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We derive the symmetries and the constraints satisfied by classical vertices of the general Gauss
Bonnet theory around flat space, and its d = 4 version (4d GB), obtained by a singular limit of the
Euler-Poincare density. Using a conformal decomposition of the metric, the theory has two versions,
which are regularization dependent, a local one which is quartic in the dilaton field, and a nonlocal
one, with a quadratic dilaton. The nonlocal version is derived by a finite redefinition of the GB
density by an (d — 4)R? correction before the singular d — 4 limit. In the local version we show
how the independent dynamics of the metric and of the dilaton are interwinded by a classical trace
identity. Three- gravitational wave interactions are derived in the nonlocal Einstein Gauss-Bonnet
(EGB) theory, obtained by combining the Einstein action with the topological GB action. The GB
interactions of the nonlocal theory, on the other end, are determined by vertices satisfying classical
Ward identities that we investigate at cubic and quartic level both in the 4d singular limit and in

general, for Lovelock actions.

I. INTRODUCTION

The search for modifications of Einstein’s theory of
General Relativity (GR) that may explain important
phenomenological aspects of current cosmology, such
as inflation and dark energy, follows several directions.
One of them, traditionally, contemplates the inclusion
of extra scalar fields into the theory. Such a role is
taken by a scalar that drives the metric inflation and
couples to all of matter present around the Planck
scale, finally decaying into the spectrum of particles,
parents of the Standard Model ones. Another mod-
ification is the inclusion of a cosmological constant,
which fits very well the CMB data within the ACDM
model, but underscores a huge hierarchy problem.
An interesting class of modified cosmologies are those
that include higher powers of the curvature of space-
time, the Riemann tensor, but in a form in which no
dimensionfull coupling is present in the action and ex-
hibiting equations of motion of the second order, as for
the Einstein-Hilbert (EH) action.

A nice example of these is the Einstein Gauss-Bonnet
(EGB) theory at finite GB coupling, which would be
ideal for the study of some of these phenomena, were it
not that, in four dimensions, the theory is topological.
In string theory in d = 10 such quadratic corrections
get combined in the GB term only in the heterotic case
[1]. It was observed that they are deprived of double
poles, generated by the second functional derivative
of this term (\/§E(2))“”””, from the quadratic metric

fluctuations around flat space (~ O(h?)) |2].
We recall that topological contributions in the form of
either the Einstein-Hilbert (EH) action at d = 2

Ven(g,d) = ,ue/ddac\/ﬁR, (L.1)

€ = d — 2, or the Gauss Bonnet action (GB) at d = 4,
define evanescent terms in the equations of motion of
gravity. In d = 2 the EH action itself is metric inde-
pendent.

Evanescent terms can be turned into dynamical con-
tributions by performing a singular limit on the corre-
sponding coupling constant, which are dimensionless.
This features is commonly present and held into ac-
count in the context of conformal anomaly actions,
but recently it has been reproposed in a purely clas-
sical context[3]. In the case of d = 2, the theory is
rendered dynamical by replacing the EH action by the
regulated action [4]

S = lim Jd* (Veu(g,d) — Veu(g,d))
27 s d—2

(1.2)

where one introduces a conformal decomposition of
the metric

Guv = Guve®® (1.3)

in terms of a dilaton (Weyl) factor ¢ and a fiducial
metric g, that amounts to a subtraction. The limiting



procedure allows to generate special forms of dilaton
gravities, which are closely related to the Weyl vari-
ant sector of a conformal anomaly action, and are of
Horndeski type.

Eq. (I.2) identifies the ordinary Wess-Zumino (WZ)
form of the action. A variant of the subtraction per-
formed either in d dimensions - as in (I.2) - or at d = 4
allows to include extra - Weyl invariant - terms. In
d = 2 a similar arbitrariness allows to characterize
the difference between topological and non topologi-
cal anomalies, or anomalies of types A and B [5].

In the case of the 4d GB theory the coupling, gs(d),
becomes singular as d — 4 and requires a subtraction.
The result is a finite, nontopological action, whose
structure depends on the subtraction. The method,
well-known both in the case of 2-D gravity and of con-
formal anomaly actions [6—10], where the same pro-
cedure is applied to the counterterms in the dimen-
sional regularization (DR) of the theory, has recently
regained significant attention, for offering, possibly, a
way to evade Lovelock’ s theorem [11] in a purely clas-
sical framework [3].

The limit is purely geometrical, but induces additional
scales, and borrows its features from dimensional reg-
ularization (DR). It is unrelated to the regularization
of some quantum corrections, as is the case of the
conformal anomaly action, derived by integrating out
a conformal matter sector, but it opens the way to
new interesting developments.

Lovelock’s theorem states that, at d = 4, the only
gravitational action that generates second order equa-
tions of motion is the EH action, plus a cosmological
constant

Spn = / daz\/g(MER + 2A). (1.4)

Its generalization to higher dimensions takes the form

[11]

n!

E(n) = /2 (ﬂy‘fl - (Sﬁ:]RHIHQl’le Rus/mmm .
N R”7L71N::w,—1un,7 n = O, 27 4’ . (15)
n = 0 identifies the cosmological constant, n = 2

the EH action and n = 4 the GB density. Given
the antisymmetrization present in its definition, this is
nonzero only in specific dimensions. Once the indices
are contracted, the resulting density and its coordi-
nate dependence can be extended to any dimension.
The reduction of the action to the topological dimen-
sion d = 4 for E (E,) is investigated by an embedding
of the metric into the extra (d —4) dimensions, a pro-
cedure which is not unique [12]. The case n = 4, with

d = 4, defines the GB density

Velg.d) =° [ d'ov=gE. (1.6)

where p is a renormalization scale and E is the inte-
grated Euler-Poincaré density

E=R?—4R"R,, + R"" R,  (LT7)

whose inclusion modifies the EH action just by bound-
ary contributions, since in an ordinary EGB theory

SecB = Sen + 9sVE, (I.8)

the GB term is evanescent at d = 4. Its contribution
to the gravitational equation of motion

1 1
- (R;u/ - §g;wR + Aoguu) +98(VE(d))MV =0, (L9)

explicitly given by

v 0V 1, o .y
Vg = 69 = \/—9(29“ E4 - QR# B’YRQB.Y‘F
pnv

ARMRY, + AR"PR 5 — 2RR‘“’> (1.10)

vanishes at d = 4 if we use (I.7). Ind > 4, Vg is
not a boundary term, and is indeed contemplated by
Lovelock’ s theorem as a possible modification of the
EH action (see [13, 14]) We are going to investigate
the conformal constraints associated with this term in
d dimensions, that have not been investigated before.
A similar singular limit can be performed at d = 6 for
the topological invariant Fg, cubic in the curvature,
extending the strategy discussed in this work. As we
have already discussed in the introduction, such con-
straints are a natural consequence of the role played
by such terms in the context of conformal anomaly
actions in every even dimensions.

