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Abstract

We elaborate on an extension of the Standard Model with a gauge structure enlarged by a single anom-
alous U(1), where the presence of a Wess–Zumino term is motivated by the Green–Schwarz mechanism
of string theory. The additional gauge interaction is anomalous and requires an axion for anomaly cance-
lation. The pseudoscalar implements the Stückelberg mechanism and undergoes mixing with the standard
Higgs sector to render the additional U(1) massive. We consider a 2-Higgs doublet model. We show that
the anomalous effective vertices involving neutral currents are potentially observable. We clarify their role
in the case of simple processes such as Z∗ → γ γ , which are at variance with respect to the Standard Model.
A brief discussion of the implications of these studies for the LHC is included.
© 2007 Elsevier B.V. All rights reserved.

1. Introduction

Among the possible extensions of the Standard Model (SM), those where the SU(3)C ×
SU(2)W × U(1)Y gauge group is enlarged by a number of extra U(1) symmetries are quite
attractive for being modest enough departures from the SM so that they are computationally
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tractable, but at the same time predictive enough so that they are interesting and even perhaps
testable at the LHC. Of particular popularity among these have been models where at least one
of the extra U(1)’s is “anomalous”, that is, some of the fermion triangle loops with gauge boson
external legs are non-vanishing. The existence of this possibility was noticed in the context of the
(compactified to four dimensions) heterotic superstring where the stability of the supersymmet-
ric vacuum [1] can trigger in the four-dimensional low energy effective action a non-vanishing
Fayet–Iliopoulos term proportional to the gravitational anomaly, i.e., proportional to the anom-
alous trace of the corresponding U(1). The mechanism was recognized to be the low energy
manifestation of the Green–Schwarz anomaly (GS) cancellation mechanism of string theory.1

Most of the consequent developments were concentrated around exploiting this idea in conjunc-
tion with supersymmetry and the Froggatt–Nielsen mechanism [2] in order to explain the mass
hierarchies in the Yukawa sector of the SM [3], supersymmetry breaking [4], inflation [5] and ax-
ion physics [6], in all of which the presence of the anomalous U(1) is a crucial ingredient. In the
context of theories with extra dimensions the analysis of anomaly localization and of anomaly in-
flow has also been at the center of interesting developments [7,8]. The recent explosion of string
model building, in particular in the context of orientifold constructions and intersecting branes
[10,11] but also in the context of the heterotic string [12], have enhanced even more the interest
in anomalous U(1) models. There are a few universal characteristics that these vacua seem to
possess. One is the presence of U(1) gauge symmetries that do not appear in the SM [13,14]. In
realistic four-dimensional heterotic string vacua the SM gauge group comes as a subgroup of the
ten-dimensional SO(32) or E8 × E8 symmetry [15], and in practice there is at least one anom-
alous U(1) factor that appears at low energies, tied to the SM sector in a particular way, which
we will summarize next. For simplicity and reasons of tractability we concentrate on the simplest
non-trivial case of a model with gauge group SU(3)C × SU(2)W × U(1)Y × U(1)B where Y is
hypercharge and B is the anomalous gauge boson and with the fermion spectrum that of the SM.
The mass term for the anomalous U(1)B appears through a Stückelberg coupling [14,16,17] and
the cancellation of its anomalies is due to four-dimensional axionic and Chern–Simons terms (in
the open string context see the recent works [14,18–20]).

Despite of all this theoretical insight both from the top-down and bottom-up approaches, the
question that remains open is how to make concrete contact with experiment. However, as men-
tioned above, in models with anomalous U(1)’s one should quite generally expect the presence
of a physical axion-like field χ and in fact in any decay that involves a non-vanishing fermion
triangle like the decay Z∗,Z′ ∗ → γ γ , Z,Z′ → Zγ , etc., one should be able to see traces of
the anomalous structure [19,20,22,23]. In this paper we will mostly concentrate on the gauge
boson decays which, even though hard to measure, contain clear differences with respect to the
SM—as is the case of the Z∗ → γ γ decay—and in addition with respect to anomaly free U(1)

extensions—like the Z′ ∗ → γ γ decay—for example.
In [19] a theory which extends the SM with this minimal structure (for essentially an arbitrary

number of extra U(1) factors) was called “Minimal Low Scale Orientifold Model” or MLSOM
for short, because in orientifold constructions one typically finds multiple anomalous U(1)’s.
Here, even though we discuss the case of a single anomalous U(1) which could also originate
from heterotic vacua or some field theory extension of the SM, we will keep on using the same
terminology keeping in mind that the results can apply to more general cases. We finally mention

1 Conventionally in this paper we will use both the term “Green–Schwarz” (GS) to denote the mechanism of cancelation
of the anomalies, to conform to the string context, though the term “Wess–Zumino” (WZ) would probably be more
adequate and sufficient for our analysis. The corresponding counterterm will be denoted, GS or WZ, with no distinction.
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that other similar constructions with emphasis on other phenomenological signatures of such
models have appeared before in [18,24–26]. A perturbative study of the renormalization of these
types of models is in [27]. Other features of these models, in view of the recent activity connected
to the claimed PVLAS result [28], have been discussed in [23].

Our work is organized as follows. In the first sections we will specialize the analysis of [19] to
the case of an extension of the SM that contains one additional anomalous Abelian U(1), with an
Abelian structure of the form U(1)Y × U(1)B , that we will analyze in depth. We will determine
the structure of the entire Lagrangean and fix the counterterms in the one-loop anomalous effec-
tive action which are necessary to restore the gauge invariance of the model at quantum level.
The analysis that we provide is the generalization of what is discussed in [23] that was devoted
primarily to the analysis of anomalous Abelian models and to the perturbative organization of
the corresponding effective action. After determining the axion Lagrangean and after discussing
Higgs-axion mixing in this extension of the SM, we will focus our attention on an analysis of
the contributions to a simple process (Z → γ γ ). Our analysis, in this case, aims to provide an
example of how the new contributions included in the effective action—in the form of one-loop
counterterms that restore unitarity of the effective action—modify the perturbative structure of
the process. A detailed phenomenological analysis is beyond the scope of this work, since it
requires, to be practically useful for searches at the LHC, a very accurate determination of the
QCD and electroweak background around the Z/Z′ resonance. We hope to return to a complete
analysis of 3-linear gauge interactions in this class of models in the near future.

2. Effective models at low energy: The SU(3)C × SU(2)W × U(1)Y × U(1)B case

We start by briefly recalling the main features of the MLSOM starting from the expression of
the Lagrangean which is given by
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+ CBB
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where we have summed over the SU(3) index a = 1,2, . . . ,8, over the SU(2) index j = 1,2,3
and over the fermion index i = 1,2,3 denoting a given generation. We have denoted with FG

μν

the field-strength for the gluons and with FW
μν the field strength of the weak gauge bosons Wμ.

FY
μν and FB

μν are the field-strengths related to the Abelian hypercharge and the extra Abelian
gauge boson, B , which has anomalous interactions with a typical generation of the Standard
Model. The fermions in Eq. (1) are either left-handed or right-handed Dirac spinors fL, fR and
they fall in the usual SU(3)C and SU(2)W representations of the Standard Model. The additional
anomalous U(1)B is accompanied by a shifting Stückelberg axion b. The ci , i = 1,2, are the
coefficients of the Chern–Simons trilinear interactions [19,20] and we have also introduced a
mass term M1 at tree level for the B gauge boson, which is the Stückelberg term. As usual, the
hypercharge is anomaly-free and its embedding in the so-called “D-brane basis” has been dis-
cussed extensively in the previous literature [13,16,24]. Most of the features of the orientifold
construction are preserved, but we do not work with the more general multiple U(1) structure
since our goal is to analyze as close as possible this model making contact with direct phenom-
enological applications, although our results and methods can be promptly generalized to more
complex situations.

Before moving to the more specific analysis presented in this work, some comments are in
order concerning the possible range of validity of effective actions of this type and the relation
between the value of the cutoff parameter Λ and the Stückelberg mass M1. This point has been
addressed before in great detail in [21] and we omit any further elaboration, quoting the result.
Lagrangeans containing dimension-5 operators in the form of a Wess–Zumino term may have
a range of validity constrained by M1 � g1g

2/(64π3)anΛ, where g1 is the coupling at the chi-
ral vertex where the anomaly an is assigned and g is the coupling constant of the other two
vector-like currents in a typical AVV diagram. More quantitatively, this bound can be reasonably
assumed to be of the order of 105 GeV, by a power-counting analysis. Notice that the arguments
of [21], though based on the picture of “partial decoupling” of the fermion spectrum, in which
the pseudoscalar field is the phase of a heavier Higgs, remain fully valid in this context (see [21]
for more details). The actual value of M1 is left undetermined, although in the context of string
model building there are suggestions to relate them to specific properties of the compactified
extra dimensions (see for instance [13,16]).

3. The effective action of the MLSOM with a single anomalous U(1)

Having derived the essential components of the classical Lagrangean of the model, now we
try to extend our study to the quantum level, determining the anomalous effective action both
for the Abelian and the non-Abelian sectors, fixing the D, F and C coefficients in front of the
Green–Schwarz terms in Eq. (1). Notice that the only anomalous contributions to San in the
Y -basis before symmetry breaking come from the triangle diagrams depicted in Fig. 1.

Since hypercharge is anomaly-free, the only relevant non-Abelian anomalies to be canceled
are those involving one boson B with two SU(2)W bosons, or two SU(3)C bosons, while the



C. Corianò et al. / Nuclear Physics B 789 (2008) 133–174 137
Fig. 1. Anomalous triangle diagrams for the MLSOM.

Abelian anomalies are those containing three U(1) bosons, with the Y 3 triangle excluded by
the hypercharge assignment. These (BSU(2)SU(2)) and (BSU(3)SU(3)) anomalies must be can-
celed respectively by Green–Schwarz terms of the kind

Fb Tr
[
FW ∧ FW

]
, Db Tr

[
FG ∧ FG

]
,

with F and D to be fixed by the conditions of gauge invariance. In the Abelian sector we have to
focus on the BBB , BYY and YBB triangles which generate anomalous contributions that need
to be canceled, respectively, by the Green–Schwarz terms CBBbFB ∧ FB , CYY bFY ∧ FY and
CYBbFY ∧ FB . Denoting by SYM the anomalous effective action involving the classical non-
Abelian terms plus the non-Abelian anomalous diagrams, and with Sab the analogous Abelian
one, the complete anomalous effective action is given by
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with S0 being the classical Lagrangean and
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The corresponding 3-point functions, for instance, are given by
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and similarly for the others. Here we have defined the chiral currents
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Fig. 2. Contributions to a three Abelian gauge boson amplitude before the removal of the B–∂b gauge boson-Stückelberg
mixing.

The non-Abelian W current being chiral

(7)J
μ,f
Wi ≡ J

μ,fL

Wi = −g2ψ̄f γ μτ iPLψf ,

it forces the other currents in the triangle diagram to be of the same chirality, as shown in Fig. 7.

4. Three gauge boson amplitudes and gauge fixing

4.1. The non-Abelian sector before symmetry breaking

Before we get into the discussion of the gauge invariance of the model, it is convenient to
elaborate on the cancelations of the spurious s-channel poles coming from the gauge-fixing con-
ditions. These are imposed to remove the ∂b–B mixing in the effective action. We will perform
our analysis in the basis of the interaction eigenstates since in this basis recovering gauge inde-
pendence is more straightforward, at least before we enforce symmetry breaking via the Higgs
mechanism. The procedure that we follow is to gauge fix the B gauge boson in the symmetric
phase by removing the B–∂b mixing (see Fig. 2(C)), so to derive simple Ward identities involv-
ing only fermionic triangle diagrams and contact trilinear interactions with gauge bosons. For
this purpose to the Stückelberg term

(8)
1

2
(∂μb + M1Bμ)2,

we add the gauge fixing term

(9)Lgf = −1
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B,

to remove the bilinear mixing, where
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with a propagator for the massive B gauge boson separated in a gauge independent part P0 and
a gauge dependent one Pξ :
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We will briefly illustrate here how the cancelation of the gauge dependence due to b and B ex-
changes in the s-channel goes in this (minimally) gauge-fixed theory. In the exact phase we have
no mixing between all the Y,B,W gauge bosons and the gauge dependence of the B propagator
is canceled by the Stückelberg axion. In the broken phase things get more involved, but essen-
tially the pattern continues to hold. In that case the Stückelberg scalar has to be rotated into its
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Fig. 3. Unitarity check in SU(2) sector for the MLSOM.

physical component χ and the two Goldstones GZ and GZ′ which are linear combinations of G0
1

and G0
2. The cancelation of the spurious s-channel poles takes place, in this case, via the com-

bined exchange of the Z propagator and of the corresponding Goldstone mode GZ . Naturally
the GS interaction will be essential for this to happen.

