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We elaborate on anomaly induced actions of Wess-Zumino (WZ) form and their relation to the
renormalized effective action, which is defined by an ordinary path integral over a conformal sector,
in an external gravitational background. In anomaly induced actions, the issue of scale breaking
is usually not addressed, since these actions are determined only by solving the trace anomaly
constraint and are determined by scale invariant functionals. We investigate the changes induced in
the structure of such actions once they are identified in dimensional renormalization (DR) when the
€ =d—4 — 0 limit is accompanied by the dimensional reduction (DRed) of the field dependencies.
We show that operatorial nonlocal modifications (~ [I) of the counterterms are not necessary to
justify a scale anomaly. In this case, just ordinary, finite subtractions play a critical role in the
determination of the scale breaking. This is illustrated for the WZ form of the effective action
and its WZ consistency condition, as viewed by a renormalization procedure. Log corrections from
finite subtractions are also illustrated in a pure d = 4 (cutoff) scheme. The interplay between
two renormalization schemes, one based on dimensional regularization (DR) and the second on a
cutoff in d = 4, illustrate the ambiguities of DR in handling the quantum corrections in a curved
background. Therefore, using DR in a curved background, scale and trace anomalies can both be

accounted for by counterterms that are Weyl invariant only at d = 4.

I. INTRODUCTION

The integration of a conformal sector in the early uni-
verse, is expected to carry significant implications for its
cosmological evolution, since it is responsible for the gen-
eration of corrections to Einstein’s gravity which take a
very special form. These are quadratic in the Riemann
tensor and are associated with just two specific Weyl in-
variant contributions, one of them being topological, the
Gauss-Bonnet (GB) (\/gE term), while the second one
is given by the Weyl tensor squared term (C?). Confor-
mal gravity, for example, is entirely based on such second
invariant at d = 4. These two terms are the only ones
which appear to be necessary, in order to regulate the
quantum corrections coming from a conformal sector, at
least around flat space, and to generate the trace anomaly
@ﬁ] in the presence of stress energy tensors. Correlators
of this form are at the center of our current analysis.
Perturbative computations of conformal invariant sectors
in external metric backgrounds are characterised by two
essential features: 1) the presence of a logarithmic contri-
bution involving a renormalization scale (u), carrying the
signature of broken scale invariance, and 2) pole terms
in the correlation functions associated with the trace
anomaly [4] [5,16]. Polar contributions are combined with
traceless sectors in order to define a decomposition of a
generic correlation function in terms of two parts, each
of them conserved and satisfying, respectively, ordinary
and anomalous conformal Ward identities ﬂ, é] The full
implications of the structure of the hierarchy of such con-

straints starts to emerge at the level of 4-point functions,
treated by extending the reconstruction method of E],
formulated for 3-point functions, to higher point func-
tions in momentum space [g].

Such logarithmic and non logarithmic contributions, ac-
cording to a classification that we are going to critically
review, have been at the center of several analysis. In
particular, one of the standing issues is whether logarith-
mic corrections may result from the expansion around
flat space of conformally invariant operators in d dimen-
sions generating new nonlocal conformal anomalies HE]
As shown in [7, ﬁ__ﬂ], the analysis of the effective action and
of its anomalous Weyl variation, manifest in the form of
constraints in tangent (Minkowski) space, directly linked
with the CWIs of the correlation functions, by a func-
tional expansion. This allows to address the consistency
of the effective action by a study of the correlation func-
tions and of their conformal hierarchies directly from mo-
mentum space [12, [13].

Such constraints are deemed to be necessary in order to
provide a consistent regularization of the theory in d di-
mensions. It is quite clear that if such terms induce a
scale dependence, naturally associated with a log contri-
bution, this is attributed to the renormalization proce-
dure, as one takes the flat spacetime limit.

One approach consists in using dimensional regulariza-
tion (DR), formally extended to a curved spacetime, in
such a way that, for a flat metric, one recovers the usual
version of this method in Minkowski space. However, it is
by no means guaranteed that this procedure is the most
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accurate one in the extraction of the anomaly content of
a certain theory. This is expecially true if one relies on
the assumption that the counterterms introduced in the
regularization procedure, should be manifestly Weyl in-
variant for general spacetime dimensions, and not just at
d = 4.

While the requirement that the counterterms respect the
fundamental symmetry of the action is a reasonable as-
sumption in flat space, in a general metric background
this procedure is essentially ambiguous, at least in DR,
since it requires the introduction of nonlocal operators
whose covariant expressions have so far not been identi-
fied, nor their flat spacetime limit is guaranteed to exist.
This point has been recently emphasized in B]

The background also introduces extra degrees of freedom
of the metric as part of the effective action, due to the
presence of extra dimensions. In addition, one has to per-
form a dimensional reduction (DRed) of the coordinate
dependence of the fields, which is naturally associated
with integrations regulated by extra cutoffs.

In this note we are going to investigate this issue, that il-
lustrates the clear limitations of DR in the identification
of the effective action for a curved spacetime. At the
same time, as we are going to show, the same regulariza-
tion procedure correctly accounts for all the anomalies
(scale and trace anomalies) rather naturally in d = 4,
once the (local) Weyl invariant version of such countert-
erms are used for the regularization of the quantum cor-
rections.