As mentioned, when expanded around a flat spacetime
Guv = Nuv + Khy,, the operators of highest derivatives
(?) of the GB action, contributing to the quadratic
term in the action (h[J2h), cancel out, showing that
the theory is free of ghosts. We recall that at quadratic
order, the contribution to an action containing the
Riemann tensor and its contractions, with arbitrary
combinations, is affected by a propagator with double



poles in the form

/dd\/§ ((R,uupd)Q +ax (Ruu)z + ang) =

1
1 /ddx\/ﬁ ((a1 + 4)hy 0Py, + (a2 — DRO?R) +

O(h?) (L.11)
that vanish if a; and as are chosen to reproduce the
Euler-Poincaré density.

For general metric background, the analysis of the be-
haviour of such actions can be performed starting from
as conformal decomposition

G = gWqu> (1.12)

and eliminating on-shell the dilaton using its expres-
sion in terms of the entire metric g. The theory be-
comes nonlocal if the dilaton is removed from the spec-
trum, as suggested for the conformal anomaly action
in [15]. One relies on integrable conformal decomposi-
tions, such as the one discussed in [16], recently inves-
tigated in connection with the perturbative hierarchy
of the conformal Ward identities for a specific 4-point
function in [17]. Different nonlocal forms of such ac-
tions are possible, which differ - rather nontrivially- by
different possible inclusions of Weyl invariant terms.
As in the d = 2 case, in order to bring the dynamics
of Vg down to d = 4 from d > 4, bypassing its evanes-
cence, one can perform a similar singular rescaling of
the coupling

gs(d) — gSM

sV s(d)V =
9sVE = 95(d)VE d—4

(1.13)

in order to remodulate g;Vg as a 0/0 contribution.
Obviously, the definition of the 4d, (d = 4) singu-
lar limit of the GB theory, requires a specific com-
pactification, which depends on the underlying geom-
etry and is, in general, affected by extra Kaluza-Klein
modes. We are essentially performing an infinite cou-
pling limit (gs — g¢s(d)) on the GB term, as we ap-
proach the dimension at which the GB contribution is
topological.

These variant should be seen as classical modifications
of the EH action that resolve the evanescence of a cer-
tain topological term.

In the Lovelock’s classification of pure gravity theories
yielding equations of motion of second order, this pro-
cedure is not contemplated and is essentially new. It
can be performed in any even dimension in which these
topological terms are defined, starting with d = 2. In
this work we are going to provide the expression of the
nonlocal EGB action expanded up to quartic order (4-
graviton vertex) in the fluctuations around a classical

metric background.

The result is derived elaborating on various previous
analysis of the conformal anomaly actions, adapted
and simplified for 4d EGB theories. Notice that
the conformal Ward identities (CWIs) derived for the
Swz theory carry the same structure of the anoma-
lous CWIs characterizing the quantum anomaly action
[18], where vertices of the Vg term, obtained by differ-
entiating this functional, are constrained by the fun-
damental symmetries. The main difference between a
classical and a quantum approach lays in the fact the
constraints obtained by the procedure either apply to
classical vertices - for 4d EGB theories - or to quan-
tum averages of correlation functions if the analysis is
performed in a quantum context. In this second case,
the classical action in the functional integral S,(x;, 9),
where the x;’s are generic conformal field, is decom-
posed in terms of the two components g and ¢, corre-
sponding to the fiducial metric and the dilaton field.
A similar decomposition can be introduced for the GB
term, with equations of motion that are constrained
by the "anomaly" of Vg, which is Weyl non-invariant
for general d.

A. Singular rescalings and finite subtractions

The singular rescaling of the coupling can be applied
to any topological term, such as E4, Eg and so on. In
practice, the method is sufficient in order to regulate
the 0/0 limit of the d = 4 action, though the result,
as we have mentioned, depends on the geometry of
the compactification. In practical terms, the resulting
actions are usually simplified, by neglecting the
dependence of the metric on the extra coordinates.
This is a procedure that, even if not stated explicitly
in the literature, is essentially based on dimensional
reduction (DRed), in the form described in [12].
Conformal anomaly effective actions, to which 4d
GB models are related, are derived by a similar
procedure, applied to the GB (Vg) and the Weyl
tensor squared (Vg2) counterterms. The latter, in
this case, is unnecessary.

The topological evanescence of the Vg contribution
is lifted by the procedure, but some ambiguities are
encountered, due to the non-unique choice of the
background metric against which Vg is calculated,
which remains an indetermination of the method.
The derivation of the geometric affective action
depends on the specific choice of the fiducial metric
and of the subtraction term, here identified in the
form of a Wess-Zumino action [19] via a conformal
decomposition, although other subtractions are
possible. A discussion of this point can be found in



[12].

The regularization of the action that results from
(I.13) is not uniquely defined, since the DRed pro-
cedure is naturally affected by an integration cutoff.
The singular limit of the GB term is investigated by a
Weyl rescaling of this term in d # 4, which introduces
a dilaton in the spectrum, and the e = d -4 — 0
expansion is performed afterwards, accompanied by
the DRed procedure. We will be reviewing this point
in the next section.

B. Content of this work

The goal of our work is to identify the constraints sat-
isfied by the classical vertices of the theory, obtained
by removing the dilaton from the spectrum, and re-
sorting to a nonlocal description of the 4d GB theory.
The local version of such theory, which is given by
dilaton gravity, therefore, is replaced by a nonlocal
theory when a finite (classical) renormalization of the
GB interaction, proportional to an R? term, is added
to the usual GB action, which is allowed by the singu-
lar limit. We identify the constraints satisfied by the
vertices of such nonlocal action once its expression is
expanded around flat space. These correspond to a set
of Ward identities which are naturally satisfied by the
Weyl-variant part of a renormalized anomaly action,
due to the similarity between such action, which de-
scribes the Weyl/conformal anomaly, and the 4d EGB
theory. We provide a description of such vertices up to
quartic order in the fluctuations around a flat back-
ground. The conformal constraints satisfied by the
vertex derived from Vg(g,d) are valid in d dimension
due to the fact that Weyl variation of this term is ex-
actly linear in (d — 4). For d = 4 the evanescence of
the term, as already pointed out, is removed by the
inclusion of a subtraction, corresponding to a classi-
cal renormalization, and the conformal constraints re-
main valid once we replace Vg(g,d) by the regulated
vertex V]é, which describes the WZ form of the ac-
tion.

