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The search for classical-quantum coupling

Since the raise of quantum mechanics, classical-quantum coupling has

emerged as an outstanding question

• Quantum measurement theory: when a quantum state is measured,

it undergoes an interaction with a classical apparatus

• Chemical Physics: the need for saving computational power in molec-

ular dynamics leads to the necessity of approximating the nuclei as

classical objects interacting with an electron ensemble

After about a century of continuing e↵orts, classical-quantum coupling is

yet an unanswered question. But what do we know about it?

• When a quantum state interacts with a classical system, the latter

undergoes an uncontrollable disturbance. (cf. N. Bohr)

• When a quantum state interacts with a classical system, the former

undergoes decoherence (lack of quantum superposition).



My own reaction

Disturbance	=	noise?	
Stochas2c	processes?	

What’s	the	formula		
for	decoherence?	
	

Is	it	the	wavefunc2on		
collapse?	What’s	that?	



Aim of the talk: propose a model for hybrid classical-quantum systems

Outline

1. Quantum and classical notions and previous attempts

2. Koopman-von Neumann theory and its revisitation

3. Construction of classical-quantum hybrids
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Previous attempts to hybrid

classical-quantum theories

•



Celebrated quantum-classical theories

• In 1976, George Sudarshan proposed a hybrid theory based on Koop-

man’s formulation of classical mechanics (dating back to 1931):

wavefunction description

• In 1981, Aleksandrov and Gerasimenko independently proposed a hy-

brid theory based on operator-valued probability densities:

quantum-classical Liouville equation

Although the latter is currently implemented in chemical physics (Kapral’s

group in Toronto), both these theories su↵er from several issues (both

structural and interpretative, see work by Ciccotti).

! Not Hamiltonian, incorrect transformation properties, unclear quantum features

We’ll need to revise both quantum and classical mechanics!



Quantum states (pure vs mixed) and expectations

• Pure states  are normalized L2�functions (ie.
R

| (x)|2 dx = 1)

Schrödinger’s equation: i~ @t = Ĥ 

Here, ~ is Planck’s constant and Ĥ is aHermitian operator (Hamiltonian).

• The probability density D = | |2 satisfies @tD = 2~�1 Im( ⇤Ĥ )
| {z }

H = T + V yields a continuity eq.

• Mixed states are positive-definite operators ⇢̂ with (generalized) Tr ⇢̂ = 1:

von Neumann equation: i~ @t⇢̂ = [Ĥ, ⇢̂] ,

where [·, ·] is the commutator. (Setting ⇢̂ =   ⇤ yields pure states).

Physical quantities are represented as Hermitian operators Â and their

measured value can be identified with the expectation value

hÂi = Tr(⇢̂Â) �! i~dhÂi
dt

= h[Â, Ĥ]i (Ehrenfest theorem)

Example: total energy hHi = Tr(⇢̂Ĥ)



Classical states (pure vs mixed) and expectations

• Pure (particle) states are position-momentum vectors on phase-space

Hamilton’s equations for (q, p): q̇ =
@H

@p
, ṗ = �

@H

@q

Here, H is a phase-space function (Hamiltonian)

• Mixed states are positive-definite densities ⇢(q, p, t) with
R

⇢ dqdp = 1:

Liouville equation: @t⇢ = {H, ⇢}

where {f, g} = @qf@pg � @pf@qg is the canonical Poisson bracket.

(Setting ⇢(q, p, t) = �(q� q(t))�(p� p(t)) yields pure states).

Physical quantities are represented as phase-space functions A(q, p) and

their measured value can be identified with the expectation value

hAi =
Z

⇢A dqdp �!
dhAi
dt

= h{A,H}i ,

Example: total energy hHi =
R

⇢H dqdp



Semiclassical approach to classical-quantum coupling

• In quantum chemistry, one starts with a full quantum treatment for

both nuclei and electrons: e.g. molecular wavefunction  (X,x, t)

• Born-Oppenheimer approximation (1927)

 (X,x, t) = �(X, t) (x;X)

and adopts standard (semiclassical) methods to take the classical limit
of the nuclear wavefunction �(X, t). [Ehrenfest, Hamilton-Jacobi, etc]