In this work, anomalies of type "A” and ”"B”, in the
classification of [14], with or without the generation of
scale-breaking log contributions, are naturally accounted
for by an appropriate subtraction scheme that does not
require any nonlocal operator. The regularization proce-
dure of the effective action that we introduce, differs by
finite terms from the usual Wess-Zumino form. The extra
terms involved in this regularization are Weyl invariant
and, at the same time, include a log correction only for
the C? counterterm. This defines at d = 4 an anomaly of
”"B” type. For the topological contribution such a log is
absent, since it amounts just to a constant added to the
anomaly effective action, as expected for an anomaly of
type 2 A77'

II. WEYL INVARIANCE AND DR

We start with some observations that can help to clar-
ify the point of our discussion.
Given a functional F(g) of a certain metric g, its invari-
ance under a Weyl transformation requires that after a
redefinition of the metric of the form

uv = guue2¢u (1)

where g is the fiducial metric and ¢ is the conformal
factor, the functional F' remains invariant, that is

F(g) = F(g)- (2)

Eq. () defines a conformal decomposition of the metric
g, which is left invariant by the (o) symmetry

o—=>d+o
Guw — e’ (3)

A Weyl variation of the metric is simply associated with
the active transformation

Guw = G €’ (4)

for a generic local function o(z). Notice that in the pres-
ence of a renormalization procedure such as DR, both
conditions () and @) are violated, as we are going to
elaborate below. On the other end, a functional may be
Weyl non-invariant and can still satisfy the o symmetry.
For instance, counterterms Vg, Vo2 and Vi2

Vee(g, d) Eue/ dz /=g C?,
Vie(g,d) E/f/ddwx/—gE
Viz (g, d) E/f/ dz /=g F? (5)

are such that for d # 4

1)
29#V$VE =€/gE (6)

v

- and similarly for Vg2 and Ve - (e = d — 4) and identify
components of the stress energy tensor which are Weyl
variant. However, they still respect the o symmetry for
being functionals of the complete metric g. In the expres-
sions above, variations of the metric induced by varying
the conformal factor ¢(z) are obtained using the rule

) )

56 29, Sgm (7)
where the fiducial metric is kept fixed. Once the renor-
malization procedure has singled out a specific fiducial
metric and a dilaton field, more general variations are
possible, which involve independently g and ¢, whose dy-
namics is constrained by the anomaly. In this case one
has to be careful with the use of (), since in the regular-
ization terms of O(e) are dropped, and the 4, variation
of @) is nonzero.

This procedure lays at the core of the derivation of the
usual Wess Zumino (WZ) effective action, in the confor-
mal anomaly context.

The WZ action is generated by subtracting two function-
als, one dependent on g and another one on g, that we
will call Sg in our case, the renormalized effective action.
It can be derived in DR, but subject to ambiguities which
are typical of this scheme in a curved background, since
the regularization is extended, with some difficulty, from
the flat case. For example, the traceless (Weyl invariant)



contributions, which are part of the effective action, are
ambiguous in this scheme, if one follows a straightfor-
ward renormalization procedure adapted from flat space
[15]. The result of this procedure is to identify the fidu-
cial metric and the dilaton ¢ as independent components,
that need to be varied independently in the derivation
of their equations of motion. It is also possible, in some
cases, to remove the dilaton from the spectrum, by choos-
ing a specific (integrable) conformal decomposition (see
for instance @]) In general this requires, from the point
of view of DR, a finite renormalization of the topologi-
cal term Vg [17]. A recent study of the gravity/ dilaton
background is instead in ﬂﬁ]

As discussed in ], the renormalized action can take
several forms, depending on the way we introduce the
subtractions. As just mentioned, the common one is to
perform a subtraction using the fiducial metric as a ref-
erence, which has a well-defined meaning in the context
of a renormalization procedure, but it is not the only
possible one. Omne can show that if the WZ action is
interpreted as the result of an ordinary regularization,
implemented quite similarly to flat space, there are no
logs generated in the Weyl variant part of the action.
The reason, as we are going to clarify, is that this regu-
larization misses some important Weyl invariant terms.
These are the terms that, once the DRed procedure is
kept into account, become responsible for the breaking
of scale invariance.

As we are going to show, these appear in a natural way
if the 1/(d — 4) pole subtraction, in the Weyl invariant
contributions - hereinafter referred to as Sp - is imple-
mented with respect to the same metric g instead of g,
and directly at d = 4. This subtle point can easily be
recognized by the Weyl scaling expression of the coun-
terterms, if one does not ignore the extra dependencies
of the field coordinates, with the generation of natural
cutoffs in the integration domain of the fields.

III. REVIEW OF REGULARIZATION
PROCEDURES

We are going to review the regularization procedure to
clarify this point.
For this purpose, one considers the bare effective action

o—Snle) _ / Dye—S00xa) (8)

and assume that Sy(x, g), the classical action, is confor-
mally invariant

So(e™ 2@y e27g) = So(x, 9), (9)

with A denoting the scaling dimension of x. The singu-
larities of the perturbative expansion will be encountered
as d — 4, and can be removed, for general backgrounds,
by the inclusion of three counterterms. Beside E and
C?, also the square of the field strength F? is needed.

An example is provided by a non-vanishing spin-1 ex-
ternal field. In this case the renormalized hierarchy of
the CWIs, for instance for the T'JJ - with a stress en-
ergy tensor T and two spin-1 currents J - will have a
renormalized trace Ward identity only with the inclusion
of the F?2 counterterm, since this projects on the J.J 2-
point function.

From now on we will consider only a metric g in the back-
ground and exclude external photons. In this case, the
renormalized action Sg is constructed with the inclusion
of counterterms of the form (1/¢)V, using, in this case,
only two of the three expressions in (B

e—5r0) — N / Diye—S0(a:@)+0 Ve (0.0)+62Vea (9.),

(10)
where N is a normalization constant. Here, b, b’ count the
number of massless fields involved in the loop corrections.
The counterterms remove the 1/e singularities present in
the bare effective action Sp

Ss(g,d) = —log (/ Dxe%(w)) +logN, (11)

as d — 4. Sp generates finite correlators in general di-
mensions.