Section 4 contains a first principle discussion of the
constraints on the equations of motion found for a con-
formal decomposition in the previous literature, show-
ing that they are a rigorous consequence of symmetry
(I1.1) that is broken by the subtraction term in the
definition of V}’; Also in this case, the corresponding
constraint, given in (IV.1), is naturally borrowed from
the case of the conformal anomaly actions [12].

II. THE LOCAL EGB THEORY AND THE
NONLOCAL ACTION

The correctly regulated theory takes the form of a
Wess-Zumino (WZ) action, which depends on the reg-
ularization procedure and the treatment of the dila-
tonic field (¢). The 0/0 regularization follows closely
the 2D case, where the Einstein-Hilbert term is also
topological, and the limit is performed by redefining
the coupling as a — «a/(d — 2).

In general, dilaton effective actions may contain solu-
tions with the conformal factor that need to be sta-
bilized around a certain scale f. Such a scale is the
conformal breaking scale. The scale (f) is required in
order to redefine the dimensionless conformal factor
of the metric ¢ in the conformal decomposition (IL.1).
The local shift symmetry, which allows to identify a
fiducial metric and the dilaton field, via the transfor-
mation

¢ — =0, Gu — Gue’ (I1.1)
with o = o(x), is indeed broken by the regularization
of the Lagrangian in the 0/0 limit. This issue is not
present in the nonlocal action, since ¢ can be elimi-
nated in terms of the entire metric, but, as we have
already mentioned, one needs to perform an additional
finite renormalization of the action in order to reduce
the equations of motion for ¢ to a linear form.

A EGB theory is not uniquely defined in such a singu-
lar limit, due to several issues, related to the selection
of the background metric and to the regularization
procedure that it is invoked. The Vg (GB) term can
be expanded around d = 4 in several ways. One pos-
sibility is defined by the ordinary DR-like procedure

(VE(ga 4) + €VE/‘(97 4) =+ 0(62)) )

(I1.2)
in terms of a single metric g, implicitly defining the
GB part of the EGB action in the form

1
“Vi(g.d) = &

€

1
Vi== (Vilg.d) ~ Valg,2) . (I13)
Note that the subtraction term Vg(g,4) obviously
does not contribute to the dynamics, for being topo-
logical, and amounts just to a constant being added
to the action, since

Ve(4) = / d*z\/gE = dmxo(M), (IL.4)

where xo(M) is the Euler-Poincaré characteristic of a



manifold M. Therefore, the evanescence of the GB
contribution Vg is related to the fact that at d = 4 its
variation is zero, together with all the classical vertices
derived from its functional differentiation
ypen - Ve gy
0Gurvr - 0Gunm,

The finiteness of the contributions generated by the
renormalized vertices 1/eVE'#"""(d) is therefore
related to the O(€) behaviour of (I1.5) as € — 0, as we
will discuss next. This generates a finite EGB theory
of the form

SEGB:SEH'FV}_/;, (I1.6)
where V, is bound to satisfy the constraint
EV’ =./gE (IL.7)
6¢ E = VIL&, .

as recognized in the conformal anomaly effective ac-
tion. Alternatively, the finite action could be defined
in the Wess-Zumino (WZ) form

X 1 _ _
Swz = Vi = lim . (Ve(ge?*®,d) — Vi(g.d)) (IL8)

that differs from (II.3) by Weyl invariant terms

Seep =Se.u+Swz. (H.9)

The different EGB actions that can be generated in
the d — 4 limit are all associated with the treatement
of the Vg term, a procedure that should be completely
defined in DR and with the choice of a specific fidu-
cial metric g. This would correspond to the choice of
a specific scheme, as usually done in Minkowski space.
Note that contracting (I.10) with 2¢g** gives the rela-
tion

aguy% / Uy =gE(y) = eygE(x),  (IL10)

nv

which is at the core of (IL.7), since the subtraction
term Vg(g,d) is Weyl independent. Such subtraction
is essential in order to generate a 0/0 limit of the topo-
logical term and obtain, henceforth, a finite action.
This Weyl variation is an exact property of the Vg
terms, therefore valid to all orders in e. We will come
back to it in a next section, when discussing its impli-
cation in the context of Lovelock theory.

Its identification proceeds using the scaling relation
VGE = \/§e(d_4)¢{E L (d—3)9,7"3.0)+

(d—3)(d— DK, ¢>>}, (IL11)

where we have defined
J*(g,¢) = 8RM'V,¢ — 4RV* ¢+

A(d - 2)(V*¢O — VIV ¢V, ¢ + VFoV ¢V ),
(I1.12)

K(g,$) = AR"'V ,¢V ¢ — 2RV \V o+
A(d —2)D¢VapV ¢ + (d — 1)(d — 2)(VApV¢)?,
(11.13)

that allows to perform the expansion in € of the form

Vie(g, d) = / /G (B + VM) +
¢ / d127/G6 (B + Vs TM) + ¢ / d'o/GK. (IL14)

The scheme dependence of the regularization comes
as a last step, when the integrals present in (I1.36)
are reduced to d = 4 from general d dimensions. This
can can be obtained by introducing a cutoff (L) in the
extra dimensions in the form

=1Velg,d) = ¢ (Lp)° [d'ay/=g 4 E +
+ (L) [ dhay/=g [64F — (AGM(V,6V,6) +

2AVAdV )2 + 4D¢VA¢V’\¢)} ., (IL15)
where all the terms in the integrands are 4-
dimensional and L is a space cutoff in the d — 4 ex-
tra dimensions. L€ is the volume of the extra space.
Taking the € — 0 limit and the conformal separation
Guv = gwez‘i’ for the fiducial metric, we finally derive
the expressions

Vi(9.6) = Swz = - (Vilg,d) — Vis(g, ) =
[ d'av=a[onE - (46" (9,09,0) + 20167 0+
4D¢VA¢VA¢)] . (IL.16)

It is easy to show that the use of the regularization
in the form given above, by subtracting Vg(g,d) in d



dimensions - rather than at d =4 -

The local action given above is quartic in ¢, and its
structure depends on the chosen fiducial metric.

In summary, it is possible to define a consistent proce-
dure for the extraction of the effective action at d = 4,
from the singular limit of a topological term. The
approach can be performed in d dimensions by a 1)
rescaling of of the topological density using (II.11),
with a metric which is d-dimensional. This implies,
obviously, that the dilaton field carries dependence on
the extra dimensions. At the last stage, 2) we dimen-
sionally reduce the fields, by allowing only the zero
mode of ¢ to survive the compactification procedure,
while the extra components of the metric are assumed
to be flat. The cutoff L in the size of the extra dimen-
sions is introduced in order to guarantee the conver-
gence of the integral Vg in the d — 4 limit. Finally,
3) we subtract the same term expressed only in terns
of the fiducial metric, performing the limit.

