1) brane wraps the two large dimensions, g’ ~ 10~7-1078,

Further, the UV mass matrix of the U (1) gauge bosons, can be parameterized by three mass
eigenvalues and three mixing angles.

We have kept the Higgs sector of the mLLSOM general. There are 4 independent quadratic
couplings

I’Luv /’Ldv b7 )\'1 (62)

and the 6 independent quartic couplings

Auus  Adds  Auds )";ds A2, A3, (63)

Compared to the MSSM Higgs sector whose quadratic part is parameterized by the 4 parameters
w, mp,, my, and B and the quartic part that is parameterized by the 2 gauge couplings gy and
g2 we have 6 additional parameters. However, in a class of vacua that are non-supersymmetric
orbifolds the tree-level potential is that of MSSM.

There are many interesting issues that we have not addressed here and that are left for future
work.

(i) There are important constraints of parameters coming from couplings of the Z° to fermi-
ons, limits on the Higgs sectors as well as other astrophysical and cosmological bounds.
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(ii) There are important production cross sections that may be relevant in LHC. We should
mention, pp — y, Z° - Z% ., pp = Z2° > yy, pp = 2" — 72°Z°, yy, y Z°, etc.

Another issue is that there are particles that eventually should be included in the effective field
theory as they may relevant for physics.

e Superpartners. They can be straightforwardly included. The theory will be essentially the
MSSM with three extra U (1) anomalous gauge multiplets. It is interesting that unlike the MSSM
no R parity needs to be imposed as baryon and lepton number will remain as global symmetries.

e Right-handed neutrinos in mLSOM originate on the U (1) brane that wraps the two large
dimensions. This is the reason that the associated masses are small and have the right magnitude
[17]. One should also include their KK states. They are important in the case where there is a
single flavor of right-handed neutrino, since their mixing generated the requisite structure of the
neutrino sector, albeit marginally [17]. Even in the case where there are three flavors of bulk
neutrinos, the mixing with KK states may have interesting effects.

e The KK states of the U (1) gauge boson as well as the graviton are both densely populated,
as they are sensitive to the large dimensions. They may be responsible for ADD-like signals.

Such issues and their experimental implications need to be addressed in the future.
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Appendix A. The mixing matrix
In this appendix we will provide an explicit formula for the mixing matrix O;;, required to

diagonalize the UV mass matrix of U (1) gauge bosons. As described in Section 3 the first row is
fixed by the masslessness of the hypercharge

ki
Oy =8v—,
81
1 k?
Loy A
gY I gl

We label the four U (1)s in the D-brane basis as U (1); with i = 1 corresponding to color, i =2
to the weak doublet number, i = 3 to the extra U (1) and i = 4 to the bulk U(1),. In the rotated
basis we use indices Y corresponding to the hypercharge and I = 1, 2, 3 corresponding to the
three massive anomalous U (1)s.

As shown in Section 2.1 the hypercharge embedding coefficients, have the property that k4 =
0. We introduce the variables

g3 k 33 k . 1 g2
a1=—g—3—1 azz—g—z 1 2_ 1 8

= ) ~ ) = . (A2)
222
81 k3 82 k3 gy k3



126 C. Coriano et al. / Nuclear Physics B 746 (2006) 77—-135

We may parameterize the remaining three rows of the 4 x 4 orthogonal matrix, in terms of six
angles 67, ¢; as follows

ay cos@; +ar/1+ a%sinb; sing;

011 =
Var(l+a?)
azcos@; — a1+ a?sinéy sing;
Oy = — — , (A.3)
Var(+a?)
a2
031 = m COoS 9[,
041 =sinfjcos ¢y (A4)

so that they are all of length one, Z?:l 0;;0;; =1 and are orthogonal to the first row,
Z?:l 0;10;y =0.
Mutual orthogonality, Z?: 10i10i5 = 8! implies
cosfycosBy + sinfy sinfy cos(¢p; — py) =877. (A.S5)
This fixes three of the angles, 65, 63, ¢3 in terms of 9y, ¢1, P».

tanf; = —cot@l\/l + cot2(¢p) — ¢2)(1 + tan? 01)2,

cot6
=——m8F——, A.6
B os@r — 9 0
_ 2
tan gy = — CoS ¢ + cos ¢y cos(¢p) — ¢o) tan” Oy (A7)

sin¢» + sin ¢ cos(¢p; — o) tanZ 6

Appendix B. Comparison with the MSSM Higgs sector

In the MSSM there are two Higgs doublets H,, and Hy

) m=(i)
H,=["%], Hy=[ 4 (B.1)
= i

with the same hypercharge, accounting for 8 degrees of freedom. There are 3 broken generators
as in the Standard Model and therefore we expect to find 3 NG-bosons and 5 physical Higgs
states. The potential of the MSSM reads