For the moment we simply work in the exact symmetry phase and in the basis of the interaction
eigenstates. We gauge fix the action to remove the B–∂b mixing, but for the rest we set the vev
of the scalars to zero. For definiteness let us consider the process WW → WW mediated by a
B boson as shown in Fig. 3. We denote by a bold-faced V the BWW vertex, constructed so to
have gauge invariance on the W -lines. This vertex, as we are going to discuss next, requires a
generalized CS counterterm to have such a property on the W -lines. Gauge invariance on the
B-line, instead, which is clearly necessary to remove the gauge dependence in the gauge fixed
action, is obtained at a diagrammatical level by the axion exchange (Fig. 3). The expressions of
the two diagrams are
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Using the equations for the anomalies and the correct value for the Green–Schwarz coefficient F

given in Eq. (62) (and that we will determine in the next section), we obtain
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so that the cancelation is easily satisfied. The treatment of the SU(3) sector is similar and we
omit it.

4.2. The Abelian sector before symmetry breaking

In the Abelian sector the procedure is similar. For instance, to test the cancelation of the
gauge parameter ξB in a process BB → BB mediated by a B gauge boson we sum the two
gauge dependent contributions coming from the diagrams in Fig. 4 (we consider only the gauge
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Fig. 4. Unitarity check in Abelian sector for the MLSOM.

dependent part of the s-channel exchange diagrams)
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and cancelation of the gauge dependences implies that the following identity must hold

(15)
16

M2
1

(
an

3

)2(
g3

BDBBB

)2 + 4 ×
(

4

M
CBB

)2

= 0,

which can be easily shown to be true after substituting the value of the GS coefficient given in
relation (77). In Fig. 5 we have depicted the anomalous triangle diagram BYY (A) which has to
be canceled by the Green–Schwarz term CYY

M
bFY ∧ FY , that generates diagram (B). In this case

the two diagrams give
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The condition of unitarity of the amplitude requires the validity of the identity

(17)
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1
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2(gBg2

Y DBYY

)2 + 4 ×
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4

M
CYY
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which can be easily checked substituting the value of the GS coefficient CYY given in rela-
tion (78). We will derive the expressions of these coefficients and the factors of all the other
counterterms in the next section. The gauge dependences appearing in the diagrams shown in
Fig. 6 are analyzed in a similar way and we omit repeating the previous steps, but it should be
obvious by now how the perturbative expansion is organized in terms of tree-level vertices and
1-loop counterterms, and how gauge invariance is checked at higher orders when the propagators
of the B gauge boson and of the axion b are both present. Notice that in the exact phase the axion
b is not coupled to the fermions and the pattern of cancelations to ensure gauge independence, in
this specific case, is simplified.
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Fig. 5. Unitarity check in Abelian sector for the MLSOM.

Fig. 6. Unitarity check in Abelian sector for the MLSOM.

At this point we pause to make some comments. The mixed anomalies analyzed above involve
a non-anomalous Abelian gauge boson and the remaining gauge interactions (Abelian/non-
Abelian). To be specific, in our model with a single non-anomalous U(1), which is the hyper-
charge U(1)Y gauge group, these mixed anomalies are those involving triangle diagrams with
the Y and B generators or the B accompanied by the non-Abelian sector. Consider, for instance,
the BYY triangle, which appears in the YB → YB amplitude. There are two options that we can
follow. Either we require that the corresponding traces of the generators over each generation
vanish identically

Tr
[
q2
Y qB

] = −2

(
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2

)2

q
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B + (−1)2q
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(18)+ 3
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(
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q
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(
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3

)2

q
(dR)
B

]
= 0,

which can be viewed as a specific condition on the charges of model or, if this is not the case,
we require that suitable one-loop counterterms balance the anomalous gauge variation. We are
allowed, in other words, to fix the two divergent invariant amplitudes of the triangle diagram so
that the corresponding Ward identities for the BYY vertex and similar anomalous vertices are
satisfied. This is a condition on the parameterization of the Feynman vertex rather than on the
charges and is, in principle, allowed. It is not necessary to have a specific determination of the
charges for this to occur, as far as the counterterms are fixed accordingly. For instance, in the
Abelian sector the diagrams in question are

YB → YB mediated by Y ∝ Tr
[
q2
Y qB

]
,

YY → YY mediated by B ∝ Tr
[
q2
Y qB

]
,

BB → BB mediated by Y ∝ Tr
[
qY q2

B

]
,
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(19)YB → YB mediated by B ∝ Tr
[
qY q2

B

]
.

In the MLSOM these traces are, in general, non-vanishing and therefore we need to introduce
defining Ward identities to render the effective action anomaly free.

5. Ward identities, Green–Schwarz and Chern–Simons counterterms in the Stückelberg
phase

Having discussed the structure of the theory in the basis of the interaction eigenstates, we
come now to identify the coefficients needed to enforce cancelation of the anomalies in the
1-loop effective action. In the basis of the physical gauge bosons we will be dropping, with this
choice, a gauge dependent (B∂b mixing) term that is vanishing for physical polarizations. At the
same time, for exchanges of virtual gauge bosons, the gauge dependence of the corresponding
propagators is canceled by the associated Goldstone exchanges.

Starting from the non-Abelian contributions, the BWW amplitude, we separate the charge/cou-
pling constant dependence of a given diagram from the rest of its parametric structure T using,
in the SU(2) case, the relations
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space, with all the couplings and the charges factored out, symmetrized in μν. Similarly, for the
coupling of B to the gluons we obtain
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B

]
TλμνBλGμ

a Gν
b

(21)= 1

2
gBg2

3

∑
a

D
(L)
B TλμνBλGμ

a Gν
a,

while the Abelian triangle diagrams are given by

(22)T
λμν
BBBBλBμBν = g3

B

1

8
Tr

[
q3
B

]
TλμνBλBμBν = g3

BDBBBTλμνBλBμBν,

T
λμν
BYY BλYμY ν = gBg2

Y

1

8
Tr

[
qBq2

Y

]
TλμνBλYμY ν

(23)= gBg2
Y DBYY TλμνBλYμY ν,

T
λμν
YBBYλBμBν = gY g2

B

1

8
Tr

[
qY q2

B

]
TλμνY λBμBν

(24)= gY g2
BDYBBTλμνY λBμBν,

with the following definitions for the traces (see also the discussion in Appendices A–C)

(25)DBBB = 1

8
Tr

[
q3
B

] = 1

8

∑[(
q

f R
B

)3 − (
q

f L
B

)3]
,

f



C. Corianò et al. / Nuclear Physics B 789 (2008) 133–174 143
Fig. 7. All the anomalous electroweak contributions to a triangle diagram in the non-Abelian sector in the massless
fermion case.

Fig. 8. All the anomalous contributions to a triangle diagram in the Abelian sector for generic vector-axial vector trilinear
interactions in the massless fermion case.

(26)DBYY = 1

8
Tr

[
qBq2

Y

] = 1

8

∑
f

[
q

f R
B

(
q

f R
Y

)2 − q
f L
B

(
q

f L
Y

)2]
,

(27)DYBB = 1

8
Tr

[
qY q2

B

] = 1

8

∑
f

[
q

f R
Y

(
q

f R
B

)2 − q
f L
Y

(
q

f L
B

)2]
.

The T vertex is given by the usual combination of vector and axial-vector components

(28)Tλμν = T
λμν

AAA + T
λμν

AVV + T
λμν

VAV + T
λμν

VVA,

and we denote by �(k1, k2) its expression in momentum space

(29)(2π)4δ(k − k1 − k2)�
λμν(k1, k2) =

∫
dx dy dz eik1·x+ik2·y−ik·zTλμν(z, x, y).

We denote similarly with �
λμν

AVV,�
λμν

VAV,�
λμν

VVA the momentum space expressions of the corre-

sponding x-space vertices Tλμν

AVV,Tλμν

VVA,Tλμν

VAV, respectively. As illustrated in Figs. 7 and 8, the
complete structure of T is given by

�λμν(k1, k2) = 1

3

[
�λμν(−1/2, k1, k2) + �μνλ(−1/2, k2,−k) + �νλμ(−1/2,−k, k1)

]
+ �λμν(−1/2, k1, k2) + �μνλ(−1/2, k2,−k) + �νλμ(−1/2,−k, k1)

= 4

3

[
�λμν(−1/2, k1, k2) + �μνλ(−1/2, k2,−k) + �νλμ(−1/2,−k, k1)

]
(30)= 4�

λμν

AAA,

where we have used the relation between the �AAA (bold-faced) vertex and the usual � vertex,
which is of the form AVV. Notice that

�
λμν

AVV = �λμν(−1/2, k1, k2),

�
μνλ

AVV = �μνλ(−1/2, k2,−k),

(31)�
νλμ

AVV = �νλμ(−1/2,−k, k1),
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are the usual vertices with conserved vector current CVC on two lines and the anomaly on a
single axial vertex.

The AAA vertex is constructed by symmetrizing the distribution of the anomaly on each of
the three chiral currents, which is the content of (30). The same vertex can be obtained from the
basic AVV vertex by a suitable shift, with β = 1/6, and then repeating the same procedure on
the other indices and external momenta, with a cyclic permutation. We obtain

(32)�
λμν

AAA(1/6, k1, k2) = �λμν(−1/2, k1, k2) − i

4π2

2

3
ελμνσ (k1 − k2)σ

and its corresponding anomaly equations are given by

kλ�
λμν

AAA(1/6, k1, k2) = an

3
εμναβk1αk2β,

k1μ�
λμν

AAA(1/6, k1, k2) = an

3
ελναβk1αk2β,

(33)k2ν�
λμν

AAA(1/6, k1, k2) = an

3
ελμαβk2αk1β,

typical of a symmetric distribution of the anomaly.
These identities are obtained from the general shift-relation

(34)�λμν(β ′, k1, k2) = �λμν(β, k1, k2) + i

4π2
(β − β ′)ελμνσ (k1 − k2)σ .

Vertices with conserved axial currents (CAC) can be related to the symmetric AAA vertex in a
similar way

(35)�
λμν

AAA(+1/6, k1, k2) = {
�λμν(+1/2, k1, k2)

}
CAC + i

4π2

1

3
ελμνσ (k1 − k2)σ .

At this point we are ready to introduce the complete vertices for this model, which are given
by the amplitude (29) with the addition of the corresponding Chern–Simons counterterms where
required. These will be determined later in this section by imposing the conservation of the
SU(2), SU(3) and Y gauge currents. Following this definition for all the anomalous vertices, the
amplitudes can then be written as

Vλμν,aa
BGG BλGμ

a Gν
a = 1

2
gBg2

3D
(L)
B TλμνBλGμ

a Gν
a + c2ε

μνρσ BμCSU(3)
νρσ ,

Vλμν,ii
BWW BλW

μ
i Wν

i = 1

2
gBg2

2D
(L)
B TλμνBλW

μ
i Wν

i + c1ε
μνρσ BμCSU(2)

νρσ ,

Vλμν
BYY BλYμY ν = gBg2

Y DBYY TλμνBλYμY ν + d1BY ∧ FY ,

Vλμν
YBBYλBμBν = gY g2

BDYBBTλμνY λBμBν + d2YB ∧ FB,

(36)Vλμν
BBBBλBμBν = g3

BDBBBTλμνBλBμBν,

which are the anomalous vertices of the effective action, corrected when necessary by suitable
CS interactions in order to conserve all the gauge currents at 1-loop.

Before we proceed with our analysis, which has the goal to determine explicitly the countert-
erms in each of these vertices, we pause for some practical considerations. It is clear that the
scheme that we have followed in order to determine the structure of the vertices of the effective
action has been to assign the anomaly only to the chiral vertices and to impose conservation of the
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vector current. There are regularization schemes in the literature that enforce this principle, the
most famous one being dimensional regularization with the ’t Hooft Veltman prescription for γ5
(see also the discussion in part 1). In this scheme the anomaly is equally distributed for vertices
of the form AAA and is assigned only to the axial-vector vertex in triangles of the form AVV
and similar. Diagrams of the form AAV are zero by Furry’s theorem, being equivalent to VVV.

