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We derive the symmetries and the constraints satisfied by classical vertices of the general Gauss
Bonnet theory around flat space, and its d = 4 version (4d GB), obtained by a singular limit of the
Euler-Poincarè density. Using a conformal decomposition of the metric, the theory has two versions,
which are regularization dependent, a local one which is quartic in the dilaton field, and a nonlocal
one, with a quadratic dilaton. The nonlocal version is derived by a finite redefinition of the GB
density by an (d − 4)R2 correction before the singular d → 4 limit. In the local version we show
how the independent dynamics of the metric and of the dilaton are interwinded by a classical trace
identity. Three- gravitational wave interactions are derived in the nonlocal Einstein Gauss-Bonnet
(EGB) theory, obtained by combining the Einstein action with the topological GB action. The GB
interactions of the nonlocal theory, on the other end, are determined by vertices satisfying classical
Ward identities that we investigate at cubic and quartic level both in the 4d singular limit and in
general, for Lovelock actions.

I. INTRODUCTION

The search for modifications of Einstein’s theory of
General Relativity (GR) that may explain important
phenomenological aspects of current cosmology, such
as inflation and dark energy, follows several directions.
One of them, traditionally, contemplates the inclusion
of extra scalar fields into the theory. Such a role is
taken by a scalar that drives the metric inflation and
couples to all of matter present around the Planck
scale, finally decaying into the spectrum of particles,
parents of the Standard Model ones. Another mod-
ification is the inclusion of a cosmological constant,
which fits very well the CMB data within the ΛCDM
model, but underscores a huge hierarchy problem.
An interesting class of modified cosmologies are those
that include higher powers of the curvature of space-
time, the Riemann tensor, but in a form in which no
dimensionfull coupling is present in the action and ex-
hibiting equations of motion of the second order, as for
the Einstein-Hilbert (EH) action.
A nice example of these is the Einstein Gauss-Bonnet
(EGB) theory at finite GB coupling, which would be
ideal for the study of some of these phenomena, were it
not that, in four dimensions, the theory is topological.
In string theory in d = 10 such quadratic corrections
get combined in the GB term only in the heterotic case
[1]. It was observed that they are deprived of double
poles, generated by the second functional derivative
of this term (

√
gE(2))µνρσ, from the quadratic metric

fluctuations around flat space (∼ O(h2)) [2].
We recall that topological contributions in the form of
either the Einstein-Hilbert (EH) action at d = 2

VEH(g, d) ≡ µε
∫
ddx
√
gR, (I.1)

ε = d− 2, or the Gauss Bonnet action (GB) at d = 4,
define evanescent terms in the equations of motion of
gravity. In d = 2 the EH action itself is metric inde-
pendent.
Evanescent terms can be turned into dynamical con-
tributions by performing a singular limit on the corre-
sponding coupling constant, which are dimensionless.
This features is commonly present and held into ac-
count in the context of conformal anomaly actions,
but recently it has been reproposed in a purely clas-
sical context[3]. In the case of d = 2, the theory is
rendered dynamical by replacing the EH action by the
regulated action [4]

S2 = lim
d→2

∫
ddx (VEH(g, d)− VEH(ḡ, d))

d− 2
(I.2)

where one introduces a conformal decomposition of
the metric

gµν = ḡµνe
2φ (I.3)

in terms of a dilaton (Weyl) factor φ and a fiducial
metric ḡ, that amounts to a subtraction. The limiting
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procedure allows to generate special forms of dilaton
gravities, which are closely related to the Weyl vari-
ant sector of a conformal anomaly action, and are of
Horndeski type.
Eq. (I.2) identifies the ordinary Wess-Zumino (WZ)
form of the action. A variant of the subtraction per-
formed either in d dimensions - as in (I.2) - or at d = 4
allows to include extra - Weyl invariant - terms. In
d = 2 a similar arbitrariness allows to characterize
the difference between topological and non topologi-
cal anomalies, or anomalies of types A and B [5].
In the case of the 4d GB theory the coupling, gs(d),
becomes singular as d→ 4 and requires a subtraction.
The result is a finite, nontopological action, whose
structure depends on the subtraction. The method,
well-known both in the case of 2-D gravity and of con-
formal anomaly actions [6–10], where the same pro-
cedure is applied to the counterterms in the dimen-
sional regularization (DR) of the theory, has recently
regained significant attention, for offering, possibly, a
way to evade Lovelock’ s theorem [11] in a purely clas-
sical framework [3].
The limit is purely geometrical, but induces additional
scales, and borrows its features from dimensional reg-
ularization (DR). It is unrelated to the regularization
of some quantum corrections, as is the case of the
conformal anomaly action, derived by integrating out
a conformal matter sector, but it opens the way to
new interesting developments.
Lovelock’s theorem states that, at d = 4, the only
gravitational action that generates second order equa-
tions of motion is the EH action, plus a cosmological
constant

SEH =

∫
ddx
√
g(M2

PR+ 2Λ). (I.4)

Its generalization to higher dimensions takes the form
[11]

L(n) =
n!

2n/2
δ[µ1
ν1 · · · δ

µn]
νn R ν1ν2

µ1µ2
R ν3ν4
µ3µ4

· · ·

· · ·R νn−1νn
µn−1µn

, n = 0, 2, 4, . . . . (I.5)

n = 0 identifies the cosmological constant, n = 2
the EH action and n = 4 the GB density. Given
the antisymmetrization present in its definition, this is
nonzero only in specific dimensions. Once the indices
are contracted, the resulting density and its coordi-
nate dependence can be extended to any dimension.
The reduction of the action to the topological dimen-
sion d = 4 for E (E4) is investigated by an embedding
of the metric into the extra (d− 4) dimensions, a pro-
cedure which is not unique [12]. The case n = 4, with

d = 4, defines the GB density

VE(g, d) ≡µε
∫

ddx
√
−g E, (I.6)

where µ is a renormalization scale and E is the inte-
grated Euler-Poincarè density

E = R2 − 4RµνRµν +RµνρσRµνρσ, (I.7)

whose inclusion modifies the EH action just by bound-
ary contributions, since in an ordinary EGB theory

SEGB = SEH + gsVE , (I.8)

the GB term is evanescent at d = 4. Its contribution
to the gravitational equation of motion

1

κ

(
Rµν −

1

2
gµνR+ Λ0gµν

)
+gs(VE(d))µν = 0, (I.9)

explicitly given by

V µνE ≡ δVE
δgµν

=
√
−g
(

1

2
gµνE4 − 2RµαβγRναβγ+

4RµαRνα + 4RµανβRαβ − 2RRµν
)

(I.10)

vanishes at d = 4 if we use (I.7). In d > 4, VE is
not a boundary term, and is indeed contemplated by
Lovelock’ s theorem as a possible modification of the
EH action (see [13, 14]) We are going to investigate
the conformal constraints associated with this term in
d dimensions, that have not been investigated before.
A similar singular limit can be performed at d = 6 for
the topological invariant E6, cubic in the curvature,
extending the strategy discussed in this work. As we
have already discussed in the introduction, such con-
straints are a natural consequence of the role played
by such terms in the context of conformal anomaly
actions in every even dimensions.
As mentioned, when expanded around a flat spacetime
gµν = ηµν +κhµν , the operators of highest derivatives
( 2) of the GB action, contributing to the quadratic
term in the action (h 2h), cancel out, showing that
the theory is free of ghosts. We recall that at quadratic
order, the contribution to an action containing the
Riemann tensor and its contractions, with arbitrary
combinations, is affected by a propagator with double
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poles in the form∫
dd
√
g
(
(Rµνρσ)2 + a1(Rµν)2 + a2R

2
)

=

1

4

∫
ddx
√
g
(
(a1 + 4)hµν

2hµν + (a2 − 1)h 2h
)