As shown above, the subtraction can be performed
either as in (IL.3) or as in (I1.8), the difference be-
tween the two being given by Weyl invariant terms,
described in [12]. The Sy z action, which identifies a
contribution that we have also called V4 in (IL.8), will
define our starting action.

A. The 4d EGB + R? theory

One may proceed by introducing a finite renormal-
ization/extension of the topological term, in order to
derive a different version of Sy 7z, which is quadratic
in ¢, rather than quartic, as given by (IV.1). This is
obtained by extending the topological term at O(e) in
the form

2

Eexr = E 573
cxt 4+62(d—1)2

(I1.17)

and the singular limit performed on the functional

Ve = / A \/GE et (I1.18)
The effective action is then defined similarly to (IV.1),
with Sz in (I1.16) now redefined by the inclusion of
(IL.17)

SWZ Lo 2¢ T

§17 = = (Volge®.d) ~ Vo(g.d))  (IL19)

induced by this additional finite modification of the
action.

A direct computation, using the rescaling formula for
R2

VIR? = /ge? (R —2(d —1)D¢—

(d—1)(d — 2)vA¢vA¢>) 2) (I1.20)

gives, after an expansion at O(e)

1 1 _
f/ddwﬁEm - /d4x¢§(E+V-J>+
€

€

/d4x\/§¢><E g J)

_ 1 _ _
4. /5 - _ _ _
+/d x\/§<K+ 2d—1) [R 2(d—1)0¢
2
(d-1)d- 2)V,\¢V’\¢} )
(IL.21)

The expression can be simplified by some integration

by parts and the omission of boundary terms. Explic-
itly, one uses

¢V - J = —8R"V , ¢V, ¢ + ARV $V . —
4(d - 2)V,,¢VFoO ¢ + 4(d — 2)VHVY ¢V, 6V ¢
—4(d - 2)(V, V"$)* + bit. (I1.22)

and

VHT6V0V 6 = — 5 V4 6V,0000 + bt (1123)

(where b.t. indicates the boundary terms). This gives
the modified relation

54 / d2\/9Bert = ex/g(Eext — %DR) (I1.24)

which can be used in (IV.1) to give

6 1- 2 R?
(I1.25)
in (I.16), giving
s859%7) 2
= E _——
b6 VI ( 3 DR)
=g <E — %E}R + 4A4¢) . (I1.26)



Note that the redefinition of the GB density (E —
E..+) allows to reobtain a rescaling of the combination
E—-2/30Rasind=14

2 2
NG (E—§ DR) - V3 (E—g DR+4A4¢>>, (11.27)
where Ay is the fourth order self-adjoint operator,

which is conformal invariant when it acts on a scalar
function of vanishing scaling dimensions

2 1
Ay = V342 RV, N, =2 RO+2 (VIR)V,, (I1.28)
and satisfies the relation
V=g Asx = V=7 Aux,

if x is invariant (i.e. has scaling equal to zero) under
a Weyl transformation, giving

(11.29)

s :a/ d*z /=G {(E—§5R>¢+2¢A4¢}.

(11.30)
The elimination of ¢ can be performed quite directly.
Using the currents

J(z) = J(x) + 4/9A49(x), J(x) =79 <E — ;E]R) ¢

2
J(z)=+/9 <E — 3DR> (I1.31)
and the quartic Green function of Ay

We can invert (I1.27), obtaining

o) = 1 [y Diep)UG) - T6).  (33)

The expression of ¢ in terms of the entire metric g is
what defines a conformal decomposition of the metric,
which in this case is integrable, in the sense that we
can express ¢ covariantly.

Swz can be obtained by solving the equation

58P

o¢

clearly identified in the form

=J, (11.34)
Swz = /d4x\/§ (Jo +20A49) . (I1.35)

At this stage it is just matter of inserting the on-shell
expression of ¢ (I1.33) into this equation to obtain the

WZ action, in the form

= Sanom (g) - Sanom (g)a (1136)

Swz

with
Sunom(g) = 5 [ d'ad'y (@) Dala,)Iw), - (L37)

and a similar expression for Synem (7). Using the ex-
plicit expression of ¢, and including the contribution
from the rescaled C? term, we finally find the nonlocal
and covariant anomaly effective action as

1 2
Sanom(g) = g/d4x —Jzx <E_ SDR>

/d%’@&l(m,x') B (E - ng)L/ :
(11.38)

IIT. CONSTRAINTS ON Vg IN d
DIMENSIONS FOR LOVELOCK GRAVITY

The presence in 4d EGB of a topological term has im-
portant implications concerning the structure of such
classical contributions. This point can be understood
more clearly by discussing the role of the term g, (d)Vg
in the context of the conformal anomaly effective ac-
tion [12]. This action is naturally derived from a path
integral, once we integrate out a conformal sector, and
one can show that the counterterm sector - that in
this case involves also the square of the Weyl tensor -
separately satisfies anomalous conformal Ward identi-
ties. The derivation of such identities follows a direct
pattern, that consists in writing down the conformal
anomaly action in a background metric endowed with
conformal Killing (CKVs) vectors. In this section we
illustrate the derivation of these constraints that de-
fine, in the context of the 4d GB theory, the appli-
cation of this method. This point can be understood
geometrically in the following way.

In a local free falling frame of a curved spacetime (i.e.
in tangent space), we require that a certain action is
endowed with a conformal symmetry, enlarging the
usual local Poincaré symmetry of Einstein’s theory.
Such conformal symmetry of each local frame can be
gauged in the form of a general metric that allows
CKVs. In the case of a conformal anomaly action,
the contribution coming from Vg, as already men-
tioned, is paired with V2. The latter is the only
effective counterterm needed in order to remove the
singularity of the quantum corrections at d = 4. The
CWIs of the complete effective action get splitted into
three separate contributions: those derived from the



renormalized quantum corrections and those associ-
ated with Vg and V2. All the three contributions
satisfy separate conservation WIs and CWIs. Those
corresponding to the finite renormalized quantum cor-
rections, once we perform the flat spacetime limit, are
ordinary, while the other two hierarchies, related to
Vg and Vg2, are anomalous. The constraints on these
functionals come from their response once we perform
a variation respect to the conformal factor ¢.