We could also have proceeded in a different way, for instance by defining each V , for instance
VBYY , to have an anomaly only on the B vertex and not on the Y vertices, even if Y has both a
vector and an axial-vector components at tree level and is, indeed, a chiral current. This implies
that at 1-loop the chiral projector has to be moved from the Y to the B vertex “by hand”, no
matter if it appears on the Y current or on the B current, rendering the Y current effectively
vector-like at 1-loop. This is also what a CS term does. In both cases we are anyhow bond to
define separately the 1-loop vertices as new entities, unrelated to the tree level currents. However,
having explicit Chern–Simons counterterms renders the treatment compatible with dimensional
regularization in the ’t Hooft–Veltman prescription. It is clear, however, that one way or the other,
the quantum action is not fixed at classical level since the counterterms are related to quantum
effects and the corresponding Ward identities, which force the cancelation of the anomaly to take
place in a completely new way respect to the SM case, are indeed defining conditions on the
theory.

Having clarified this subtle point, we return to the determination of the gauge invariance
conditions for our anomalous vertices. Under B-gauge transformations we have the following
variations (singlet anomalies) of the effective action

(37)
1

2!δB〈TBWWBWW 〉 = i
gBg2

2

2!
4

3
an

1

4

〈
θBFW

i ∧ FW
j

〉
Tr

[
τ iτ j

]
D

(L)
B ,

(38)
1

2!δB〈TBGGBGG〉 = i
gBg2

3

2!
4

3
an

1

4

〈
θBFG

a ∧ FG
b

〉
Tr

[
T aT b

]
D

(L)
B ,

and with the normalization given by

(39)Tr
[
τ iτ j

] = 1

2
δij , Tr

[
T aT b

] = 1

2
δab,

we obtain

(40)
1

2!δB〈TBSU(2)SU(2)BWW 〉 = i
gBg2

2

2!
an

6

〈
θBFW

i ∧ FW
i

〉
D

(L)
B ,

(41)
1

2!δB〈TBSU(3)SU(3)BGG〉 = i
gBg2

3

2!
an

6

〈
θBFG

a ∧ FG
a

〉
D

(L)
B .

Note, in particular, that the covariantization of the anomalous contributions requires the entire
non-Abelian field strengths FW

i,μν and FG
a,μν

(42)FW
i,μν = ∂μWi

ν − ∂νW
i
μ − g2εijkW

j
μWk

ν = F̂W
i,μν − g2εijkW

j
μWk

ν ,

(43)FG
a,μν = ∂μGa

ν − ∂νG
a
μ − g3fabcG

b
μGc

ν = F̂ G
a,μν − g3fabcG

b
μGc

ν.

The covariantization of the right-hand side (rhs) of the anomaly equations takes place via higher
order corrections, involving correlators with more external gauge lines. It is well known, though,
that the cancelation of the anomalies in these higher order non-Abelian diagrams (in d = 4) is
only related to the triangle diagram (see [23]).
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Under the non-Abelian gauge transformations we have the following variations

(44)
1

2!δSU(2)〈TBWWBWW 〉 = i
gBg2

2

2!
8

3
an

1

4

〈
FB ∧ Tr

[
θF̂W

]〉
D

(L)
B ,

(45)
1

2!δSU(3)〈TBGGBGG〉 = i
gBg2

3

2!
8

3
an

1

4

〈
FB ∧ Tr

[
ϑF̂G

]〉
D

(L)
B ,

where the “hat” field strengths F̂W and F̂ G refer to the Abelian part of the non-Abelian field
strengths W and G. Introducing the notation

(46)Tr
[
θF̂W

] = Tr
[
τ iτ j

]
θiF̂

W
j = 1

2
θiF̂

W
i , i, j = 1,2,3,

(47)Tr
[
ϑF̂G

] = Tr
[
T aT b

]
ϑaF̂

G
b = 1

2
ϑaF̂

G
a , a, b = 1,2, . . . ,8,

the expressions of the variations become

(48)
1

2!δSU(2)〈TBWWBWW 〉 = i
gBg2

2

2!
an

3

〈
θiF

B ∧ F̂W
i

〉
D

(L)
B ,

(49)
1

2!δSU(3)〈TBGGBGG〉 = i
gBg2

3

2!
an

3

〈
ϑaF

B ∧ F̂ G
a

〉
D

(L)
B .

We have now to introduce the Chern–Simons counterterms for the non-Abelian gauge variations

(50)SCS
non-Abelian = SCS

BWW + SCS
BGG = c1

〈
εμνρσ BμCSU(2)

νρσ

〉 + c2
〈
εμνρσ BμCSU(3)

νρσ

〉
,

with the non-Abelian CS forms given by

(51)CSU(2)
μνρ = 1

6

[
Wi

μ

(
FW

i,νρ + 1

3
g2ε

ijkWj
ν Wk

ρ

)
+ cyclic

]
,

(52)CSU(3)
μνρ = 1

6

[
Ga

μ

(
FG

a,νρ + 1

3
g3f

abcGb
νG

c
ρ

)
+ cyclic

]
,

whose variations under non-Abelian gauge transformations are

(53)δSU(2)C
SU(2)
μνρ = 1

6

[
∂μθi

(
F̂W

i,νρ

) + cyclic
]
,

(54)δSU(3)C
SU(3)
μνρ = 1

6

[
∂μϑa

(
F̂ G

a,νρ

) + cyclic
]
.

The variations of the Chern–Simons counterterms then become

(55)δSU(2)SCS
BWW = c1

2

1

2

〈
θiFB ∧ F̂W

i

〉
,

(56)δSU(3)SCS
BGG = c2

2

1

2

〈
ϑaFB ∧ F̂ G

a

〉
,

and we can choose the coefficients in front of the CS counterterms to obtain anomaly cancelations
for the non-Abelian contributions

(57)c1 = −igBg2
2

2

3
anD

(L)
B , c2 = −igBg2

3
2

3
anD

(L)
B .

The variations under B-gauge transformations for the related CS counterterms are then given by

(58)δBSCS
BWW = −c1 1 〈

θBFW
i ∧ FW

i

〉
,

2 2
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(59)δBSCS
BGG = −c2

2

1

2

〈
θBFG

a ∧ FG
a

〉
,

where the coefficients ci are given in (57). The variations under the B-gauge transformations for
the SU(2) and SU(3) Green–Schwarz counterterms are respectively given by

(60)
F

M
δB

〈
b Tr

[
FW ∧ FW

]〉 = −F
M1

M

1

2

〈
θBFW

i ∧ FW
i

〉
,

(61)
D

M
δB

〈
b Tr

[
FG ∧ FG

]〉 = −D
M1

M

1

2

〈
θBFG

a ∧ FG
a

〉
,

and the cancelation of the anomalous contributions coming from the B-gauge transformations
determines F and D as

(62)F = M

M1
igBg2

2
an

2
D

(L)
B , D = M

M1
igBg2

3
an

2
D

(L)
B .

There are some comments to be made concerning the generalized CS terms responsible for the
cancelation of the mixed anomalies. These terms, in momentum space, generate standard trilin-
ear CS interactions, whose momentum structure is exactly the same as that due to the Abelian
ones (see the appendix of part 1 for more details), plus additional quadrilinear (contact) gauge
interactions. These will be neglected in our analysis since we will be focusing in the next sec-
tions on the characterization of neutral trilinear interactions. In processes such as Z → γ γ γ they
re-distribute the anomaly appropriately in higher point functions.

For the Abelian part Sab of the effective action we first focus on gauge variations on B ,
obtaining

(63)
1

3!δB

〈
T

λμν
BBBBλ(z)Bμ(x)Bν(y)

〉 = i
g3

B

3!
4

3
an

3

4

〈
FB ∧ FBθB

〉
DBBB,

(64)
1

2!δB

〈
T

λμν
BYY Bλ(z)Yμ(x)Y ν(y)

〉 = i
gBg2

Y

2!
4

3
an

1

4

〈
FY ∧ FY θB

〉
DBYY ,

(65)
1

2!δB

〈
T

λμν
YBBYλ(z)Bμ(x)Bν(y)

〉 = i
gY g2

B

2!
4

3
an

2

4

〈
FY ∧ FBθB

〉
DYBB,

and variations for Y that give

(66)
1

2!δY

〈
T

λμν
BYY Bλ(z)Yμ(x)Y ν(y)

〉 = i
gBg2

Y

2!
4

3
an

2

4

〈
FY ∧ FBθY

〉
DBYY ,

(67)
1

2!δY

〈
T

λμν
YBBYλ(z)Bμ(x)Bν(y)

〉 = i
gY g2

B

2!
4

3
an

1

4

〈
FB ∧ FBθY

〉
DYBB.

Also in this case we introduce the corresponding Abelian Chern–Simons counterterms

(68)SCS
ab = SCS

BYY + SCS
YBB = d1〈BY ∧ FY 〉 + d2〈YB ∧ FB〉

whose variations are given by

(69)δYSCS
BYY = d1

2

〈
θY FB ∧ FY

〉
,

(70)δYSCS
YBB = −d2

2

〈
θY FB ∧ FB

〉
,

and we can fix their coefficients so to obtain the cancelation of the Y -anomaly

(71)d1 = −igBg2
Y

2
anDBYY , d2 = igY g2

B

an
DYBB.
3 3
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Similarly, the gauge variation of B in the corresponding Green–Schwarz terms gives

(72)
CBB

M
δB

〈
bFB ∧ FB

〉 = −CBB

M1

M

〈
θBFB ∧ FB

〉
,

(73)
CYY

M
δB

〈
bFY ∧ FY

〉 = −CYY

M1

M

〈
θBFY ∧ FY

〉
,

(74)
CYB

M
δB

〈
bFY ∧ FB

〉 = −CYB

M1

M

〈
θBFY ∧ FB

〉
and on the other hand the B-variations of the fixed CS counterterms are

(75)δBSCS
BYY = −d1

2

〈
θBFY ∧ FY

〉
,

(76)δBSCS
YBB = d2

2

〈
θBFY ∧ FB

〉
.

Finally the cancelation of the anomalous contributions from the Abelian part of the effective
action requires following conditions

(77)CBB = M

M1

ig3
B

3! anDBBB,

(78)CYY = M

M1
igBg2

Y

an

2
DBYY ,

(79)CYB = M

M1
igY g2

B

an

2
DYBB.

Regarding the Y -variations ∝ Tr[qBq2
Y ] and ∝ Tr[q2

BqY ], in general these traces are not identi-
cally vanishing and we introduce the CS and GS counterterms to cancel them. Having determined
the factors in front of all the counterterms, we can summarize the structure of the one-loop anom-
alous effective action plus the counterterms as follows

S = S0 + San + SGS + SCS

= S0 + 1

2! 〈TBWWBWW 〉 + 1

2! 〈TBGGBGG〉 + 1

3! 〈TBBBBBB〉

+ 1

2! 〈TBYY BYY 〉 + 1

2! 〈TYBBYBB〉

+ CBB

M
〈bFB ∧ FB〉 + CYY

M
〈bFY ∧ FY 〉 + CYB

M
〈bFY ∧ FB〉

+ F

M

〈
b Tr

[
FW ∧ FW

]〉 + D

M

〈
b Tr

[
FG ∧ FG

]〉
+ d1〈BY ∧ FY 〉 + d2〈YB ∧ FB〉

(80)+ c1
〈
εμνρσ BμCSU(2)

νρσ

〉 + c2
〈
εμνρσ BμCSU(3)

νρσ

〉
,

where S0 is the classical action. At this point we are ready to define the expressions in momentum
space of the vertices introduced in Eq. (36), denoted by V, obtaining

(81)Vλμν
BGG = 4

1

2
D

(L)
B gBg2

3�
λμν

AAA(+1/6, k1, k2) + D
(L)
B gBg2

3
1

2

i

π2

2

3
ελμνσ (k1 − k2)σ ,

(82)Vλμν
BWW = 4

1
D

(L)
B gBg2

2�
λμν

AAA(+1/6, k1, k2) + D
(L)
B gBg2

2
1 i

2

2
ελμνσ (k1 − k2)σ ,
2 2 π 3
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(83)Vλμν
BYY = 4DBYY gBg2

Y �
λμν

AAA(+1/6, k1, k2) + DBYY gBg2
Y

i

π2

2

3
ελμνσ (k1 − k2)σ ,

(84)Vλμν
YBB = 4DYBBgY g2

B�
λμν

AAA(+1/6, k1, k2) − DYBBgY g2
B

i

π2

1

3
ελμνσ (k1 − k2)σ ,

(85)Vλμν
BBB = 4DBBBg3

B�
λμν

AAA(+1/6, k1, k2),

where for the generalized CS terms we consider only the trilinear CS interactions whose mo-
mentum structure is the same as the Abelian ones as already discussed in Section 5. The factor
1/2 overall in the non-Abelian vertices comes from the trace over the generators. These vertices
satisfy standard Ward identities on the external Standard Model lines, with an anomalous Ward
identity only on the B-line

(86)k1μVλμν
BYY (k1, k2) = 0,

(87)k2νVλμν
BYY (k1, k2) = 0,

(88)kλVλμν
BYY (k1, k2) = 4DBYY gBg2

Y anε
μναβk1αk2β,

and obviously the B-currents contain the total anomaly an = − i

2π2 . The same anomaly equations

given above for Vλμν
BYY holds for the Vλμν

BGG and Vλμν
BWW vertices but with a 1/2 factor overall. The

anomaly equations for the YBB vertex are

(89)k1μVλμν
YBB(k1, k2) = 4DYBBgY g2

B

an

2
ελναβk1αk2β,

(90)k2νVλμν
YBB(k1, k2) = 4DYBBgY g2

B

an

2
ελμαβk2αk1β,

(91)kλVλμν
YBB(k1, k2) = 0,

where the chiral current Y has to be conserved so to render the 1-loop effective action gauge
invariant. Introducing a symmetric distribution of the anomaly, in the BBB case the analogous
equations are

(92)k1μVλμν
BBB(k1, k2) = 4DBBBg3

B

an

3
ελναβk1αk2β,

(93)k2νVλμν
BBB(k1, k2) = 4DBBBg3

B

an

3
ελμαβk2αk1β,

(94)kλVλμν
BBB(k1, k2) = 4DBBBg3

B

an

3
εμναβk1αk2β.