+

O(h3) (I.11)

that vanish if a1 and a2 are chosen to reproduce the
Euler-Poincarè density.
For general metric background, the analysis of the be-
haviour of such actions can be performed starting from
as conformal decomposition

gµν = ḡµνe
2φ (I.12)

and eliminating on-shell the dilaton using its expres-
sion in terms of the entire metric g. The theory be-
comes nonlocal if the dilaton is removed from the spec-
trum, as suggested for the conformal anomaly action
in [15]. One relies on integrable conformal decomposi-
tions, such as the one discussed in [16], recently inves-
tigated in connection with the perturbative hierarchy
of the conformal Ward identities for a specific 4-point
function in [17]. Different nonlocal forms of such ac-
tions are possible, which differ - rather nontrivially- by
different possible inclusions of Weyl invariant terms.
As in the d = 2 case, in order to bring the dynamics
of VE down to d = 4 from d > 4, bypassing its evanes-
cence, one can perform a similar singular rescaling of
the coupling

gsVE → gs(d)VE gs(d) ≡ gsµ
ε

d− 4
(I.13)

in order to remodulate gsVE as a 0/0 contribution.
Obviously, the definition of the 4d, (d = 4) singu-
lar limit of the GB theory, requires a specific com-
pactification, which depends on the underlying geom-
etry and is, in general, affected by extra Kaluza-Klein
modes. We are essentially performing an infinite cou-
pling limit (gs → gs(d)) on the GB term, as we ap-
proach the dimension at which the GB contribution is
topological.
These variant should be seen as classical modifications
of the EH action that resolve the evanescence of a cer-
tain topological term.
In the Lovelock’s classification of pure gravity theories
yielding equations of motion of second order, this pro-
cedure is not contemplated and is essentially new. It
can be performed in any even dimension in which these
topological terms are defined, starting with d = 2. In
this work we are going to provide the expression of the
nonlocal EGB action expanded up to quartic order (4-
graviton vertex) in the fluctuations around a classical

metric background.
The result is derived elaborating on various previous
analysis of the conformal anomaly actions, adapted
and simplified for 4d EGB theories. Notice that
the conformal Ward identities (CWIs) derived for the
SWZ theory carry the same structure of the anoma-
lous CWIs characterizing the quantum anomaly action
[18], where vertices of the VE term, obtained by differ-
entiating this functional, are constrained by the fun-
damental symmetries. The main difference between a
classical and a quantum approach lays in the fact the
constraints obtained by the procedure either apply to
classical vertices - for 4d EGB theories - or to quan-
tum averages of correlation functions if the analysis is
performed in a quantum context. In this second case,
the classical action in the functional integral So(χi, g),
where the χi’s are generic conformal field, is decom-
posed in terms of the two components ḡ and φ, corre-
sponding to the fiducial metric and the dilaton field.
A similar decomposition can be introduced for the GB
term, with equations of motion that are constrained
by the "anomaly" of VE , which is Weyl non-invariant
for general d.

A. Singular rescalings and finite subtractions

The singular rescaling of the coupling can be applied
to any topological term, such as E4, E6 and so on. In
practice, the method is sufficient in order to regulate
the 0/0 limit of the d = 4 action, though the result,
as we have mentioned, depends on the geometry of
the compactification. In practical terms, the resulting
actions are usually simplified, by neglecting the
dependence of the metric on the extra coordinates.
This is a procedure that, even if not stated explicitly
in the literature, is essentially based on dimensional
reduction (DRed), in the form described in [12].
Conformal anomaly effective actions, to which 4d
GB models are related, are derived by a similar
procedure, applied to the GB (VE) and the Weyl
tensor squared (VC2) counterterms. The latter, in
this case, is unnecessary.
The topological evanescence of the VE contribution
is lifted by the procedure, but some ambiguities are
encountered, due to the non-unique choice of the
background metric against which VE is calculated,
which remains an indetermination of the method.
The derivation of the geometric affective action
depends on the specific choice of the fiducial metric
and of the subtraction term, here identified in the
form of a Wess-Zumino action [19] via a conformal
decomposition, although other subtractions are
possible. A discussion of this point can be found in

3



[12].
The regularization of the action that results from
(I.13) is not uniquely defined, since the DRed pro-
cedure is naturally affected by an integration cutoff.
The singular limit of the GB term is investigated by a
Weyl rescaling of this term in d 6= 4, which introduces
a dilaton in the spectrum, and the ε = d − 4 → 0
expansion is performed afterwards, accompanied by
the DRed procedure. We will be reviewing this point
in the next section.

B. Content of this work

The goal of our work is to identify the constraints sat-
isfied by the classical vertices of the theory, obtained
by removing the dilaton from the spectrum, and re-
sorting to a nonlocal description of the 4d GB theory.
The local version of such theory, which is given by
dilaton gravity, therefore, is replaced by a nonlocal
theory when a finite (classical) renormalization of the
GB interaction, proportional to an R2 term, is added
to the usual GB action, which is allowed by the singu-
lar limit. We identify the constraints satisfied by the
vertices of such nonlocal action once its expression is
expanded around flat space. These correspond to a set
of Ward identities which are naturally satisfied by the
Weyl-variant part of a renormalized anomaly action,
due to the similarity between such action, which de-
scribes the Weyl/conformal anomaly, and the 4d EGB
theory. We provide a description of such vertices up to
quartic order in the fluctuations around a flat back-
ground. The conformal constraints satisfied by the
vertex derived from VE(g, d) are valid in d dimension
due to the fact that Weyl variation of this term is ex-
actly linear in (d − 4). For d = 4 the evanescence of
the term, as already pointed out, is removed by the
inclusion of a subtraction, corresponding to a classi-
cal renormalization, and the conformal constraints re-
main valid once we replace VE(g, d) by the regulated
vertex V̂ ′E , which describes the WZ form of the ac-
tion.
Section 4 contains a first principle discussion of the
constraints on the equations of motion found for a con-
formal decomposition in the previous literature, show-
ing that they are a rigorous consequence of symmetry
(II.1) that is broken by the subtraction term in the
definition of V̂ ′E . Also in this case, the corresponding
constraint, given in (IV.1), is naturally borrowed from
the case of the conformal anomaly actions [12].

II. THE LOCAL EGB THEORY AND THE
NONLOCAL ACTION

The correctly regulated theory takes the form of a
Wess-Zumino (WZ) action, which depends on the reg-
ularization procedure and the treatment of the dila-
tonic field (φ). The 0/0 regularization follows closely
the 2D case, where the Einstein-Hilbert term is also
topological, and the limit is performed by redefining
the coupling as α→ α/(d− 2).
In general, dilaton effective actions may contain solu-
tions with the conformal factor that need to be sta-
bilized around a certain scale f . Such a scale is the
conformal breaking scale. The scale (f) is required in
order to redefine the dimensionless conformal factor
of the metric g in the conformal decomposition (II.1).
The local shift symmetry, which allows to identify a
fiducial metric and the dilaton field, via the transfor-
mation

φ→ φ− σ, ḡµν → ḡµνe
2σ (II.1)

with σ = σ(x), is indeed broken by the regularization
of the Lagrangian in the 0/0 limit. This issue is not
present in the nonlocal action, since φ can be elimi-
nated in terms of the entire metric, but, as we have
already mentioned, one needs to perform an additional
finite renormalization of the action in order to reduce
the equations of motion for φ to a linear form.
A EGB theory is not uniquely defined in such a singu-
lar limit, due to several issues, related to the selection
of the background metric and to the regularization
procedure that it is invoked. The VE (GB) term can
be expanded around d = 4 in several ways. One pos-
sibility is defined by the ordinary DR-like procedure

1

ε
VE(g, d) =

µε

ε

(
VE(g, 4) + εV ′E(g, 4) +O(ε2)

)
,

(II.2)
in terms of a single metric g, implicitly defining the
GB part of the EGB action in the form

V ′E =
1

ε
(VE(g, d)− VE(g, 4)) . (II.3)

Note that the subtraction term VE(g, 4) obviously
does not contribute to the dynamics, for being topo-
logical, and amounts just to a constant being added
to the action, since

VE(4) =

∫
d4x
√
gE = 4πχ0(M), (II.4)

where χ0(M) is the Euler-Poincarè characteristic of a
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manifold M . Therefore, the evanescence of the GB
contribution VE is related to the fact that at d = 4 its
variation is zero, together with all the classical vertices
derived from its functional differentiation

V µ1ν1...µnνn
E =

δnVE(4)

δgµ1ν1 . . . δgµnνn

. (II.5)

The finiteness of the contributions generated by the
renormalized vertices 1/εV µ1ν1...µnνn

E (d) is therefore
related to the O(ε) behaviour of (II.5) as ε→ 0, as we
will discuss next. This generates a finite EGB theory
of the form