• Still, the electron wavefunction is time-independent (adiabatic hy-

pothesis): unsatisfactory for molecular dynamics simulations

• Alternative: one factorizes as

mean-field approximation:  (X,x, t) = �(X, t)
| {z }

nuclear

 (x, t)
| {z }

electronic

• However, this approach neglects particle correlations:

hAnuclAeleci ' hAnuclihAeleci



A zoo of classical-quantum models for molecular dynamics

• Ehrenfest mean field (and augmentations):  (X,x, t) =  (x, t)
| {z }

electronic

�(X, t)
| {z }

nuclear

• Surface hopping algorithm and its variants

• Exact factorization (and augmentations):  (X,x, t) =  (x, t;X)
| {z }

electronic

�(X, t)
| {z }

nuclear

• Bohmian/hydrodynamic approaches

• Quantum-classical Liouville equation

• Others (multi-configuration Ehrenfest, multiple spawning & cloning,. . . )

! The search for a ultimate mixed quantum-classical theory is still open!



The quantum-classical Liouville equation

In 1981, Aleksandrov and Gerasimenko independently proposed an equa-

tion for the hybrid quantum-classical density

⇢̂ ⌦ ⇢(q, p) �! b⇢ (q, p, t)

The quantum-classical Liouville equation [Kapral (2006)] reads

@ b⇢

@t
= �i~�1[cH, b⇢ ]
| {z }

quantum-like term

+
1

2

⇣

{cH, b⇢}+ {b⇢, cH}
| {z }

classical-like term

⌘

.

Here, cH = cH(q, p) is a hybrid Hamiltonian: cH = P̂ 2/2 + p2/2 + V (q, bQ)

! Conserves total energy! Tr
✓

Z

b⇢ cH dqdp
◆

= const .

However, several issues emerge from the absence of a variational/Hamiltonian
structure! [Agostini, Ciccotti (2017)] (Fundamental in mechanical theories).



Variational/Hamiltonian formulation of mechanics

• Classical particle mechanics is governed by the action principle

�
Z t2

t1
L(q, q̇) dt = 0

• By introducing the canonical momentum p = @L/@q̇, this becomes

�
Z t2

t1

⇣

pq̇ �H(q, p)
⌘

dt = 0 with H = pq̇ � L ,

which returns Hamilton’s equations (q̇, ṗ) = (@pH,�@q̇ H)

• The integrands are defined up to time derivatives dS(q, p, t)/dt (yield-

ing trivial contributions) ! gauge group of classical mechanics!

• A variational principle also holds for quantum wavefunctions  (x, t):

�
Z t2

t1

Z

✓

~Re(i ⇤@t )�  ⇤Ĥ 
◆

dx dt = 0 ,

which returns Schrödinger i~ @t = Ĥ . (Dirac-Frenkel Lagrangian)



Possible strategies for variational/Hamiltonian hybrids

Two possible strategies for incorporating the Hamiltonian structure:

1. Write quantum states in terms of (Liouville-like) probability densities

• The Wigner transform  (x) 7!W (x, p) provides a description of

quantum mechanics in terms of phase-space probability densities

• This approach has been widely studied and its variational/Hamiltonian

setting is not canonical, thereby leading to complications

2. Write classical mechanics in terms of (Schrödinger-like) wavefunctions

• Following Koopman’s work, this was proposed in [Sudarshan (1976)]

• This approach seems promising because wavefunctions have a sim-

ple (canonical) Hamiltonian setting ! important simplification

. . . However, this second method leads to interpretative problems!



Wavefunctions in classical mechanics?

Question: can we define an L2�function  (q, p) such that the probability

density ⇢ = | |2 satisfies the classical Liouville equation @t⇢ = {H, ⇢}?

Bernard Osgood Koopman Bernard Osgood Koopman

Bernard Koopman: Yes! [Proc. Nat. Acad. Sci. 17 (1931)]

Koopman’s theory formulates classical mechanics in terms of wavefunc-

tions. It was later developed by von Neumann in [Ann. Math. 33 (1932)]
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Koopman-von Neumann (KvN) theory

and its Hamiltonian structure



A bit of history. . .

• Despite celebrated in ergodic theory, KvN theory has been much un-

explored (and somewhat unknown) in the physics community.