A study of the issue of the gauge dependence in these types of models can be found in [23].
Clearly, this study is more involved, but the cancelations of the gauge dependent terms in specific
classes of diagrams can be performed both in the exact phase and in the broken phase, having
re-expressed the fields in the basis of the mass eigenstates. The approach that we follow is then
clear: we worry about the cancelation of the anomalies in the exact phase, having performed a
minimal gauge fixing to remove the B mixing with the axion b, then we rotate the fields and
re-parameterize the Lagrangean around the non-trivial vacuum of the potential. We will see in
the next sections that with this simple procedure we can easily discuss simple basic processes
involving neutral and charged currents exploiting the invariance of the effective action under
re-parameterizations of the fields.
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6. The neutral currents sector in the MLSOM

In this section we move toward the phenomenological analysis of a typical process which
exhibits the new trilinear gauge interactions at 1-loop level. As we have mentioned in the intro-
duction, our goal here is to characterize this analysis at a more formal level, leaving to future
work a numerical study. It should be clear, however, from the discussion presented in this and in
the next sections, how to proceed in a more general case. The theory is well-defined and consis-
tent so that we can foresee accurate studies of its predictions for applications at the LHC in the
future.

We proceed with our illustration starting from the definition of the neutral current in the model,
which is given by

(95)−LNC = ψ̄f γ μ
[
g2W

3
μT 3 + gY YAY

μ + gBYBBμ

]
ψf ,

that we express in the two basis, the basis of the interaction eigenstates and of the mass eigen-
states. Clearly in the interaction basis the bosonic operator in the covariant derivative becomes

(96)F ≡ g2W
3
μT 3 + gY YAY

μ + gBYBBμ = gZQZZμ + gZ′QZ′Z′
μ + eQAγ

μ,

where Q = T 3 + Y . The rotation in the photon basis gives

(97)W 3
μ = OA

W3γ
Aγ

μ + OA
W3Z

Zμ + OA
W3Z

′Z′
μ,

(98)AY
μ = OA

Yγ Aγ
μ + OA

YZZμ + OA
YZ′Z′

μ,

(99)Bμ = OA
BZZμ + OA

BZ′Z′
μ

and performing the rotation on F we obtain

F = Aγ
μ

[
g2O

A
W3γ

T 3 + gY OA
Yγ Y

] + Zμ

[
g2O

A
W3Z

T 3 + gY OA
YZY + gBOA

BZYB

]
(100)+ Z′

μ

[
g2O

A
W3Z

′T 3 + gY OA
YZ′Y + gBOA

BZ′YB

]
,

where the electromagnetic current can be written in the usual way

(101)Aγ
μ

[
g2O

A
W3γ

T 3 + gY OA
Yγ Y

] = eAγ
μQ,

with the definition of the electric charge as

(102)e = g2O
A
W3γ

= gY OA
Yγ = gY g2√

g2
Y + g2

2

.

Similarly for the neutral Z current we obtain

Zμ

[
g2O

A
W3Z

T 3 + gY OA
YZY + gBOA

BZYB

]
= Zμ

[
T 3(g2O

A
W3Z

− gY OA
YZ

) + gY OA
YZQ + gBOA

BZYB

]
(103)= ZμgZ

[
T 3 + gY OA

YZ

g2O
A
W3Z

− gY OA
YZ

Q + gBOA
BZ

g2O
A
W3Z

− gY OA
YZ

YB

]
,

where we have defined

(104)gZ = g2O
A
W3Z

− gY OA
YZ � g = g2

cos θW

.
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We can easily work out the structure of the covariant derivative interaction applied on a left-
handed or on a right-handed fermion. For this reason it is convenient to introduce some notation.
We define

(105)μZ
Q = gY OA

YZ

gZ

� − sin2 θW ,

(106)μZ
B = gBOA

BZ

gZ

� gB

2
ε1 so that lim

M1→∞μZ
B = 0,

and similarly for the Z′ neutral current

(107)gZ′ = g2O
A
W3Z

′ − gY OA
YZ′ , μZ′

Q = gY OA
YZ′

gZ′
, μZ′

B = gBOA
BZ′

gZ′
.

We can easily identify the generators in the (Z, Z′, Aγ ) basis. These are given by

Q̂Z = Q̂R
Z + Q̂L

Z = T 3L + μZ
QQL + μZ

BYL
B + μZ

QQR + μZ
BYR

B ,

Q̂Z′ = Q̂R
Z′ + Q̂L

Z′ = T 3L + μZ′
Q QL + μZ′

B YL
B + μZ′

Q QR + μZ′
B YR

B ,

(108)Q̂ = Q̂L + Q̂R,

which will be denoted as Qp = (Q̂, Q̂Z, Q̂Z′). To express a given correlator, say 〈ZAγ Aγ 〉 in the
(W3,AY ,B) basis we proceed as follows. We denote with Qp = (Q̂, Q̂Z, Q̂Z′) the generators in
the photon basis (Aγ ,Z,Z′) and with gp = (e, gZ,gZ′) the corresponding couplings. Similarly,
Qp = (T 3, Y,YB) are the generators in the interaction basis (W3,AY ,B) and gp = (g2, gY , gB)

the corresponding couplings, so that

−LNC = ψ̄γ μ
[
gZQ̂ZZμ + gZ′Q̂Z′Z′

μ + eQ̂Aγ
μ

]
ψ

(109)= ψ̄γ μ
[
g2T

3W 3
μ + gY YAY

μ + gBYBBμ

]
ψ.

7. The Zγγ vertex in the Standard Model

Before coming to the computation of this vertex in the MLSOM we first start reviewing its
structure in the SM.

We show in Fig. 9 the Zγγ vertex in the SM, where we have separated the QED contributions
from the remaining corrections RW . This vertex vanishes at all orders when all the three lines
are on-shell, due to the Landau–Yang theorem. A direct proof of this property for the fermionic
1-loop corrections has been included in Appendices A–C, where we show the on-shell vanishing
of the vertex.

The QED contribution contains the fermionic triangle diagrams (direct plus exchanged) and
the contributions in RW include all the remaining ones at 1-loop level. In this case the separa-
tion between the pure QED contributions (due to the 2 fermionic diagrams) and the remaining
corrections, which are separately gauge invariant on the photon lines, is rather straightforward,
though this is not the case, in general, for more complicated electroweak amplitudes. Specifically,
as shown in Fig. 10, RW , contains ghosts, Goldstones and all other exchanges. An exhaus-
tive computation of all these contributions is not needed for the scope of this discussion and
will be left for future work. We have omitted diagrams of the type shown in Figs. 11, 12.
These are removed by working in the Rξ gauge for the Z boson. Notice, however, that even
without a gauge fixing these decouple from the anomaly diagrams in the massless fermion
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Fig. 9. The Zγγ vertex to lowest order in the Standard Model, with the anomalous contributions and the remaining weak
corrections shown separately.

Fig. 10. Some typical electroweak corrections, involving the charged Goldstones (here denoted by G, ghosts contributions
(u±) and W exchanges.

Fig. 11. Z − G0
Z

mixing in the broken phase in the SM.

limit since the Goldstone does not couple to massless fermions. In Fig. 13 we show how the
anomaly is re-distributed in an AAA diagram by a CS interaction, generating an AVV ver-
tex.

To appreciate the role played by the anomaly in this vertex we perform a direct computation
of the two anomaly diagrams and include the fermionic mass terms. A direct computation gives

Gρνμ(k, k1, k2) = − e2g

cos θW

∑
f

g
f
AQ2

f

×
∫

d4p

(2π)4
Tr

(
1

/p − mf

γ ργ 5 1

/p − /k − mf

γ ν 1

/p − /k1 − mf

γ μ

)
(110)+ (k1 → k2,μ → ν),

which can be cast in the form



C. Corianò et al. / Nuclear Physics B 789 (2008) 133–174 153
Fig. 12. Same as in Fig. 11 but for the MLSOM.

Fig. 13. Re-distribution of the anomaly via the CS counterterm.

Gρνμ(k, k1, k2) = − e2g

2π2 cos θW

∑
f

g
f
AQ2

f

1∫
0

dx1

1−x1∫
0

dx2

× 1

�

[
ερνμα(1 − x1 − x2)(x2k1 − x1k2)β

(
k
β

2 k1α + k
β

1 k2α

)
+ (1 − x1 − x2)

(
εαρβνk1αk2β

(
x2k

μ
1 − x1k

μ
2

) + (μ → ν)
)

(111)+ εανβμk1αk2β

(
x2(x2 − x1 − 1)k

ρ
1 − x1(x2 − x1 + 1)k

ρ
2

)]
,

where

(112)� = m2
f + x2(x2 − 1)k2

1 + x1(x1 − 1)k2
2 − 2x1x2k1 · k2,

and we have introduced the g
f
Z,A and g

f
Z,V couplings of the Z with

(113)g
f
Z,A = 1

2
T

f

3 , g
f
Z,V = 1

2
T

f

3 − Qf sin2 θW .

This form of the amplitude is obtained if we use the standard Rosenberg definition of the anom-
alous diagrams and it agrees with [29]. In this case the Ward identities on the photon lines are
defining conditions for the vertex. Naturally, with the standard fermion multiplet assignment the
anomaly vanishes since

(114)
∑
f

g
f
AQ2

f = 0.

Because of the anomaly cancelation, the fermionic vertex is zero also off-shell, if the masses of
all the fermions in each generation are degenerate, in particular if they are massless. Notice that
this is not a consequence of the Landau–Yang theorem.

Let us now move to the Ward identity on the Z-line. A direct computation gives
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kρGρνμ = (k1 + k2)ρGρνμ

(115)= e2g

π2 cos θW

∑
f

g
f
AQ2

f ενμαβk1αk2β

[
1

2
− m2

f

1∫
0

dx1

1−x1∫
0

dx2
1

�

]
.

The presence of a mass-dependent term on the right-hand side of (115) constitutes a break-down
of axial current conservation for massive fermions, as expected.

7.1. The Zγγ vertex in anomalous Abelian models: The Higgs–Stückelberg phase

The presence of anomalous generators in a given vertex renders some trilinear interactions
non-vanishing also for massless fermions. In fact, as we have shown in the previous section, in the
SM the anomalous triangle diagrams vanish if we neglect the masses of all the fermions, and this
occurs both on-shell and off-shell. The only left over corrections are related to the fermion mass
and these will also vanish (off-shell) if all the fermions of a given generation are mass degenerate.
The on-shell vanishing of the same vertices is a consequence of the structure of the amplitude,
as we show in Appendices A–C. The extraction of the contribution of the anomalous generators
in the trilinear vertices can be obtained starting from the 1-particle irreducible effective action,
written in the basis of the interaction eigenstates, and performing the rotation of the trilinear
interaction that project onto the Zγγ vertex.