SEGB = SEH + V ′E , (II.6)

where V ′E is bound to satisfy the constraint

δ

δφ
V ′E =

√
gE, (II.7)

as recognized in the conformal anomaly effective ac-
tion. Alternatively, the finite action could be defined
in the Wess-Zumino (WZ) form

SWZ ≡ V̂ ′E = lim
d→4

1

ε

(
VE(ḡe2φ, d)− VE(ḡ, d)

)
(II.8)

that differs from (II.3) by Weyl invariant terms

SEGB = SE.H + SWZ . (II.9)

The different EGB actions that can be generated in
the d→ 4 limit are all associated with the treatement
of the VE term, a procedure that should be completely
defined in DR and with the choice of a specific fidu-
cial metric ḡ. This would correspond to the choice of
a specific scheme, as usually done in Minkowski space.
Note that contracting (I.10) with 2gµν gives the rela-
tion

2gµν
δ

δgµν

∫
ddy
√
−gE(y) = ε

√
gE(x), (II.10)

which is at the core of (II.7), since the subtraction
term VE(ḡ, d) is Weyl independent. Such subtraction
is essential in order to generate a 0/0 limit of the topo-
logical term and obtain, henceforth, a finite action.
This Weyl variation is an exact property of the VE
terms, therefore valid to all orders in ε. We will come
back to it in a next section, when discussing its impli-
cation in the context of Lovelock theory.

Its identification proceeds using the scaling relation

√
−gE =

√
ḡe(d−4)φ

{
Ē + (d− 3)∇̄µJ̄µ(ḡ, φ)+

(d− 3)(d− 4)K̄(ḡ, φ)

}
, (II.11)

where we have defined

J̄µ(ḡ, φ) = 8R̄µν∇̄νφ− 4R̄∇̄µφ+

4(d− 2)(∇̄µφ ¯ φ− ∇̄µ∇̄νφ∇̄νφ+ ∇̄µφ∇̄λφ∇̄λφ),
(II.12)

K̄(ḡ, φ) = 4R̄µν∇̄µφ∇̄νφ− 2R̄∇̄λφ∇̄λφ+

4(d− 2) ¯ φ∇̄λφ∇̄λφ+ (d− 1)(d− 2)(∇̄λφ∇̄λφ)2,
(II.13)

that allows to perform the expansion in ε of the form

VE(g, d) =

∫
ddx
√
ḡ
(
Ē + ∇̄M J̄M

)
+

ε

∫
ddx
√
ḡφ
(
Ē + ∇̄M J̄M

)
+ ε

∫
ddx
√
ḡK. (II.14)

The scheme dependence of the regularization comes
as a last step, when the integrals present in (II.36)
are reduced to d = 4 from general d dimensions. This
can can be obtained by introducing a cutoff (L) in the
extra dimensions in the form

1
d−4VE(g, d) = 1

ε (Lµ)
ε ∫

d4x
√
−g 4Ē +

+ (Lµ)
ε ∫

d4x
√
−g

[
φ4Ē − (4Gµν(∇̄µφ∇̄νφ) +

2(∇λφ∇λφ)2 + 4 φ∇λφ∇λφ)
]
, (II.15)

where all the terms in the integrands are 4-
dimensional and L is a space cutoff in the d − 4 ex-
tra dimensions. Lε is the volume of the extra space.
Taking the ε → 0 limit and the conformal separation
gµν = ḡµνe

2φ for the fiducial metric, we finally derive
the expressions

V̂ ′E(g, φ) ≡ SWZ =
1

ε
(VE(g, d)− VE(ḡ, d)) =∫

d4x
√
−g
[
φ4E − (4Gµν(∇̄µφ∇̄νφ) + 2(∇λφ∇λφ)2+

4 φ∇λφ∇λφ)
]
. (II.16)

It is easy to show that the use of the regularization
in the form given above, by subtracting VE(ḡ, d) in d
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dimensions - rather than at d = 4 -
The local action given above is quartic in φ, and its
structure depends on the chosen fiducial metric.
In summary, it is possible to define a consistent proce-
dure for the extraction of the effective action at d = 4,
from the singular limit of a topological term. The
approach can be performed in d dimensions by a 1)
rescaling of of the topological density using (II.11),
with a metric which is d-dimensional. This implies,
obviously, that the dilaton field carries dependence on
the extra dimensions. At the last stage, 2) we dimen-
sionally reduce the fields, by allowing only the zero
mode of φ to survive the compactification procedure,
while the extra components of the metric are assumed
to be flat. The cutoff L in the size of the extra dimen-
sions is introduced in order to guarantee the conver-
gence of the integral VE in the d → 4 limit. Finally,
3) we subtract the same term expressed only in terns
of the fiducial metric, performing the limit.
As shown above, the subtraction can be performed
either as in (II.3) or as in (II.8), the difference be-
tween the two being given by Weyl invariant terms,
described in [12]. The SWZ action, which identifies a
contribution that we have also called V̂ ′E in (II.8), will
define our starting action.

A. The 4d EGB + R2 theory

One may proceed by introducing a finite renormal-
ization/extension of the topological term, in order to
derive a different version of SWZ , which is quadratic
in φ, rather than quartic, as given by (IV.1). This is
obtained by extending the topological term at O(ε) in
the form

Eext = E4 + ε
R2

2(d− 1)2
(II.17)

and the singular limit performed on the functional

ṼE =

∫
ddx
√
gEext. (II.18)

The effective action is then defined similarly to (IV.1),
with SWZ in (II.16) now redefined by the inclusion of
(II.17)

S̃WZ
E =

1

ε

(
ṼE(ḡe2φ, d)− ṼE(ḡ, d)

)
(II.19)

induced by this additional finite modification of the
action.

A direct computation, using the rescaling formula for
R2

√
gR2 =

√
ḡeεφ

(
R̄− 2(d− 1) ¯ φ−

(d− 1)(d− 2)∇̄λφ∇̄λφ
)2)

(II.20)

gives, after an expansion at O(ε)

1

ε

∫
ddx
√
gEext =

1

ε

∫
d4x
√
ḡ

(
Ē + ∇̄ · J̄

)
+∫

d4x
√
ḡφ

(
Ē + ∇̄ · J̄

)
+

∫
d4x
√
ḡ

(
K̄ +

1

2(d− 1)2

[
R̄− 2(d− 1) ¯ φ−

(d− 1)(d− 2)∇̄λφ∇̄λφ
]2)

.

(II.21)

The expression can be simplified by some integration
by parts and the omission of boundary terms. Explic-
itly, one uses

φ∇̄ · J̄ = −8R̄µν∇̄µφ∇̄νφ+ 4R̄∇̄µφ∇̄µφ−
4(d− 2)∇̄µφ∇̄µφ ¯ φ+ 4(d− 2)∇̄µ∇̄νφ∇̄νφ∇̄µφ
− 4(d− 2)(∇̄µ∇̄µφ)2 + b.t. (II.22)

and

∇̄µ∇̄νφ∇̄νφ∇̄µφ = −1

2
∇̄µφ∇̄µφ ¯ φ+ b.t. (II.23)

(where b.t. indicates the boundary terms). This gives
the modified relation

δφ

∫
ddx
√
gEext = ε

√
g(Eext −

2

d− 1
R) (II.24)

which can be used in (IV.1) to give

δ

δφ

1

ε
ṼE(gµν , d) =

√
g

(
E − 2

3
R+ ε

R2

2(d− 1)2

)
(II.25)

in (II.16), giving

δS(WZ)
GB

δφ
= α
√
g

(
E − 2

3
R

)
= α
√
ḡ

(
Ē − 2

3
¯ R̄+ 4∆̄4φ

)
. (II.26)
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Note that the redefinition of the GB density (E →
Eext) allows to reobtain a rescaling of the combination
E − 2/3 R as in d = 4

√
g
(
E− 2

3
R
)

=
√
ḡ
(
Ē− 2

3
¯ R̄+4∆̄4φ

)
, (II.27)

where ∆4 is the fourth order self-adjoint operator,
which is conformal invariant when it acts on a scalar
function of vanishing scaling dimensions

∆4 = ∇2+2Rµν∇µ∇ν−
2

3
R +

1

3
(∇µR)∇µ (II.28)

and satisfies the relation
√
−g∆4χ =

√
−ḡ ∆̄4χ, (II.29)

if χ is invariant (i.e. has scaling equal to zero) under
a Weyl transformation, giving

S(WZ)
GB = α

∫
d4x
√
−ḡ

{(
E − 2

3
¯ R

)
φ+ 2φ∆̄4φ

}
.