VMSSM(g, Hy) =i B(HI t*Hy) + c.c.+ 13 H Hy + u3H) Hy

1 2 1 B + 2
+ &7 (H] Hy — HJHg) + & (HIT" Hy + Hye" Ha)”, (B.2)

where the quadratic terms contain F-term as well as soft supersymmetry breaking term contribu-
tions
2 2 2 2 2 2
uy = Il +my, wy = pl”+my,, (B.3)

while the quartic terms represent D-term contributions. The dimensionfull parameter B is real.
The vacuum that does not break electromagnetism and minimizes the potential is

(0 (v
Hu_(vu>, Hd_(o). (B4)
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Expanding around the vacuum we find indeed 3 massless NG-bosons, a neutral CP odd mass
eigenstate A” with mass

, 2B

=— B.5

A= Sin 28 (B-5)
a pair of charged Higgs eigenstates with mass

m%i = mio + m%v (B.6)
and two neutral CP-even mass eigenstates 2% and H° with masses

1 2

mpy, = 5[(mi0 +mly) — \/(mi0 +m2,)" = 2mzom 4o cos2ﬂ)2] (B.7)

and
2 Ir 2 2 2 )2 2
mio = 5[(on+mzo)~|— (mA0+mzo) — (2m zom 40 cos 2 ) ] (B.8)

Expanding Eq. (B.7) in inverse powers of m 40 one concludes that the h° Higgs boson mass
is smaller than the mass of Z° and therefore radiative effects have to be taken into account to
avoid conflict with experiment. This is indeed possible due to the large Yukawa coupling of the
top quark. It is instructive to make a comparison of our potential Eq. (4.1) with the potential
Eq. (B.2) since the structures are quite similar. For the comparison, the following identities are
proven to be useful:

(Hit/H,)’ = (H/H,)’, a=u,d
|H Ha|” = (H] H,) (Hy Hq) = | 0 Hy
(Hit/H,)(H}t/ Hy) = (H] H,)(H} Hq) — 2| H] <> Hy|". (B.9)

2

’

In order to translate to our convention where the Higgs doublets have the same hypercharge, one
has to make the transformations

H, — H,, Hy — —it*Hj}. (B.10)

Using the identities Eq. (B.9) and the above transformation, the MSSM potential can be brought
in the form

VSSM(H,, Hy) = BH] Hy + c.c.+ pt H) H, + u3H Hy + o (87 +23) (H Hy)

1 1
+ 5 (&7 + ) (Hy Ha)” — 7 (67 + 3) (H] Hu) (H] Ha)

8 4
83 >
+ 72|HMTt2Hd| . (B.11)
The identifications can be then read off the above potential and Eqgs. (4.1) and (4.73):
1 1
Wi w3 ug g6+ 8) > b kaa b 3G K (B12)
B — b. (B.13)

The complex term in Eq. (B.11) breaks PQ and therefore it does not appear in Eq. (4.1). It appears
though in the PQ breaking potential Eq. (4.73) as we have seen. The rest of the terms in Eq. (4.73)
evidently are not present in the MSSM.
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The first thing that one can immediately see is why the potential Eq. (4.1) does not give mass to
the axion. The CP-odd Higgs eigenstate A? of the MSSM has been traded for the CP-odd axion x
in our model. The mass of A” originates exclusively from the term proportional to B in Eq. (B.2)
and since such a term is not part of Eq. (4.1) the axion does not get a mass. It is also now clear
why the mass of the charged Higgs states is given by Eq. (4.41). Inspecting Eq. (B.12) one can see
that it corresponds to the part in the MSSM charged Higgs mass, proportional to the mass of the
W -boson. The only difference is that instead of the SU (2) D-term origin of the coupling g in the
MSSM charged Higgs mass, in our model we have an independent coupling A, and therefore the
mass is not directly related to the W-boson mass. When the potential Eq. (4.73) is added, then the
charged Higgs mass acquires a part proportional to b which corresponds to the part proportional
to B in the MSSM. The axion on the other hand, in the presence of Eq. (4.73) acquires a mass
proportional to b (just as A” in the MSSM acquires a mass from the term proportional to B) and
additional contributions proportional to A1 3. These latter contributions are new, not present in
the MSSM. Finally, from Egs. (4.45) we see that for the potential Eq. (4.1), the masses of the
neutral Higgs states are not related to the Z-boson mass as it is the case for the B = 0 limit
of the MSSM because the couplings X,,, Agq and X,4 are not related in our model to gauge
couplings. In particular, the light neutral Higgs mass vanishes and the heavy neutral Higgs mass
is proportional to that of the Z-boson in the B = 0 limit in the MSSM, contrary to our case. For
the case of the potential Eq. (4.73) the neutral Higgs bosons masses acquire their MSSM-like
contributions plus additional terms proportional to A1 2 3.