In order to appreciate the differences between the SM result and the analogous one in the
anomalous extensions that we are considering, we start by observing that only in the Stückelberg
phase (M1 
= 0 and vu = vd = 0) the anomaly-free traces vanish,

〈YYY 〉g3
Y Tr

[
Q3

Y

] = 0,

(116)〈YW3W3〉gY g2
2 Tr

[
QY T 3T 3] = 0,

because of charge assignment. A similar result is valid also in the HS phase if the Yukawa cou-
plings are neglected. Coming to extract the Zγγ vertex we rotate the anomalous diagrams of the
effective action into the mass eigenstates, being careful to separate the massless from the mas-
sive fermion contributions. Hence, we split the 〈YYY 〉 vertex into its chiral contributions and
performing the rotation of the fields we get the following contributions

1

3! 〈YYY 〉g3
Y Tr

[
Q3

Y

]
=

∑
f

[
g3

Y

1

8

(
QL

Y,f

)3〈LLL〉λμν + g3
Y

1

8

(
QR

Y,f

)3〈RRR〉λμν

+ g3
Y

1

8
QL

Y,f

(
QR

Y,f

)2〈LRR〉λμν + g3
Y

1

8
QL

Y,f QR
Y,f QL

Y,f 〈LRL〉λμν

+ g3
Y

1

8

(
QL

Y,f

)2
QR

Y,f 〈LLR〉λμν + g3
Y

1

8
QR

Y,f

(
QL

Y,f

)2〈RLL〉λμν

+ g3
Y

1

8
QR

Y,f QL
Y,f QR

Y,f 〈RLR〉λμν + g3
Y

1

8

(
QR

Y,f

)2
QL

Y,f 〈RRL〉λμν

]

(117)× ZλAμ
γ Aν

γ

1

3!R
YYY + · · ·
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where the dots indicate all the other projections of the type ZZγ,Z′γ γ , etc. Here 〈LLL〉,
〈RLR〉, etc., indicate the (clockwise) insertion of L/R chiral projectors on the λμν vertices
of the anomaly diagrams.

For the 〈YWW 〉 vertex the structure is more simple because the generator associated to W3 is
left-chiral

1

2! 〈YWW 〉gY g2
2 Tr

[
QY

(
T 3)2]

=
∑
f

[
gY g2

2
1

8
QL

Y,f

(
T 3

L,f

)2〈LLL〉λμν + gY g2
2

1

8
QR

Y,f

(
T 3

L,f

)2〈RLL〉λμν

]

(118)× ZλAμ
γ Aν

γ

1

2!R
YWW + · · · .

The 〈BYY 〉 vertex works in same way of 〈YYY 〉,
1

2! 〈BYY 〉gBg2
Y Tr

[
QBQ2

Y

]
=

∑
f

[
gBg2

Y

1

8
QL

B,f

(
QL

Y,f

)2〈LLL〉λμν + gBg2
Y

1

8
QR

B,f

(
QR

Y,f

)2〈RRR〉λμν

+ gBg2
Y

1

8
QL

B,f

(
QR

Y,f

)2〈LRR〉λμν + gBg2
Y

1

8
QL

B,f QR
Y,f QL

Y,f 〈LRL〉λμν

+ gBg2
Y

1

8
QL

B,f QL
Y,f QR

Y,f 〈LLR〉λμν + gBg2
Y

1

8
QR

Y,f

(
QL

Y,f

)2〈RLL〉λμν

+ gBg2
Y

1

8
QR

B,f QL
Y,f QR

Y,f 〈RLR〉λμν + gBg2
Y

1

8
QR

B,f QR
Y,f QL

Y,f 〈RRL〉λμν

]

(119)× ZλAμ
γ Aν

γ

1

2!R
BYY + · · · .

Finally, 〈BWW 〉 vertex is similar to 〈YWW 〉
1

2! 〈BWW 〉gY g2
2 Tr

[
QB

(
T 3)2]

=
∑
f

[
gBg2

2
1

8
QL

B,f

(
T 3

L,f

)2〈LLL〉λμν + gBg2
2

1

8
QR

B,f

(
T 3

L,f

)2〈RLL〉λμν

]

(120)× ZλAμ
γ Aν

γ

1

2!R
BWW + · · ·

where we have defined

RYYY = 3
[(

OAT
)

22

(
OAT

)2
21

]
,

RYWW = [
2
(
OAT

)
11

(
OAT

)
12

(
OAT

)
21 + (

OAT
)2

11

(
OAT

)
22

]
,

RBYY = (
OAT

)2
21

(
OAT

)
32,

(121)RBWW = [(
OAT

)2
11

(
OAT

)
32

]
.

which are the product of rotation matrices that project the anomalous effective action from the
interaction eigenstate basis over the Z, γ gauge bosons.
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We have expressed the generators in their chiral basis, and their mixing is due to mass inser-
tions over each fermion line in the loop. The ellypsis refers to additional contributions which do
not project on the vertex that we are interested in but which are present in the analysis of the
remaining neutral vertices, ZZγ , Z′γ γ , etc. The notation OAT indicates the transposed of the
rotation matrix from the interaction to the mass eigenstates. To obtain the final expression of the
amplitude in the interaction eigenstate basis one can easily observe that in the helicity conserv-
ing amplitudes 〈LLL〉 and 〈RRR〉 the mass dependence in the fermion loops is all contained
in the denominators of the propagators, not in the Dirac traces. The only diagrams that contain
a mass dependence at the numerators are those involving chirality flips (〈LLR〉, 〈RRL〉) which
contribute with terms proportional to m2

f . These terms contribute only to the invariant amplitudes
A1 and A2 of the Rosenberg representation [23] and, although finite, they disappear once we im-
pose a Ward identity on the two photon lines, as requested by CVC for the two photons. A similar
result is valid for the SM, as one can easily figure out from Eq. (111). Therefore, the amplitudes
can be expressed just in terms of LLL and RRR correlators, and since the mass dependence is
at the denominators of the propagators, one can easily show the relation

(122)〈LLL〉 = −〈RRR〉
valid for any fermion mass mf . Defining 〈LLL〉 ≡ �

λμν
LLL(mf 
= 0), we can express the only

independent chiral graph as sum of two contributions

(123)�
λμν
LLL(mf 
= 0) = �

λμν
LLL(0) + �

λμν
LLL(mf )

where we define

�
λμν
LLL(0) ≡ �

λμν
LLL(mf = 0),

(124)�
λμν
LLL(mf ) ≡ �

λμν
LLL(mf 
= 0) − �

λμν
LLL(mf = 0).

Also, one can verify quite easily that

(125)�
λμν
LLL(0) = �

λμν
AV V (0) + �

λμν
V AV (0) + �

λμν
V V A(0) + �

λμν
AAA(0) = 4�

λμν
AAA(0).

A second contribution to the effective action comes from the 1-loop counterterms contain-
ing generalized CS terms. There are two ways to express these counterterms: either as separate
3-linear interactions or as modifications of the two invariant amplitudes of the Rosenberg para-
meterization A1,A2. These amplitude depend linearly on the momenta of the vertex [23]. For
instance we use

(126)�AAA(0) − an

3
ελμνα(k1α − k2α) = �AV V (0),

which allows to absorb completely the CS term, giving conserved Y/W3 currents in the interac-
tion eigenstate basis. In this case we move from a symmetric distribution of the anomaly in the
AAA diagram, to an AV V diagram. These currents interpolate with the vector-like vertices (V)
of the AVV graph.

Notice that once the anomaly is moved from any vertex involving a Y/W3 current to a vertex
with a B current, it is then canceled by the GS interaction. The extension of this analysis to the
complete mf -dependent case for �LLL(mf 
= 0) is quite straightforward. In fact, after some re-
arrangements of the Zγγ amplitude, we are left with the following contributions in the physical
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basis in the broken phase

(127)

〈Zγγ 〉|mf 
=0 = 1

4

∑
f

�
λμν
AV V (mf 
= 0)

[
g3

Y θYYY
f RYYY + gY g2

2θYWW
f RYWW

+ gBg2
Y θBYY

f RBYY + gBg2
2θBWW

f RBWW
]
ZλAμ

γ Aν
γ

where we have defined the anomalous chiral asymmetries as

(128)θBYY
f = [

QL
B,f

(
QL

Y,f

)2 − QR
B,f

(
QR

Y,f

)2]
, θBWW

f = QL
B,f

(
T 3

L,f

)2
.

The conditions of gauge invariance force the coefficients in front of the CS terms to be

(129)DBYY = 1

8

∑
f

θBYY
f , DBWW = 1

8

∑
f

θBWW
f ,

which have been absorbed and do not appear explicitly, while the SM chiral asymmetries are
defined as

(130)θYYY
f = [(

QL
Y,f

)3 − (
QR

Y,f

)3]
, θYWW

f = QL
Y,f

(
T 3

L,f

)2
,

and the triangle �AV V (mf 
= 0) is given as in (111). Notice that Eq. (127) is in complete agree-
ment with the SM result shown in (111), obtained by removing the contributions proportional
to the B gauge bosons and setting the chiral asymmetries of Y and W3 to zero. In particular, if
the gauge bosons are not anomalous and in the chiral limit (mf = 0 or mf = m) this trilinear
amplitude vanishes.

As we have already pointed out, the amplitude for the 〈Zγγ 〉 process is espressed in terms of
6 invariant amplitudes that can be easily computed and take the form

�
λμν
AV V = A1(k1, k2)ε[k1,μ, ν,λ] + A2(k1, k2)ε[k2,μ, ν,λ] + A3(k1, k2)ε[k1, k2,μ,λ]kν

1

+ A4(k1, k2)ε[k1, k2,μ,λ]kν
2 + A5(k1, k2)ε[k1, k2, ν, λ]kμ

1

(131)+ A6(k1, k2)ε[k1, k2, ν, λ]kμ
2 ,

with

A1(k1, k2) = k1 · k2A3(k1, k2) + k2
2A4(k1, k2),

A2(k1, k2) = −A1(k2, k1),

A5(k1, k2) = −A4(k2, k1),

(132)A6(k1, k2) = −A3(k2, k1).

Also A1(k1, k2) = A1(k2, k1) as one can easily check by a direct computation. We obtain

A3(k1, k2) = −1

2

1∫
0

dx

1−x∫
0

dy
xy

y(1 − y)k2
1 + x(1 − x)k2

2 + 2xyk1 · k2 − m2
f

,

(133)A4(k1, k2) = 1

2

1∫
0

dx

1−x∫
0

dy
x(1 − x)

y(1 − y)k2
1 + x(1 − x)k2

2 + 2xyk1 · k2 − m2
f

.

The computation of these integrals can be done analytically and the various regions 0 < s < 4m2
f ,

mf � √
s/2, and mf → 0 can be studied in detail. In the case of both photons on-shell, for
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Fig. 14. Two photon processes initiated by a qq̄ annihilation with a Z exchange.

instance, and s > 4m2
f we obtain

A3(k1, k2) = 1

2s
− m2

f

s
Li2

(
2

1 −
√

1 − 4m2
f /s

)
− m2

f

s
Li2

(
2

1 +
√

1 − 4m2
f /s

)
,

(134)A4(k1, k2) = −1

s
+

√
1 − 4m2

f /s

s
ArcTanh

(
1√

1 − 4m2
f /s

)
.

Notice that the case in which the two photons are on-shell and light fermions are running in the
loop, then the evaluation of the integral requires particular care because of infrared effects which
render the parameteric integrals ill-defined. The situation is similar to the case of the coupling
of the axial anomaly to on-shell gluons in spin physics [30], when the correct isolation of the
massless quarks contributions is carried out by moving off-shell on the external lines and then
performing the mf → 0 limit.

7.2. qq̄ → γ γ with an intermediate Z

In this section we are going to describe the role played by the new anomaly cancelation mech-
anism in simple processes which can eventually be studied with accuracy at a hadron collider
such as the LHC. A numerical analysis of processes involving neutral currents can be performed
along the lines of [9] and we hope to return to this point in the near future. Here we intend to
discuss briefly some of the phenomenological implications which might be of interest. Since the
anomaly is canceled by a combination of Chern–Simons and Green–Schwarz contributions, the
study of a specific process, such as Z → γ γ , which differs from the SM prediction, requires, in
general, a combined analysis both of the gauge sector and of the scalar sector.

We start from the case of a quark–antiquark annihilation mediated by a Z that later undergoes
a decay into two photons. At leading order this process is at parton level described by the annihi-
lations of a valence quark q and a sea antiquark q̄ from the two incoming hadrons, both of them
collinear and massless. In Fig. 14 we have depicted all the diagrams by which the process can
take place to lowest order. Radiative corrections from the initial state are accurately known up to
next-to-next-to-leading order, and are universal, being the same of the Drell–Yan cross section.
In this respect, precise QCD predictions for the rates are available, for instance around the Z

resonance [9].
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Fig. 15. Gluon fusion contribution to double-photon production. Shown are also the scalar exchanges (B) and (D) that
restore gauge invariance and the axi-Higgs exchange (E).

Fig. 16. The qq̄ annihilation channel (A, B). Scalar exchanges in the neutral sector involving the two Higsses and the
axi-Higgs (C, D, E).