(II.30)
The elimination of φ can be performed quite directly.
Using the currents

J(x) = J̄(x) + 4
√
g∆4φ(x), J̄(x) ≡

√
ḡ

(
Ē − 2

3
¯ R̄

)
,

J(x) ≡ √g
(
E − 2

3
R

)
(II.31)

and the quartic Green function of ∆4

(
√
−g∆4)xD4(x, y) = δ4(x, y). (II.32)

We can invert (II.27), obtaining

φ(x) =
1

4

∫
d4y D4(x, y)(J(y)− J̄(y)). (II.33)

The expression of φ in terms of the entire metric g is
what defines a conformal decomposition of the metric,
which in this case is integrable, in the sense that we
can express φ covariantly.
SWZ can be obtained by solving the equation

δS(GB)
WZ

δφ
= J, (II.34)

clearly identified in the form

SWZ =

∫
d4x
√
ḡ
(
J̄φ+ 2φ∆4φ

)
. (II.35)

At this stage it is just matter of inserting the on-shell
expression of φ (II.33) into this equation to obtain the

WZ action, in the form

SWZ = Sanom(g)− Sanom(ḡ), (II.36)

with

Sanom(g) =
1

8

∫
d4xd4yJ(x)D4(x, y)J(y), (II.37)

and a similar expression for Sanom(ḡ). Using the ex-
plicit expression of φ, and including the contribution
from the rescaled C2 term, we finally find the nonlocal
and covariant anomaly effective action as

Sanom(g) =
1

8

∫
d4x
√
−gx

(
E − 2

3
R

)
x∫

d4x′
√
−gx′ D4(x, x′)

[
b′

2

(
E − 2

3
R

)]
x′
.

(II.38)

III. CONSTRAINTS ON VE IN d
DIMENSIONS FOR LOVELOCK GRAVITY

The presence in 4d EGB of a topological term has im-
portant implications concerning the structure of such
classical contributions. This point can be understood
more clearly by discussing the role of the term gs(d)VE
in the context of the conformal anomaly effective ac-
tion [12]. This action is naturally derived from a path
integral, once we integrate out a conformal sector, and
one can show that the counterterm sector - that in
this case involves also the square of the Weyl tensor -
separately satisfies anomalous conformal Ward identi-
ties. The derivation of such identities follows a direct
pattern, that consists in writing down the conformal
anomaly action in a background metric endowed with
conformal Killing (CKVs) vectors. In this section we
illustrate the derivation of these constraints that de-
fine, in the context of the 4d GB theory, the appli-
cation of this method. This point can be understood
geometrically in the following way.
In a local free falling frame of a curved spacetime (i.e.
in tangent space), we require that a certain action is
endowed with a conformal symmetry, enlarging the
usual local Poincarè symmetry of Einstein’s theory.
Such conformal symmetry of each local frame can be
gauged in the form of a general metric that allows
CKVs. In the case of a conformal anomaly action,
the contribution coming from VE , as already men-
tioned, is paired with VC2 . The latter is the only
effective counterterm needed in order to remove the
singularity of the quantum corrections at d = 4. The
CWIs of the complete effective action get splitted into
three separate contributions: those derived from the
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renormalized quantum corrections and those associ-
ated with VE and VC2 . All the three contributions
satisfy separate conservation WIs and CWIs. Those
corresponding to the finite renormalized quantum cor-
rections, once we perform the flat spacetime limit, are
ordinary, while the other two hierarchies, related to
VE and VC2 , are anomalous. The constraints on these
functionals come from their response once we perform
a variation respect to the conformal factor φ.

We detail the derivation.
We recall that the CKVs are solutions of the equation

∇µξν +∇νξµ =
2

d
∇λξλgµν . (III.1)

To derive the CWI’s in the flat limit, we need to re-
quire that the background metric allows CKVs that
leave the . We start from the conservation of the con-
formal current∫

ddx
√
g∇µ

(
ξ(K)
ν V µνE

)
= 0, (III.2)

and, analogously, we can write∫
ddx
√
g∇µ (ξνV

µνµ1ν1
E ) = 0. (III.3)

The identity

2δµνη
λρξλ∂ρφ = 2δµνe

2φgλρξλ∂ρφ =

2δµνe
2φξλ∂λφ (III.4)

can be used in the covariant derivative

∂µξν − 2ξµ∂νφ+ ∂νξµ − 2ξν∂µφ+ 2δµνδ
λρξλ∂ρφ =

2

d
∂λξ

λe2φδµν + 2δµνe
2φξλ∂λφ (III.5)

that can be writte in the form

∂µξν − 2ξµ∂νφ+ ∂νξµ − 2ξν∂µφ =

e2φ[∂µ(e−2φξν) + ∂ν(e−2φξµ)] =

e2φ(δνλ∂µ + δµλ∂ν)ξλ, (III.6)

Substituting (III.4) and (III.6) in (III.5) we get (III.1)
with the ordinary derivative replacing the covariant
ones

∂µξν + ∂νξµ =
2

d
δµν (∂ · ξ) , (III.7)

Writing explicitly the action of the covariant deriva-
tive in the previous equation and taking the flat limit,

the we obtain the constraint

0 =

∫
ddx

(
∂µξν V

µνµ1ν1
E + ξν ∂µ V

µνµ1ν1
E

)
. (III.8)

We recall that ξν satisfies the conformal Killing equa-
tion in flat space and by using this equation (III.3)
can be re-written in the form

0 =

∫
ddx

(
ξν ∂µV

µνµ1ν1
E +

1

d

(
∂ · ξ

)
δµν V

µνµ1ν1
E

)
.

(III.9)

We use in this previous expression the conservation
and trace identities for V µνµ1ν1

E , that are explicitly
given by

∂µV
µνµ1ν1
E (x, x1) =

(
δ(µ1
µ δ

ν1)
λ ∂νδ(x− x1)−

2δν(µ1δν1)
µ ∂λδ(x− x1)

)
V λµE (x),

δµνV
µνµ1ν1
E (x, x1) = 2(d− 4)

[√
−g(x)E(x)

]µ1ν1
(x1)−

2δ(x− x1)V µ1ν1
E (x) (III.10)

and the explicit expression of the Killing vector ξ(C)
ν

for the special conformal transformations

ξ(C)κ
µ = 2xκ xµ − x2δκµ

∂ · ξ(C)κ = 2d xκ
(III.11)

where κ = 1, . . . , d. By using (III.11) in the integral
(III.9), we can rewrite that expression as

0 =

∫
ddx

[(
2xκ xν − x2δκν

)
∂µ V

µνµ1ν1
E + 2xκ δµνV

µνµ1ν1
E

]
(III.12)

or

0 =

∫
ddx

[(
2xκ xν − x2δκν

)(
δ(µ1
µ δ

ν1)
λ ∂νδ(x− x1)−

2δν(µ1δν1)
µ ∂λδ(x− x1)

)
V λµE (x)

− 4xκ δ(x− x1)V µ1ν1
E (x)

]
, (III.13)
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Integrating by parts, we obtain the expression(
2d xκ1 + 2xκ1 x

µ
1

∂

∂xµ1
+ x2

1

∂

∂x1κ

)
V µ1ν1
E +

2

(
x1λ δ

µ1κ − xµ1

1 δκλ

)
V λν1E (x1)

+ 2

(
x1λ δ

ν1κ − xν11 δ
κ
λ

)
V µ1λ
E (x1) =

4(d− 4)

∫
dxxκ

[√
−g(x)E(x)

]µ1ν1
(x1) (III.14)

that are the special CWIs for V µ1ν1
E . This relation is

trivially satisfied just because V µ1ν1
E in the flat limit

vanishes. The non trivial cases arise when we con-
sider the contribution from the three graviton vertex
onwards and we have for n ≥ 3

n∑
j=1

[
2xκj

(
d+ xαj

∂

∂xαj

)
−x2

j δ
κα ∂

∂xαj

]
V µ1ν1...µnνn
E (x1, . . . , xn)+

2

n∑
j=1

(
δκµjxj α − δκαx

µj

j

)
V
µ1ν1...νjα...µnνn
E (x1, . . . , xj , . . . , xn)+

2

n∑
j=1

(
δκνjxj α − δκαx

νj
j

)
V
µ1ν1...µjα...µnνn
E (x1, . . . , xj , . . . , xn) =

2n+1(d− 4)

∫
ddxxκ

[√
−g(x)

E(x)

]µ1ν1...µnνn

(x1, . . . , xn), (III.15)

The dilatation CWI is obtained by the choice of the
CKV characterising the dilatations

ξ(D)
µ (x) = xµ, ∂ · ξ(D) = d (III.16)

and equation (III.9), for the general case, becomes

0 =

∫
ddx

{
xµ ∂νV

µνµ1ν1...µnνn
E (x, x1, . . . , xn)+

δµνV
µνµ1ν1...µnνn
E (x, x1, . . . , xn)

}
. (III.17)

Taking into account the conservation and trace iden-
tities satisfied by V µ1ν1...µnνn

E we obtain the final ex-

pressionnd+

n∑
j=1

xαj
∂

∂xαj

 V µ1ν1...µnνn
E (x1, . . . , xn) =

2n(d− 4)

∫
ddx

[√
−g(x)E(x)

]µ1ν1...µnνn
(x1, . . . , xn),

(III.18)

that is non-trivial starting from n = 3.