Appendix C. The Lagrangian in the physical basis

In this appendix we provide the Lagrangian expressed in terms of the physical base. The
kinetic Lagrangian of the gauge fields is given by

Lkin gauge
1

1 1

2 2 2

= —Z(auAyv — Ay )" — Z(auzv —0WZy)" — i E 0.2}, — BVZ}M)
1

- %(aﬂw“ — "W (3, W, — 0, W)

. € . 82 — —
+i pr—— (sm@WA’}f + cosOw Z" — 76,Z’,“>[W”(8\,Wﬂ — 0, W)
1 2
— Wi (W, = 8, W) ]+ 3 [(Wr W) (Wy W) = (W w )]
sin“ Ow
— e sinfwA, , +cosbwZ, — &E]Z/
sin® Oy " Heooa e

. 82
X [smOWA’)j +cosOwZ,, — 7612,1”] wHw_,

&2

2

2

- |:sin0WAyﬂ +cosbwZ, — &e,z’,u}
sin

Ow

x [sin@WA,,p +cosOwZ, — g—;elz}p]wﬂtW—P’ (C.1H
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X

xr=(qpvi +qivi)er. e = vl (€.2)
1
and
ZM =cosOwW? —sinfw Ay + &1 A = Zl +£1A; (C.3)
and
g _
&= e+ O(M). €H
Lomass gage =mz Zu Z" +miy W W™y b miy WHW, T+ mb, 2, 2)".(C5)
1
We define
1
Olff) = E(gzwsu + gyAﬁ + Zq;gn‘\,ﬁ),
1
1
ol = 5 <g2W3M +grA] + Zqég,AL),
1
1
B = 3 <—82W3u +grAf + qungL>,
1
1
B =3 (—ngm +gy Al + Zqéng,ﬂ) (C.6)
1
and set g, = g2/2. We have
1
alau,d) = E(gYOQYV +g20“)AV3y + 81 Oflyql,{,d)Ayu (-x)
1
+ E(gYOQYZ +820(}V3z + 8104, 248 1) Zu(¥)
1 A A A 1 /
- E(gy 04,7, + 820w, 7 + 8104, 714,421, (%), (C.7)
1
Bl — 5 (v 04,, — 820, + 810441 1) Ay, (x)
1
+ E(gYOgyz — 2204,7 + 8104, 7244 4) Zu(x)
1 A A A 1 /
+5(8r 034, 7, = 8203, 7 + 810}, 71du.4) 2}, (- (C8)

The contribution from the Higgs sector in the quadratic potential is then summarized in the
expressions

1 1 1
LHiggs 1 = §8MH+8MH_ + §3MH03MH0+ §8ﬂhoauh0

1 I D | 1 St

+50uGTIGT + 9,679"G +§aﬂxaﬂx+521:auc;, I G?

1 1 1
+ Emio + Em%]() + Emi +m12qu+H_, (C.9)
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1 S N 0 2 :
Lriges 2= 5 S (@D EP 4 gD+ a0 5 4 g7 5D 4 20), (C.10)
i=u,d
Lunix =mz,Z"0,G* +Y mz, 2" 0, GF . (C.11)
1
E(")” iHT0"H ™ cos’> B —iH 0" H" cos’ ﬂ+zg20f(1)(H+W cos B

wp _
2y =

(u)
23

(u) _
X, =

Z(“)