The inclusion of non conformal sectors in the loop cor-
rections, in a perturbative evaluation Sg(g,d), will be
addressed in a final section section, when we will discuss
the case of the 2-point function of the T'T" correlator,
with the exchange of spin-1 matter in the loops. Also in
that case we are going to show the consistency of the DR
procedure with the inclusion of only local counterterms.

A. Finite subtractions

If we use DR as a regularization procedure, we need

to face the ambiguity inherent in the choice of the fi-
nite subtractions, which are typical of any regularization
scheme. We are going to see that such subtractions can
be responsible for the generation of a scale dependence
in the renormalized effective action, without the need of
introducing nonlocal extensions of the counterterms for
d # 4. We will argue that if the anomaly is exclusively a
4-dimensional phenomenon, such nonlocal terms appear
to be shortcomings of DR rather than consistent predic-
tions of the regulated theory. Let us now go into detail
on this point.
In general, in the definition of a WZ action, the subtrac-
tion of the singularities present in Sp generated as d — 4,
is performed with respect to a fiducial metric g. But we
may follow a slightly different approach, using only one
metric, quite closely to how DR is implemented in flat
space. First, we introduce the counterterm action

bl

b
Sy = —Vg(g,d) + EVCZ (9,d), (12)



and define the renormalized action Sgi
Sp =Sp + S, (13)

and expand the counterterms respect to the fiducial met-
ric

. v b
Sat) = tim (Sa(0.0) + LVi(0,) + Vel )

=S;+ 0 VE(g,90,4) +bV,2(g,¢,4)
(14)

where Sy is finite and

V(g.0.0) = i (1 (Vi) - V(o.0) )
(15)

Notice that the subtraction is performed respect to the
same metric g, but the residue is expanded, according
with to the DR approach in flat space, directly at d = 4.
One can easily show, however, that the subtraction can
be equally expressed in terms of the fiducial metric g, as
far as we stay at d = 4, since

V(g,4) = V(g,4) + boundary terms, (16)

that can be easily derived from the scaling relation shown
in (22)).

As pointed out in ﬂﬁ the subtraction may involve
VE(g,4), but may as well involve Vg(g,d) with d — 4,
since DR may contemplate both cases. In this second
case one replaces ([0) with

- (1 (Vilg,d) - vE<g,d>>) .o

with a renormalized effective action now rearranged in
the form

Sk =Sr4) +V VLG, b,4) + b Ve (7, 6, 4).
(18)
A similar expression is obtained by using (5

Sk = Sf(4) + 0’ Vé(§7¢74) + bVéQ(g7¢74)
(19)

Notice that both S¢(4) and S¢(4), that will be detailed
below, identify finite functionals whose expansions in the
background metric generate finite correlation functions.
They will satisfy ordinary (non anomalous) hierarchies of
CWIs. On the other end, the remaining (V’,V’) terms
generate, by functional differentiations respect to the ex-
ternal metric, satisfy hierarchies of anomalous CWIs.

For instance, the anomalous variation of Sg in ([[9)), is en-
tirely generated, in this regularization, by the remaining

terms of (I9)

Sa=Swz = V(3. 6,4)+bVia(G, b, 4) +c Vi (g, ¢, 4),
(20)

that takes a WZ form. We can conveniently rewrite it as
J dda:\/g (b’E +bC? + CFQ)
€

_/ddx\/ﬁ(b’E—l—bCQ—i-cFﬂ). o)

€

Swz(g) = lim pf (

The barred invariants are all computed in the g fiducial
metric. The ¢ dependence of the previous equation be-
comes explicit by the scaling relations

— el 4>¢{E+<d 3)9,.7(2. 9)

VuJ

+Hd=3)d- DK (.0, (22)

where we have defined

JH(g,6) = SRV, — ARVM 6 — 4(d — 2) (V¥ ¢l —
VENVY $V ¢ + VOV AV 0), (23)
and

K (g, ¢) = 4R"'V ,¢V ¢ — 2RV \¢V ¢
+4(d — 2)0¢V 2oV ¢ + (d —

We recall that the Weyl scaling relation
VgC?* = e0\/5C?, (25)

with a similar rescaling being valid for F?

VF? = e“?\/gF?, (26)

require ad-hoc nonlocal modifications of such terms in
order to respect Weyl invariance for a generic spacetime
dimension d.

IV. THE WZ ACTION AND LOG TERMS

The WZ action, viewed as a regularization procedure,
is just one of the possible options in the definition of Sg,
since Weyl invariant terms are obviously missing from
this action. Indeed any regularization procedure has its
own limitations.

In the case of the conformal anomaly - differently from
the chiral anomaly - the breaking of conformal symmetry
is not entirely accounted for by a topological contribu-
tion. For example, there are no external Ward identities
that one can impose in order to remove the ambiguities
of a renormalization scheme due to the inclusion of fi-
nite terms. This is, instead, possible for an AVV chiral
anomaly diagram.

A subtle point to be taken into consideration in the pres-
ence of non topological contributions to the anomaly, is
the emergence of possible conflicts between the conser-
vation WIs and the choice of the finite subtraction terms

1)(d - 2)(VagV*9)%.



in the effective action. After a functional expansion of
the renormalized action, such terms may jeopardize the
conservation WIs. For this reason we proceed with few
simple considerations, linking the behaviour of DR in flat
and curved spacetimes.