In the SM, gauge invariance of the process requires both a Z gauge boson exchange and
the exchange of the corresponding Goldstone GZ , which involves diagrams (A) and (B). In
the MLSOM a direct Green–Schwarz coupling to the photon (which is gauge dependent) is
accompanied by a gauge independent axion exchange. If the incoming quark–antiquark pair is
massless, then the Goldstone has no coupling to the incoming fermion pair, and therefore (B)
is absent, while gauge invariance is trivially satisfied because of the massless condition on the
fermion pair of the initial state. In this case only diagram (A) is relevant. Diagram (B) may also
be set to vanish, for instance in suitable gauges, such as the unitary gauge. Notice also that the
triangle diagrams have a dependence on mf , the mass of the fermion in the loop, and show two
contributions: a first contribution which is proportional to the anomaly (mass independent) and a
correction term which depends on mf .

As we have shown above, the first contribution, which involves an off-shell vertex, is absent
in the SM, while it is non-vanishing in the MLSOM. In both cases, on the other hand, we have
mf dependent contributions. It is then clear that in the SM the largest contribution to the process
comes from the top quark circulating in the triangle diagram, the amplitude being essentially
proportional only to the heavy top mass. On the Z resonance and for on-shell photons, the cross
section vanishes in both cases, as we have explained, in agreement with the Landau–Yang theo-
rem. We have checked these properties explicitly, but they hold independently of the perturbative
order at which they are analyzed, being based on the Bose symmetry of the two photons. The
cross section, therefore, has a dip at Q = MZ , where it vanishes, and where Q2 is the virtuality
of the intermediate s-channel exchange.
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An alternative scenario is to search for neutral exchanges initiated by gluon–gluon fusion. In
this case we replace the annihilation pair with a triangle loop (the process is similar to Higgs
production via gluon fusion), as shown in Fig. 15. As in the decay mechanism discussed above,
the production mechanism in the SM and in the MLSOM are again different. In fact, in the
MLSOM there is a massless contribution appearing already at the massless fermion level, which
is absent in the SM. The production mechanism by gluon fusion has some special features as
well. In ggZ production and Zγγ decay, the relevant diagrams are (A) and (B) since we need
the exchange of a GZ to obtain gauge invariance. As we probe smaller values of the Bjorken
variable x, the gluon density raises, and the process becomes sizable. On the other hand, in a
pp collider, although the quark annihilation channel is suppressed since the antiquark density is
smaller than in a pp̄ collision, this channel still remains rather significant. We have also shown
in this figure one of the scalar channels, due to the exchange of a axi-Higgs.

Other channels such as those shown in Fig. 16 can also be studied, these involve a lepton pair
in the final state, and their radiative corrections also show the appearance of a triangle vertex.
This is the classical Drell–Yan process, that we will briefly describe below. In this case, both the
total cross section and the rapidity distributions of the lepton pair and/or an analysis of the charge
asymmetry in s-channel exchanges of W ’s would be of major interest in order to disentangle the
anomaly inflow. At the moment, errors on the parton distributions and scale dependences induce
indeterminations which, just for the QCD background, are around 4% [9], as shown in a high
precision study. It is expected, however, that the statistical accuracy on the Z resonance at the
LHC is going to be a factor 100 better. In fact this is a case in which the experiment can do better
than the theory.

7.3. Isolation of the massless limit: The Z∗ → γ ∗γ ∗ amplitude

The isolation of the massless from the massive contributions can be analized in the case of
resolved photons in the final state. As we have already mentioned in the prompt photon case
the amplitude, on the Z resonance, vanishes because of Bose symmetry and angular momentum
conservation. We can, however, be on the Z resonance and produce one or two off-shell photons
that undergo fragmentation. Needless to say, these contributions are small. However, the separa-
tion of the massless from the massive case is well defined. One can increase the rates by asking
just for 1 single resolved photon and 1 prompt photon. Rates for this process in pp-collisions
have been determined in [31]. We start from the case of off-shell external photons of virtuality s1

and s2 and an off-shell Z (Z∗). Following [32], we introduce the total vertex V λμν(k1, k2,mf ),
which contains both the massive mf dependence (corresponding to the triangle amplitude �λμν .
Its massless counterpart Vλμν(0) ≡ V (k1, k2,mf = 0), obtained by sending the fermion mass to
zero. The Rosenberg vertex and the V vertex are trivially related by a Schoutens transformation,
moving the λ index from the Levi-Civita tensor to the momenta of the photons

Vλμν(k1, k2,mf ) = A(k1, k2,mf )ε[λ,μ, ν, k2]s1 − A(k2, k1,mf )ε[λ,μ, ν, k1]s2

+ A(k1, k2,mf )ε[λ, ν, k1, k2]kμ
1 + A(k2, k1,mf )ε[λ,μ, k2, k1]kν

2

(135)− B(k1, k2,mf )ε[μ,ν, k1, k2]kλ,

with k − k1 − k2 = 0 and si = k2 (i = 1,2), and
i
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A(k1, k2,mf ) = 1

λ

[
−1

2
(s − s1 + s2) −

(
1

2
(s + s2) + (6/λ)ss1s2

)
�#1

+ s2

[
1

2
− (3/λ)s(s − s1 − s2)

]
�#2

(136)+ [
ss2 + (

m2
f + (3/λ)ss1s2

)
(s − s1 + s2)

]
C#0

]
,

(137)

B(k1, k2,mf ) = 1

λ

[
1

2
(s − s1 − s2) + s1

[
1

2
+ (3/λ)s2(s + s1 − s2)

]
�#1

+ s2

[
1

2
+ (3/λ)s1(s − s1 + s2)

]
�#2

+ [
s1s2 − (

m2
f + (3/λ)ss1s2

)
(s − s1 − s2)

]
C#0

]
,

with

(138)λ = λ(s, s1, s2),

being the usual Mandelstam function and where the analytic expressions for �#i and C#0 are
given by

�#i = ai ln
ai + 1

ai − 1
− a3 ln

a3 + 1

a3 − 1
(i = 1,2),

C#0 = 1√
λ

3∑
i=1

[
Li2

(
bi − 1

ai + bi

)
− Li2

(−bi − 1

ai − bi

)

(139)+ Li2

(−bi + 1

ai − bi

)
− Li2

(
bi + 1

ai + bi

)]
,

and

ti = −si − iε, ai =
√

1 + (2mf )2/ti (i = 1,2,3),

(140)λ = λ(t1, t2, t3), b1 = (t1 − t2 − t3)/
√

λ or cyclic.

For mf = 0 the two expressions above become

�#i = ln(ti/t3) (i = 1,2),

(141)C#0 = (1/
√

λ)

[
2

(
ζ(2) − Li2(x1) − Li2(x2) + Li2

(
1

x3

))
+ lnx1 lnx2

]
,

with

(142)xi = (bi + 1)

(bi − 1)
(i = 1,2,3).

These can be inserted into (136) and (137) together with mf = 0 to generate the corresponding
Vλμν(0) vertex needed for the computation of the massless contributions to the amplitude.
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With these notations we clearly have

�λμν = V λμν(k1, k2,mf ),

�λμν(0) = Vλμν(k1, k2),

(143)�λμν(mf ) = V λμν(k1, k2,mf ) − Vλμν(k1, k2).

7.4. Extension to Z → γ ∗γ

To isolate the contribution to the decay on the resonance, we keep one of the two photons
off-shell (resolved). We choose s1 = 0, and s2 virtual. We denote by Γ λμν the corresponding
vertex in this special kinematical configuration. The Z boson is on-shell. In this case at one-loop
the result simplifies considerably [33]

(144)Γλμν = F2
(
s2ε[λ,μ, ν, k1] + kν

2ε[λ,μ, k1, k2]
)
,

with F2 expressed as a Feynman parametric integral

(145)F2 = 1

2π2

1∫
0

dz1 dz2 dz3 δ(1 − z1 − z2 − z3)
−z2z3

m2
f − z2z3s2 − z1z3M

2
Z

.

Setting F2 ≡ −F(z, rf ) where f (z, r) is a dimensionless function of

(146)z = s2/M
2
Z, rf = m2

Z/4m2
f ,

and for vanishing mf (rf = M2
Z/4m2

f → ∞), the corresponding massless contribution is ex-
pressed as F(z,∞) with, in general

(147)F(z, rf ) = 1

4(1 − z)2

(
I (rf z, rf ) − I (rf , rf ) + 1 − z

)
,

where

I (x, rf ) = 2

√
x − 1

x− ln
(√−x + √

1 − x
) − 1

rf

(
ln

(√−x + √
1 − x

))2 for x < 0

= 2

√
1 − x

x
sin−1 √

x + 1

rf

(
sin−1 √

x
)2 for 0 < x < 1

= 2

√
x − 1

x

(
ln

(√
x + √

x − 1
) − iπ

2

)
− 1

rf

(
ln

(√
x + √

x − 1
) − iπ

2

)2

,

(148)for x > 1.

The mf = 0 contribution is obtained in the rf → +∞ limit,

F(z,∞) = 1

4(1 − z)2
(ln z + 1 − z) for z > 0,

(149)= 1

4(1 − z)2

(
ln |z| + iπ + 1 − z

)
for z < 0.

In these notations, the infinite fermion mass limit (mf → ∞ or r → 0), gives F(z,0) = 0 and
we find
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�λμν = Γ λμν = F(z, rf ),

�λμν(0) = Γ λμν(0) = F(z,∞),

(150)�λμν(mf ) = Γ λμν − Γ λμν(mf ) = F(z, rf ) − F(z,∞),

which can be used for a numerical evaluation. The decay rate for the process is given by

(151)
Γ (Z → γ ∗γ ) = 1

4MZ

∫
d4k1 d4k2 δ

(
k2

1

)
δ
(
k2

2 − Q2∗
)|MZ→γ γ ∗ |22(π)4δ(k − k1 − k2),

where

|MZ→γ γ ∗ |2 = −A
λμν
Z→γ γ ∗Πλλ′

Z A
λ′μν′
Z→γ γ ∗Πνν′

Q∗ ,

Πλλ′
Z = −gλλ′ + kλkλ′

M2
Z

,

(152)Πνν′
Q∗ = −gλλ′ + kλkλ′

Q2∗
.

We have indicated with Q∗ the virtuality of the photon. A complete evaluation of this expression,
to be of practical interest, would need the fragmentation functions of the photon (see [31] for
an example). A detailed analysis of these rates will be presented elsewhere. However, we will
briefly summarize the main points involved in the analysis of this and similar processes at the
LHC, where the decay rate is folded with the (NLO/NNLO) contribution from the initial state
using QCD factorization.

Probably one of the best way to search for neutral current interactions in hadronic collisions at
the LHC is in lepton pair production via the Drell–Yan mechanism. QCD corrections are known
for this process up to O(α2

s ) (next-to-next-to-leading order, NNLO), which can be folded with the
NNLO evolution of the parton distributions to provide accurate determinations of the hadronic pp
cross sections at the 4% level of accuracy [9]. The same computation for Drell–Yan can be used
to analize the pp → Z → γ γ ∗ process since the WV (hadronic) part of the process is universal,
with WV defined below. An appropriate (and very useful) way to analyze this process would be
to perform this study by defining the invariant mass distribution

(153)
dσ

dQ2
= τσZ→γ ∗γ

(
Q2,M2

V

)
WV

(
τ,Q2),

where τ = Q2/S, which is separated into a pointlike contribution σZ→γ γ ∗

(154)σV

(
Q2,M2

V

) = πα

4MZ sin θ2
W cos θ2

WNc

Γ (Z → γ γ ∗)
(Q2 − M2

Z)2 + M2
ZΓ 2

Z

.

and a hadronic structure functions WZ . This is defined via the integral over parton distributions
and coefficient functions �ij

WZ

(
Q2,M2

Z

)
(155)=

1∫
0

dx1

1∫
0

dx2

1∫
0

dx δ(τ − xx1x2)PDV
ij

(
x1, x2,μ

2
f

)
�ij

(
x,Q2,μ2

f

)
,

where μf is the factorization scale. The choice μf = Q, with Q the invariant mass of the γ γ ∗
pair, removes the log(Q/M) for the computation of the coefficient functions, which is, anyhow,
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arbitrary. The non-singlet coefficient functions are given by

�
(0)
qq̄ = δ(1 − x),

�
(1)
qq̄ = αS(M2

V )

4π
CF

[
δ(1 − x)

(
8ζ(2) − 16

) + 16

(
log(1 − x)

1 − x

)
+

(156)− 8(1 + x) log(1 − x) − 4
1 + x2

1 − x
logx

]
,

with CF = (N2
c − 1)/(2Nc) and the “+” distribution is defined by

(157)

(
log(1 − x)

1 − x

)
+

= θ(1 − x)
log(1 − x)

1 − x
− δ(1 − x)

1−δ∫
0

dx
log(1 − x)

1 − x
,

while at NLO appears also a q–g sector

(158)�(1)
qg = αS(M2

V )

4π
TF

[
2
(
1 + 2x2 − 2x

)
log

(
(1 − x)2

x

)
+ 1 − 7x2 + 6x

]
.