We detail the derivation.
We recall that the CKVs are solutions of the equation

2
Vb + V.6, = gvAgkgw. (I11.1)
To derive the CWT’s in the flat limit, we need to re-
quire that the background metric allows CKVs that
leave the . We start from the conservation of the con-
formal current

/ 2\ /gV,, (ggmvg”) -0, (I11.2)
and, analogously, we can write

/ d'z\/gV, (&VE) = 0. (I1.3)
The identity

26, E\0pd = 20,20 g7 E\D, =

26,226\ (I11.4)

can be used in the covariant derivative

3/151/ - 2£uau¢ + aygu - 2§u8u¢ =+ 25uu5)\pf)\ap¢ =

28A5A62¢5HV +26,,€*° 620\ (I11.5)
that can be writte in the form
a,ugu - 2£uau¢ + aufu - 251/8#975 =
62(#[3”(67%75,,) + 81/(672(;56#)} =
(6,20 + 6,00,)€™, (I1L.6)

Substituting (I11.4) and (I111.6) in (II1.5) we get (IIL.1)
with the ordinary derivative replacing the covariant
ones

06y + 0,8, = gé,w (0-¢), (I1L.7)

Writing explicitly the action of the covariant deriva-
tive in the previous equation and taking the flat limit,

the we obtain the constraint
0= / dtx <aﬂgy VA 16,0, Vg”*“”l). (IT1.8)

We recall that £, satisfies the conformal Killing equa-
tion in flat space and by using this equation (I11.3)
can be re-written in the form

0= / d'a <£,, BVE (0 €)b vg”ﬂ1”1>.
(111.9)

We use in this previous expression the conservation

and trace identities for V5! that are explicitly

given by
D VE M (w,21) = (5&#15?)3”5@ —z1)—
20¥ 157056 (z — :171)> Vpt(z)

I E ’

S VE " (2, 21) = 2(d — 4) [/ —g(2) E(2)]"" (21)—
20(x — z1) VL (x) (II1.10)

and the explicit expression of the Killing vector fl(,c)
for the special conformal transformations

§LC) F=2a"x, — x25l’j

111
9-¢r = 242" (LAY

where kK = 1,...,d. By using (III.11) in the integral
(IT1.9), we can rewrite that expression as

0= / diz {(290“ z, — 2265) 0, VA 4 227 6, VE T
(I11.12)

or
0= / d%a {(Qx“ z, — 226}) <5}(L“15K1)8V5(:17 —z1)—
25”(“1631)8,\6@ - x1)> V];\"(x)

— 4" d(x — @ )VE (x)] ) (II1.13)



Integrating by parts, we obtain the expression

0
<2dx1 + 22§ af — Ba” + a2 > vy

axln

2(17”\ oHr — x’ltlcsf)‘/é\’“ (x1)
+2<1‘1,\ o —xll(s)\) “1)\($1) =
4(d — 4) /dxm [V—g(z)E(z ]”lyl (1)

that are the special CWIs for V5'"*. This relation is
trivially satisfied just because V5" in the flat limit
vanishes. The non trivial cases arise when we con-
sider the contribution from the three graviton vertex
onwards and we have for n > 3

- a 2 Ska 9

Jj=1 J
V/L1’/1~--Nn’/n(
E

(IT1.14)

mm%H

23 (00 - 5207
j=1

Vi VO fip U
Vgl ! J pn "(131,...,‘%]'7...,1'”)"'
KVj §e VJ
2 E (6 TTja — 007, >
M1V Q... finVn —
VE (@1,..,@j,...,Tp) =

2" (d — 4) /ddx 9:”[ —g(x)
el Vn

E(m)] o (X1, ey Tn), (IT1.15)

The dilatation CWI is obtained by the choice of the
CKYV characterising the dilatations

fELD) (JJ) = Ty,

and equation (I11.9), for the general case, becomes

d-£P) =4 (I11.16)

d VAV . finVn
0:/d x{xuayv,fj HAPLBnn (g @y, T )+
KU1V iy VUn
0 Vi (x,a:l,...,zn)}.

(IT1.17)

Taking into account the conservation and trace iden-
tities satisfied by VA" #""" we obtain the final ex-

pression

nd+Zx

2"(d—4)/ddz [ “9(2) E(x)

/"'1’/1 an’?L(.,I:l’...,mn) —

(T1,.. ., Zn),

(I11.18)

:|/'L1V1---Mn’/n

that is non-trivial starting from n = 3.

In momentum space these equations are written as

0 _
43 b | VE™ ) =

2"(d—4) [V=g E]"" " (pr, . pn),  (TTL19)

and

n—1
0? 0
— 2p H1VL . finVn e Pn
(p] 817?6]3]0( ] 8paa ) VE (pla y P )

j=1

0
Kpg _ —
+2 Z (5 oo pﬂj>

Vulzll B2 T unun(

paa"ijv"'ﬁn)

0 0
42 grvi 9 g 2
; ( Opj a 8pj] )
VH1V1 #quﬂ«nl’n(

pa7~-- ap]apn)
_2n+1(d_4)

(1)

Pn=Dn

(IT1.20)

[fmm

where p, = — Z;le p; for the conservation of the to-
tal momentum. These constraints are directly satis-
fied in d # 4 dimensions and are therefore typical of
Lovelock’s theories of gravity in generic d # 4 dimen-
sions. The equations are modified by an overall factor
both in the lhs and rhs for dimensional reasons, but
remain identical to (II1.20). In the d — 4 limit the
analysis of these equations requires an accurate study
of the degeneracy of such such structures.

In the context of anomaly actions, their reduction to
d — 4 requires the inclusion of a Weyl invariant sec-
tor, which is provided by the finite quantum correc-
tions coming from the renormalized loops of graviton
vertices, which are here missing.



A. Conservation identity at d = 4 and trace
identities at d # 4

The same vertex satisfies a hierarchy of of conservation
identity at d = 4 in flat space, starting from a curved
background. Trace Ward identities, instead, are valid
for this vertex at d # 4, as we are going to show next.
From

V,.VE () =0, (I11.21)

expanding the covariant derivative, we obtain the re-
lation

8 V§1V1M2V2M3V3M4V4 (
vy

951,552,373,554) =
[ <5F§L (%))
— |9 2w
69#2”2(332) g=46

VE/\V1M2V2N3V3M4V4 (.’L'la To, X3, :E4) + (23) + (24)]
52t

Avy (1‘1)
| (&«mm (22)30man (25)

(24) + <34>} ,

) Vol (z1, 24)+
g=4

(I11.22)

where

(5T§il (1)

1
=5 6#1 (,U'i(SVL') 3 6w Ti
59#,.,1,7.,(301-))9_5 2( v ON0ma,

5”10% (5?) 8111 6I1Zi - 65\M1 651) o 6w1w‘>
521—#}\”3/1 (1:1)

(59,“,/1- ()G pu;0; (5) ) g=5 -

_ #(wl(m(gw)e <5§ug 55;) OOy, +

59” 5:'7) O, (5m1mj - 6§\M 551) 665301%) +(ij)’ (111'23)

that in momentum space becomes
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VN1V1#2V2#3V3#4V4

Piuvy Vg (plap23p3ap4) =

_ |:4 Bm}\yluzuzugus (pz’ps)vé\lfllh;m (p1 +po + p37ﬁ4)
+(34) + (24)}
+ [2 Cm)\ulltzuz (pQ)V§V1M3D3H4V4 (p1 + pg,p37ﬁ4)+

(23) + (24)} . (I11.24)

A similar analysis can be performed for a trace iden-
tity. We simply functionally differentiate the anoma-

lous Weyl variation (I1.10) multile times and tronas-
form, in this case, to momentum space, obtaining

Sy, VI ()
2" d —4) [V=gE]"" " (pg, . pn)

— 2|V (py 4 o, psy . )+

VER b (py pr +p3y - opn) o0+
ViRt (pg,ps, . P14 Pa) |- (I11.25)

This constraint is satisfied by all the vertices extracted
from the F, term generated from the Lovelock action.

