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ABSTRACT: We compute the correlation functions of 3 and 4 stress energy tensors (T')
in D = 3 in free field theories of scalars, abelian gauge fields, and fermions, which are
relevant in the analysis of cosmological non-gaussianities. These correlators appear in
the holographic expressions of the scalar and tensor perturbations derived for holographic
cosmological models. The result is simply adapted to describe the leading contributions in
the gauge coupling to the same correlators also for a non abelian SU(N) gauge theory. In
the case of the bispectrum, our results are mapped and shown to be in full agreement with
the corresponding expressions given in a recent holographic study by Bzowski, McFadden
and Skenderis. In the 4-T case we present the completely traced amplitude plus all the
contact terms. These are expected to appear in a fourth order extension of the holographic
formulas for the 4-point functions of scalar metric perturbations.
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1 Introduction

Conformal field theories in D > 2 are significantly less known compared to their D = 2
counterparts, where exact results stemming from the presence of an underlying infinite
dimensional symmetry have allowed to proceed with their classification. In fact, as one



moves to higher spacetime dimensions, the finite dimensional character of the conformal
symmetry allows to fix, modulo some overall constants, only the structure of 2- and 3-point
functions [1, 2]. In 4-D, for instance, free field theory realizations of these specific correlators
allow the identification of their explicit expressions, performing a direct comparison with
their general form, which is predicted by the symmetry [3]. Among these correlators, a
special role is taken by those involving insertions of the energy momentum tensor (EMT),
which can be significant in the context of several phenomenological applications. For
instance, in D = 4, correlators involving insertions of the EMT describe the interaction of
a given theory with gravity around the flat spacetime limit. Their study is quite involved
due to the appearance of a trace anomaly [4-7]. They are part of the anomalous effective
action of gravitons at higher order, but they also find application in the description of
dilaton interactions and of the Higgs-dilaton mixing at the LHC [8, 9].

In 3 dimensions their computation simplifies considerably, due to the absence of anoma-
lies, but it remains quite significant, especially in the context of the ADS/CFT corre-
spondence [10] and supersymmetry in general [11]. In particular, using a holographic
approach, these correlators allow to describe the curvature gravitational perturbations in a
pre-inflationary phase of the early universe characterized by strong gravity [12-14]. They
play a crucial role in the study of the non-gaussian contributions to such perturbations
at the level of the bispectrum (via the TTT correlator) and of the trispectrum (via the
TTTT), while the power spectrum is determined by the 77 [15]. In all the cases the
calculation of the scalar perturbations, which are the most significant phenomenologically,
involves fully traced 3-point functions of EMT’s, of field theories including scalars ¢ (with
J=1,2,...n4), vectors A/‘Z (with I =1,2,...n4) and fermions ¢¥ ( with L =1,2,...ny)
in the virtual corrections. All the fields in such theories are in the adjoint of the gauge
group SU(N).

The mapping is described, on the dual field theory side, in terms of an effective
(t'Hooft) coupling constant geg = g% ,,N/M, with geg < 1, and requires a large—N limit.
M is a typical momentum scale, related to the typical momenta of the correlators, and nec-
essary in order to make geg dimensionless. This implies that the gauge coupling (gy /M)
has to be very weak, allowing an expansion of the dual theory in such a variable, which
can be arrested to zeroth order, i.e. with free fields.

It has been pointed out in [12, 15] that the small amplitude (O(10~?)) and the nearly
scale invariant characters of the measured power spectrum, wich shows deviations from
scale invariance which are of O(1073), are indeed predicted by such models. In particular,
the large-N limit, which is necessary in order to predict the small amplitude of the power
spectrum, requires N ~ 104, given that its scales as 1/N? in holographic models. At
the same time, the small violation of scaling invariance in the same power spectrum is
controlled by the t’'Hooft coupling ges, therefore requiring that this coupling has to be
small as well.

These considerations allow to simplify drastically the computation of these correlators
on the dual side, as we have mentioned. In particular, we are allowed to deal with simple
dual theories in order to identify the leading behaviour of the perturbative correlators
which appear in the holographic formula for the perturbations.



Henceforth, the non-abelian character of the dual gauge theory becomes unessential if
we work at leading order in gy s, and the vector contributions are proportional to those
of a free abelian theory. This implies that all our computations can be and are performed
in simple free field theories of scalars, abelian vectors and fermions, with the scalars and
the fermions taken as gauge singlets. This choice simplifies the notations and allows us
to obtain the correct result, to be used in the holographic mapping, just by introducing a
correction factor, which will be inserted at the end.

The explicit form of the mapping has been given in [12, 13], for the ({((¢) (bispectrum)
correlator, with ¢ describing the gauge invariant curvature perturbation of the gravitational
metric, which is mapped to the T7T. The same (uncontracted) 3-T correlator determines
the bispectrum of more complex 3-point functions, (((7), (¢y7y) and (y7y7), involving tensor
perturbations () [13].

A similar, though more involved, mapping between the trispectrum correlator ((¢¢¢)
and the TTTT 4-point function is expected to hold. The explicit form of this mapping is
not yet available, since it involves a direct extension of the holographic approach developed
in [12, 13].

Even in the absence, at least at the moment, of a suitable generalization of the holo-
graphic expressions given in [12, 13|, it is clear that a complete determination of the
trispectrum in holographic models, given its complexity, is a two-stage process. This re-
quires 1) the explicit derivation of the holographic relation which maps the ((¢((() to the
4-T correlator, followed 2) by an explicit computation of these higher point functions via
the dual mapping.

For instance, in the case of the bispectrum ((¢(()), the holographic analysis has been
put forward in [12], followed later on by an explicit computation of the relevant 3-D corre-
lators TTT given in [13].

Our goal in this work is to make one step forward in this program and present the
explicit form of the TTTT (fully traced) correlator. The explicit form of the complete -
uncontracted - correlator (which is of rank-8) is computationally very involved due to the
higher rank tensor reductions and it will not be discussed here.

At the same time we will proceed with an independent recomputation of the TTT
correlator in D = 3, which has been investigated in [13, 14]. We anticipate that our
analysis is in complete agreement with the result given in [13] for this correlator, and we
will discuss the mapping between our approach and the one of [13]. This agreement allows
to test our methods before coming to their generalization in the 4-T case.

As we have already mentioned, the study of the 4-T correlator in D = 3 is free of
the complications present in their D = 4 counterparts, which are affected by the scale
anomaly and require renormalization. Checks of our computations have been performed
at various levels. We secure the consistency of the result in the 4-T case by verifying the
Ward identities which are expected to hold.

Our work is organized as follows. After a summary section in which we outline our
definitions and conventions, we move to a computation of the general form of the T7T7T in
our approach, followed by a brief section in which we provide a mapping between our result
and those of [13]. The Ward identities for the 3- and 4-point case, which are essential in



order to test the consistency of our computations, are discussed together in a single section.
We then move to the perturbative determination of the 4-T. We have collected in several
appendices some of the technical aspects related to the diagrammatic expansion, specific
to the D = 3 case.

2 The search for non-gaussian fluctuations

Clues on the physics of the very early universe come from the analysis of the primordial
gravitational fluctuations, which leave an imprint on the cosmic microwave background
(CMB) and on the evolution of large scale structures (see [16, 17]). So far, the cosmological
data have shown to be compatible with the gaussian character of such fluctuations, which
implies that they can be expressed in terms of 2-point functions. In Fourier space they
define the so called “power spectrum” (A(k)). In this case 3-point correlators associated
to such fluctuations vanish, together with all the correlators containing an odd number of
these fields.

Measurements of the power spectra of perturbations are not able to answer questions
concerning the evolution and the interactions of quantum fields which generate such fluc-
tuations in the very early universe. In fact, inflation models with different fields and
interactions can lead to power spectra which are quite similar. For this reason, there is a
justified hope that it will be possible to unveil, through the identification of a non-gaussian
behaviour of such fluctuations, aspects of the physics of inflation which otherwise would
remain obscure [18]. Tests of a possible non-gaussian behaviour of such perturbations can
be performed using several observational probes, including analysis of the CMB, large scale
structures and weak lensing, just to mention a few.

One important result [19] in the study of the non-gaussian behaviour of single field
inflation was the proof that in these models such fluctuations are small and, for this reason,
the possible experimental detection of significant non-gaussianities would allow to rule
them out.

2.1 Domain-wall/cosmology correspondence and gauge/gravity duality

An interesting approach [13, 15, 20] which allows to merge the analysis of fluctuations and of
their quantization with ideas stemming from gauge/gravity duality, has been developed in
the last few years. These formulations allow to define a correspondence between two bulk
theories, describing cosmological and domain wall gravitational backgrounds, and hence
between their boundary duals, which are described by appropriate 3-D field theories. The
two bulk metrics are related by an analytic continuation. Once that a cosmological model
is mapped into a 4-D domain wall model, gauge/gravity duality can be used to infer the
structure of the correlators in the bulk using a corresponding field theory on the boundary.
Such a theory is not conformal and can be described by a combination of scalar, fermion
and spin-1 sectors, formulated as simple field theories in flat 3-D backgrounds.

Scalar and tensor fluctuations in domain wall backgrounds can then be described in
terms of correlators involving multiple insertions of EMT’s, computed in ordinary pertur-
bation theory. These results can be mapped back to describe the correspondence between



bulk and boundary in the usual cosmological context, by an analytic continuation of the
boundary correlators.