• KvN theory has been rediscovered in several instances: see e.g. Della

Riccia & Wiener (1966), ’t Hooft (1997)

• In recent times, KvN theory has been first developed in Trieste by

Gozzi and his former student Danilo Mauro (see his thesis from 2002)

• More recently, this has become a topic of increasing attention. A cru-

cial contribution was made by Bondar et al [PRL, 2012] at Princeton.



The Koopman-von Neumann equation

Theorem (adapted from [Koopman, 1931]). Let H(q, p) be a

phase-space function and let  2 L2(R2) satisfy the

KvN equation i~ @t = {i~H, }

Then ⇢ = | |2 satisfies the Liouville equation @t⇢ = {H, ⇢}.

The Hermitian (self-adjoint) operator L̂H := {i~H, } is called the Liouvillian

i~ @t = L̂H �! similarity with Schrödinger equation!

Sudarshan extended KvN to include the interaction with quantum de-

grees of freedom: hybrid wavefunction  (q, p) ⌦  (x)! ⌥(q, p, x).

However, by invoking superselection rules for physical consistency, Sudar-

shan’s (Hamiltonian!) theory leads to fundamental interpretative issues.



Hamiltonian structure of the KvN equation

The KvN equation possesses the standard variational principle (VP):

�
Z t2

t1

Z

✓

~Re(i ⇤@t )� ⇤L̂H 
◆

dqdp dt = 0 ,

Exactly the same structure as the previous quantum VP!

Remarks:

• Conserved energy:
R

 ⇤L̂H dqdp = ~
R

H Im{ , ⇤} dqdp = const .

This is di↵erent from the physical energy
R

⇢H dqdp =
R

| |2H dqdp

(which is also conserved). Interpretative issue of the KvN formula ⇢ = | |2

• L̂H is not unique: the correspondence H 7! {i~H, } is many-to-one

• More fundamental issue: the integrand in the VP does not transform

consistently under gauge transformations  (q, p) 7! eiS(q,p) (q, p)

Classical gauge covariance (equivariance) is violated

Claim: the Koopman-von Neumann theory is incomplete!



Canonical transformations and their central extension

• Group theory: L̂H := {i~H, } generates canonical transformations

(q, p) 7!
⇣

Q(q, p), P (q, p)
⌘

, (Q,P ) 2 Can(R2)

which preserve Hamilton’s eqns. in the form i~ (Q̇, Ṗ ) = (L̂HQ, L̂HP )

• In classical mechanics, one says that the Hamiltonian function H

generates the dynamics (Hamiltonian flow) by Hamilton’s equations.

• However, Hamiltonians are only defined up to constants: H and

H 0 = H +  generate the same dynamics!

• Van Hove (1951): don’t look at the group Can(R2), but rather look

at the central extension Can(R2)⇥R (strict contact transformations)



Modifying the Louvillian: prequantum operator

Theorem (adapted from [Van Hove, 1951]). The generator of strict

contact transformations is given by (upon denoting z = (q, p))

L̂H = L̂H +
✓

H +
1

2
z ·rzH

◆

. (H 7! L̂H is one-to-one: uniqueness!)

There’s a whole lot of geometry here! In geometric quantization, the mod-

ified Liouvillian L̂H is called prequantum operator: [L̂H, L̂K] = i~L̂{H,K}



Modifying the Koopman-von Neumann theory

Now, we perform the replacement L̂H ! L̂H in KvN theory:

• KvN equation becomes i~ @t = L̂H (notice: ~ no longer cancels!)

• The KvN variational principle becomes gauge-covariant (equivariant):

�
Z t2

t1

Z

✓

~Re(i ⇤@t )� ⇤L̂H 
◆

d2z dt = 0 ,

• Conserved energy:
R

 ⇤L̂H d2z =
R

H
⇣

| |2 + divJ
⌘

d2z with

J =
1

2
z| |2 + i~ ⇤Jr , with J =

 

0 1
�1 0

!

! What’s the meaning of the quantity | |2 + divJ ?



The quantity | |2 + divJ

• This quantity is the sum of the KvN density | |2 and another term

(divJ ) coming from Van Hove’s modification of the Liouvillian

• Setting ⇢ = | |2+divJ returns the Liouville equation @t⇢ = {H, ⇢}
The sign of ⇢ is preserved in time: positivity is preserved!

• Notice:
R

divJ d2z = 0 �! J doesn’t contribute to total probability!