IV. CLASSICAL CONSTRAINTS ON THE
EQUATIONS OF MOTION IN THE LOCAL
ACTION

The constraints derived in the previous sections, as
already mentioned, are obtained by performing the
flat spacetime limit of the metric variations, without
resorting to a conformal decomposition of the metric
itself.

More general constraints are obtained if we instead
perform a conformal decomposition and vary the fidu-
cial metric and the conformal factor independently.
The separation is consistent with the fact that the
subtractions included in the definition of the WZ ac-
tion introduce a conformal scale. This separation is
scale invariant, in the sense that the resulting action
is of dimension 4 and deprived of any dimensionful
constant. These types of actions are typical of dilaton
gravities and can be modified by the addition of extra
scale invariant potentials.

In this section we investigate the consistency of the
equations of motion discussing their conservation, in
the local version of the theory. The same consistency
will be missing once we move to the nonlocal theory,
obtained by eliminating the dilaton, using the Riegert



decomposition. As we are going to illustrate in a fi-
nal section, in that case we need to amend the action
by Weyl invariant contributions that are necessary to
derive the exact expression of the hierarchy. This, in
principle, requires an analysis of the 47 correlator,
correcting the predictions derived from the nonlocal
actions with extra Weyl-invariant terms, following an
approach that has been already discussed for a simpler
correlator, the T'T'JJ [17]. While this is an important
point that will be discussed elsewhere, it is possible to
obtain the correct hierarchies satisfied by the 4-point
vertices of a 4d GB theory by resorting directly to a
previous analysis of the counterterms of the same ver-
tex. This study has been presented in [18].

Coming to the local dilaton-gravity form of the limit-
ing theory, the two fields can be treated as indepen-
dent, but their equations will be linked by the con-
straints coming from the anomalous variation of the
Euler Poincaré density. For this reason, (II.16) de-
fines a dilaton gravity theory in which the trace of the
equations of motion of the gravity metric g and that
of the conformal factor are related in the form

J
200 =
( g 5,9“ 5¢
The derivation of this relation is discussed in [12].

Note that the regulated action is, separately, a func-
tional of g and ¢ and one can use the relations

) SH? = —aygE. (IV.1)

) 0
20, —— = — = E, V.2
27 LV () =2 LV (@), = ev/gE (IV.3)
guu(sgw E\9) = guuéguy E\9),= €V g .
(using G = gue 2?) and
iV (g =0 (IV.4)
56 E\9) = .
to obtain (IV.1).
It is convenient to define the two tensors
2 0Swz
T™ = — 2, V.5
77 i (IV.5)
and
1 6Swz
T, V.6
©= 5 o (IV.6)

The relation can also be obtained by a direct compu-
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tation using (I1.16)

VT, = \/§<E 8,V W6V
+ 8¢V, oV d + 16VA\V oV ¢V
—8R,, VFoV" ¢+ 8(¢)*—

Wﬁy(ﬁ“?w) =99, T" (IV.7)

where the last equality follows from the trace of (I1.10).
Rescalings in the conformal decomposition are typi-
cally of the form

— e 49 (waw
4RV ¢V ¢ + 4(d — 2)AZ  +
4A% +8(d — 1)AV ¢V b +

2d(d 1><vA¢vA¢>>2)

R2

nvpo

—SRMVA,, -

(IV.8)

and similar ones. They can be found in [12]. The
action is diffeomorphism invariant since ¢ transforms
as a scalar under changes of coordinates. We can use
this invariance to derive the equation satisfied by the
stress energy tensor, by varying the action with re-
spect to the fiducial metric. The Lie derivatives for
the scalar field ¢ and the fiducial metric g, are

SeGuv = Gua Vo€ + GuaV >

giving the variation

1)
58wy = / % (w o+ Gel s )swz

— — 1)
/ <£)\v)\¢5¢ + (guAvVSA + gl/)\vug)\)égm/> SWZ
/ddxgk (V*d’aqs 2g,MvV5;W) Swz. (IV.10)

The condition to be imposed to get the invariance un-
der diffeomorphism for a generic functional such as
SWZ is
(V¢5 23,,V 5)8 0 (IV.11)
AP — AV wz = V. .
) " 0Guw

This relation can be verified (IV.11). From now to
the rest we will omit the "bar" above all the tensor,



derivatives ecc. The first variation gives
9
oo
8@V, dVH d + 16V AV 0V ¢V ¢

Vap—8wz = Vad|E + SG“VVHVVQH-

—8R,, V oV ¢+ 8(0¢)* — 8VMVH¢V“V”¢>} .
(IV.12)

The second variation is given by

1)
—92 _ =
9ux Vo Sam Swz

1)
09w

— Vo {8G‘“’VMV,,¢ + 8¢V .oV o+

EERS / /g (¢E)

16V AV, 0V ¢V é — 8R,,, V V" ¢
+8(0¢)? - 8v#v#¢v“vw} +

8Raup VY G(VHVP ) — VPVH Q). (IV.13)

Summing (IV.12) and (IV.13), recalling that
[V, Vu]¢ =0, we finally get
Vab — 29,7 Swz = VadE—
2055 I " Samm wz = V2
o
29,\V, / d*z/—g 5 ($E). (IV.14)
Nz

The explicit form of the second term is expressed by

— 29,1V, / d4x\/?g§ 0 (¢F)
G

AR PN, Rapap — 2R POV ARy

+AVIVY (Y, Ry — VuRow)—

4(Rapva + Ravpa)VOVHIVY ¢+ AR, 05 RAFOPVY ¢

+ 26V, V,]VYR 4 2R, ¢V R. (IV.15)

—VpE—

The simplification of this expression requires some in-
termediate steps. Under a conformal decomposition of
the metric, we can express the Riemann tensor R*

- vpo
in terms of the Riemann tensor R¥,,,
Ruupo = Rul/pa + (SgApl/ - 65AUV + gupAgU - guaﬁﬁ_
(04 9v — 0K Gup)VADV ¢, (IV.16)
where
A,uu = vuvuﬁﬁ - vuﬂsvygb (IVl?)
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Since the space we are working in has metric g,
Bianchi Identities are not granted for R, ;. The first
Bianchi identity reads