In momentum space these equations are written asd− n−1∑
j=1

pαj
∂

∂pαj

 V µ1ν1...µnνn
E (p1, . . . , p̄n) =

2n(d− 4)
[√
−g E

]µ1ν1...µnνn
(p1, . . . , p̄n), (III.19)

and

n−1∑
j=1

(
pκj

∂2

∂pαj ∂pjα
− 2pαj

∂

∂pαj ∂pjκ

)
V µ1ν1...µnνn
E (p1, . . . , p̄n)

+ 2

n−1∑
j=1

(
δκµj

∂

∂pj α
− δκα

∂

∂p
µj

j

)
V
µ1ν1...νjα...µnνn
E (pa, . . . , pj , . . . p̄n)

+ 2

n−1∑
j=1

(
δκνj

∂

∂pj α
− δκα

∂

∂p
νj
j

)
V
µ1ν1...µjα...µnνn
E (pa, . . . , pj , . . . p̄n)

= −2n+1(d− 4)[
∂

∂pnκ

( [√
−g E

]µ1ν1...µnνn
(p1, . . . , pn)

)]
pn=p̄n

,

(III.20)

where p̄n = −
∑n−1
i=1 pi for the conservation of the to-

tal momentum. These constraints are directly satis-
fied in d 6= 4 dimensions and are therefore typical of
Lovelock’s theories of gravity in generic d 6= 4 dimen-
sions. The equations are modified by an overall factor
both in the lhs and rhs for dimensional reasons, but
remain identical to (III.20). In the d → 4 limit the
analysis of these equations requires an accurate study
of the degeneracy of such such structures.

In the context of anomaly actions, their reduction to
d → 4 requires the inclusion of a Weyl invariant sec-
tor, which is provided by the finite quantum correc-
tions coming from the renormalized loops of graviton
vertices, which are here missing.
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A. Conservation identity at d = 4 and trace
identities at d 6= 4

The same vertex satisfies a hierarchy of of conservation
identity at d = 4 in flat space, starting from a curved
background. Trace Ward identities, instead, are valid
for this vertex at d 6= 4, as we are going to show next.
From

∇µV µνE (x)g = 0, (III.21)

expanding the covariant derivative, we obtain the re-
lation

∂ν1V
µ1ν1µ2ν2µ3ν3µ4ν4
E (x1, x2, x3, x4) =

−
[
2

(
δΓµ1

λν1
(x1)

δgµ2ν2(x2)

)
g=δ

V λν1µ2ν2µ3ν3µ4ν4
E (x1, x2, x3, x4) + (23) + (24)

]
−
[
4

(
δ2Γµ1

λν1
(x1)

δgµ2ν2(x2)δgµ3ν3(x3)

)
g=δ

V λν1E (x1, x4)+

(24) + (34)

]
, (III.22)

where(
δΓµ1

λν1
(x1)

δgµiνi(xi)

)
g=δ

=
1

2

(
δµ1(µiδνi)ν1 ∂λδx1xi

+

δµ1(µiδ
νi)
λ ∂ν1δx1xi

− δ(µi

λ δνi)ν1 ∂µ1δx1xi

)
(

δ2Γµ1

λν1
(x1)

δgµiνi(xi)δgµjνj (xj)

)
g=δ

=

− δx1xi

2
δµ1(µiδνi)ε

(
δ(µj
ε δνj)

ν1 ∂λδx1xj+

δ(µj
ε δ

νj)
λ ∂ν1δx1xj

− δ(µj

λ δνj)
ν1 ∂εδx1xj

)
+(ij), (III.23)

that in momentum space becomes

p1 ν1 V
µ1ν1µ2ν2µ3ν3µ4ν4
E (p1, p2, p3, p̄4) =

=
[
4Bµ1 µ2ν2µ3ν3

λν1
(p2, p3)V λν1µ4ν4

E (p1 + p2 + p3, p̄4)

+ (34) + (24)
]

+
[
2 Cµ1 µ2ν2

λν1
(p2)V λν1µ3ν3µ4ν4

E (p1 + p2, p3, p̄4)+

(23) + (24)
]
. (III.24)

A similar analysis can be performed for a trace iden-
tity. We simply functionally differentiate the anoma-
lous Weyl variation (II.10) multile times and tronas-
form, in this case, to momentum space, obtaining

δµ1ν1 V
µ1ν1...µnνn
E (p1, . . . , pn) =

2n−1(d− 4)
[√
−gE

]µ2ν2...µnνn
(p2, . . . , pn)

− 2

[
V µ2ν2...µnνn
E (p1 + p2, p3, . . . , pn)+

V µ2ν2...µnνn
E (p2, p1 + p3, . . . , pn) + · · ·+

V µ2ν2...µnνn
E (p2, p3, . . . , p1 + pn)

]
. (III.25)

This constraint is satisfied by all the vertices extracted
from the E4 term generated from the Lovelock action.

IV. CLASSICAL CONSTRAINTS ON THE
EQUATIONS OF MOTION IN THE LOCAL

ACTION

The constraints derived in the previous sections, as
already mentioned, are obtained by performing the
flat spacetime limit of the metric variations, without
resorting to a conformal decomposition of the metric
itself.
More general constraints are obtained if we instead
perform a conformal decomposition and vary the fidu-
cial metric and the conformal factor independently.
The separation is consistent with the fact that the
subtractions included in the definition of the WZ ac-
tion introduce a conformal scale. This separation is
scale invariant, in the sense that the resulting action
is of dimension 4 and deprived of any dimensionful
constant. These types of actions are typical of dilaton
gravities and can be modified by the addition of extra
scale invariant potentials.
In this section we investigate the consistency of the
equations of motion discussing their conservation, in
the local version of the theory. The same consistency
will be missing once we move to the nonlocal theory,
obtained by eliminating the dilaton, using the Riegert
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decomposition. As we are going to illustrate in a fi-
nal section, in that case we need to amend the action
by Weyl invariant contributions that are necessary to
derive the exact expression of the hierarchy. This, in
principle, requires an analysis of the 4T correlator,
correcting the predictions derived from the nonlocal
actions with extra Weyl-invariant terms, following an
approach that has been already discussed for a simpler
correlator, the TTJJ [17]. While this is an important
point that will be discussed elsewhere, it is possible to
obtain the correct hierarchies satisfied by the 4-point
vertices of a 4d GB theory by resorting directly to a
previous analysis of the counterterms of the same ver-
tex. This study has been presented in [18].
Coming to the local dilaton-gravity form of the limit-
ing theory, the two fields can be treated as indepen-
dent, but their equations will be linked by the con-
straints coming from the anomalous variation of the
Euler Poincarè density. For this reason, (II.16) de-
fines a dilaton gravity theory in which the trace of the
equations of motion of the gravity metric ḡ and that
of the conformal factor are related in the form(

2ḡµν
δ

δḡµν
− δ

δφ

)
S(WZ)
GB = −α

√
ḡĒ. (IV.1)

The derivation of this relation is discussed in [12].
Note that the regulated action is, separately, a func-
tional of ḡ and φ and one can use the relations

2gµν
δ

δgµν
VE(g) =

δ

δφ
VE(g) = ε

√
gE, (IV.2)

2ḡµν
δ

δḡµν
VE(ḡ) = 2gµν

δ

δgµν
VE(ḡ),= ε

√
ḡĒ (IV.3)

(using ḡµν = gµνe
−2φ) and

δ

δφ
VE(ḡ) = 0 (IV.4)

to obtain (IV.1).