In this framework, one can derive holographic formulas which allow to describe a
primordial phase of strong gravity just by weakly coupled perturbations in the dual theory.
We will present below, to make our discussion self-contained, the explicit expressions of
one of these relations, which are of direct relevance for our analysis.

We also mention that, in the conformal case, the 3-T and 4-T correlators in scalar and
fermion free field theories provide a realization of the bispectrum and of the trispectrum
of gravitational waves in De Sitter space [14]. Discussions of the conformal properties of
3- and 4-point functions of primordial fluctuations can be found in [21, 22].

3 Field theory realizations

The correlation functions that we intend to study will be computed in four free field theories,
namely a minimally coupled and a conformally coupled scalar, a fermion and a spin 1
abelian gauge field.

If the classical theory is described by the action S, the energy-momentum tensor (EMT)
of the system is obtained by coupling it to a curved 3-D background metric g, (with
S — Slg]) and functionally differentiating the action with respect to it. The formalism is
similar to the ordinary one in the case of a 4-D gravitational spacetime

s 2 &S
T (2) = NATHER (3.1)

and for this reason we will be using greek indices, with the understanding that they will

run from 1 to 3. We will also set det g,,,(2) = g, for the determinant of the 3-D metric.
In the quantum theory, let WW[g| be the euclidean generating functional depending on
the classical background,

Wigl :% /Dq>e—5, (3.2)

where N is a normalization factor, and ® denotes all the quantum fields of the theory except
the metric. W[g| generates both connected and disconnected correlators of EMT’s; which
are 1-particle reducible. For notational simplicity we prefer to use this generating functional
of the Green’s function of the theory, rather than log W and its Legendre transform. It is
implicitly understood that, in the perturbative expansion of the corresponding correlators,
we will consider only the connected components. In a 1-loop analysis the issue of 1-
particle reducibility does not play any relevant role, and hence the use of W will make the
manipulations more transparent.

Then it follows from (3.1) that the quantum average of the EMT in the presence of
the background source is given by

2 oW
<TW(2) >g= ——F+, (3.3)
g V9= d g;u/(z )
where the subscript ¢ indicates the presence of a generic metric background. Otherwise, all
the correlators which do not carry a subscript g, are intended to be written in the flat limit.



It is understood that the metric is generic while performing all the functional derivatives
and ordinary differentiations of the correlators, and that the limit of flat space is taken
only at the end.

As we have mentioned above, we focus our analysis on the determination of the com-
plete 3-T correlator of free (euclidean) field theories of scalar, vector and fermions in 3 space
dimensions and on the 4-T fully traced correlator, which we are now going to introduce.

The actions for the scalar (S) and the chiral fermion field (CF), are respectively

given by
Ssg = % /dsx\/§ [ij V;ﬂb Vg — XR¢2:| ) (3.4)
Sor =3 [ B2V [59° 0p0) - (0,0)1% 0] (3.5)

Here y is the parameter corresponding to the term of improvement obtained by coupling
¢? to the 3-D scalar curvature R. We will be concerned with two cases for the scalar
Lagrangian, the minimally and the conformally coupled ones. x = 0 describes a minimally
coupled scalar (M S). In three dimensions, for y = 1/8 one has a classically conformal
invariant theory (i.e. one with an EMT whose trace vanishes upon use of the equations
of motion), which is the second case that we will consider (denoted with the “conformal
scalar” subscript, or C'S). As we have mentioned, the absence of conformal anomalies
guarantees that for any of these theories, those operators which are classically traceless,
remain such also at quantum level.

The other conformal field theory which we will be concerned with, is the one describ-
ing the Lagrangian of a free chiral fermion (CF) on a curved metric background.! Here
Va? is the vielbein and V(= ,/g) its determinant, needed to embed the fermion in such

background, with its covariant derivative D, defined as
1
Du:8u+FH:8H+§EbCVb”V#VCU. (3.6)
with ¥ = % [Y%,4%] in the fermion case. Using the integrability condition of the vielbein
vu ‘/bo' = au V;)cr - F/);o- ‘/b)\ = Qab,,u Vaa ) (37)

where €, is the spin connection, this can be expressed as

1

1 1
Qb = 5 Ve (0uVor = Vi) = 5 V5 (OuVar = OVan) + 5 VI V5 Vi (9aVip — BpVa) -
(3.8)

After an expansion we can rewrite (3.5) as

ScF = % /d?’xvvap {m“ (D) — (9, 0) 7" @b] 1 % /d?’xVVapw{'V“, VAT ¥ Qe -
(3.9)

!Notice that even if our analysis is euclidean, the 3-D case that we discuss can be mapped straightfor-
wardly to the analogous Minkowski one in D = 2 4 1 by a simple analytic continuation.



The functional derivative with respect to the metric appearing in (3.1) is expressed in terms
of the vielbein as

5 1 ) )
- CLV s /N a” Y7 /N b '1
Sgm(z) 4 (V &) Sy TV (5Va,,(z)> (3.10)
so that the EMT for a fermion field is defined by?
def 1 ) 1)

T (2) 2 - W) o p V() . 11
10 55 (VO s VO ) Ser- G

Finally, the action for the gauge field (GF) is given by
Sar = Sv + Sgp + Sgn (3.12)

where the three contributions are the Maxwell (M), the gauge-fixing and the ghost actions

Sy = i /d?’a;\/gFaﬁFaﬁ, (3.13)
1

Sor = ¢ / B /G (Vad®)? (3.14)

Syn = —/d%\/ga%aac. (3.15)

The EMT’s for the scalar and the fermion are
1 1
Tg” = Vo VYo — 3 gt ga'B Vo Vo + x {g’“’D — VHAVY + 5 g"' R — R’“’] <z52 ,(3.16)

%
TC’ F

1 _ )
19V gV = 2" Va”} [w Y (Dptp) — (Dp ) v° w] : (3.17)

while the energy-momentum tensor for the abelian gauge field is given by the sum

Thp =Th +Tof + T, (3.18)
with
T]‘/Jj/ — FMOcFVa _ ig;wFaﬁFaﬁ 7 (3'19)
v 1 v v Y o 1
Tor = g{A“V (VpAP) + A"VH(V ,AP) — g"[APN (V4 A7) + 2(VPA”)2]}, (3.20)
T;}f = ¢g""0°c0,c — 0"'c0"c — 0"coc. (3.21)

The explicit expressions for the vertices involving one or more EMT’s, which can be com-
puted by functional differentiating the actions, have been collected in appendix C.

We point out that in our computation of the contributions related to the gauge fields
(GF), only the Maxwell action Syp; and the corresponding EMT, T4/, are needed. One

2Tt is known that the result quoted below in eq. (3.17) is obtained in the classical theory using eq. (3.1)
and functionally differentiating with just the first term of eq. (3.10), with no need for symmetrization.
Indeed this is true only if we use the equations of motion, which is not allowed in the computation of the
quantum interaction vertices derived from the fermionic action.



can check that there is a cancellation between the gauge-fixing and ghost contributions
from Ty and T,;,. For those interested in a direct check of these results, we remark that
the contributions generated from (3.16) and those generated from (3.21) differ only by an
overall sign factor, while the trilinear and quadrilinear vertices for the gauge-fixing part
can be found in [3].

4 Conventions and the structure of the correlators

We will be introducing two different notations for correlators involving the EMT’s. The
first is defined in terms of the symmetric n — th order functional derivative of W

2 2 o
< TH () ... TH" () > = W }
vV Yz V92 Gy, (Zn) -+ 0guru (1) G =0
=" "W (4.1)
5g,U«nVn (xn) o 5.9/1/11’1 (‘Tl) g,ul/:(S,uu

We will refer to this correlator as to a “symmetric” one. Notice that given the existence of
an analytic continuation between the 3-D euclidean theory and the one in 2+1 dimensional
spacetime, we will be referring to this vertex, for simplicity, as to the “n-graviton” vertex.

This definition allows to leave the factor 2/,/g outside of the actual differentiation
in order to obtain symmetric expressions. We have denoted this correlator with a small
angular brackets (< >) since these correlators include also contact terms. Contact terms
are easily identified in perturbation theory for bringing together at least two gravitons on
the same spacetime point. Such terms are instead absent in the expression of correlation
functions given by the (ordinary) expectation value of the product of n EMT’s, and which
are denoted, in our case, with large angular brackets ({ )) as in

(I an) T ) = [ DR ) T )

(4.2)
Guv=0uv
This second form of the correlator of EMT’s will be referred to as “ordinary” or “genuine”
n-point functions. It will also be useful to introduce the following notation to represent
the functional derivative with respect to the background metric

5" f(x)

f($ HAVIH2V2 . finUn T1,22,...,%n) =
[f(z)] ( n) 09 (Xn) - - O0Guows (22) 6Gu10, (1)

(4.3)

guuzéuu
and take the flat spacetime limit at the end. For later use we also define the notation with
lower indices as

[f(w)]mm...unun (x1,m2,...,2Tp)

Spros Oy -+ OpnanOun, [f ()] 2101022 0n B (0 gy ) (4.4)

With this definition a single functional derivative of the action in a correlation function is
always equivalent, modulo a factor, to an insertion of a T*" in the flat limit, since

0S

[S]Hlm (331) = 759u 5 (:pl)

_ —%T‘“’” (21). (4.5)

v ="0uv



We can convert the two graviton (greek) indices (41, 21) into a latin index (s1) by contract-
ing with a polarization vector of generic polarization s; as in