+RK,,, =0,

R" =

vpo

+ R

pov

(IV.18)
hence by using (IV.16) we get

Rﬁpa + Rgrn/ + Rgup + 55APV - 55501’+
GupAlho — Gue Al + 6L A, — 08 A+
Goo ALV — G Al + 1A,y — SL N o+
?]auﬁﬁp - gapAlxj - (5;:91/0 - 5g§vp+
5590,0 - 55.@01/ + 6g§pu_
84 Gpr)VASV 6 = 0. (IV.19)
Invoking symmetry of g, and Auu we can cancel out
all the terms involving ¢ and obtain the Bianchi Iden-
tities of the fiducial Riemann tensor

Rt ., +R' ., + R, =0. (IV.20)
Thanks to the above equation, using the Bianchi Iden-
tities, the property of the Riemann tensor and

V., V,]V? =R, V°, (Iv.21)

it is quite easy to show (IV.11). A similar computation
can be performed to derive (IV.1) from (II.16).
It is quite obvious that the singular procedure that
takes to a regulated 4d EGB action is consistent. This
analysis becomes rather nontrivial as the dilaton is
removed from the spectrum. As already mentioned, in
that case the nonlocal action needs to be amended by
extra terms. This will occur at the level of the classical
4-graviton vertex. The 3-graviton vertex, instead, can
be handled directly with the nonlocal action. Results

of this analysis are given below.

V. 3- AND 4-WAVE INTERACTION IN THE

NONLOCAL THEORY

The nonlocal structure of the 4d EGB theory results
from an iterative solution of the equations of motion
in which the dilaton is expressed in terms of the full
original metric g, as shown in [20]. One can rewrite
the nonlocal action in the form

Sanom(g7(p) = _% fd4$\/jg [(D@)z -
2(R* — LR (V,0)(V0sp)]
e ey (B30

2 (V.1)



that can be varied with respect to ¢, giving

E [OR

VEahip =y - 58 (v

Three-wave interactions can be derived by expanding

perturbatively in the metric fluctuations in the form
0 1 2

Juv = g,(w) + g,(w) + g,(w) + -

M + B + WD) +

@:@(0)4_@(1)4_@(2)4_.”

(V.3a)
(V.3b)

The expansion above should be interpreted as a col-
lection of terms generated by setting

Guv = Opp + Khyy (V.4)
having reinstated the coupling expansion x, with h
of mass-dimension one, and collecting all the higher
order terms in the functional expansion of (V.1) of
the order h?, h3 and so on. A similar expansion holds
for ¢ if we redefine () = kg K2 = k252 and so
on. At cubic level the vertex is given by

@ __b DR ENe)

Ly ML (pwr
9/d x{aﬂR = (R
- 1/(1495 (v E<2)) %R(l)—i—

o fato R L (v=g0) " RO 4 8 [dta HORD

(V.5)
where the suffixes (1), (2) denote the order of the ex-
pansion in the fluctuations around flat space (g,, =
Ouv + hyw). From (V.5) we can extract the expres-
sions of the classical 3-wave gravitational interactions
in this effective theory by differentiating three times
with respect to hy,.

A. 3-wave interactions in momentum space

The GB term in the equations of motion induces in-
teractions of higher orders exhibiting specific features,
that we are going to identify in this and in the next
section. Obviously, cubic and quartic interactions
share close similarities with those identified in the
nonlocal anomaly action, since they are obtained from
those by some direct modifications. At cubic level, the
most convenient way to organize such contributions is
to transform the expressions to momentum space. For

13

this purpose, we define

/d4x e~we g

pnavfB hﬂl”l (p)

(V.6)

1 v
(#) = [Rpsos] " (0)
for the linear expansion of the Ricci tensor

R

pavB —

{ OOy~ 0uDhas+DaOuh g+ 0D b},
(V.7)

which in momentum space becomes
1 1
[Rs]™ (0) = 5 {5&‘“ 6" Py py + 641 62 po py—

55(“1 6;1) Do Py — 6&”1 651) DB pu}- (V.8)

We also require the squared contractions

[R(l)

now p17p2) =
[thlozu[ﬂ] Y ()[R (pg) =
(p1 - po)2 (22— 9 (p - py) pk2n2) 1p k) 4

P2 P vt py (V.9)

R(l)uauﬁ] H1vipave (

and
[RELIV)R(I)MV]HIVIM2V2 (phpz) = [R/(}V)]mm (pl) [R(l);w]ﬂzlfz (pz)
1 v v 1 ,.v1) (v
103 (o e — 2pfr ) ) )+
g (pr Pl v — Qpl(ulnl/1)(l/2p1#2))_|_

b

3

=
=N

P2 py?)+
(Mz p22) _

(p1 - p2)* g2 + - p(‘“ pyt)
(p1 - p2) <p1(“1

pavs pgﬂl p;”) .

[ s = s = s

,'71/1)(1/2p2}t2) _ ,,7 H1vy

(V.10)

S N

We also use the expressions
[(R(1)>2] #1V1#2V2( 17p2) =
[R(l)] H1vy (p1) [R(l)] pov2 (p2) _
pYpy Y (pr) T (p2), (V.11)

and re-express the third order classical vertices of the
G B, action and its contribution S3 to the three-point



correlator in momentum space in the form

H1V1 2V 433 —
53 (p17p27p3) =

ga{ﬁuwl (p1)
H2V2[43V3
BT (o) + (eyelio) |
16 v v v
— Ta{ﬂ"ul 1(p1)Q#2 2(plap2ap3) mhs 3(p3)

T T 1) 7 (o) 5 ()

+ (Cyclic)} T 5

{p31 2 + (eyelio)}, (V.12)
where we have defined
T (p) = 5 — %, (V.13)
and
Q""" (p1,p2, p3) = p1y [RMV]"272 (p2) p3, =
% {(pl p2)(p2 - ps) 82 + p i plyt)
(b2 o) Y ) — (o1 - p2) P P (V.14)

We have defined with

[E(Q)]uwmg'w _ [RigyﬁR(l)uan]uiuiujuj

_4 [thlgR(l)#u] HiviksVi [(R(1))2]mvm_ﬂ’j (V.15)
the second functional derivative of the topological den-
sity in flat space, after Fourier transform. Omne can
check that

p3=—(p1+p2)
(V.16)

a1 B1 V2 p13V3
Sy (

Oar B P1,P2,D3)

8o [E@] M1 (py pg),

together with the conservation identities

(V.17a)
(V.17b)

Doy, QM2 (p1,p2,p3) =0
Doy [E(2)]I~L2V2M3V3 (p27p3) —0.