Other sectors do not appear at this order. Explicitly one gets

WZ

(
Q2,M2

Z

) =
∑

i

1∫
0

dx1

1∫
0

dx2

1∫
0

dx δ(τ − xx1x2)

× {(
qi

(
x1,μ

2
f

)
q̄i

(
x2,μ

2
f

) + q̄i

(
x1,μ

2
f

)
qi

(
x2,μ

2
f

))
�qq̄

(
x,Q2,μ2

f

)

(159)

+ (
qi

(
x1,μ

2
f

)
g
(
x2,μ

2
f

) + qi

(
x2,μ

2
f

)
g
(
x1,μ

2
f

))
�qg

(
x,Q2,μ2

f

)}
,

where the sum is over the quark flavours. The identification of the generalized mechanism of
anomaly cancelation requires that this description be extended to NNLO, which is now a realistic
possibility. It involves a slight modification of the NNLO hard scatterings known at this time and
an explicit computation is in progress.

8. Conclusions

We have presented a study of a model inspired by the structure encountered in a typical string
theory derivation of the Standard Model. In particular we have focused our investigation on the
characterization of the effective action and worked out its expression in the context of an ex-
tension containing one additional anomalous U(1). Our analysis specializes and, at the same
time, extends a previous study of models belonging to this class. The results that we have pre-
sented are generic for models where the Stückelberg and the Higgs mechanism are combined
and where an effective Abelian anomalous interaction is present. Our analysis has then turned
toward the study of simple processes mediated by neutral current exchanges, and we have fo-
cused, specifically, on one of them, the one involving the Zγγ vertex. In particular our findings
clearly show that new massless contributions are present at 1-loop level when anomalous gen-
erators are involved in the fermionic triangle diagrams and the interplay between massless and
massive fermion effects is modified respect to the SM case. The typical processes considered in
our analysis deserve a special attention, given the forthcoming experiments at the LHC, since
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they may provide a way to determine whether anomaly effects are present in some specific reac-
tions. Other similar processes, involving the entire neutral sector should be considered, though
the two-photon signal is probably the most interesting one phenomenologically.

Given the high statistical precision (0.05% and below on the Z peak, for 10 f b−1 of integrated
luminosity) which can be easily obtained at the LHC, there are realistic chances to prove or
disprove theories of these types. Concerning the possibility of discovering extra anomalous Z′,
although there are stringent upper bounds on their mixing(s) with the Z gauge boson, it is of
outmost importance to bring this type of analysis even closer to the experimental test by studying
in more detail the peculiarities of anomalous gauge interactions for both the neutral and the
charged sectors along the lines developed in this work. This analysis is in progress and we hope
to report on it in the near future.
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Appendix A. A summary on the single anomalous U(1) model

We summarize in this appendix some results concerning the model with a single anomalous
U(1) discussed in the main sections. These results specialize and simplify the general discussion
of [19] to which we refer for further details. We will use the hypercharge values

f QL uR dR L eR νR

qY 1/6 2/3 −1/3 −1/2 −1 0

and general U(1)B charge assignments

f QL uR dR L eR νR

qB q
(QL)
B q

(uR)
B q

(dR)
B q

(L)
B q

(eR)
B q

(νR)
B

The covariant derivatives act on the fermions fL,fR as

DμfL = (
∂μ + iAμ + iq

(fL)
l glAl,μ

)
fL,

(A.1)DμfR = (
∂μ + iAμ + iq

(fR)
l glAl,μ

)
fR,

with l = Y,B Abelian index, where Aμ is a non-Abelian Lie algebra element and write the lepton
doublet as

(A.2)Li =
(

νLi

)
.

eLi
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We will also use standard notations for the SU(2)W and SU(3)C gauge bosons

(A.3)Wμ = σi

2
Wi

μ = τiW
i
μ, with i = 1,2,3,

(A.4)Gμ = λa

2
Ga

μ = TaG
a
μ, with a = 1,2, . . . ,8,

with the normalizations

(A.5)Tr
[
τ iτ j

] = 1

2
δij , Tr

[
T aT b

] = 1

2
δab.

The interaction Lagrangean for the leptons becomes

Llep
int =

(
ν̄Li

ēLi

)
γ μ

[
−g2

τa

2
Wa

μ − gY q
(L)
Y AY

μ − gBq
(L)
B Bμ

](
νLi

eLi

)

+ ēRiγ
μ
[−gY q

(eR)
Y AY

μ − gBq
(eR)
B Bμ

]
eRi

(A.6)+ ν̄Riγ
μ
[−gY q

(νR)
Y AY

μ − gBq
(νR)
B Bμ

]
νRi.

As usual we define the left-handed and right-handed currents

JL
μ = 1

2

(
Jμ − J 5

μ

)
, JR

μ = 1

2

(
Jμ + J 5

μ

)
,

(A.7)Jμ = JR
μ + JL

μ , J 5
μ = JR

μ − JL
μ .

Writing the quark doublet as

(A.8)QLi =
(

uLi

dLi

)
,

we obtain the interaction Lagrangean

Lquarks
int = ( uLi dLi ) γ μ

[
−g3

λa

2
Ga

μ − g2
τ i

2
Wi

μ − gY q
(QL)
Y AY

μ − gBq
(QL)
B Bμ

](
uLi

dLi

)
Z

+ ūRiγ
μ
[−gY q

(uR)
Y AY

μ − gBq
(uR)
B Bμ

]
uRi

(A.9)+ d̄Riγ
μ
[−gY q

(dR)
Y AY

μ − gBq
(dR)
B Bμ

]
dRi.

As we have already mentioned in the introduction, we work with a 2-Higgs doublet model,
and therefore we parameterize the Higgs fields in terms of 8 real degrees of freedom as

(A.10)Hu =
(

H+
u

H 0
u

)
, Hd =

(
H+

d

H 0
d

)
,

where H+
u , H+

d and H 0
u , H 0

d are complex fields. Specifically

H+
u = H+

uR + iH+
uI√

2
, H−

d = H−
dR + iH−

dI√
2

,

(A.11)H−
u = H+∗

u , H+
d = H−∗

d .

Expanding around the vacuum we get for the uncharged components

(A.12)H 0
u = vu + H 0

uR + iH 0
uI√

2
, H 0

d = vd + H 0
dR + iH 0

dI√
2

.
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The Weinberg angle is defined via cos θW = g2/g, sin θW = gY /g, with

(A.13)g2 = g2
Y + g2

2 .

We also define cosβ = vd/v, sinβ = vu/v and

(A.14)v2 = v2
d + v2

u.

The mass matrix in the mixing of the neutral gauge bosons is given by

(A.15)Lmass = (
W3 AY B

)
M2

⎛
⎝W3

AY

B

⎞
⎠ ,

where

(A.16)M2 = 1

4

⎛
⎝ g2

2v2 −g2gY v2 −g2xB

−g2gY v2 gY
2v2 gY xB

−g2xB gY xB 2M2
1 + NBB

⎞
⎠ ,

with

(A.17)NBB = (
qB2
u v2

u + qB2
d v2

d

)
g2

B,

(A.18)xB = (
qB
u v2

u + qB
d v2

d

)
gB.

The orthonormalized mass squared eigenstates corresponding to this matrix are given by

(A.19)

⎛
⎝OA

11

OA
12

OA
13

⎞
⎠ =

⎛
⎜⎜⎝

gY√
g2

2+g2
Y

g2√
g2

2+g2
Y

0

⎞
⎟⎟⎠ ,

(A.20)

⎛
⎝OA

21

OA
22

OA
23

⎞
⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

g2(2M2
1 −g2v2+NBB+

√
(2M2

1 −g2v2+NBB)2+4g2x2
B )

g2xB

√
4+ g2

g4x2
B

(2M2
1 −g2v2+NBB+

√
(2M2

1 −g2v2+NBB)2+4g2x2
B )2

− gY (2M2
1 −g2v2+NBB+

√
(2M2

1 −g2v2+NBB)2+4g2x2
B )

g2xB

√
4+ g2

g4x2
B

(2M2
1 −g2v2+NBB+

√
(2M2

1 −g2v2+NBB)2+4g2x2
B )2

2√
4+ g2

g4x2
B

(2M2
1 −g2v2+NBB+

√
(2M2

1 −g2v2+NBB)2+4g2x2
B )2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

One can see that these results reproduce the analogous relations of the SM in the limit of very
large M1

lim
M1→∞OA

21 = g2

g
, lim

M1→∞OA
22 = −gY

g
,

OA
23 � g

2

xB

M2
1

≡ g

2
ε1 so that lim

M1→∞OA
23 = 0.
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Similarly, for the other matrix elements of the rotation matrix OA we obtain

(A.21)

⎛
⎝OA

31
OA

32
OA

33

⎞
⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− g2(−2M2
1 +g2v2−NBB+

√
(2M2

1 −g2v2+NBB)2+4g2x2
B )

g2xB

√
4+ g2

g4x2
B

(−2M2
1 +g2v2−NBB+

√
(2M2

1 −g2v2+NBB)2+4g2x2
B )2

gY (−2M2
1 +g2v2−NBB+

√
(2M2

1 −g2v2+NBB)2+4g2x2
B )

g2xB

√
4+ g2

g4x2
B

(−2M2
1 +g2v2−NBB+

√
(2M2

1 −g2v2+NBB)2+4g2x2
B )2

2√
4+ g2

g4x2
B

(−2M2
1 +g2v2−NBB+

√
(2M2

1 −g2v2+NBB)2+4g2x2
B )2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

whose asymptotic behavior is described by the limits

(A.22)OA
31 � −g2

2

xB

M2
1

≡ −g2

2
ε1, OA

32 � gY

2

xB

M2
1

≡ gY

2
ε1, OA

33 � 1,

(A.23)lim
M1→∞OA

31 = 0, lim
M1→∞OA

32 = 0, lim
M1→∞OA

33 = 1.

These mass-squared eigenstates correspond to one zero mass eigenvalue for the photon Aγ , and
two non-zero mass eigenvalues for the Z and for the Z′ vector bosons, corresponding to the mass
values

m2
Z = 1

4

(
2M2

1 + g2v2 + NBB −
√(

2M2
1 − g2v2 + NBB

)2 + 4g2x2
B

)

(A.24)� g2v2

2
− 1

M2
1

g2x2
B

4
+ 1

M4
1

g2x2
B

8

(
NBB − g2v2),

m2
Z′ = 1

4

(
2M2

1 + g2v2 + NBB +
√(

2M2
1 − g2v2 + NBB

)2 + 4g2x2
B

)
(A.25)� M2

1 + NBB

2
.

The mass of the Z gauge boson gets corrected by terms of the order v2/M1, converging to the
SM value as M1 → ∞, with M1 the Stückelberg mass of the B gauge boson, the mass of the Z′
gauge boson can grow large with M1.

The physical gauge fields can be obtained from the rotation matrix OA

(A.26)

⎛
⎝Aγ

Z

Z′

⎞
⎠ = OA

⎛
⎝W3

AY

B

⎞
⎠ ,

which can be approximated at the first order as

(A.27)OA �
⎛
⎜⎝

gY

g
g2
g

0
g2
g

+ O(ε2
1) − gY

g
+ O(ε2

1)
g
2 ε1

vs − g2
2 ε1

gY

2 ε1 1 + O(ε2
1)

⎞
⎟⎠ .

The mass squared matrix (A.16) can be diagonalized as

(A.28)(Aγ ZZ′)OAM2(OA
)T

⎛
⎝Aγ

Z

Z′

⎞
⎠ = (Aγ ZZ′)

⎛
⎝0 0 0

0 m2
Z 0

0 0 m2
Z′

⎞
⎠

⎛
⎝Aγ

Z

Z′

⎞
⎠ .
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It is straightforward to verify that the rotation matrix OA satisfies the proper orthogonality rela-
tion

(A.29)OA
(
OA

)T = 1.

A.1. Rotation matrix Oχ on the axi-Higgs

This matrix is needed in order to rotate into the mass eigenstates of the CP odd sector, relating
the axion χ and the two neutral Goldstones of this sector to the Stückelberg field b and the CP
odd phases of the two Higgs doublets

(A.30)

⎛
⎝ ImH 0

u

ImH 0
d

b

⎞
⎠ = Oχ

⎛
⎝ χ

G0
1

G0
2

⎞
⎠ .