Y0 = —Lten = sy o (16)

pivy o

with s; = 4, being the two helicities, as explained below. Moreover the symbol T will be
used, in a correlator, to denote the trace of the EMT, T'= T*,. We will also stack the two
(11v1) indices, one on top of the other, for simplicity, after a contraction, as in

[S];lﬁ = [S]MVI 5#11/1 or [‘S]/lﬁllg = [S]MVUQVQ 5#1V16M2V2 (4'7)

in order to make the tensorial expressions more compact.
With the definition of eq. (4.1) the expansion of the T'T" correlator becomes

< TM1V1 ($1)T“2V2 (1,2) >= 4 ([8]#1111 (1'1) [S]#2V2 (x2)> _ <[S]M1V1M2V2(x17x2)> . (4.8)

The last term on the right hand side of the equation above, which is a massless tadpole, is
scheme dependent and can be easily removed by a local finite counterterm. For this reason
it can be set to zero and then the T'T" correlation function, obtained by differentiation of
the generating functional, coincides with the quantum average of two energy momentum
tensors

< T (@) T2 () > = (ISP () [S)2 (2)) = (17 (@0) T (1)) . (4.9)

This is not true for higher order correlation functions of n-gravitons, as we are going to
show in a while, where contact terms also appear.
For the TTT correlator the functional expansion is given by

< T.ull’l ($1)TM2V2($2)TN3V3($3) > = <TH1V1 (:L,l)TILZV2 ($2)TM3V3(:L‘3)>
—4 <<[S]H1I/1H2V2 (9317 x2) TH3V3 ($3)> + 2perm.>
-8 <[S]#1V1u2U2#3u3 (1:1’ Z9, $3)> (4‘10)

whose right hand side is expressed in terms of ordinary 3-point correlators plus extra contact
terms. The additional terms obtained by permutation are such to render symmetric the
right hand side of the previous equation.

We will present the expression of these contributions in the helicity basis for each sector
(scalar, fermion and gauge field) in the sections below. Notice that the first term on the
right hand side of eq. (4.10) corresponds to an ordinary (genuine) 3-point function, whose
connected component is given, at 1 loop, by the triangle diagram of figure 1, while the last
term is a massless tadpole (see the third diagram in figure 1), which can be set to zero

<[S]#1V1#2V2u3113 (xl,xz,l“:z» =0. (4‘11)

In the 3-T case, contact terms have the topology of a bubble, and are generated by corre-
lators containing insertions of the second functional derivatives of the action respect to the
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Figure 1. Topologies appearing in the expansion of the TTT correlator. Contributions involving
coincident gravitons correspond to contact terms.

metric (such as in [S]#3"##4") One of them is shown in the second figure of figure 1, the
others can be obtained by a reparameterization of the external momenta. These bubble
terms are characterized by the insertion of two graviton lines on the same vertex.

Moving to the 4-T case, a similar expansion holds and is given by

< TH1V1 (.’131)T“2U2 (x2)TH3V3 (xg)T”‘W“ (x4) >=
(TP () TV27 () T () T4 (1))

— 4 [([S]FHY2 (1, 29) TH3Y3 (3) TH (24)) + 5 perm.]

116 | (S (2, ) [S]P (2, 2)) + 2perm.]

<[S]H1V1M2V2M3V3 («le Z9, $3)T“4”4 (x4)> +3 perm.:|
- 16_<[5}M1V1M2V2“3V3“4V4 (21,22, T3, T4)) (4.12)
with

<[S]M1V1M2V2M3V3M4V4 (wl, Zo, T3, :E4)> =0, (4.13)

being a massless tadpole contribution. Notice that the left hand side and the right hand
side are both symmetric amplitudes, as they should. In this case the perturbative expansion
in the three fundamental sectors - scalars, vector and fermion - generates diagrams of box
type for the first 4-T correlator on the right hand side of (4.12), plus triangle, bubble and
tadpole diagrams generated by the contact terms. The analysis of these contributions is
more involved compared to the TT7T case, and will be performed in detail in the following
sections.

5 Ward identities for the Green functions

We proceed with a derivation of the relevant Ward identities satisfied by the 3- and 4-point
functions of EMT’s.

The diffeomorphism Ward identities are defined from the condition of general covari-
ance on the generating functional W/g]

2 ow
Vo, < TV (1) >4= vW( — [fil)> = 0. (5.1)
VIz1 G

,10,



The Ward identities we are interested in are obtained by functional differentiation of

eq. (5.1) and are given by
Oy, < THWY (z1)TH?2(z9) > =0, (5.2)
which shows that the two-point function is transverse, and by

Byy < TH () TV (20) TH (23) >=
=2 [Tk, (21)]"*7 (22) (T (1) T (23))

%1

=2 D4y, (21) " () (T (1) T (22)) (5-3)

KU1

81/1 < THI (Il)T‘MWQ (wz)T,usVs (a:g)T‘u‘W‘l (.’E4) >=

%1

—2{ [THL (21)]"%" (22) < T (1) THY3 (w3) TH" (24) > +(2 ¢ 3,2 4)]

%1

_4|: [I‘M (xl)],uwzuglﬂ (mg,x3)<T'W1 (xl)TM4V4(£L'4)> 4 (2 4,3 4):| (5'4)

for the 3- and 4-point functions. The functional derivatives of the Christoffel symbol,
obtained from the expansion of the covariant derivative which appear in previous equations,
are explicitly given in appendix C.

Before moving to momentum space, we define the Fourier transform using the following

conventions

/ By dPzy .. Py (T (21) TH () . TH (@) e B the et thnan) -

2m)3 63 (k] 4 kg + .. + k) (THV (k) TH2Y2 (k) ... TFV (k) (5.5)

where all the momenta are incoming. Similar conventions are chosen for the 2-; 3- and
4-point functions in all the expressions that follow. We will consider Fourier-transformed
correlation functions with an implicit momentum conservation, i.e. we will omit the overall
delta function. Tridimensional momenta in the perturbative expansions will be denoted as
k with components k. The modulus of k will be simply denoted as k.

Going to momentum space the 1T correlator satisfies the simple Ward identity
k1o (THVE (k) TH22 (< K)) = 0, (5.6)
while for the TT'T" three-point function we obtain

ki, < TUIVl(k_i)THQVQ(k,;)TH3V3(k_:;) >=
R () T2 (— ) — (TP (R T (— )

+k3V1 [5#11’3 <TV1M3 (k_é)TWW(—k‘;» + 5#1#3 <TV1V3 (k_é)TM2V2(_k_é>>:|

ko0, [(wlm <T”1“2(k_§,)T“3”3(—k_§,)> + M1z <T"1”2(k_f:;)T“3”3(—kg)>} ’ (5.7)

— 11 —



and finally, for the TTTT
k1, < T“lyl(k_i)T“ZZQ(k;)T”?’VS(k_;;)T“‘W‘*(kZ) S—

[— kB < TH22 (k) + k) TH3Y3 (g) T4 () >

+hou, (6#1“2 < T2 (ky o+ ko) TH () T (k) >

O < TR (o Ry TP (g T4 () > ) +(2e320 4)}

2 (g2 (T T () [ (T )T (<))
+2ks., ( [ Hs (TS (R T (=) + [g# o) <T”1“3<kZ>T“4”4<—kZ>>)
(g 4 g ) e Ey s ()

+ <k§25“1“2 + k§25“1”2> (T (ka) T2 (—ka)) + (2 ¢ 4,3 ¢ 4)} : (58)

The functional derivatives of the metric tensor are computed using eq. (4.3) and given
explicitly in appendix C.
For any conformal field theory in an odd dimensional spacetime the relation

G <TH >=<T¥, >,=0 (5.9)

describes the invariance under scale transformations. This allows us to derive additional
constraints on the fermion and on the conformally coupled scalar correlators. Differentiat-
ing (5.9) with respect to the metric up to three times and then performing the flat limit
we obtain the three Ward identities

< T(k)TH2"?(—ky) > =0,
< T(ky)TH2Y2 (k) TH3V3 (kg) > = —2 < TH22 (Jip)TH3V3 (—kep) >
—2 < TH2V2(Jig)TH3Y3 (—feg) >
< T(ky)TH2Y2 (ko) TH3Y3 (kg)TH4V4 (ky) > = —2 < TH2V2 (k) TH33 (k) TH4V* (kg + kg) >
— 2 < TH2V2 (kg + kg ) TH3Y3 (K ) TH4 (Ky) >

—2 < TH2V2 (Jey)TH3Y3 (kg + kg ) TH4V (i) >
(5.10)

Tracing the last two equations with respect to the remaining two and three couples of
indices respectively we get the constraints
< T(kl)T(kg)T(kg)T(k4) >=0 (5.11)

valid in the conformal case.
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6 Computation of TTT

We begin this section recalling the results for the two-point function T'T" in D = 3, which
takes the form

(T (B)T?(—k)) = A(K)II* P (k) + B(k)m* (k)x*? (k) (6.1)

where (k) is a transverse projection tensor

e, L KMEY
T (k) = M — 2 (6.2)
while IT***% (k) is transverse and traceless
L1 . . . . . .
el (k) = o |m (k)a? (k) + 77 (k) (k) — = (k)72 (k) | (6.3)

The coefficients A(k) and B(k) for the minimal scalar case (MS), the conformally coupled
scalar (CS), the gauge field (GF) and for the chiral fermion case (CF) are given by

MS cs GF k? CF k?
AMS (k) = A%S (k) = AT (k) = o=, AT (k) = T (6.4)
BMS(k) = B9 (k) = 2’“;6 , B9 (k) =B“F(k)=0. (6.5)

At this point we proceed with the computation of the TT'T correlator. The contri-
butions introduced in eq. (4.10) are built out of the vertices listed in the appendix C and
computed in terms of the usual tensor-to-scalar reductions of the loop integrals in D = 3.
The computations are finite at any stage and require only a removal of the massless tad-
poles. Given the complex structure of the tensor result for the 3-T case, here we prefer to
give its helicity projections instead of presenting it in an expansion on a tensor basis. We
follow the same approach presented in [13].