The quantity | |2+divJ is a representation of the classical probability density!

• The gradients in the expression of ⇢ may allow for ��solutions (classi-
cal pure states). These are forbidden by the KvN prescription ⇢ = | |2.

• Even more geometry: | |2 + divJ identifies a momentum map!

(For the action of strict contactomorphisms on L2(R2)).



More quantum analogies: operator algebras

• In QM, the Hamiltonian Ĥ = P̂ 2/2m+V (Q̂) is constructed out of op-

erators Q̂ = q and P̂ = �i~@x s.t. [Ẑh, Ẑk] = i~Jhk, with Ẑ = (Q̂, P̂ )

! Is there an analogue operator algebra for KvN (or its new version)?

• Upon defining Ẑ = z and ⇤̂ = �i~rz , we have [Ẑh, ⇤̂k] = i~ Jhk

! ⇤̂ emerges as a momentum-like operator! (Heisenberg algebra)

• The replacement L̂H ! L̂H is actually a minimal coupling process:

by setting XH = JrzH, �(z) = H(z), and A(z) = �Jz/2, we have

L̂H = XH(Ẑ) · ⇤̂ �! �(Ẑ) +XH(Ẑ) ·
⇣

⇤̂+A(Ẑ)
⌘

= L̂H

This ensures gauge-covariance (equivariance) under local phases

• Also, we find interesting relations partly appeared in [de Gosson (2005)]

Ẑ± =
1

2
Ẑ ± J⇤̂ , [Ẑ±, Ẑ±] = ⌥i~J , J =  ⇤Ẑ+ 



Recap: wavefunctions for classical mechanics

+	 =	
Joseph	Liouville	

Combining KvN theory with Van Hove’s central extension yields the follow-

ing (momentum map) representation of the Liouville probability density:

⇢ = | |2 + ~ Im{ ⇤, }+
1

2
div
⇣

z| |2
⌘

Equation for the classical wavefunction  (z) =  (q, p):

i~@ 
@t

= {i~H, }+
✓

H +
1

2
z ·rzH

◆

 



Classical expectation values

• In the classical mechanics, observables (physical quantities, e.g. the

Hamiltonian H(z)), are given by functions on phase-space.

• In the present setting, we have a one-to-one correspondence

bA(z)  ! bL
bA

This is actually a Lie algebra isomorphism, since [L̂H, L̂K] = i~L̂{H,K}

• The (momentum) map   ⇤ ! ⇢ is the dual of this LA isomorphism!

• Classical expectations: hAi :=
R

 ⇤ bLA d2z. The dynamics reads

i~dhAi
dt

=
Z

 ⇤[ bLA,
bLH] d2z = i~

Z

 ⇤ bL{A,H} d2z = i~h{A,H}i

so that we recover dhAi/dt = h{A,H}i.



Let’s exploit Shudarshan’s idea for classical-quantum hybrids!

Among the most influent physicists, George Sudarshan first proposed the

idea of using classical (KvN) wavefunctions for classical-quantum coupling

However, as we showed, KvN alone is incomplete ! need new construction!
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Construction of

classical-quantum hybrids



Hybrid classical-quantum wavefunctions

• Sudarshan (1976) realised that writing classical and quantum mechan-

ics both in terms of wavefunctions can lead to a consistent hybrid theory

! Sudarshan’s theory was (overly?) criticised by Peres & Terno (2001)

• After Sudarshan’s work on standard KvN, the prequantum KvN equa-

tion was first proposed for hybrid systems in [Boucher, Traschen (1988)]

• More recently, the same strategy appeared in [Jauslin, Sugny (2010)]

• All these approaches involve a hybrid wavefunction (omit time for now):

⌥ = ⌥(q, p, x)

Here, (q, p) are ‘classical coordinates’ and x is the ’quantum coordinate’.

• While several equations have been proposed for ⌥, none of them was

ever recognised as satisfactory in both mathematical and physical aspects



Towards hybrid theories: the quantization process

• There is a well-known procedure taking the “prequantum” KvN equa-

tion i~ @t = L̂H into the Schrödinger equation i~ @t = Ĥ (with

Ĥ = T̂ + V̂ , kinetic + potential)

• Upon avoiding technicalities, one sets

@p = 0 , p = �i~@q 

to obtain i~ @t (q) = [(�i~@q)2 + V (q)] (q) = (T̂ + V̂ ) (q)

• Although this (formal) process is well-known in geometric quantiza-

tion, it is pretty unknown within the physics community



Strategy: partial quantization procedure

Given the ‘prequantum’ KvN equation for 2 particles, quantize only one!