The analysis of the renormalization procedure in DR is
quite instructive if applied to the flat case, and provides
a well-defined example for the analysis of correlators of
stress energy tensors. For this reason, the subtraction of
the singularity in Sp is performed at d = 4 according to
(@), with a background Euclidean metric g — §. As we
are going to see, such subtractions preserve the conser-
vation Ward identities, for being proportional to \/§C2
(times a scale breaking log). As already mentioned, (7))
modifies this subtraction by extra terms that we are go-
ing to identify.

A. WZ and other subtractions

The renormalization procedure has allowed us to iden-
tify both ¢ and g as independent components, or, equiv-
alently, g and g.

As already pointed out, we can immediately write down
the complete, renormalized effective action in the form

Sk =85+ Swz(7,9) (27)

as sum of a contribution which is Weyl invariant S ¢, and
of a second term which is responsible for the generation
of an anomaly. It is easy to figure out that Sy is indeed

Weyl invariant (648 = 0), since
1
Sf = hm (SB +v'= VC2 (g,d) +b-Vg(g, d)) (28)
€

is the sum of a Weyl invariant bare action Sg, and of two
counterterms which are ¢ invariant for being functionals
of the background metric g. Here we will are assuming
that the d — 4 limit and the d4 variation commute.

A similar result holds if we define the finite action Sy
using the subtraction (&), which is close to the usual
DR renormalization in flat space since

1 1
Sy = lim (SB . (9,4) + b=VE&(g, 4)) . (29)
d—4 € €
Both S; and S; are Weyl invariant. Notice that from
@), if we send g — g, then
Swz(g) =0 (30)
giving
Sr(g) = S;. (31)
In this formalism we recover the standard relation

Sr(9) — Sr(9) = Swz, (32)

which is usually derived directly from the definition of
Sgr via the path integral, formulated in d dimensions.
The two regularizations hide logs contributions in a sub-
tle way since the two anomalous contributions V'’ and V'
differ by finite terms. For the Euler-Poincare countert-
erm

Ve(9.6) = lim (1 V(o d) ~ Vi(a.d))
0

=Vi— =V, - 33

E dd E(ga )|d—47 ( )
and similarly for the other counterterms. ([33) is a rela-
tion that can be made explicit by using the rescaling of
the GB term in d dimensions

V(9. ¢) :/dd:r\/@b (E+V,J") +/dd:1:\/§K. (34)

Therefore, the complete contribution to S4 in ([20) com-
ing from the Vg counterterm, is given by

0

VE(9,4)) = %VE(

+/d4x\/§¢ (E+VuJM) +/d4x\/§K, (35)

Vi = lim = (VE(gvd) - d) a=4

where the first terms on the rhs is due to the difference

%VE( d) la=a= lim = (/dd:v\/_E /d4x\/_E>

(36)
Similarly, for the C? counterterm we have
V02 - hm (VCQ(gud) _VCQ(974))
_ ﬂ . i =, A2
= adVCZ (gad) |d:4 + d x\/§¢C ) (37)
where
0

+5Vo2(9,d) la=1= }li_r)I}l% (/ d*a/gC? — /d%\/ﬁc_a) :
(38)

Simple manipulations show that V’ and V"’ differ by Weyl
invariant logarithmic terms, once we perform a dimen-
sional reduction (DRed) of the rhs of (B8]). The cases of
Vg and of Ve, (or Viz2) are, however, different, since Vg
is topological at d = 4 and, indeed, plays a direct role
as a finite renormalization of the effective action, while
Vi is necessary for the cancelation of the 1/e singularity.
Both terms can be treated similarly. An expansion gives

od

1 1, ol w
— < (L) [ dtaygE

+(Lp) / dia\/g [@E (4G (V .6V, §)

+2(VAOV6)? +406Va0V )|, (39)




where the cutoff L has been introduced here to bound the
integrands over the extra dimensions. The expansion is
accompanied by the ordinary renormalization scale p. It
is easy to figure out, however, that due to the topological
nature of the GB term at d = 4, the term

% (L)° / o /gF = (% +log(uL)) / o /GE + O(e)

(40)
does not contribute to the equations of motion. A sim-
ilar results holds also for the V2, which is part of the
WZ action. Even if not topological, also this term will
not contribute to the generation of scale variant contri-
butions, due to the cancelations of the log terms coming
from the expansion of V/,

N 1 _
Via = . (1 +eloguL)/d4:1:\/§(1 +e¢)C?

—% (1 +eloguL)/d4x\/§C'2. (41)
It is clear from the expression above that the cancelation
of the log terms is natural, at least if we follow this pre-
scription, as we perform the ¢ — 0 limit.

The pattern changes drastically if we perform subtrac-
tions defined by the V” terms, as in (B8) that, instead,
generate contributions of the form

0

siVer a.d) lia=loguL [ dlavge®.  (2)

A similar results holds for the Vg2 terms in the presence
of a spin-1 background.

As already mentioned, this term breaks the dilatation
symmetry and is Weyl invariant. It is also quite clear that
even with the choice of a minimal subtraction Vg(g,4)
instead of a modified one (Vg(g,d)), if we proceed with

DRed on the metric, the term analogous to [{@3]) would
be

SoVelg.d) limi=loguL [ d'eVGE,  (13)
which is topological and Weyl invariant, and therefore
irrelevant in the effective action.

Therefore, we have shown that the scale dependence gen-
erated by the expansion of local counterterms, is only
linked to their topological or non-topological behaviour,
if we follow closely a renormalization scheme such as DR,
where we perform a subtraction scheme borrowed from
flat space.