We define the helicity tensors as usual as

€S (k) = (k) el (k) with s=%1 (6.6)

where eff) is the polarization vector for a spin 1 in D = 3. They satisfy the standard

orthonormality, traceless and transverse conditions

e (k)N k) =5, ove)(k) =0,  k'(k)=0. (6.7)

We consider a particular realization of the helicity basis choosing, without loss of generality,
the three incoming momenta k;, k2 and k3 to lie in (x — z) plane

k' = ki(sin6;, 0, cos 6;) , (6.8)

with the angles completely determined from the kinematical invariants as

1 1
costh =1, cosﬁgzm(kg—k%—kg), cosﬁgzm(kg—kf—kg),
o o k1, ko, k3) o Mk, ko, ks3)
sinf; =0, sinfy = ke sinf3 = 21k (6.9)
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and where

M(q1,02,03) = (—q1 + @2 +a3) (@1 — 2 +a3) (@1 + g2 — g3) (@1 + g2 +g3).  (6.10)

Then the helicity tensors are explicitly given by

1 cos? ; iscosf; —sinb; cosb;
egfy) (k) = B is cos b; -1 —issinb; . (6.11)
—sin 8; cos 6; —issinb; sin? 6;

Notice that eﬁfy)*(lz) = e,SS,,)(—E), which turns useful in comparing our results with those
of [13]. Notice also the different normalization of the polarization tensor eLs)(E) used by us
respect to [13], by a factor of %, which should be kept into account when comparing the
results of each & helicity projection. We are now ready to present in the following sections
the TT'T" correlator for the minimal and the conformally coupled scalar, the gauge field and
the chiral fermion. All the other missing helicity amplitudes can be obtained from those

given here by parity transformations or momentum permutations.

6.1 Minimally coupled scalar

We list the results for the TTT correlator with a minimal scalar running in the loop. They
correspond to two of the three fundamental topologies appearing in the figure 1. The
different contributions in eq. (4.10) can be contracted with polarization tensors in order to
extract the & helicity amplitudes and the trace parts (T = T}).

The ordinary 3-point amplitudes are expressed only in terms of the Euclidean length
of the external vectors and no relative angles. They are given by

(T(k0)T (k2)T (k3)) ms = _%8 {k?+(k2+k3) K2+ (ko —k3)? b+ (ka4 k) (k3 +K3) } :

ki — ko — k3)(ky + ko — k3) (k1 — ko + k3)< 3k3 + (5ky + 6k3) k2
T024K2 (kr + oy & Fog) (1~ 2 ) (R ot B = (= ez o 3){ ?+ (5ka + 6ks) k7

+ (5K3 + dkska + 3k3) k1 + 3ko (k2 + k3) } ,

(T (k)T (ko) T (K3)) ars =
2 2
_(tk _fgéﬁggzg bz 1 ha) {5/@" — (] + g + ) by + K3 + k;?;}
(T (k)T (ko) T (K3)) ars =
(Rt ke tks)’
4096k2E32 (k1 + ko + k3)?
+ (3K + 16Kkt + 21k3ky + 5k3) k3 + (17k1 + 36kak? + 38k3kT — 8kiky + 5k3) k3
+ (k4 k2)? (29K3 + 14kok? + 9kZk1 + 6k3) k2 + 4 (k1 + k2)® (5k3 + kok? + k3) k3

{kg + (3k1 + 4ko) k§ + 2 (kT + 6koky + 3K3) k3

+ (k1 + ko) (5KF — K3hey + K3) }

— 14 —



(T (k)T (k) T (k3))ars =

k1+ ko —ks) (k1 — ko + ks) (k1 + ke + k
(kL + ko — k3) (k1 — kg + k3) ( H;)z%- 3){3(k1+k2+k:3)9
16384k7k3k2 (k1 + ko + ks3)

—7 (koks + k1 (ko + k3)) (k1 + ko + k3)" + Skykoks (k1 + kg + k3)® — 64kifk;§’k§} ,

(T (k)T (k)T (k3) ) s =
(ki — ko — k3) (k1 + ko — k3)® (k1 — ko + k3)
16384k7k3k2 (k1 + ko + k3)
+ (K + k3) k3 + (K + K3) k3 + 4 (ky + ko) ® (kT — koky + k3) ks

{3k§ + 4 (k1 + ko) k3

+ (k1 + k2)® (3kF — Kok + 3k3) } : (6.12)

The helicity projections of the contact terms are

- S5 o k3
(T(k1)[S)2his (koy k3)) ms = ﬁ,
(T (k1) [Sztia (s, ks)) s = 0,
k1 N2 (K, ko, Ka)

(T(k1)[S]12 ) (ky, kes)) s =

e 4096 k2
- - key A2 (ky, ko, ke
<T(]€1)[S](s2) (83)(]{;27 k3)Yps = — 1 40261]6222 3) { _ k% + k% + k% + 25953 ksz} )
23
- - k
(T (k) [S]42 ) (g, k) ) s = W{k‘f kA kY — 2k2kE — 2k2k2 + 6k2K2
3

+4s153 k1ks(k? — k2 + k:§)}

ke N2k, Ko, k)

7(1) (k- (s2) (s3) (fer, Jon -

{k% + k% + kg + 28182 klkg

425153 k1ks + 25953 k2k3} . (6.13)

6.2 Conformally coupled scalar

In the case of a conformally coupled scalar the helicity amplitudes of the 3-point correla-
tors are

(T(k1)T (k2)T(k3))cs = 0,
(T(ky)T (k)T (k3))es = 0,
(T (k)T (ky)T ) (k3)) s = §<T(1<?1>T<52><k§>T<53><k3>>CF,
(T (k)T (k) T (s )yos = (T (k)T (k) TEH (ks)) s, (6.14)
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while the expressions of the contact terms take the form

- -

(T (k1)[S]H2t (K3, k3))es = 0,
(T(k)[S]4283 (K3, k3))es = 0,
(T (k1)[S]H2 ) (K3, k3))os = 0,
(T (k1)[S]) 2 (59) (3, k3)) s = 0,
(0D (k) [S142 %) (g, Ka))os = (T (k) [S142 59) (R, k3)) s
(TCD (k7)[S]9 69 (K, k3))os = (TCD (k1)[S]9 9 (K, ka)) s

6.3 (Gauge field

(6.15)

Moving to the gauge contributions, a computation of the ordinary 3-point functions gives

(T(k1)T(k2)T (k3)) G =

1
_128{ — 31’6% + (]6'2 + 16'3) k’% + (k‘Q - k‘3)2 k1 — (k‘g + k3) (3]{;3 — 4ksky + 3]{;?2)) } ’

(T(k) T (k2) T (k3)) o =
1
1024 k3 (k1 + ko + k3)

+ (11ks + 10ks) kI + (11k3 + 12ksks + 5K3) k1 + 5k (ko + ks3)? } ,

(T (k)T (k)T (k3)) o =
(k3 — (k2 — k3)?)”
4096 k22
(T (k)T (k)T (ks)) o =
(—k1 + ko + k3)?
4096 k3k3 (k1 + ko + k3)?
+ (39k3 + 88ksks + 39k3) kY + (ko + k3) (17k3 + Tlksks + 17k3) ki

{7k3 (33 + dkska + 3K3) k1 + k3 + kg}

{m{ + 28 (ko + k3) kS

— (ko + k3)? (Tk3 — 34ksko + Tk3) k3 — 2 (ko + k3)® (3k3 — Skako + 3k3) k?

(
+ (kS + 4ksk3 + Tk3k3 + 40k3k3 + Tk3ks + 4kSky + k) ki
+ (li?g + k3)5 (/C% — ksko + k%) } ,

(T C) T (ko) T (k) G =
(k1 + ko — ks) (k1 — ko + k3) (k1 + ko + ks)
16384 k2k3k3 (k1 + ko + k3)®

{3 (k1 + k2 + k3)°

—7 (kaks + k1 (kg + k3)) (k1 + ko + k3)” + Skikaks (k1 + kg + k3)® — 64k3K3k

A+t k) (6 0+ ) |

,16,
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(T ()T (ko) T (Ks) o =
(ki — ko — k3) (k1 + ko — k3)® (k1 — ko + ks3)
16384 k2k3k3 (k1 + ko + k3)
+ (K2 k) kS + (K3 + K3) k3 + 4 (ky + ko) 2 (k2 — Kok + k) ks

{3k§ + 4 (ky + k) k3

+ (k1 + k2)® (3kF — Kok + 3Kk3) — 4 (k1 + ko + k3)® (K3 + k3 + k3) } , (6.16)

while the helicity projections of the contact terms are

. L 33
(T (k1) [S) 20 (k2y ks))ar = fé ,

(T (k) [zt (k2 k) e = 0,

K23
- e 3 k1 N2(k1, ko, k3)
T(k1)[S]#2 (53) (ko K - — 2

< ( 1)[ ]ug ( 2, 3)>G’F 4096]43?2) )