Double tracing (V.12) of the nonlocal theory one ob-
tains

a1 B1pervaasfs

01 B10as s 3 (P17P27P3)|
80 0y 5y [EP]* % (ps, ps)
= 16a Q""" (p1, p2, ps)|

8aps (pi + p1 - p2) ™72 (p2).

ps=—(p1+p2)

ps=—(p1+p2) +
(V.18)

Notice that the expression above is purely polynomial
since p3mH2"2(pg) is a local term. Thus in the first line

14

/
Y

T

/”ﬁ

FIG. 1 Mixing in three-point functions

of (V.12) we may substitute (V.16) and in the second
line use (V.18) to eliminate the Q2“2 terms and its
three cyclic permutations. The triple trace gives

S§41[31042,32a353 (

01 8100282003 B p17p27p3)|

p3=—(p1+p2) =

16a [pi p3 — (p1 - p2)°] - (V.19)

We use these expressions to derive the structure of the
3-wave interaction in the form

1
= gt
3

Svalazﬁzusvs
3

Séh Vip2V243V3 S?151M2V2H3V3+

(pl) 6a1ﬂ1
1 v
3 mhe (p2) 5(1262

+ éﬂuzus (pg) 5a3ﬂ3 S§1V1M2V2a3ﬁ3_

L0 (1) 05 () G, By S50
L () 95 (1) 5, gy S0 225555
éﬂ““’l (P1)T"272 (D2) 0, B, Oy S5 O2P2HY5
% T (p1)my™" (p2) ™ (p3) e 1 Oacs 2 Ors s
ggPreapraaty (V.20)

The nonlocal EGBs theory has a structure that at
trilinear level in the fluctuations, similarly to the case
of the nonlocal anomaly actions, can be depicted as
in Fig. 1. The vertex of the 3-wave is organized in
terms of longitudinal insertions of massless states on
each of the weavy lines, in a sequence of single, double
and triple insertions. The dark blob at the center
denotes the polynomial contributions coming from the
functional derivatives of the Euler-Poincaré density.
Each of the 7" projectors introduces a massless pole
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FIG. 2 Mixing in four-point functions

in momentum space, identified from the expression
1
Y — v

Fhv — 5,u,up2
» (

—-p"p”) (V.21
which induce nonlocal corrections on each of the exter-
nal gravitational metric fluctuations h,,. This picture
gets modifed when we move to the case of 4-wave in-
teractions. In that case the nonlocal action and hence-
forth Fig. 2 does not provide the correct expression
of the vertices and one has to resort to a perturbative
expansion. While the specific features of these ver-
tices can always be obtained by brute force expansion
of the Vg term, there are uncommon. For instance,
we have seen that at cubic level, the use of the expan-
sion of the classical vertex, once that we borrow the
formalism of the conformal anomaly action to inves-
tigate it, it allows us to identify the bilinear mixings
on the external wave lines that otherwise would have
been left unnoticed. The organization of the vertex in
terms of bilinear insertions is quite remarkable.

VI. 4-WAVE INTERACTIONS

The identification of the structure of the 4-wave inter-
actions is far more involved.

Defining the action

S = lim s Velo.) ~ Vilo. 4)] =
lim (di@ [/ ddxud_4E4—/d4xE4}, (VL.1)

one obtains the contribution to the 4-point function
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as

$H1V1H2V2I~L3V3M4V4 (p17p27p3 ]34) —
)

(p17p27p37i)4)+
(p1, P2, P3,P4)-

Slh ViH2V2 h3V3 eV
pole

S/h VipoV23V3 halVy
O—trace

(VL.2)
It is worth mentioning that the subtraction in (VI.1)
is necessary to have a finite functional variation with
respect to the metric fluctuation in the limit d — 4,
as also pointed out in [21, 22]. This fact is reflected
in the presence of 0/0 piece, due to Lovelock tensor
identities, that can be eliminated once the subtraction
(VL.1) is taken into account. There is a difference in
the handling expressions such as (VI.1) and perform-
ing functional derivatives with respect to the metric if
the indices are contracted or not. For instance, a dif-
ferentiation with respect to the ¢ can commute with
the limit, and indeed reproduces the anomaly contri-
bution, but a differentiation with open indices, fol-
lowed by the flat Minkowski limit ¢ — J, needs spe-
cial care. It can be computed either by performing
the limit as a first step and identifying the finite ex-
pression of the functional, which is given by

In (VI.2) the zero trace part has the property

5#1 V1p2V2 H3V3 44V
trace

(plap27p3vl_)4) = Oa
(VL3)

5/‘1”1
i=1,2,3,4,

and it is explicitly written as

v Vo 3 V3 Lo V. = _
SHavipzrapavsia 4(p1ap2ap3ap4)0—trace =

- {If;i”l (p1) T2 (p2) T2 (po)
VA (P4) P18, P28, D3B3 Pap,
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where the contractions are expressed in terms of the
contribution of the third and second functional deriva-



tives as
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We have defined the transverse traceless projector

LV 1 L v v v
) = 3 (71'(/17'('5 +7rg7ra> — = 17r“ Tap, (VLG)
and the tensor
1 Da pt'p”
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@ p2 <p @ + p 67 d . 1( + ( ) p2
(VL7)

On the other hand, the pole part is then explicitly
given as
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where the single trace is expressed in terms of the third
functional derivative
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and more trace involve lower orders of functional
derivatives.

VII. CONCLUSIONS

In this work we have investigated the nonlinear con-
straints emerging in a nonlocal 4d EGB theory for the
3- and 4-point classical interactions present in its fun-
damental action. They are hierarchical and directly
linked to to the topological properties of the vertex
Vi and its subtracted expression V7, valid in d # 4
and d = 4 dimensions respectively.
The analysis is essentially built on several previous
studies of conformal anomaly actions, that allows to
identify several nontrivial features of this specific the-
ory. Among these, the presence of bilinear mixing in
their external legs of graviton vertices and of exra,
traceless contributions, which are derived from the
decomposition of such interactions and are not pre-
dicted by the nonlocal action. in terms of transverse-
traceless, longitudinal and trace contributions.
The nonlocal version of such a theory, as pointed out,
is derived by a finite renormalization of the topolog-
ical density, that allows to remove the dilaton from
the spectrum. Three-wave interactions are naturally
derived from the nonlocal action, but the hierarchical
constraint of the four-wave interactions requires a dif-
ferent approach, given the limitations of such actions
in reproducing the correct flat spacetime limit. These
constraint are satisfied also in the case of Lovelock ac-
tions. Indeed it is possible to generalize them to cases
involving topological invariants of higher orders in the
Riemann tensors extending the approach of this work.
We hope to return to this point in future work.
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