We refer to [19] for a detailed discussion of the scalar sector of the model, where, in the presence
of explicit phases (PQ breaking terms), the mass of the axion becomes massive from the massless
case. The PQ symmetric contribution is given by

(A.31)

VPQ =
∑

a=u,d

(
μ2

aH
†
a Ha + λaa

(
H †

a Ha

)2)
− 2λud

(
H †

uHu

)(
H

†
d Hd

) + 2λ′
ud

∣∣HT
u τ2Hd

∣∣2
,

while the PQ breaking terms are

V/P/Q = b1
(
H †

uHde
−i(qB

u −qB
d ) b

M1
) + λ1

(
H †

uHde
−i(qB

u −qB
d ) b

M1
)2

+ λ2
(
H †

uHu

)(
H †

uHde
−i(qB

u −qB
d ) b

M1
)

(A.32)+ λ3
(
H

†
d Hd

)(
H †

uHde
−i(qB

u −qB
d ) b

M1
) + c.c.,

where b1 has mass squared dimension, while λ1, λ2, λ3 are dimensionless. Defining

(A.33)cχ = 4

(
4λ1 + λ3 cotβ + b1

v2

2

sin 2β
+ λ2 tanβ

)
,

and using vd = v cosβ , vu = v sinβ together with

(A.34)cotβ = cosβ

sinβ
= vd

vu

, tanβ = sinβ

cosβ
= vu

vd

,

from the scalar potential [19] one can extract the mass eigenvalues of the model for the scalar
sector. The mass matrix has 2 zero eigenvalues and one non-zero eigenvalue that corresponds to
a physical axion field, χ , with mass

(A.35)m2
χ = −1

2
cχv2

[
1 +

(
qB
u − qB

d

M1

v sin 2β

2

)2]
= −1

2
cχv2

[
1 + (qB

u − qB
d )2

M2
1

v2
uv

2
d

v2

]
.

The mass of this state is positive if cχ < 0. Notice that the mass of the axi-Higgs is the result of
two effects: the presence of the Higgs vevs and the presence of a PQ-breaking potential whose
parameters can be small enough to drive the mass of this particle to be very light. We refer to
[23] for a simple illustration of this effect in an Abelian model. In the case of a single anomalous
U(1) Oχ can be simplified as shown below.
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Introducing N given by

(A.36)N = 1√
1 + (qB

u −qB
d )2

M2
1

v2
dv2

u

v2

= 1√
1 + (qB

u −qB
d )2

M2
1

v2 sin2 2β
4

and defining

(A.37)Q1 = − (qB
u − qB

d )

M1
vu = − (qB

u − qB
d )

M1
v sinβ,

(A.38)N1 = 1√
1 + Q2

1

,

Oχ the following matrix

(A.39)Oχ =
⎛
⎝ −N cosβ sinβ N̄1Q̄1 cosβ

N sinβ cosβ −N̄1Q̄1 sinβ

vsNQ1 cosβ 0 N̄1

⎞
⎠ ,

where we defined

(A.40)Q̄1 = Q1 cosβ

and

N̄1 = 1√
1 + Q̄2

1

= 1√
1 + Q2

1 cos2 β

(A.41)= 1√
1 + (qB

u −qB
d )2

M2
1

v2 sin2 β cos2 β

= 1√
1 + (qB

u −qB
d )2

M2
1

v2
uv2

d

v2

.

One can see from (A.36) that N̄1 = N , and the explicit elements of the 3-by-3 rotation matrix
Oχ can be written as

(A.42)
(
Oχ

)
11 = − 1

−(qB
u −qB

d )

M1
vu

√
M2

1
(qB

u −qB
d )2

v2

v2
uv2

d

+ 1

= − 1

vu
v

vuvd

N = −N cosβ,

(A.43)
(
Oχ

)
21 = 1

−(qB
u −qB

d )

M1
vd

√
M2

1
(qB

u −qB
d )2

v2

v2
uv2

d

+ 1

= 1

vd
v

vuvd

N = N sinβ,

(
Oχ

)
31 = 1√

M2
1

(qB
u −qB

d )2
v2

v2
uv2

d

+ 1

(A.44)= 1

M1
−(qB

u −qB
d )vu

vu

√
(qB

u −qB
d )2

M2
1

+ v2

v2
uv2

d

= NQ1 cosβ,

(A.45)
(
Oχ

)
12 = vu√

v2
u + v2

= sinβ,
d
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(A.46)
(
Oχ

)
22 = vd√

v2
u + v2

d

= cosβ,

(A.47)
(
Oχ

)
32 = 0,

(
Oχ

)
13 = 1√

1 + (qB
u −qB

d )2

M2
1

v2
uv2

d

v2

(
− (qB

u − qB
d )

M1

)
vuv

2
d

v2

(A.48)= N

[
− (qB

u − qB
d )

M1
vu cosβ

]
cosβ = NQ̄1 cosβ,

(
Oχ

)
23 = − 1√

1 + (qB
u −qB

d )2

M2
1

v2
uv2

d

v2

(
− (qB

u − qB
d )

M1

)
v2
uvd

v2

(A.49)= −N

[−(qB
u − qB

d )

M1
vu cosβ

]
sinβ = −NQ̄1 sinβ,

(A.50)
(
Oχ

)
33 = 1√

1 + (qB
u −qB

d )2

M2
1

v2
uv2

d

v2

= N.

It can be easily checked that this is an orthogonal matrix

(A.51)
(
Oχ

)T
Oχ = 13×3.

A.2. Vanishing of the amplitude �λμν for on-shell external physical states

An important property of the triangle amplitude is its vanishing for on-shell external physical
states.

The vanishing of the amplitude � for on-shell physical states can be verified once we have
assumed conservation of the vector currents. This is a simple example of a result that, in general,
goes under the name of the Landau–Yang theorem. In our case we use only the expression of
the triangle in the Rosenberg parameterization [34] and its gauge invariance to obtain this result.
We stress this point here since if we modify the Ward identity on the correlator, as we are going
to discuss next, additional interactions are needed in the analysis of processes mediated by this
diagram in order to obtain consistency with the theorem.

We introduce the 3 polarization four-vectors for the λ, μ, and ν lines, denoted by e, ε1 and
ε2 respectively, and we use the Sudakov parameterization of each of them, using the massless
vectors k1 and k2 as a longitudinal basis on the light-cone, plus transversal (⊥) components
which are orthogonal to the longitudinal ones. We have

(A.52)e = α(k1 − k2) + e⊥, ε1 = ak1 + ε1⊥, ε2 = bk2 + ε2⊥,

where we have used the condition of transversality e · k = 0,ε1 · k1 = 0,ε2 · k2 = 0, the external
lines being now physical. Clearly e⊥ · k1 = e⊥ · k2 = 0, and similar relations hold also for ε1⊥
and ε2⊥, all the transverse polarization vectors being orthogonal to the light-cone spanned by k1
and k2. From gauge invariance on the μν lines in the invariant amplitude, we are allowed to drop
the light-cone components of the polarizators for these two lines

(A.53)�λμνeλε1με2ν = �λμνeλε1μ⊥ε2ν⊥,
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and a simple computation then gives (introducing e⊥ ≡ (0,�e) and similar)

�λμνeλε1μ⊥ε2ν⊥ = a1ε[k1 − k2,ε1⊥,ε2⊥, e]
= a1ε

[
k1 − k2,ε1⊥,ε2⊥, α(k1 − k2) + e⊥

]
(A.54)∝ (�ε1⊥ × �ε2⊥) · �e⊥ = 0,

since the three transverse polarizations are linearly dependent. Notice that this proof shows that
Z → γ γ with all three particles on-shell does not occur. As usual one needs extreme care when
massless fermions are running in the loop. The situation is analogous to that encountered in spin
physics in the analysis of the EMC result, where the puzzle was resolved [30] by moving to the
massless fermion case starting from off-mass shell external lines.

Appendix B. Massive versus massless contributions

Here we briefly discuss the computation of the mass contributions to the amplitude. We start
from the massless fermion limit. The anomaly coefficient in (20) can be obtained starting from
the triangle diagram in momentum space. For instance we get

�
λμν,ij

BSU(2)SU(2)

= gBg2
2 Tr

[
τ iτ j

]∑
f

q
f L
B �Lλμν

= gBg2
2 Tr

[
τ iτ j

]∑
f

q
f L
B (i)3

∫
d4q

(2π)4

Tr[γ λPL(/q − /k)γ νPL(/q − /k1)γ
μPL/q]

q2(q − k1)2(q − k)2

+ (k1 → k2,μ → ν)

= gBg2
2 Tr

[
τ iτ j

]1

8

∑
f

q
f L
B (i)3

×
∫

d4q

(2π)4

Tr[γ λ(1 − γ 5)(/q − /k)γ ν(1 − γ 5)(/q − /k1)γ
μ(1 − γ 5)/q]

q2(q − k1)2(q − k)2

(B.1)+ (k1 → k2,μ → ν)

and isolating the four anomalous contributions of the form AAA, AVV, VAV and VVA we obtain

(B.2)DL
B = 1

8
Tr

[
q

f L
B

] ≡ −1

8

∑
f

q
f L
B .

Similarly we obtain

�
λμν
BBB

= g3
B

∑
f

(
q

f R
B

)3
�Rλμν + g3

B

∑
f

(
q

f L
B

)3
�Lλμν

= g3
B

∑(
q

f R
B

)3
(i)3

∫
d4q

(2π)4

Tr[γ λPR(/q − /k)γ νPR(/q − /k1)γ
μPR/q]

q2(q − k1)2(q − k)2

f



C. Corianò et al. / Nuclear Physics B 789 (2008) 133–174 173
+ g3
B

∑
f

(
q

f L
B

)3
(i)3

∫
d4q

(2π)4

Tr[γ λPL(/q − /k)γ νPL(/q − /k1)γ
μPL/q]

q2(q − k1)2(q − k)2

+ (k1 → k2,μ → ν)

= g3
B

1

8

∑
f

(
q

f R
B

)3
(i)3

×
∫

d4q

(2π)4

Tr[γ λ(1 + γ 5)(/q − /k)γ ν(1 + γ 5)(/q − /k1)γ
μ(1 + γ 5)/q]

q2(q − k1)2(q − k)2

+ g3
B

1

8

∑
f

(
q

f L
B

)3
(i)3

×
∫

d4q

(2π)4

Tr[γ λ(1 − γ 5)(/q − /k)γ ν(1 − γ 5)(/q − /k1)γ
μ(1 − γ 5)/q]

q2(q − k1)2(q − k)2

+ (k1 → k2,μ → ν),

DL
B = 1

8
Tr

[
q

f L
B

] ≡ −1

8

∑
f

q
f L
B ,

(B.3)DBBB = 1

8
Tr

[
q3
B

] = 1

8

∑
f

[(
q

f R
B

)3 − (
q

f L
B

)3]
.

The other coefficients reported in Eq. (27) are obtained similarly.

Appendix C. CS and GS terms rotated

The rotation of the CS and GS terms into the physical fields and the goldstone gives

V BYY
CS = d1〈BY ∧ FY 〉 = (−i)d1ε

λμνα(k1α − k2α)
[(

OAT
)2

21

(
OAT

)
32

]
ZλAμ

γ Aν
γ + · · · ,

V BWW
CS = c1

〈
εμνρσ BμCAbelian

νρσ

〉
= (−i)c1ε

λμνα(k1α − k2α)
[(

OAT
)2

11

(
OAT

)
32

]
ZλAμ

γ Aν
γ + · · · ,

V bYY
GS = CYY

M
bFY ∧ FY = 4

CYY

M
bεμνρσ kμkνYρYσ

= 4
CYY

M
εμνρσ kμkν

[
O

χ

31

(
OAT

)2
21χAμ

γ Aν
γ

+ (
O

χ

32C1 + O
χ

33C
′
1

)(
OAT

)2
21GZAμ

γ Aν
γ

] + · · · ,

(C.1)

V bWW
GS = F

M
bT r[FW ∧ FW ] = 4

CYY

M

b

2
εμνρσ kμkνW

i
ρWi

σ

= 4
F

M
εμνρσ kμkν

[
O

χ

31

(
OAT

)2
11χAμ

γ Aν
γ

+ (
O

χ
32C1 + O

χ
33C

′
1

)(
OAT

)2
11

]
GZAμ

γ Aν
γ + · · · .

These vertices appear in the cancelation of the gauge dependence in s-channel exchanges of Z

gauge bosons in the Rξ gauge. The dots refer to the additional contributions, proportional to
interactions of χ , the axi-Higgs, with the neutral gauge bosons of the model.
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