3

1 4
2048 k3 k3 {h
+ 4 kokssoss (k3 + k3 — k3)}
3k
16384 k2

(T (k1) [8]2)(3) (K, k3 )Y o = kS K — 2k2k2 — 2k2K2 + 6k2k2

(T () [S12 9 (o, K)o {k% TR 2R3 2KBR2 + GR2AS

+4s183 k1ks(k? — k2 + kg)} ,
(T (k7)[S]¢2) 3) (kg k3) Vo = 0. (6.17)
6.4 Chiral fermion

The analysis can be repeated in the fermion sector. In this case we obtain

(T (k)T (k2)T(k3))er = 0,
(T (k)T (k2)T (k3))er = 0,

TENTO T O Gor = -8 L2 g0l
< ( 1) ( 2) ( 3)>CF - _1024k%k§ 1 _( 2 — 3) 5

() (VP (1 K+ kS [, 2\’
(T(k)TV (ko)T (k3))or = T2 K22 kf — (ka +k3)” 5,

(IO )T ()T () e = — T Ke = Ka) U = ko - ha) (o & o - ha) {32k§kgkg
4096 k2k2k2 (k1 + ko + k3)

+ (ky + ko + ks)® — 2 (koks + k1 (ks + k3)) (k1 + ko + ks)”

+hykoks (k1 + ko + k3)° } )

- o) ke — ko —k3) (ky+ka—ks)® (k1 —ka+k3)
TEOENTE ()T (K _ (kizka—ks ES 4 (kg + ko) k2
(T (k1) (k2) (k3))cr 1096 K2K2RZ (oy &+ o) 3+ (k1+k2) k3

k1 kak + (k1 +k2)? (K —koky +K3) kg + (k1 +h2)” (k3 +K3) } :

(6.18)
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for the 3-point functions, while the helicity projections of the contact terms are

(T(k1)[S]1242 (K2, ks))ep = 0,
(1) (ki)[smgzg@,k}»m =0,
(T (k1)[S]12 9 (3, k3))or = 0,
(T(k1)[S]¢2) 53) (3, k3)) o = 0,
(TG () [S)42 ) (ky, ks )yor = 0,

3 kl )\2(k:1> k?a k3)

T () 81052) (33) (k) e - _
(T (RIS VR Ko =~

{k% + k3 + k2 + 25180 k1Ko
+28183 k1k3 + 28983 kgkg} . (6.19)

6.5 Multiplicites in the non-abelian case

As we have mentioned in the introduction, the expressions of the correlation functions in
the small t’Hooft limit in the dual theory can be obtained from the results presented in
the previous sections, which are computed for simple free field theories with gauge singlet
fields, by introducting some appropriate overall factors. The prescription is to introduce a
factor (N2 —1) in front of each of our correlators (and contact terms), with the addition of
multiplicity factors ng, n;S, na and n,, in each sector. These corresponds to the multiplicites
of the conformal scalars, minimally coupled scalars, gauge fields and fermions, respectively.
For instance, the scalar (T'T'T) correlator is obtained with the replacements

(TTT) — (N* = 1) (ng(TTT)cr + ng(TTT)cs + niy(TTT) ps + na(TTT)gr) , (6.20)

and similarly for all the others. Notice that this results is an exact one. It reproduces, in
leading order in the gauge coupling, what one expects for these correlators in a non-abelian
gauge theory. The large-IN limit, in this case, is performed by replacing the color factor
N? — 1 in front with N2.

7 Mapping of our result to the holographic one

In holographic cosmology, as we have briefly pointed out in the previous sections, the grav-
itational cosmological perturbations are expressed in terms of correlators of field theories
living on its 3-D boundary, which for a large-N and a small gauge coupling are approxi-
mated by free field theories. These theories are dual to the 4-D domain wall gravitational
background. The analogous mapping between the cosmological background and the bound-
ary theory requires an analytic continuation. This takes the form

ki — —iki N — —iN, (71)

in all the momenta of the 3-T correlators defined above, after the redefinition illustrated
n (6.20), with N denoting the rank of the gauge group in [13]. From now on, in this
section, we assume that in all the correlators computed in the previous sections we have
done the replacement (6.20), followed by the analytic continuation described by (7.1).
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The final formula for the gravitational perturbations then relates the scalar and tensor
fluctuations of the metric to the imaginary parts of the redefined correlators.> The deriva-
tions of the holographic expressions for each type of perturbations are quite involved, but
in the case of scalar cosmological perturbations, parameterized by the field (, they take a
slightly simpler form

() (@)¢(a) = — 5= (TTmlB@))  * (@) T@7@) +43 Ba)
—2<<T(q1)“f(q2, G)) + cyclic perms.)} . (7.2)

Similar formulas are given for the tensor and mixed scalar/tensor perturbations, which can
be found in [13]. In this expression we have omitted an overall factor of (273) times a
delta function, for momentum conservation. In [13] the authors use latin indices for the
3-D correlators and introduce the function

6T (1)
g* (z2)

which characterises the contact terms, being proportional to a delta function (~ (1 —x2)).

) (7.3)

Yijri(w1, 22) = (

For the rest their conventions are
T(q) = 6i;Ti;(q), Y(q1,32) = 050k Yijra(qr, @) - (7.4)

The coefficients B(g;) are related to 2-point functions of the stress tensor. Y stands for the
trace of the Y;ju tensor. Eq. (7.2) allows to map the computation of the bispectrum of
the scalar perturbations in ordinary cosmology to a computation of correlation functions
in simple free field theories. In this case the correlators on the right hand side are obtained
by adding the scalar, fermion and gauge contributions. They correspond to fully traced
3-T correlators and contact terms whose imaginary parts are generated by the application
of the replacements (7.1) on the diagrammatic results found in the previous sections.

In order to compare our results, expressed in terms of functional derivatives of S with
those of [13] we define

OTH (z)

) = @

= —léaﬂé(z — )T (2) — 2[S]* (2, z) (7.5)
Gur=0uv 2
which is the analog of Y;j.(z, «) defined in eq. (7.3). Because the operations of raising and
lowering indices do not commute with the metric functional derivatives, T#**5(z, ) and
T, wap(2,x) (we use greek indices) are not simply related by the contractions with metric
tensors. A careful analysis shows that the relation between the two quantities in the flat
space-time limit is
Tywap(z, ) = m = —%5 (z = 2) |6apTpy + 6ppTav + 0o T + S Tap | (2)

guu:(suu

_5upéuada"/656Tpg’y§(zax) ) (76)

3In the notation of [13] the euclidean momenta are denoted as ¢, and correspond to our k; before the
analystic continuation. The authors set ¢, = —ig; to define the euclidean momenta of the cosmological
correlators in 3-D space, with ¢; the final momenta in this space
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and taking in account eq. (7.5) we can finally map our contact terms with the expressions

of [13]

<T,u1/o¢,8(za w)Tpa(y» = _%5(2 - -r) 5au<T,8V(Z)TpG(y)> + 5[3M<T0¢V(Z)TPU(Z/)>

0o (T8u(2) oo (¥)) + 080 (Tap(2) oo (¥)) = 6ap (T (2)Tho (y))
+2 <[S]uuaﬁ(zv x)Tpa(y»' (77)

This equation is sufficient in order to provide a complete mapping between our results and
those of [13] in the TT'T case.

8 Computation of TTTT

The evaluation of the correlation function of 4 EMT’ s is very involved, due to its tensor
structure, which is of rank-8, but it becomes more manageable in the case of the scalar
amplitude. This is obtained by tracing all the indices pairwise, given by (I'TTT) and all
the corresponding contact terms, which are identified from the Feynman expansion of the
related < TTTT >. The general structure of the 4-T correlator has been defined in full
generality in eq. (4.12) and the scalar component of this relation can be trivially extracted
from the same equation.

We present the results for the minimally coupled scalar, the gauge field, the conformal
scalar and the chiral fermion cases. The vertices with one, two and three EMT insertions
used in the computation are given in the appendix C.

We start analyzing in detail the minimally coupled scalar focusing on the classification
of the contributions of different topologies.