V. WESS-ZUMINO CONSISTENCY
CONDITIONS AND RENORMALIZATION

In this section we are going to compare the approach
followed in the definition of the renormalized effective
action Sg outlined in the previous sections, and the Fu-
jikawa method, based in the inclusion of a cutoff (M) at

d = 4. The use of this scheme does not allow to set a
distinction between topological and non topological con-
tributions as in DR. However, it is useful in order to show
that the WZ consistency condition, that can be derived
quite easily from the anomalous variation of the integra-
tion measure in the path integral, hides a log of the cutoff
if we trace back all the steps of the derivation.

We redefine the metric according to ([Il) and perform the
change in the measure

Dx|§e2¢ = DX|_(76_SP(¢’§), (44)

where we have indicated with S, the action generated by
the change of variables in the metric. In the Minkowski
case this corresponds to a phase coming from the anoma-
lous variation, first computed in ﬂE, @] This result
holds only if we perform such variation in four dimen-
sions and it requires a cutoff regularization.
Alternatively, for a sector which is conformal in d dimen-
sions, if we use DR, we will attribute the anomaly to the
counterterms Vg and V2 rather than to the anomalous
variation of the integration measure, as clear from the
anomaly constraints (Hl).

We start to address this point by assuming the validity
of ([@4). We keep implicit the cutoff dependence of this
equation. The anomalous variation will then be recon-
sidered afterwards at a finer level, following closely the
steps of ﬂE, @], by taking explicitly into account the
cutoff regularization.

The effective action has been defined in (8) where we

assume that Sp(g) is Weyl invariant in d dimensions. If
the sector x is conformal, than clearly Sp(g) = Sp(7)
and So(x,9) = So(x,g) for any conformal decomposi-
tion.
The usual approach to derive the WZ consistency con-
dition is to require that the anomalous variation of the
functional integral comes from the measure of integra-
tion, as shown in ([44]) as we select d = 4. Then, on the
rhs of () we introduce the conformal decomposition ()
to obtain

e—Ss(9) :/Dx|ge—3p(¢7§)e—30(x,§)

:e*Sp(¢7§)/DX|g67$o(X-,§)
= e Sp($:9)=5B(9) (45)

with Sp(g) # Sp(g). The difference between the two
actions is related to the "phase contribution” S, giving

Sp(9) — SB(9) = Sp(e, 9)- (46)

At this point, we require that Sp(g) is a functional which
is invariant under the §, variation ([B]) and use again ([@4)
with ¢ — o to obtain

o—Snl) _ / Dr|ge—50() =S (6-0.56%") o ~S0(x.9)

— e_SP(avg)e_SP(¢_U>g€2a)e_SB((])’ (47)



and

Sp(9) = Sp(9) = Sp(0,9) + Sp(é — 0,9e*7).  (48)

This equation can be combined with ([6]) to generate the
WYZ consistency condition

Sp(¢,9) = Sp(0,9) + Sp(d — 0,5e*). (49)

Now we are going to repeat the steps above but taking
care of the renormalization procedure.

As we have already mentioned, we use a cutoff regular-
ization and rely on the analysis of ﬂE, @] For example,
in the simple case of a conformal scalar, with the action

1. .. 1
Sscalar = /d4.’IJ\/§ (5(9#)(6”)( + ERX2> ) (50)

the computation of the anomalous variation of the mea-
sure is performed by an expansion of the scalar field

X(@) =) anXn(z) (51)
in terms of eigenfunctions of the operator

(0-5) ) = Mialo) (52)

followed by a four-dimensional cutoff regularization of the
infinite sum

A= Xn(@)Xn (@) = Y Xnl@)e ™M 5 (), (53)

with A being the conformal anomaly contribution

9" (Tw) = —A. (54)

Then, the change in the integration measure can be
rewritten in the form

DX |20 = DX|ge? ! VIo@Awd's, (55)

The regulator M takes part in the variation of the bare ef-
fective action. This includes also the conformal anomaly
contribution (here for a single conformal scalar field)

_ ) M* 1 _ 9
-AW = lim (W + m ((Ruuozﬁ)

M—o0

—4(Ru)* +0R)) . (56)

Notice that the first (M?*) contribution can be removed
by a vacuum renormalization. In a standard perturba-
tive picture this corresponds to a tadpole diagram with
a single external graviton. A contribution of this type is
absent in DR in the flat spacetime limit, since it would
correspond to a massless tadpole, but not in this scheme.
Obviously, in the presence of a regularization, the two

steps above in [@6]) and (@8] need to be modified. We de-
compose the regulated anomalous variation in the form

SP((bagvM):SP(¢7Q)+‘§P(¢7§7M)7 (57)

where
Sp(6.9) =2 / dhy/G6(@) Alz), (58)

is identical with the previous definition in ({3l and

1

A= 233072 ((Ruvap)® = 4(Ryw)* + OR) (59)

is the (finite) expression of the anomaly for a single con-
formally coupled scalar field. The new cutoff dependent

part in (B7) is given by

Sp(d,g, M) = # / o /Go)MY, (60)

With these changes, eq. [G), that takes to the WZ con-
sistency condition ([@9), turns into

SB(g)_SB(g) :SP(¢7g7M) (61)

Notice that ([@9) is broken by the regularization since the
cutoff dependent term of Sp, does not satisfy the same
condition

Sp(b,§, M) # Sp(0,G, M) + S,(¢ — 0,§e**, M). (62)

This is the signature that one needs to perform a renor-
malization of the effective action Sp in order to satisfy
[@9). As already mentioned, the counterterm that re-
moves the \/goM* divergence is, obviously, a tadpole
with one insertion of the trace of the stress energy tensor.
This contribution corresponds to a cosmological constant
term computed in a covariant approach [21].