It is convenient to define the two tensors

Tµν =
2√
ḡ

δSWZ

δḡµν
. (IV.5)

and

Tφ =
1√
ḡ

δSWZ

δφ
. (IV.6)

The relation can also be obtained by a direct compu-

tation using (II.16)

√
ḡTφ =

√
g

(
Ē + 8Ḡµν∇̄µφ∇̄νφ

+ 8 ¯ φ∇̄µφ∇̄µφ+ 16∇̄λ∇̄µφ∇̄λφ∇̄µφ
− 8R̄µν∇̄µφ∇̄νφ+ 8( ¯ φ)2−

8∇̄µ∇̄νφ∇̄µ∇̄νφ
)
≡
√
ḡḡµνT

µν (IV.7)

where the last equality follows from the trace of (I.10).
Rescalings in the conformal decomposition are typi-
cally of the form

R2
µνρσ = e−4φ

(
R̄2
µνρσ − 8R̄µν∆̄µν −

4R̄∇̄λφ∇̄λφ+ 4(d− 2)∆̄2
µν +

4∆̄2 + 8(d− 1)∆̄∇̄λφ∇̄λφ+

2d(d− 1)(∇̄λφ∇̄λφ)2

)
(IV.8)

and similar ones. They can be found in [12]. The
action is diffeomorphism invariant since φ transforms
as a scalar under changes of coordinates. We can use
this invariance to derive the equation satisfied by the
stress energy tensor, by varying the action with re-
spect to the fiducial metric. The Lie derivatives for
the scalar field φ and the fiducial metric ḡµν are{

δξφ = ξλ∇̄λφ
δξ ḡµν = ḡµλ∇̄νξλ + ḡνλ∇̄µξλ

. (IV.9)

giving the variation

δSWZ =

∫
ddx

(
δξφ

δ

δφ
+ δξ ḡµν

δ

δḡµν

)
SWZ

=

∫
ddx

(
ξλ∇̄λφ

δ

δφ
+ (ḡµλ∇̄νξλ + ḡνλ∇̄µξλ)

δ

δḡµν

)
SWZ

=

∫
ddxξλ

(
∇̄λφ

δ

δφ
− 2ḡµλ∇̄ν

δ

δḡµν

)
SWZ . (IV.10)

The condition to be imposed to get the invariance un-
der diffeomorphism for a generic functional such as
SWZ is(

∇̄λφ
δ

δφ
− 2ḡµλ∇̄ν

δ

δḡµν

)
SWZ = 0. (IV.11)

This relation can be verified (IV.11). From now to
the rest we will omit the "bar" above all the tensor,
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derivatives ecc. The first variation gives

∇λφ
δ

δφ
SWZ = ∇λφ

[
E + 8Gµν∇µ∇νφ+

8 φ∇µφ∇µφ+ 16∇λ∇µφ∇λφ∇µφ

− 8Rµν∇µφ∇νφ+ 8( φ)2 − 8∇µ∇µφ∇µ∇νφ
]
.

(IV.12)

The second variation is given by

− 2gµλ∇ν
δ

δgµν
SWZ =

− 2gµλ∇ν
∫
d4x
√
−g δ

δgµν
(φE)

−∇λφ
[
8Gµν∇µ∇νφ+ 8 φ∇µφ∇µφ+

16∇λ∇µφ∇λφ∇µφ− 8Rµν∇µφ∇νφ

+ 8( φ)2 − 8∇µ∇µφ∇µ∇νφ
]
+

8Rλµνρ∇νφ(∇µ∇ρφ−∇ρ∇µφ). (IV.13)

Summing (IV.12) and (IV.13), recalling that
[∇µ,∇ν ]φ = 0, we finally get(

∇λφ
δ

δφ
− 2gµλ∇ν

δ

δgµν

)
SWZ = ∇λφE−

2gµλ∇ν
∫
d4x
√
−g δ

δgµν
(φE). (IV.14)

The explicit form of the second term is expressed by

− 2gµλ∇ν
∫
d4x
√
−g δ

δgµν
(φE) = −∇λφE−

4Rνµαβφ∇µRλναβ − 2Rνµαβφ∇λRνµαβ
+ 4∇µ∇νφ(∇νRλµ −∇µRλν)−
4(Rλµνα +Rλνµα)∇α∇µ∇νφ+ 4RνµαβRλ

µαβ∇νφ
+ 2φ[∇λ,∇ν ]∇νR+ 2Rλνφ∇νR. (IV.15)

The simplification of this expression requires some in-
termediate steps. Under a conformal decomposition of
the metric, we can express the Riemann tensor Rµνρσ
in terms of the Riemann tensor R̄µνρσ

Rµνρσ = R̄µνρσ + δµσ∆̄ρν − δµρ ∆̄σν + ḡνρ∆̄
µ
σσ − ḡνσ∆̄µ

ρ−
(δµρ ḡνσ − δµσ ḡνρ)∇̄λφ∇̄λφ, (IV.16)

where

∆̄µν = ∇̄µ∇̄νφ− ∇̄µφ∇̄νφ. (IV.17)

Since the space we are working in has metric gµν ,
Bianchi Identities are not granted for R̄µνρσ. The first
Bianchi identity reads

Rµνρσ +Rµρσν +Rµσνρ = 0, (IV.18)

hence by using (IV.16) we get

R̄µνρσ + R̄µρσν + R̄µσνρ + δµσ∆̄ρν − δµρ ∆̄σν+

ḡνρ∆̄
µ
σσ − ḡνσ∆̄µ

ρ + δµν ∆̄σρ − δµσ∆̄νρ+

ḡρσ∆̄µ
νν − ḡρν∆̄µ

σ + δµρ ∆̄νσ − δµν ∆̄ρσ+

ḡσν∆̄µ
ρρ− ḡσρ∆̄µ

ν − (δµρ ḡνσ − δµσ ḡνρ+
δµν ḡσρ − δµρ ḡσν + δµσ ḡρν−
δµν ḡρσ)∇̄λφ∇̄λφ = 0. (IV.19)

Invoking symmetry of ḡµν and ∆̄µν we can cancel out
all the terms involving φ and obtain the Bianchi Iden-
tities of the fiducial Riemann tensor

R̄µνρσ + R̄µρσν + R̄µσνρ = 0. (IV.20)

Thanks to the above equation, using the Bianchi Iden-
tities, the property of the Riemann tensor and

[∇ν ,∇µ]V ρ = RρσµνV
σ, (IV.21)

it is quite easy to show (IV.11). A similar computation
can be performed to derive (IV.1) from (II.16).
It is quite obvious that the singular procedure that
takes to a regulated 4d EGB action is consistent. This
analysis becomes rather nontrivial as the dilaton is
removed from the spectrum. As already mentioned, in
that case the nonlocal action needs to be amended by
extra terms. This will occur at the level of the classical
4-graviton vertex. The 3-graviton vertex, instead, can
be handled directly with the nonlocal action. Results
of this analysis are given below.