8.1 TTTT for the minimally coupled scalar case

The first term on the right hand-side of eq. (4.12), the “ordinary” (T'TTT) correlator, is a
four-point function with three box-like contributions which can be obtained, in momentum
space, from each other with a suitable re-parameterization of the internal momenta circu-
lating in the loop. For this reason we compute just one box diagram BoxTop™* (41,43, 43)
with the internal momenta flowing in the loop as depicted in figure 2, obtaining

— —

(T (k)T (63)T ()T (ki) ars = 16 (BoxTop™ S (53, ki + kp, ~ ki)
+BoxTop™ 3 (k1, ky + ko, —k3)
+ BoxTopM5 (ky, oy + K3, —154)) . (8.1)
The triangle terms in eq. (4.12) are contact terms with the insertion of two external legs
on the same vertex. There are six triangle diagrams of this type, characterized by the

different couples of attached external momenta k‘_i, 152, k:_;;, kz. Each of these contributions
is obtained from the triangle diagram TriTop™®(qi, ¢3), illustrated in figure 2, with the
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Figure 2. Topologies appearing in the expansion of the 4 —T" correlator BoxTop, TriTop, BubTops,
and BubTop,;.

following assignments of momenta
TriTop™® (K1, —ky), TriTop™® (K1, —k3), TriTop™ S (k1, ki + k2),  (8.2)
TriTopMS(k} + ko, —kj;), TriTopMS(kz + ks, —k?4) TriTopMS(k} + ka, —k;) )

Here we provide an example

([S14142 (y, k)T (K3)T (ka))ars = A TriTop™ S (k1 + ko, —kz) . (83)
5(

There are also two classes of contact terms with bubble topologies, namely BubTop% qi)
and BubTop%S (¢1) depicted in figure 2. The former is defined by two vertices with double
T insertions, while the latter is characterized by a three external leg insertion on the same
point. In the first case there are three contributions coming from the distinct rearrange-
ments of the external momenta into two pairs, given by

BubTopls® (k1 + k2) BubTopls® (ky + k3) BubTopls® (k1 + k1) , (8.4)
while in the other topology class four terms appear which are given by
BubTop4%(k1)  BubTopS(ks)  BubTop}t®(ks3)  BubTopMdS(ki). (8.5)
From eq. (4.12) we deduce that

(It (K, o) [SYi2 e (R ki) aes = BubTopfS(y + k) (8.6)
(STt fia s (ko R T(Ra))ars = —2BubTopif® (ki) 8.7)

and with similar expressions for the other contributions. Notice that there is also a massless
tadpole in figure 3 which is scheme-dependent and can be set to zero.
For bubble and triangular topologies, the results take a simple form

. L 1
T Top (1, 5) = gy { — (6 + aha+a8) |6 B () + s B (&) + 3 B ()
+24; iy @ Co (47 4320 43) } , (8.8)
MS Qil 2
BubTopy,” (¢i) = 102476360((11)’ (8.9)
MS 341 2
BubTopy3”(¢i) = 10247r380(q1)’ (8.10)

where qu = (q; — qj)*
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Figure 3. Tadpole topology for the TTTT correlator.

The diagram with box topology, BoxTop™?, is more involved and it is expanded on
a basis of scalar integrals Z; with coefficients C’iM 9. The basis is built from 2-, 3- and 4-
point massless scalar integrals reported in appendix A. The elements of this basis are not
all independents from each other because Dy can be removed using eq. (A.2). Nevertheless
we show the results in this form in order to simplify their presentation.

The basis of scalar integrals is given by

BHRERBRH N
?i?l?i?l?i
?li&l?l?l?l
TR o T TR

e R e e e e e e N N
2y
o]
=

(@)

Q. @, q) = Bo (63) ,

@, @, 4) = Bo (43) ,

@, 3. 43) = Bo (qfa)

Tio(di, 63, G3) = Bo (ai3)
Tui(di, 6. 43) = Bo (a33) (8.11)

in terms of which the diagram with the box topology can be expressed as

11

BoxTop™*(qi, @3, ¢3) = Y CM5(di, 65, 43) Ti(di, 65, &) (8.12)
=1

The first few coefficients are given by
2.2 9 2
- oo 41 412 923 43
CMS ) ) = T anio_3
17 (d1, 63, 43) 501873
_ Q%Q%Q
204873 A% (q1, q12, 42

C5(di, @, 43)

2 4 2 2 2 2\ 2
) [Q:;‘h - ( (2Q3 +2q75 — qis + C]23) 43

ot (6} + a3s) )} + (63 — o) (4B (63 — g+ aBs) — szqgg)] :

2.2

MS/— — = a193 2 4 2 2 2\ 2
cMs _( 9

5 (g1, 63, G3) 204873 A2(q1, 413, 43) [%2% (Q12 ¢z + Q23) a3

oty (a3 +2a%+a3s) )i+ (63— ats) ( (a3 —aha—aBs) ﬁsﬂ%qgg)} :
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2 2
MS) = — 43453 2 4 2 2 2\ 2
CYS(@, &, a3) = —( 2% + ¢2, —
17 (q1, 42, 43) 204873 \2(q2, 423, 43) [fh% ( a1 T 412 Chs) as

+ (aF + 263 + a) a3 ) aF + (3 — aBs) (4B (a3 + g — o) — Q%zqis,)] :

_ Q%zqu’,
204873 \2(q12, 23, q13

+2 (g3 + ah)) as ) a3 + (a2 — abs) (afada — (aF — a3 + @) (ﬁg)] :

(8.13)

) [q§Q§3 — ( (6§ +a3) ais + (6 — @3

CMS (@, @, 43)

the remaining ones, having lengthier forms, have been collected in appendix B.

We remark, if not obvious, that being the T'T'T"T" correlator in D=3 dimensions finite
and hence (trace) anomaly free, the operation of tracing the indices of an energy-momentum
tensor can be performed before or after the evaluation of the integrals appearing in the
loops, with no distinction. In D=4 the two procedures are inequivalent, differing by the
anomalous term.

For this reason we have computed the TTTT correlator in two distinct ways, obviously
with the same result. In the first case we have traced all the four pairs of indices before
computing the loop integrals. In this way we obtain directly the TTTT correlator. In
the second case, which is much more involved, we have calculated the THTTT correlation
function with a pair of indices not contracted, we have evaluated the tensor integrals and
then we have contracted the result with ¢,,. This intermediate step is useful in order to
test our computation with the diffeomorphism Ward identity given in eq. (5.8).

8.2 TTTT for the gauge field case

As discussed in the previous section also in the case of an abelian gauge field the scalar
component of the 4-T correlator can be decomposed in the sum of three box diagrams as

— —

(T(k)T (k)T (k3)T (k3))ar = 16 (BOXTOpGF(/a, k1+ka, —ky)+BoxTopCF (k1, k1+ka, —k3)

+BoxTop®F (ky, k1 +ks, —/54)) , (8.14)
where the box diagram contributions can be written in terms of a minimal scalar box term

(MS) and of extra terms as

BoxTop“" (i, &, @) =
o 1
BOXTOPMS(QL 42,G3) + 2048773{ (2(1% - qg - qg - Q%Q - Q%s) C]% Bo ((I%)
+ (2033 — 6 — @& — qia — qi3) 453 Bo (633) + (263 — 4 — &5 — dis — 453) 45 Bo (43)
2 2 2 2 2 2 2 2 2 2 2 2 2 2
+ (245 — ai — 453 — ais — a33) 45 Bo (65) + (2412 — 4i — a3 — ai3 — 433) 42 Bo (4i2)
+ (2413 — 41 — 3 — 4t — B3) 413 Bo (¢33) + 24341243 Co (43, GFa, B5)
1202256 Co (62, 025, 43) + 20303935 Co (43, 433, 43) + 260035035 Co (20, a3, ) } :
(8.15)
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The reconstruction of the < T'(x1)T(x2)T (x3)T(x4) > amplitude can be obtained using
the expression above plus the contributions of triangle and bubble topology, corresponding
to the relative contact terms. In the case of the gauge field these are

([S)hL42 (K, k)T (Ks)T (ka))ar = 4 TriTop®” (ky + ko, —ka) , (8.16)
([SIE 42 (ky, ko) [S)ES 4 (s, ka))ar = BubTopSy (ki + k2) (8.17)
([S)Lh2 b (g, kg, k)T (k) g = —2BubTop§y (k1) , (8.18)

and with similar expressions for the other contributions, obtained by a suitable reparam-
eterization of the internal momenta. In this case the discussion is identical as in the
minimally coupled scalar. The explicit results for these three topologies are given by

. o o 1
TriTop“” (¢, (3) = 20487r3{6 4 qi2 % Co (41, aia, @) — 347 (=3G5 + s + 63) Bo(d?)
303t — 34ty + ) Bola) — 3 + s~ 3D Bulah) | (819)
GF( 941 2
BubTopy; (¢i) = 10247r3BO(QI)’ (8.20)
GF( 154; 2
BubTopyy (¢i) = 1024%380((11)' (8.21)

8.3 TTTT for the conformally coupled scalar case

As for the gauge fields, also for the conformally coupled scalar the totally traced component
of the 4-T correlator is given by

— — —

(T(ky)T (k)T (k)T (k) s = 16 (BoxTopCS(kZ, k1 + kg, —ka) + BoxTop®® (ky, k1 + ko, —k3)
+BoxTop®S (ky, k1 + ks, —k})) , (8.22)

where the box diagram contributions can be written as

o 1 Lo Lo - -
BoxTop“® (¢, ¢, @) = 109673 {Bo((ﬁs) (3(4i - 3)° +di - 5265 — 3¢5 - ¢3) + a4 (@3 - 43 — 43)
+qi - 3(=3¢1 - G+ 43)) — Bo(d3) (Gi -3 a5 + 247 (G- G5 — 43)
+ i@ (-3¢ ¢ +243)) } : (8.23)

Concerning the contact terms, the triangle and bubble topology contributions are given by

L 1 - - - - Lo
SVt (kv k)T (k) T(k2)) s = gk - ke ks - ki Bo ((zc1 +k2)2> . (8.24)
Lo Lo 1 - - - L
(St (k. k) (STt (R, Ka))os = 1ok - K ks - ki Bo ((k1 +k:2)2) . (8.25)
(ISP 215 (67, 5y, )T ())es = 0. (8.26)
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8.4 TTTT for the chiral fermion case

In the case of the chiral fermion field the ordinary EMT’s correlation function is zero

— —

(T(k))T (k)T (k3)T (k3))op = 16 (BoxTopCF(k],k}+k;, —ky)+BoxTop®F (ky, k1 +ka, —ks)

+BoxTop®F (ky, ky + ks, —k;l)) =0, (8.27)

despite the fact that the single box contribution is given by

1

BoxTop“" (¢, 3. 3) = 1283

{Bo(qg) (~E @ G+d-Gd-a)
+By(g3) ( G BGB-G B+EB)+E( BB —)

+43 di - qB)} . (8.28)

All the other topologies are identically zero,

([S)rrte (1, ko) T (k)T (ka))or = 0, (8.29)
([STaLh2 (r, o) [S]2 it (s, a))or = 0, (8.30)
([S) k2t (ky, by, k)T (Ka))er = 0, (8.31)

with all the similar contributions obtained by exchanging the respective momenta.