One should keep in mind that even if we may safely ne-
glect the cutoff dependence in (9], the WZ consistency
condition is the result of both ({@6]) and [@J). Therefore,
it is clear that if we solve Eq. ([@d)), ignoring the cut-
off dependence introduced by (61l), we are omitting the
dependence on M that is generated once Sp(g) is renor-
malized by the same cutoff. Only if we enforce an exact
cancelation of the the M?* divergence, a residual scale
dependence can be ignored, otherwise it is quite obvious
that a log will appear naturally in the procedure.
Therefore, a renormalization procedure, if taken into ac-
count properly, tells us that the anomaly induced action,
even it may satisfy the WZ consistency condition as given
by ([62)), should still account for the presence of a cutoff
that breaks the scale invariance of the bare effective ac-
tion Sp(g).

However, we have seen that the WZ consistency condition
can be formulated in such a way that the cutoff depen-
dence of the relation can be essentially ignored. For this



reason the analysis of such constraints can be consistently
formulated as in 2I) [22], and the logarithmic terms can
be ignored. In this approach, the scale-breaking contri-
butions are just assumed to be part of the Weyl invariant
sector of the effective action, but not of Sy z in (ZI)).

VI. THE ISSUE OF WEYL INVARIANT
COUNTERTERMS IN DR

It is clear from our arguments, that the requirement

of introducing Weyl invariant counterterms in DR for
generic dimension d, motivated by the need to explain
the dilatation anomaly, is questionable.
As clear from (@) and (@), the structure of the V;(g,d) is
such that at d = 4 are Weyl invariant, ony at d = 4. Weyl
invariant extensions of such counterterms to d dimensions
have been motivated in the approximate form HE]

1 1
V& = =Cpe0°CH 7 (63)
€ €

and similarly for Vg2. This would allow to regulate the
theory using only counterterms which are Weyl invariant
in d dimensions, proceeding afterwords to d = 4 by an
expansion in €. The expansion of the [1° term, in partic-
ular, would generate both the ordinary counterterms Vg2
and Vg2 of d = 4, and a much desired (scale breaking)
log term from (B3)) as

ClogOC or FlogOF. (64)
A consistent definition of such nonlocal extensions is still
missing.

However, reasonable doubts exist which disprove the hy-
pothesis that a non-local Weyl invariant regularization
in dimension d is necessary to recover the correct effec-
tive action. It should be clear, though, that an anomaly
induced action, such as the Riegert ﬂﬁ] action or the
Fradkin-Vilkovisky action [24] ﬂﬁ] should not necessar-
ily account for such contributions, being the aim of such
actions only to reproduce the trace anomaly through a
variational approach. The inability of these actions to
predict breaking of scale invariance is not an argument
against their consistency. Other issues may be more im-
portant, to investigate their consistency, such as the ab-
sence of double poles around flat spacetime in the corre-
lation functions computed from such functionals, or their
consistency with perturbative calculations. These are
separate issues, which are currently being investigated

8.

A. Two examples

While it is not excluded that future progress towards
a more general regularization scheme, such as an exten-
sion of DR, might be needed in order to link expansions
around flat backgrounds with those coming from curved

spacetimes, this does not have to necessarily modify our
current perspective about the origin of the conformal
anomaly, which remains, from our perspective, a gen-
uine 4d phenomenon.

An important example comes from the analysis of corre-
lators involving both conformal and non conformal sec-
tors in their quantum corrections, using free field theory
realizations. In general, at least for d = 2,4, the analysis
is restricted to scalars, fermions and spin-1 fields running
in the loops. Consider for example the 2-point function of
stress energy tensors computed around flat space but in d
dimensions, with arbitrary numbers of scalars, fermions
and spin-1 fields, with multiplicities ng, ny, ng. Ind # 4,
if we compute this correlator in DR, we expect to find non
conformal (Weyl variant) contributions, giving a nonva-
nishing trace, which is not anomaly related. A direct
computation around flat space gives in d dimensions

71-2 p4

d-D(d+1)
XT 22 (p) [9(d — Ve + (2% = 3d = 8)n + ns |+

(T (p)TH2"2 (=p)) = — By (p*)x

_|__/\/’Mll/1Hsz7
(65)
with
2.4
Navinave — 75( . ?; (d—4)*(d=2)7*" (p)m*2** (p) Bo(p®)

(66)
where By(p?) is the scalar 2-point function, defined as

2 1 d 1

Bo(s*) = /d€£2(£_p)2. (67)
There are some relevant features of this result, as we take
the d — 4 limit. The first contributions, proportional to
the transverse traceless projector 11, is generated by all
the three matter sectors, while the second term N, pro-
portional to €2 and ng, contributes to the trace. The
same term is only related to the presence of ng vector
modes in the loop corrections. Indeed the spin-1 sector
breaks Weyl invariance in d # 4, and for this reason we
are dealing with a theory which is, overall, non confor-
mal.
The fact that in A the prefactor is of O(e?) while all
the contribution in By (p?) is of O(1/e), is a clear indica-
tion that the breaking of the Weyl simmetry in d # 4
is explicit , since the other contributions, scalars and
fermions, leave the correlator traceless. Notice, however,
that this trace contribution vanishes as e — 0. The result
is suggestive of the fact that a non-conformal contribu-
tion for d # 4 in the action is not responsible for the
generation either of a trace or a dilatation anomaly once
we set d = 4, since such non conformal behaviour is, after
all, evanescent.
Since the regularization is taking care of the anomalous
behaviour of the correlator - we are going to see this in



a moment - even in the non conformal case, it is un-
clear why Weyl invariant counterterms in d dimensions
are needed in the regularization of this correlator.