+ighOfGYHY W™ cos B — ghsinahoHT W ™" cos B
+ cosaghHyHY W cos B —ighOf x H- W cos B
—ighOLGYH Wt cos B — gy sinahgH™ Wt cos
+cosaghHoH Wt cos p—isinBHT3*G™ cos B
+isinBH 3*Gtcosp—isinBGT*H ™ cosp
+isinBG~ " H* cos B —ighO] sinpxGtwW—*
—ighOf sin BGYGT W™ + g} sinasin G ThoW ™+
— cosaghsin BGTHyW ™+ + lgzOf(] sinfxG~WTH
+ighOL sin BGYG™ W + g} sinasin G~ hoW
— cosaghsin BGTHoW T+ +isin 2GToHG~
—isinB*GTI*GT, (C.12)
—ighOf, sinBxGTW ™ —ighof sin GG TW

+ ghsinasin BGThoW ™" — cosagh sin BGT HyW ™+
+icos BghOf x HT W —i—icos,Bg/zOf(iG?HJrW_“
—cos Bgysina HyHTW ™" 4 cosa cos Bgy HoHt W™
+lg20X] sinBxG~ W+M+lg2 sm,BGOG wH
+ ghsinasin BG"hoW " — cosagh sin G~ HyW T+
—icos BghOf\ x H- W —icos BghOFXGIH- W
— cos Bgh sinahgH~™ WHH + cosa cos Bgh HyH ™~ W
+ 20, sinahgd* x —2cosa O} Hopd" x

+20{; sinahgd" G} — 2cosa O Hyd" G}

— 20f<1 sinay 9% h° — 20{2 sinaG?B“hO

+2c0sa O x 3" H® + 2 cosa O, G9" H°, (C.13)
= H_H+cosﬂ —sinBGTH cosp —sinBG~H " cos

+sinB2GG™, (C.14)

0F %52 +20%,0LG% + 017G +sina?h}

+ cosa H0 — 2cosa sinahgHy, (C.15)

g’ H™ HY W™ W, cos® B
— g5 2sinBGTH W™ "WJCOS,B—gézsinﬁG7H+W7“W:cosﬁ
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— GO HTW "3, x cos B — gh O H- WHH 9, x cos B

— GO HTW™13,GYcos p — O H-WTH3,GY cos

—ighsina HY W19, hocos B +ighsina H- W9, hocos B

+icosaghHYW™"3,hocos p —icosagyH W9, hocos B

+g20 xWHo, H™ cosﬁ+g20f(iG?W+“8MH_cosﬂ

—ighsina HoW "9, H™ cos B + i cosaghHoW 3, H™ cos p

—sinB0, GTO"H™ cos B+ g,0f, x W o, H" cos B

+g§0fiG?W_“8MH+cosﬂ+ig§sinaH0W_”8MH+cos,8

—icosagyHyW "3, H" cos B —sin "G~ 3, H™ cos B

+glor W W

+ g 0L GO W W + g sin w HEW ™ WF

+ cos® agh? Hy WHW,F 428,208, Of x GIW =Wt

+g2 sin? BG~GTW™ “W:—Zcosagz sina HoHoW ™~ “W:

+ g50F, sinBGTW 19, x + g, 0] sin BG~ W9, x

+g50% sinBGTW 8, G? + g, 0 sin G~ W3, G?

— g2011 sinBxW9,G~ — ghof. smﬂG?Wﬂ*aMG (x)

+ighsinasin BHoW 3, G~ —icosaghsin BHoWH"3,G~

— ghOf sinBx W "3,GT — g, 0 sin GYW 3, G*

—ighsinasin BHoW "9,G" +i cosagh sin BHoW +9,G*

+ighsinasin BGTW 3, hg

—ighsinasin G~ W9, ho — i cosaghsin BGTW 3, ho

+icosaghsinBG~ W9, hy, (C.16)
@ =iG*9,G™ cos p* —iG8,G " cos p? — igr 0 xGT W, cos B

—igr 05 GQG+W_ cos B+ cosagaGThoW,, cos B + gasina G hoW,, cos

+ig205,xG™ W,  cos B+igr05G)G™W,F cos B+ cosagaG~hoW,! cos B

+ g2sinaG~hoW, cos B+ isin BH 0, G~ cos f —isin fH9,G" cos 8

+isinBGT9,H™ cosp—isin G0, H cosp—ig0f sinfxH W,

—igr0% sin BGYHT W, + cosagy sin phoHT W,

+gzsinasinﬂh0H+W;+ig20§1 sin,BxH_W:

+ig20£(l. sin,BG?H_W:+cosag2 sin,BhoH_Wlf+g2 sino sinﬂhoH_W;r

+isinf?H 9, H —isinf*H 9, HT, (C.17)
22(;? =icos,3g20§(le+Wu_ —icos,BgQOQ(iG?G“LW; +Cosozcos,3g2G+h0WH_