8.5 Relations between contact terms in the 4-T case

As we have mentioned in the introduction, the extension of the holographic formula for
scalar and tensor perturbations remains to be worked out. This is expected to require
a lengthy but straightforward extension of the methods developed for the analysis of the
bispectrum. For this reason here we reformulate the structure of the contact terms, which
are expected to be part of this extension, in a form similar to those presented in the previous
section. We recall that in our notations the contact terms are given as in eq. (4.12).

For example, extending the previous notations, the contact term with the triangle
topology in the two formulations are related as

(T;uzozb’ (27 x>TpU (y)T/\T (t)> =

_%5(3 — ) 5ocu<T6V(Z)Tpa ()T (1)) + 5BM<TOW(Z)TPU (y)Txr (1))

+5all<Tﬁu(z)Tpo(y)T>\r(t)> + 561/ <Tau(Z)Tpcr(y)T>\r(t)> - 5aﬂ <Tpu(Z)Tpcr(y)T>\r(t)>

+2 <[S]uuo¢5 (27 x)TPU (y)TAT (t)> (832)
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Similar relations hold for those contact terms of bubble topology

(s (21 D) Y porre (3, 8)) =
% 5(z — 2)8(y — 1) [(5aﬂ5AP<T5V(z)TTU(x)> 4 Gapdro (T (2)Trp()
Bapep (T ()i ) + ST (Ts ) + (1 0 )) (a5 )]
ot = )| 810000 = ) (Gus T Ty ) + B T T ) + 20 9) )
(3o T30 Sl (30) + Dl Tu(2) SLore (1) + 05 9) )
+ (u,v, 2, B,x) < (p,0,y, A, 7, t) }
(5 8 0 82 = 2) 500 = 0 T ) T ) + 62 8z = 2) T2 8] 010

+0xr 0(y =) (Too () [S]ap (252)) + 4 (S vap (2, 2) [S]porr (W5 75)>) : (8.33)

Finally, we expect, in a possible generalization of the holographic formula for scalar and
tensor perturbations at the trispectrum level, double functional derivatives of the EMT
with respect to the metric

82T, (2)

TMVQ,BPO'(Za x? y) = 5gpo-(y)5gaﬁ (.’L’) (834)

g,uuz(s,uu

After some work, the expression of this object in terms of multiple functional derivatives
of the action and of EMT’s is found to be

1
T;woa,@pa(za z, y) = 5 5('2 - x)é(z - y) [ [guﬂgomgr/)\ + 9ua9psrgvr + (/L A V) - gaﬁg,u)\gun]po

1

_iépa (5u65an61/)\ + 6ua5ﬂn5u)\ + (M A V) - 5aﬁéy>\6un)] TAH(Z)

—0(z — 2) [0up0ardur + Ouadpndun + (1 <> V) — 6ap0urdur] [S]y.pe (25 9)
—|—(5(Z - y) [500 [S]p,yaﬁ (Z, ZC) -2 [gaagb,@geﬂgﬁ’]po— [S]efab (Z7 .’13):|
=2 [S]happe (2:7,Y) (8.35)

where we refer to appendix C for a list of the derivatives of metric tensors.

We conclude by presenting, along the same lines, the expression of the last contact
term which will be present in the holographic extension. This is related to our contact
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terms by the formula

<T,u1/aﬁpcr (27 z, y)TTw (t)> =
1
5 5('2 - :C)(S(Z - y) |:[guﬁgomgu>\ + Gua9prgvr + (,LL < V) - gaﬁgukgun}pg

1
—55/)0 (5Mg§a,i(5y)\ -+ 5lwé(55,{(51,/\ + (,u — V) — (5,155#)\(5”,0 <T)\,{(2)T»rw(t)>

—0(2 = @) [680ar0ux + Ouadprdun + (1t < ) = 0apburdun] ([Slyepe (2 9) Tru(t))

302 = 9) |900 (1) (5 D) Tro(0)) = 2 900905960 91) py {[S]egan (22 Tra())]
—2 <[S]y,l/a6po' (27 T, y)TTw (t» (836)

9 Conclusions and perspectives

The study of holographic cosmological models is probably at its beginning and there is
little doubt that the interest in these models will be growing in the near future. In these
formulations, the metric perturbations of a cosmological inflationary phase characterized
by strong gravity can be expressed in terms of correlation functions involving stress energy
tensors in simple 3-D field theories. We have presented an independent derivation of all
the amplitudes which are part of the 3-T correlators and extended the analysis to the fully
traced component of the 4-T one. The analysis is rather involved and is based on an exten-
sion of the approach developed in [3], which dealt with the 3-T case in D=4. In D=3, the
absence of anomalies simplifies considerably the treatment, but the perturbative expression
of the 4-T amplitude carries the same level of difficulty of the 4-D case. The extension of
our approach to a discussion of the full 4-T case, with the derivation of all the amplitudes,
is, at the moment, hampered by the remarkable difficulties present in the computation of all
the tensor reductions of a rank-8 correlator. We hope to discuss these issues in future work.

Acknowledgments

We thank Roberta Armillis for discussions. C.C. thanks the members of the theory division
at EPFL Lausanne for hospitality and in particular Roman Scoccimarro for discussions.

A Scalar integrals

We give the expressions of the two, three and four point scalar integrals with internal
masses set to zero in D = 3. They are defined as

1 ™
2\ _ 3 =
Boad) = [ g = g
1 i
Co(¢3, aPar i3) = /d?’l = ’
olat1, 412, 42) Pl+q)Pl+e)? aqge
1

DO (Q%yq%%qg&qgaqgaQ%’)) = /d3ll2 (l T q1)2 (l + Q2)2 (l + q3)2

where qZ-Qj = (q; — qj)Q.
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The box integral in D = 3 in not independent from the 2- and 3- scalar point functions,
indeed it is possible to show the following relation

1
414933 — 247 (43432 +43433) @53+ (43472 — 434i3) 2

Do (41, q%2, 53, 5. 43, qi3) =

{ (q§ ais— ((a3+03 —2033) ai2+d305s) s — a3 a33 (ai2+ais—a3s) — 45052 (a33—qiz) )Co (d32, 433, 4i3)
+ d3ais— (65 —243+333) ¢ +05 (65 +ai2)) ais+ (ai —a3) (qfqgs—ngfz))co (.43, q13)

Jr

+( 205053 — G2 (63— a3 +433)) @5 + a1 aos (—a5 — a5 +a53) — g5 i3 (—q§+q§+q§3)>co (43,45, 43)

G301 — ((ais+a53) @+t (203 +43+433)) 4 + (452~ a3) (a5a32— a5 ats) )Co (a7, 4%2. 03) }
(A.2)

B TTTT for the minimal scalar case

We give here the expressions of the remaining coefficients C of eq. (8.12). They are
given by
Cs"(di, 65, @) =

1 4 4= 72 (a2 = - o 2(.2 O o L2
- : S 2G5 3) — : : )
204873 { 22(q1, q12, q2) [ 1 (QI 42 (Q2 +4q1-q3+ 22 Q3) a3 (6]2 +aqi q?,) +q1q2

+@idi - G (q? BG-GB+ @G —a) — 204 B+ d -q32) +& (B +d-d)+di-Bd - qé]

Aqi - G3°
A2(‘1% q13, Q3)
CHS(@, ¢, G3) =

(-G —d@ - Gdi - a) + qfqpf} :

1 49—+ - ( ( 2o o2 402 o o
i — _3F ) _ . . )
5127T3)\2(q1, T2, q2) {Q1QQ(]1 qs q2 - 43\ 41 q1 - q2 4241 * 42 + qdq (QQ + q1 q2)
4 2 2
B a3 I MU (¢ +a3) (63 +d3)
512m3A%(q2, q23, q3) (q1 1 (q2 T qg) CUIRCE ) + 204873

1
+
256m3A2(q1, q12, q2)A?(q2, 423, q3)

{3(13 @@ @ (B @ — 243)

3G - B G (0 B (G426 G) + @ BG -6 (G- 6 — 46) + ¢ - G603

— 4G G+ B G) 6 (q3 <Q1 @ (4611( B G) +d 'qEQ) +4iGi - B @ — 24 ~q33)

+aids - @37 (di - @ — 241 - g )) + 414345 (341 - G5 — 241 '(fz)} ,

C5(di, 4, 43) =
2
q3

128”‘3)\2((117 q13, Q3))‘2(QQ7 q23,43
+3GdG B (B —d) +a G (B - @) (B d—dd) +dd -6 (6 (63— d - d3)

) {qz @6 & (6 (B + 26 &) - df — 26 &)