Let’ s now come to discuss the renormalization of such
correlator using a local counterterm.

The correlator is regulated only by the C? counterterm,
since the second functional derivative of the E countert-
erm vanishes

Vi (p —p) = 0. (68)

The counterterm takes the form of a transverse traceless
projector around flat space

<TM1 V1 (p)Tuz v2 (

p count

e (4b [V=g G2 g, ;
).

_ 8(d _ 3) M b 4H(d) M1V1M2V2(

69
The parameter b is fixed by the cancellation of the singu-
lar 1/e behaviour, which in this case corresponds to the
combination

3 9 1872
=2 ng— —np— ——ng. 70
720° 7 360" T 360 ¢ (70)

As known, the choice of C?
C(d)aﬁ’Y6O(g(iﬁ)’y5 _ Raﬁ’yéRaﬁ’yé _ . 2RQ5R
2

. — 71
HCEDICED, (1)

with a parametric dependendence on d which can be set
to 4 either before or after the variation, allows to elimi-
nate or keep the trace anomaly contribution in its second
variation [,/gC?] parhzre

In both cases we are considering versions of the Vg2 coun-
terterm which have the same scaling behaviour under a
Weyl transformation, but differing by a local renormal-
ization. They generate different boundary contributions
OR after §; (Weyl) variations, and surely not a logO
contribution to the anomaly.

The regularization of the T7T is implemented around
d = 4 by an expansion of the projector in (G3])

I H1vapzve (p) — 114 mvipeve (p) _

e et () e )
+0(e?), (72)

and involves only the first term in (63]), being the second
term in the same equation, as remarked above, evanes-
cent.

It is clear that as we perform an expansion of such pro-
jector around d = 4 both in the bare TT (65]) and in the
counterterm (69]), we obtain trace-free and trace contri-
butions, with cancelations which are obviously unrelated

to the A/ term. The local counterterm gives
8bp?

3

~Bem ()7 ) + OE))

X (% - % (% -i-logu) +O(52))

_ %p‘l 14 pavipeve (p)

(P )T () = (IO 120

2
+4bp [H(‘*) PR (p) 4 ST (p) T (p)] +0(e)
(73)

and the final renormalized expression becomes, using ([Z0)
for b

(T4 ()T (<)) g = (T ()T ()
(T DT (<))

2,4 2
=55 Bo (5‘)“ (p) (6n + 120G + )

72 pt

_anmmw (p)(126np — 18n¢g + 31ng). (74)
which is transverse and traceless. Henceforth, there is no
trace anomaly.
Obviously, this result holds in the case in which we
choose a counterterm C? parametrically dependent on
d (i.e.(C)2). If we had chosen its 4d version (i.e. with
d = 4) we would have found the relation

p1)TH" (=p1)) = A" (p1), (75)

where A#2"2 on the right hand is derived from the local
OR term of the anomaly. This is related to the identity

6#1 vy <T#1U1 (

m / doy=g(C79)? = V=g ((C<4’)2—§DR>,

(76)
that allows to get rid of the local (regularization depen-
dent, OJR) part of the anomaly, by a redefinition of the
counterterm. Notice that a dilatation anomaly is natu-
rally present in the correlator since from ([74)

0
— Hirva pava (_ —
g (T )T () e

72 pt
-2 50" [m*Mvkzv2 (p) (6np 4+ 12ng +ng)| . (77)

This examples illustrates quite clearly that a non con-
formal theory in d dimensions can be regulated in DR
and generates the correct result for the expression of the
correlator, just by the inclusion of a local counterterm.
The regularization requires a subtraction which is Weyl
invariant only at d = 4. This result indicates that the
anomaly is a genuine 4d phenomenon.

A similar analysis, obviously, can be carried out in d = 2,



where the log dependence is absent. In this case the
anomaly is purely topological and given by the density
V/9R. Also in this case we consider both conformal and
non conformal sectors in the quantum corrections.

B. Absence of scale breaking at d =2 in DR

The behaviour of the 2-point function 77 in DR at d =
2 is also quite illuminating and shows the consistency of
the regularization procedure. In this case, for a conformal
sector in the loops, we get

()T () = (s ) T )
(19
where
_ _d
iy =ser ()" g @
and
(o )T ) = P () T )
(50

Iy is, again, the transverse traceless projector defined
in general d. The inclusion of a non conformal sector
is again handled by adding the same tensor N in (GG]),
whose expression is given for a generic d. The correlator
at d = 2 does not require any conterterm for being reg-
ular. We can derive its trace anomaly, which is purely
topological, either by investigating closely the degener-
acy of its tensor structure as d — 2 or, alternatively, by
using a local counterterm. In both cases the result is go-
ing to be identical and, as expected from the "A” "B”
classification of the anomaly, there is no going to be any
dilatation anomaly, for being of type "A”.