+ cos Bg2 sinaGJrhOWl; — ig20§1 sin,B)(HJrW; — igZOé. sin,BG?HJrW;
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+ cosagysin BhoH W, + gasinasin fhoH W,

+icos Bg05 x G~ W, +icos Bgr 05 GIG™W,;F
—i—cosacos,Bng_hoW;—i—cosﬂgg sinaG_hOW:—}—igzO%l sin,BxH_W;
+ig0% sin BGYH ™ W,I + cosag, sin BhoH~ W, + gasinasin fhoH ™ W,
+2cosaOf hodyx + 205 sinahod, x +2cosa 0% hod, GY

+20% sinahod, G — 2cosa O x 3 ho — 2cos 05, GYd,.ho

— 204, sinaxd,ho — 205 sina G, h, (C.18)

2 = GG cos B2 +sinGTH ™ cos B+ sin G~ H T cos f+sinfZH™HT, (C.19)

(d) _
X, =

(d) _
Xy =

2 .
047 x> +20% 04,G% + 0L>GY” + cosa®h} + sina®h}
+ 2cosa sina Hohy, (C.20)

85G~GYW, Wt cos B* + g3 sinBGTH™ W, W cos B

+g3sinBGTHT W, Wt cos B+ 205G W, 8" x cos B

+ g20§1G_W:3”X cos B + g20§iG+W;8“G? cos B
+g20§iG_W+“8MG?cosﬂ — ggOﬁ(lelfa"G_ cos

— 820%GYW,[ 9" G~ cos B + i cosagrhgW, 9" G~ cos B
+igasinahoW,; 0" G~ cos B — 8205, x W, 0" G™ cos B

— 805 G?W;B“G‘|r cospB —i cosocgzh()WM_E)“G'|r cos B

—ig sinothoW,IZ)“G+ cosf+i cosag2G+Wl:8“ho cos
—icosagrG~ W, d,hocos B +igrsinaGTW, 9"hgcos B
—igasinaG~ W, 8" hocos B +sinBd, G* 9" H™ cos B +sinpd, G~ 9" H cos
+ 820472 W, W 4 202GV W, W

+ cosazg%h(z)WM_Wﬂ‘ + g% sin(xzh%Wﬂ_ W 4+ 2g§ 0%1 O;ixG?Wﬂ_ Wt

+ 2cos ag% sin ah(z)Wl; Wt 4+ g% sin ,32H7H+W; WK

+ 2205 sin BHY W, 0" x + g20%, sin BH™ W;F 0" x + g205 sin BHT W, 9" G}
+$,0% sinBH™W;F0" G} + i cosagysin BHTW ™19, ho

—icosagn sinﬂH_W:(‘)Hho +igrsina sin,BH+WlL_8“ho
—igysinasinBH™ W, 9" ho — g20%, sin Bx W,r 0" H™

— 820, sin BGYW,F9" H™ + i cosargy sin hoW,F 9" H~

+igysinasin BhoW,f 0" H™ — g0 sin fx W 0, H*

— ggOgi sinﬁG?WM_B“H+ —icosag sin,BhOWﬂ_B"H+
—igysinasinhoW, 0" H™. (C.21)
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Other terms
Lo=3 v/ (600D 46807 4 oD 4D gr 4 D), (C.22)
i=u,d
6" =0,
92(") =2sinaHy — 2 cosa Hy,
9352) =2 sin,BG+Wu_ — Ccos ,8g2H+WM_ + g2sin G~ W: —cosBgrH W,

9&) =g2sinBG W, —cos Bea H W, + gasin BG™ W, —cos Bga H™ W, + 2019, x

+20%9,G,
63 = 2sinaHoW,;; W gy — 2cosa HoW,; Wt g)? +isin pW; 8" G~ g
—isinfW, "G g, (C.23)
6, =0,

92(d) =2cosaHy+ 2sina Hp,

93(’;) =cos Bg2G W, + gasinBHT W +cos BgrG™ W, + gasinfH™W,T,

050 = cos BgaGT W, +gasin PHT W, +cos fgaG~W,§ + gasin BH ™ W,
+20%0,x +20%9,G;,

63" =2cosa HoWy Wt g + 2sina HoW, W g3 +i cos BW,F 904G~ g2
—icos W, 0" G g (C.24)
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