V. 3- AND 4-WAVE INTERACTION IN THE
NONLOCAL THEORY

The nonlocal structure of the 4d EGB theory results
from an iterative solution of the equations of motion
in which the dilaton is expressed in terms of the full
original metric g, as shown in [20]. One can rewrite
the nonlocal action in the form

Sanom(g, ϕ) ≡ −1

2

∫
d4x
√
−g
[
( ϕ)2 −

2
(
Rµν − 1

3Rg
µν
)
(∇µϕ)(∇νϕ)

]
+

1

2

∫
d4x
√
−g

[(
E − 2

3 R
)]
ϕ, (V.1)

12



that can be varied with respect to φ, giving

√
−g∆4 ϕ =

√
−g
[
E

2
− R

3

]
. (V.2)

Three-wave interactions can be derived by expanding
perturbatively in the metric fluctuations in the form

gµν = g
(0)
µν + g

(1)
µν + g

(2)
µν + · · · ≡

ηµν + hµν + h
(2)
µν + . . . (V.3a)

ϕ = ϕ(0) + ϕ(1) + ϕ(2) + . . . (V.3b)

The expansion above should be interpreted as a col-
lection of terms generated by setting

gµν = δµν + κhµν (V.4)

having reinstated the coupling expansion κ, with h
of mass-dimension one, and collecting all the higher
order terms in the functional expansion of (V.1) of
the order h2, h3 and so on. A similar expansion holds
for ϕ if we redefine ϕ(1) = κϕ̄(1), ϕ(2) = κ2ϕ̄(2) and so
on. At cubic level the vertex is given by

S(3)
anom =− b′

18

∫
d4x

{
R(1) 1 (√−g 2

)(1) 1
R(1)

}
+

b′

9

∫
d4x

{
∂µR

(1) 1
(
R(1)µν− 1

3
ηµνR(1)

)
1
∂νR

(1)

}
− 1

6

∫
d4x

(
b′E(2)

)
1
R(1)+

b′

9

∫
d4xR(1) 1 (√−g )(1)

R(1) +
b′

9

∫
d4xR(2)R(1)

(V.5)

where the suffixes (1), (2) denote the order of the ex-
pansion in the fluctuations around flat space (gµν =
δµν + hµν). From (V.5) we can extract the expres-
sions of the classical 3-wave gravitational interactions
in this effective theory by differentiating three times
with respect to hµν .

A. 3-wave interactions in momentum space

The GB term in the equations of motion induces in-
teractions of higher orders exhibiting specific features,
that we are going to identify in this and in the next
section. Obviously, cubic and quartic interactions
share close similarities with those identified in the
nonlocal anomaly action, since they are obtained from
those by some direct modifications. At cubic level, the
most convenient way to organize such contributions is
to transform the expressions to momentum space. For

this purpose, we define

∫
d4x e−ip·xR

(1)
µανβ(x) ≡

[
R

(1)
µανβ

]µ1ν1
(p) h̃µ1ν1(p)

(V.6)
for the linear expansion of the Ricci tensor

R
(1)
µανβ =

1

2

{
−∂α∂βhµν−∂µ∂νhαβ+∂α∂νhβµ+∂β∂µhαν

}
,

(V.7)
which in momentum space becomes[
R

(1)
µανβ

]µ1ν1
(p) =

1

2

{
δ(µ1
α δν1)β pµ pν + δ(µ1

µ δν1)
ν pα pβ−

δβ
(µ1 δν1)

µ pα pν − δ(µ1
α δν1)

ν pβ pµ

}
. (V.8)

We also require the squared contractions[
R

(1)
µανβR

(1)µανβ
]µ1ν1µ2ν2

(p1, p2) ≡[
R

(1)
µανβ

]µ1ν1
(p1)

[
R(1)µανβ

]µ2ν2
(p2) =

(p1 · p2)2 ηµ1(µ2ην2)ν1 − 2 (p1 · p2) p1
(µ2ην2)(ν1p2

µ1)+

pµ2

1 pν21 pµ1

2 pν12 (V.9)

and[
R(1)
µνR

(1)µν
]µ1ν1µ2ν2

(p1, p2) ≡
[
R(1)
µν

]µ1ν1
(p1)

[
R(1)µν

]µ2ν2
(p2) =

1

4
p2

1

(
pµ1

2 pν12 ηµ2ν2 − 2 p2
(µ1ην1)(ν2p2

µ2)
)

+

1

4
p2

2

(
pµ2

1 pν21 ηµ1ν1 − 2 p1
(µ1ην1)(ν2p1

µ2)
)

+

1

4
p2

1 p
2
2 η

µ1(µ2ην2)ν1+

1

4
(p1 · p2)2 ηµ1ν1ηµ2ν2 +

1

2
p

(µ1

1 p
ν1)
2 p

(µ2

1 p
ν2)
2 +

1

2
(p1 · p2)

(
p1

(µ1 ην1)(ν2p2
µ2) − ηµ1ν1 p

(µ2

1 p
ν2)
2 −

ηµ2ν2 p
(µ1

1 p
ν1)
2

)
. (V.10)

We also use the expressions[
(R(1))2

]µ1ν1µ2ν2
(p1, p2) ≡[

R(1)
]µ1ν1

(p1)
[
R(1)

]µ2ν2
(p2) =

p2
1 p

2
2 π

µ1ν1(p1)πµ2ν2(p2), (V.11)

and re-express the third order classical vertices of the
GBs action and its contribution S3 to the three-point

13



correlator in momentum space in the form

Sµ1ν1µ2ν2µ3ν3
3 (p1, p2, p3) =

8

3
α
{
πµ1ν1(p1)[

E(2)
]µ2ν2µ3ν3

(p2, p3) + (cyclic)
}

− 16α

9

{
πµ1ν1(p1)Qµ2ν2(p1, p2, p3)πµ3ν3(p3)

+ (cyclic)
}

+
16α

27
πµ1ν1(p1)πµ2ν2(p2)πµ3ν3(p3){

p2
3 p1 · p2 + (cyclic)

}
, (V.12)

where we have defined

πµν(p) ≡ δµν − pµpν

p2
, (V.13)

and

Qµ2ν2(p1, p2, p3) ≡ p1µ [Rµν ]µ2ν2(p2) p3ν =

1

2

{
(p1 · p2)(p2 · p3) δµ2ν2 + p2

2 p
(µ2

1 p
ν2)
3 −

(p2 · p3) p
(µ2

1 p
ν2)
2 − (p1 · p2) p

(µ2

2 p
ν2)
3

}
. (V.14)

We have defined with[
E(2)

]µiνiµjνj
=
[
R

(1)
µανβR

(1)µανβ
]µiνiµjνj

− 4
[
R(1)
µνR

(1)µν
]µiνiµjνj

+
[(
R(1)

)2]µiνiµjνj (V.15)

the second functional derivative of the topological den-
sity in flat space, after Fourier transform. One can
check that

δα1β1
Sα1β1µ2ν2µ3ν3

3 (p1, p2, p3)
∣∣∣
p3=−(p1+p2)

=

8α
[
E(2)

]µ2ν2µ3ν3
(p2, p3), (V.16)

together with the conservation identities

p2µ2
Qµ2ν2(p1, p2, p3) = 0 (V.17a)

p2µ2

[
E(2)

]µ2ν2µ3ν3
(p2, p3) = 0. (V.17b)

Double tracing (V.12) of the nonlocal theory one ob-
tains

δα1β1
δα3β3

Sα1β1µ2ν2α3β3

3 (p1, p2, p3)
∣∣
p3=−(p1+p2)

=

8α δα3β3

[
E(2)

]µ2ν2α3β3
(p2, p3)

= 16αQµ2ν2(p1, p2, p3)
∣∣
p3=−(p1+p2)

+

8αp2
2

(
p2

1 + p1 · p2

)
πµ2ν2(p2). (V.18)

Notice that the expression above is purely polynomial
since p2

2π
µ2ν2(p2) is a local term. Thus in the first line

FIG. 1 Mixing in three-point functions

of (V.12) we may substitute (V.16) and in the second
line use (V.18) to eliminate the Qµ2ν2 terms and its
three cyclic permutations. The triple trace gives

δα1β1δα2β2δα3β3 S
α1β1α2β2α3β3

3 (p1, p2, p3)
∣∣
p3=−(p1+p2)

=

16α
[
p2

1 p
2
2 − (p1 · p2)2

]
. (V.19)

We use these expressions to derive the structure of the
3-wave interaction in the form

Sµ1ν1µ2ν2µ3ν3
3 =

1

3
πµ1ν1(p1) δα1β1 S

α1β1µ2ν2µ3ν3
3 +

1

3
πµ2ν2(p2) δα2β2

Sµ1ν1α2β2µ3ν3
3

+
1

3
πµ3ν3(p3) δα3β3 S

µ1ν1µ2ν2α3β3

3 −
1

9
πµ1ν1(p1)πµ3ν3(p3) δα1β1

δα3β3
Sα1β1µ2ν2α3β3

3 −
1

9
πµ2ν2(p2)πµ3ν3(p3) δα2β2δα3β3 S

µ1ν1α2β2α3β3

3 −
1

9
πµ1ν1(p1)πµ2ν2(p2)δα1β1

δα2β2
Sα1β1α2β2µ3ν3

3 +

1

27
πµ1ν1(p1)πµ2ν2

2 (p2)πµ3ν3(p3) δα1β1δα2β2δα3β3

Sα1β1α2β2α3β3

3 . (V.20)