Notice that the factor 1/(d—2) in (80) is purely kinemat-
ical, since the scalar loop appearing in the 7T is finite
at d = 2. One can easily show that as d — 2, Hﬁdl)”l””
vanishes linearly in (d — 2), giving a finite expression for
the TT'. As mentioned, in the first approach we exploit
the degeneracy of tensor structures at d = 2 for a n-point
function - for n = d - without the need of introducing a
counterterm. This allows to re-express the Kronecker §
as

v 1 v v
SRV — ]? (pHp” + n*n"), (81)
with
n* =e"p,, (82)
giving
1% 1% v 1% 1 1% 1%
IR () = o (a2 — o e
2¢  ntinPiptznpt2
=3 o o , (83)
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which is, as mentioned, of O(d — 2) while, right at d = 2
the same projector vanishes if we use (§I))

Hfbdliy)‘?”? (p) _ 7TH1(M27TV2)V1 — gL gh2ve (). (84)

The result for the TT at d = 2 is

nHinVinph2pr2

(T (p)TH2Y2 (=) (4=2) = ¢(2) e (85)

that reproduces the correct form of the anomaly in d = 2.
Indeed, by tracing the first two indices one obtains

1% Ren 12
(T, ()T (=p)) () = c(2) p* "2 (p).  (86)
The right hand side of (86) equals one functional deriva-
tive of trace anomaly of the 2-point function in two di-
mensions, in momentum space

(Th) = A2 (87)
with
Ar =¢(2) Vg R (88)

being the anomaly at d = 2. The approach does not
require any renormalization and henceforth there is no
scale breaking log generated. Therefore, we have a trace
anomaly but not a dilatation anomaly, as expected.

At this stage, one may ask what kind of prediction follows
from a DR regularization of the correlator, and whether
the absence of a dilatation anomaly can be derived with-
out resorting to the subtraction of nonlocal counterterms.
In this case, the inclusion of conformal sectors in the
loops gives

#11/1#21/2( )

(T (p)TH2Y2 (=) g 42 (0*) IG5

2
2
+C( )H#1V1#2V2 p2 1ng2 +p26/(2) H,Et21)1/1#21/2 4 O(E),

9 (2
(89)

where a scale breaking log appears. Notice that we could
include a non conformal spin-1 sector, by the addition of
the A/ term in (G0]), that reveals a similar pattern as for
d = 4. Notice that this contribution vanishes linearly for
d — 2 since By(p?) is finite at d = 2. In other words,
the presence of corrections that are not Weyl invariant at
tree level, once they are included as virtual corrections,
do not invalidate the topological character of the trace
anomaly.

We choose a local counterterm of the form

1
S = - B. /dd:v V=gpi?R (90)

which is not Wey invariant for d # 2. The counterterm
for the TT in DR, expanded in € = d — 2, is then given
by



<TW‘1V1 (p)T#2U2 (_p)>Count =

- M54 ee 2 (p) = 7™ ()72 (p) ) X
2e (2+2¢) (14 2¢)
x (14 ¢clogp?).

(91)

and the renormalized expression of the TT is given by

v v en & 2 v v p2
<TM1 1(p)TH2 2(_19))51:2) :%Hél) 102 2p2 log (F)

+p?c (2) TG 122 e (2) pPr (p) a2 (p).
(92)

where ¢/(2) = ¢/(d)|g=2-

It is evident, from the expression above, using (&4]), that
we are not going to have a scale anomaly and that the
final expression of the correlator is given only by

(T2 ()27 (=) ity = €(2) P* " (p) 2" (p).
(93)
in perfect agreement with the previous computation and
the same anomaly. This can be verified immediately since

prp? _ nfn¥
PP

T () = 57 (94)

and n? = p?, giving m}, = 1. Therefore, by tracing p1v1 in
[@3), we recover ([Bd). This shows that the choice of just
a local counterterm is sufficient to generate the correct

type of anomaly.

VII. CONCLUSIONS

The goal of our observations has been to point out
that scale-breaking contributions are directly induced in
the anomaly effective action by ordinary renormalization
procedures. Such terms can be generated in an expan-
sion around d = 4 by subtractions which are directly
borrowed from flat space in DR. They induce terms that
are naturally Weyl invariant. A dilatation anomaly is
present only for non topological counterterms.

Our analysis illustrates also why a WZ action does not
necessarily account for the dilatation anomaly. If we
frame the WZ action in the context of a renormalization
procedure, it is perfectly consistent to require that such
action reproduces the trace anomaly, with the dilatation
anomaly attributed to Weyl invariant terms which are
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not part of this (anomaly induced) action. The clas-
sification of anomaly as of type "A” or "B”, the first
preserving scale invariance, and the second breaking this
symmetry, is hidden by the approach.

At this point it is natural to ask whether it is acceptable
that an anomaly induced action may miss the previous
classification, since it does not account for the dilatation
anomaly. Our answer, based on the current analysis,
is affirmative. An anomaly induced action is identified
by solving a variational equation and it is not intended
to reproduce the trace anomaly. It is built around the
WZ consistency condition and misses the Weyl invariant
terms which are part of the effective action. We have
seen that there is something truly special in the way the
WYZ action is made finite, by relating two metrics , g and
g. Log contribution are naturally hiding both in DR and
in cutoff regularizations as soon as me perform a slight
modifications of such regularizations, by finite subtrac-
tions.

From this perspective, the variational solution of the
trace anomaly constraint (i.e. the anomaly actions), ob-
tained by using different conformal decompositions, and
their failure to reproduce the perturbative results, as dis-
cussed in ﬂE], force us to consider other and more urgent
aspects and limits of these functionals, such as the in-
clusion of Weyl invariant terms. These are missing in
such solutions and appear tom be necessary in order to
respect, in the correlation functions, the necessary con-
servation Wls.

This issue could be related to the difficulty of performing
the flat spacetime limits of such actions starting from a
curved metric background.

Finally, we have shown, in the case of the TT 2-point
function, that the topological and non topological com-
ponents of the conformal anomaly, and their relation to
the dilatation anomaly are also consistently taken care of
by ordinary counterterms in DR.
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