2
[ 2 - 3 q3 2 2 2 -
25 . L —9 . ) 2 @@,
+ BG-GB G —26) + @ G }+20487T3 (6 + a5 +d5— @ a3)
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Gy (di 3. 43) =

dia 9 9 1\2
409673 X% (g1, q12, 42) A* (q12, 423, q13) { ((q12 )~
+ 2(a5 + d72)) 435 + (9412 + 84341 — a1 — 2 (245 + aiz) ais) @5 — (0t — ais) * (305 — 263
+ 243, — Q%g)) @+ (*4(112%3 (*3‘13 -2 (2‘1?% + qu) g5 + 9415 + 8‘1%2‘1%3) Ga3 — 4 (2‘]?2
+ 2(q3 — 263) ais + G3q%s + ais3ais — 2 (2015 + 45 (@5 +2412)) ais) @35 — (=343 + (445 + 6435) @3
+ Qil2) (Q%z - Q%s) 2) ai + (q% - Q%z) ? (QSB + (qg + 245 — 2435 — 3‘1%3) 23— (Q%z — 341

2268+ 360) )y~ (ah— )? 3+ b2 (6 + )

- 4qf2q§3) @ + (—a5s + (3¢5 + 34

CM3 (G, @, @) =
1
16384722 (q1, 13, 43) A% (q12, 423, 13)

+ (Q%g_qgg)Q (‘ﬁg"‘qgs)) ¢+ (- (7Q§+Q%3) ‘123"‘(3‘14113"‘ (2q§+5 (qg"‘Q%Q)) Q13+41Q3‘112) 053

+ (—3a03 + (4¢3 + 1165 + 3447, qi3 + 4> (1265 + 3443 — 15¢72) 415 — 374341) ¢35

+ (gt~ s)” (ats+ (203 — 943 —54%,) ¢ +3q§qf2)) i+ (795 1847303 +413) 4%+ (740

+ (g5 +3493+21q3;) g1 +43 (12654543 +34433) i +41Q§q§3) o+ (1gys+2 (493 -7 (g3

+ q;3)) A5+ (11q§ + 92¢53q3 + 11q33 — 24¢5 (qg + ‘153)) s + 203053 (17 (qg + qgg) - 28‘1%) Gis
— 37q3ak) d — (¢35 — i2s)” (5aSs + (42 + 263 + 433) a5 + 363 (—442 + 363 + 643s) s

— 3¢3033)) 47 + (3 — ais) * (43 + ais) &%z + (a3 + (203 — a3 — 9433) 475 — Td3453) a2 — (5ais
+ (445 + 63 + 2433) a13 + 3035 (—445 + 63 + 3a33) a3 — 3¢3023) 4> + (a5 — ¢33)  (3ais

+ (265 + &5 + 433) 413 + 363035)) } ;

{w@uwgm@m+ﬁgw@mww&

CHo (i, @, 33) =
2
4096773)\2(%7(12:2(133))\2 (q12, G23, q13) { ~ Adds + ( a q23) ) iz + (7qg N (2q§3
+ 3 (QQ + ‘hg)) Q3 ( 3(12 + 9QQ3 ( 4‘1%3) qgg) Q§ + (q% - 3‘1%3 - 2‘]33) (q% - qg:a) 2) Q%Q
+ (—46153‘136; + (_3(]13 + ¢35 — ((113 - 4‘12) ‘153) 45 — 4433 (q% — 4¢3305 + qifs + 2433
— 4625 (63 +03)) @ — (63 — ads) 2 (—3abs + 6025035 + aks)) aFo — (a5 — a2s)” (—dS + (343
— qis +2033) 5 + (—303 + 643305 + a33) @5 + (45 + ais — 2433) (a5 — 435) ) + 247 (43
— 2(q5 + %) @ + @3 + a33) di2 — 2 (203003 + a3 (953 — 2 (@5 + B33) @3 + G5 + 453)) G

+ (a¥s — q§3)2 (a2 —2 (a5 +a33) 65 + a5 + qé‘g)) } . (B.1)

C Interaction vertices

We provide here a list of the vertices used in the paper. The computation of the vertices
can be done by taking at most three functional derivatives of the action with respect to
the metric, since the vacuum expectation values of the fourth order derivatives correspond
to massless tadpoles, which are set to zero, as explained in the previous sections. We keep
the notation with square brackets to indicate the flat limit of the functional derivatives
in momentum space, showing explicitly the dependence on the momenta when this occurs
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(which is not always the case, as for the metric tensors). We have

[\/a]uwz _ [V]“QVQ _ 15#21/2
2 9

[\/§]M2V2M3V3 _ [V]uwzu:wg :% (; gH2ve ghisvs 4 [gu2V2]u3u3> 7

[\/.6]1112’/2/1/3V3M4V4 — [V]M2V2N3V3M4V4 — [\/‘6]#4V4 [\/§]M2V2,U3V3

_{_1 <1 [gM2V2 gM3V3],M41/4 + [guzu2]#3l/3u4l/4>
2 )

1
lgasl® = 5 (20 + 022057 |
[gaﬁ} Hav2 — 1 (5au255112 _|_5al/256#2>
2 )

2] (Lo o g g [g] 7 g g

2
- e 1
[Va/\]#zw = - Va)\:| . = 1 (Vau2 (5,\V2 + Vvay2 5AH2) y
Vol — [V = 2 (Vs 3 [V 60
pavapsvspavs (17 A pavalisvshiva: 1 M2 M3V3HaVs § V2 Vo |M3V3H4VY § 12
[Vas] = - v = 7 (V") 0" + [Va'”] 512)
(C.1)
For the Christoffel symbols, defined as
o 1 (67,7
8v(2) = 5 977(2) [=0ng5y(2) + Fpguy(2) + Fr95(2)] ,
1
Lagy(2) = 5 [=0ag87(2) + 9gar(2) + 0190 (2)] (C.2)

we obtain

15,1727 (F2) = 5 6% (= [gay)"*" kax + [9aa]/"*" Ky + [9xg) "2 k2p)
W3v3

7
2
v v — o H2V2 v — o v —
15,0770 (i, ks) = [0 a2 () [9°%] ™ [Tage )22 ()
[Fa ]M2V2M3V3M4V4 (k k3,k4 _ [ga ]Hzllz [FA,ﬁ'y]H?’Vng (k_;;,k_;)
K3v3 otiaa o=
+ [ a)\] [F)\,ﬁy]“z 214V4 (k?g, ]{,‘4)
pav. g o
+ [ga)\] 4v4 [F&ﬁv]uzvzus 3 (o, iy) . (C.3)

It is straightforward, starting from these definitions, to derive the derivatives of the Ricci
tensor [R,,|" (1) and (R, ] (I1,13), defined as R (2) = R0, (2). We recall that in

our conventions the Riemann tensor is defined as

R)\MKV(Z) = 81/1_‘/);5(2;) - a"ﬁrilu(’z) + Fl)/\n(Z)FZH(Z) - Fﬁn(z)FZV(Z) : (04)
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Next we list the interaction vertices for the dual theories.
e Scalar
V§£¢(ﬁ 7) =
1 1
3 (940077 = 5075°7) (ot + poa)
+x (8768 — 516" (paps + Pads + qaPs + 4ads)
Vs“s”gg (7., =
po po svB 1 pv sofB po v 1 nv af3 e
5 [Vgl™” | %9877 = 50" a% | + | g"g™" — 5 g"g (Pads + Ppda)
+y {([\/mpa (5#V5aﬁ _ (;ua(;uﬂ) + [guugaﬁ _ g“ag’jﬁ} PU) (papﬁ + Pads + Paa + Qa(Iﬁ)
+ (0507~ 050) [T Do+ ) — (650 = 52577 ) [Ragl?” (D}

VSFLSVE"Z?;W (p’ q, ll7 l2)

1 1
{ A (o - Gome)

g o,V 1 ) e} X w a vV 1 vV« 7
+[v9l” [9“ g 5759“ g ﬂ] + [Vl {g“ g 5759“ g B]

1 ur o pPoxe
59" (Pats + Ppda)

4 |:g,uagu,8 _
X{ [\/g]PUXW <5uu5a5 _ 6”“(5”’6)

+ Va7 [g"g*" = g" "1 + [Vl [9" g™ — g"g""])"

+ [g" g*P — gregrP)PT } (Paps + Pals + dabs + 4ads)

po =

x{ ([\/g]x‘“ [&w(saﬂ — &Wavﬁ] + [g;wgaﬁ _ guagVB]X“> [raﬁ] (11)

+(p,0,11) & (1w, 12) + (87767 — §#6P) [T)5]" 7 (l;,lg)}i (px +ax)
w 1
+X{ ([\/g]x <6ua6vﬁ _ 5 6uu6aﬂ) [gpagyﬁ guugaﬁ] )

+(p,0,11) < (1,w,12) + (5*“5”5 - ;5“”6”‘ﬂ> [Rap]"7* } (C.5)

e Fermion

224 —
VSl/Hﬁ (p7 q_> -

2 (V1 52+ V") 2 o an).

2

Ve (5d.00) =
; ([V]W o+ VI [V v [V [ ””’”) Y (pr — )
w1 (1 a2+ [A]) fon [} ol G,
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VAR 5. 3. 11, 5) =

5 (e s vy [ [uA]”
+ vy VA s e V) e ]

+ [V [vzk]uypg-+ [V;A}Nypaxu)> 7 (px — )

16 (0% Do) { < Ve s+ v v

+ v v+ [ ”m> e r] (55)

+<[V]’” o + [V ‘”> [ ] (ZI,ZE)} , (C.6)
where the spin connection was defined in (3.8).

o Gauge field

VR = 5 (005757 4 10660 ) 1o .0

N — N~

Vggzz;ﬂ(p’qj:: V[?pa <6MA5&K5VB<+ 5uu5aA55ﬁ>

+

po
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where we have introduced
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