The nonlocal EGBs theory has a structure that at
trilinear level in the fluctuations, similarly to the case
of the nonlocal anomaly actions, can be depicted as
in Fig. 1. The vertex of the 3-wave is organized in
terms of longitudinal insertions of massless states on
each of the weavy lines, in a sequence of single, double
and triple insertions. The dark blob at the center
denotes the polynomial contributions coming from the
functional derivatives of the Euler-Poincarè density.
Each of the πµν projectors introduces a massless pole
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FIG. 2 Mixing in four-point functions

in momentum space, identified from the expression

πµν =
1

p2
π̂µν π̂µν =

(
δµνp2 − pµpν

)
(V.21)

which induce nonlocal corrections on each of the exter-
nal gravitational metric fluctuations hµν . This picture
gets modifed when we move to the case of 4-wave in-
teractions. In that case the nonlocal action and hence-
forth Fig. 2 does not provide the correct expression
of the vertices and one has to resort to a perturbative
expansion. While the specific features of these ver-
tices can always be obtained by brute force expansion
of the VE term, there are uncommon. For instance,
we have seen that at cubic level, the use of the expan-
sion of the classical vertex, once that we borrow the
formalism of the conformal anomaly action to inves-
tigate it, it allows us to identify the bilinear mixings
on the external wave lines that otherwise would have
been left unnoticed. The organization of the vertex in
terms of bilinear insertions is quite remarkable.

VI. 4-WAVE INTERACTIONS

The identification of the structure of the 4-wave inter-
actions is far more involved.
Defining the action

S = lim
d→4

1

(d− 4)
[VE(g, d)− VE(g, 4)] =

lim
d→4

1

(d− 4)

[∫
ddxµd−4E4 −

∫
d4xE4

]
, (VI.1)

one obtains the contribution to the 4-point function

as

Sµ1ν1µ2ν2µ3ν3µ4ν4(p1, p2, p3, p̄4) =

Sµ1ν1µ2ν2µ3ν3µ4ν4
pole (p1, p2, p3, p̄4)+

Sµ1ν1µ2ν2µ3ν3µ4ν4
0−trace (p1, p2, p3, p̄4). (VI.2)

It is worth mentioning that the subtraction in (VI.1)
is necessary to have a finite functional variation with
respect to the metric fluctuation in the limit d → 4,
as also pointed out in [21, 22]. This fact is reflected
in the presence of 0/0 piece, due to Lovelock tensor
identities, that can be eliminated once the subtraction
(VI.1) is taken into account. There is a difference in
the handling expressions such as (VI.1) and perform-
ing functional derivatives with respect to the metric if
the indices are contracted or not. For instance, a dif-
ferentiation with respect to the φ can commute with
the limit, and indeed reproduces the anomaly contri-
bution, but a differentiation with open indices, fol-
lowed by the flat Minkowski limit g → δ, needs spe-
cial care. It can be computed either by performing
the limit as a first step and identifying the finite ex-
pression of the functional, which is given by
In (VI.2) the zero trace part has the property

δµiνiS
µ1ν1µ2ν2µ3ν3µ4ν4
0−trace (p1, p2, p3, p̄4) = 0,

i = 1, 2, 3, 4, (VI.3)

and it is explicitly written as

Sµ1ν1µ2ν2µ3ν3µ4ν4(p1, p2, p3, p̄4)0−trace =

=

{
Iµ1ν1
α1

(p1)Iµ2ν2
α2

(p2)Iµ3ν3
α3

(p3)

Iµ4ν4
α4

(p4) p1β1
p2β2

p3β3
p4β4

+

[
Πµ1ν1
α1β1

(p1)Iµ2ν2
α2

(p2)Iµ3ν3
α3

(p3)

Iµ4ν4
α4

(p4) p2β2
p3β3

p4β4
+ (perm.)

]
+

[
Πµ1ν1
α1β1

(p1)Πµ2ν2
α2β2

(p2)Iµ3ν3
α3

(p3)

Iµ4ν4
α4

(p4) p3β3
p4β4

+ (perm.)
]

+

[
Πµ1ν1
α1β1

(p1)Πµ2ν2
α2β2

(p2)Πµ3ν3
α3β3

(p3)

Iµ4ν4
α4

(p4) p4β4
+ (perm.)

]}
Sα1β1α2β2α3β3α4β4

4 (p1, p2, p3, p̄4), (VI.4)

where the contractions are expressed in terms of the
contribution of the third and second functional deriva-
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tives as

p1 β1
Sα1β1α2β2α3β3α4β4

4 (p1, p2, p3, p̄4) =

=
[
4Bα1 α2β2α3β3

λ1β1
(p2, p3)

Sλ1β1α4β4

2 (p1 + p2 + p3, p̄4) + (34) + (24)
]

+
[
2 Cα1 α2β2

λ1β1
(p2)

Sλ1β1α3β3α4β4

3 (p1 + p2, p3, p̄4) + (23) + (24)
]
. (VI.5)

We have defined the transverse traceless projector

Πµν
αβ =

1

2

(
πµαπ

ν
β + πµβπ

ν
α

)
− 1

d− 1
πµνπαβ , (VI.6)

and the tensor

Iµνα =
1

p2

(
pµδνα + pνδµα −

pα
d− 1

(δµν + (d− 2)
pµpν

p2

)
.

(VI.7)

On the other hand, the pole part is then explicitly
given as

Sµ1ν1µ2ν2µ3ν3µ4ν4(p1, p2, p3, p̄4)poles =

=
πµ1ν1(p1)

3
δα1β1

Sα1β1µ2ν2µ3ν3µ4ν4
4 (p1, p2, p3, p̄4)+

(perm.)− πµ1ν1(p1)

3

πµ2ν2(p2)

3
δα1β1

δα2β2

Sα1β1α2β2µ3ν3µ4ν4
4 (p1, p2, p3, p̄4) + (perm.)

+
πµ1ν1(p1)

3

πµ2ν2(p2)

3

πµ3ν3(p3)

3
δα2β2 δα1β1δα2β2δα3β3

Sα1β1α2β2α3β3µ4ν4
4 (p1, p2, p3, p̄4) + (perm.)

− πµ1ν1(p1)

3

πµ2ν2(p2)

3

πµ3ν3(p3)

3

πµ4ν4(p4)

3

δα1β1
δα2β2

δα3β3
δα4β4

Sα1β1α2β2α3β3α4β4

4 (p1, p2, p3, p̄4),
(VI.8)

where the single trace is expressed in terms of the third
functional derivative

δα1β1 S
α1β1α2β2α3β3α4β4

4 (p1, p2, p3, p4) =

8
[√
−gE

]α2β2α3β3α4β4
(p2, p3, p4)

− 2

[
Sα2β2α3β3α4β4

3 (p1 + p2, p3, p4)+

Sα2β2α3β3α4β4

3 (p2, p1 + p3, p4)+

Sα2β2α3β3α4β4

3 (p2, p3, p1 + p4)

]
, (VI.9)

and more trace involve lower orders of functional
derivatives.

VII. CONCLUSIONS

In this work we have investigated the nonlinear con-
straints emerging in a nonlocal 4d EGB theory for the
3- and 4-point classical interactions present in its fun-
damental action. They are hierarchical and directly
linked to to the topological properties of the vertex
VE and its subtracted expression V̂ ′E , valid in d 6= 4
and d = 4 dimensions respectively.
The analysis is essentially built on several previous
studies of conformal anomaly actions, that allows to
identify several nontrivial features of this specific the-
ory. Among these, the presence of bilinear mixing in
their external legs of graviton vertices and of exra,
traceless contributions, which are derived from the
decomposition of such interactions and are not pre-
dicted by the nonlocal action. in terms of transverse-
traceless, longitudinal and trace contributions.
The nonlocal version of such a theory, as pointed out,
is derived by a finite renormalization of the topolog-
ical density, that allows to remove the dilaton from
the spectrum. Three-wave interactions are naturally
derived from the nonlocal action, but the hierarchical
constraint of the four-wave interactions requires a dif-
ferent approach, given the limitations of such actions
in reproducing the correct flat spacetime limit. These
constraint are satisfied also in the case of Lovelock ac-
tions. Indeed it is possible to generalize them to cases
involving topological invariants of higher orders in the
Riemann tensors extending the approach of this work.
We hope to return to this point in future work.
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