“Chi cerca trova, chi ricerca ritrova” (E. De Giorgi)

The partial quantization procedure yields the hybrid wavfunction equation

i~@⌥
@t

= {i~cH,⌥}+
✓

cH +
1

2
z ·rz cH

◆

⌥ =: bL
bH
⌥ ,

where z = (q, p) and cH = cH(z) is an operator-valued function on phase-space

This is the same eqn as the one found by Boucher & Traschen in 1988!

However, this eqn was rejected since

• it was claimed by the authors to yield “interpretative di�culties”

• Also, B&T claimed the absence of a positive conserved energy

On the other hand, by construction the same equation arises from the VP

�
Z t2

t1

Z

✓

~Re(i⌥⇤@t⌥)�⌥⇤ bL
bH
⌥
◆

d2z dx dt = 0 ,

! The sign of the conserved energy
R

⌥⇤ bL
bH
⌥ d2z dx is preserved in time!



Expectation values and hybrid Ehrenfest theorem

• In the hybrid context, observables (physical quantities, e.g. the Hamil-

tonian cH(z)) are given by operator-valued functions on phase-space.

• In molecular dynamics, the two-particle hybrid Hamiltonian is

cH(q, p) =
p2

2M
+

P̂ 2

2M
+ VC(q) + VQ(Q̂) + VI(q, Q̂)

• In the present setting, we have a one-to-one correspondence

bA(z)  ! bL
bA

! However, this is no longer a Lie algebra isomorphism: [ bL
bA
, bL

bB
] 6= bLC

• Hybrid Ehrenfest theorem

hÂi :=
Z

⌥⇤ bL
bA
⌥ d2z dx �! i~dhÂi

dt
= h[ bL

bA
, bL

bH
]i

Example: total energy hHi =
R

⌥⇤ bL
bH
⌥ d2z dx .



Hybrid probability density

In both classical and quantum mechanics, there exists a density (function

⇢(q, p) or operator ⇢̂) such that the total energy is formally written as

h⇢|Hi .

The energy is linear in ⇢ and H. (Here, h·|·i denotes the natural inner product).

Question: Can we define a density-like object bD such that

hHi =
Z

⌥⇤ bL
bH
⌥ d2z dx =

D

bD
�

�

�

cH
E

?

Answer: Yes! We have hHi = Tr
R

bD(z) cH(z) d2z, where

bD(z) := ⌥(z)⌥†(z) + i~{⌥(z),⌥†(z)}+
1

2
div
⇣

z⌥(z)⌥†(z)
⌘

and † is the Hermitian conjugate (i.e. ⌥†(z) = h⌥(z)| in Dirac notation).



More on probability densities: quantum and classical

Question: Fine – we have a hybrid density bD(z), but how do we recon-

struct the quantum density operator ⇢̂ and the classical density ⇢(q, p)?

Answer: projections! We simply project bD(z) on the quantum density

operators and on the classical density functions, respectively:

⇢̂ =
Z

bD(z) d2z , ⇢(q, p) = Tr bD(z)

• Quantum density operator: ⇢̂ =
Z

⌥(z)⌥†(z) d2z ! POSITIVE! :-)

!Only available hybrid theory capturing positivity of the quantum density!

• Classical density: ⇢(q, p) = |⌥(z)|2� i~{⌥(z)†,⌥(z)}+ 1
2 div(z|⌥(z)|

2
⌘

! Lack of classical positivity in hybrid systems was explained by Boucher (1988)



What about the quantum-classical Liouville equation?

In 1981, Aleksandrov and Gerasimenko independently proposed an equa-

tion for the hybrid density bD(z): the quantum-classical Liouville equation

@ bD
@t

= �i~�1[cH, bD] +
1

2

⇣

{cH, bD}+ { bD, cH}
⌘

.

Question: We know this is not Hamiltonian, but what’s the bD�equation
resulting from our construction? (The latter being indeed Hamiltonian).

Preliminary question: What can do we know about bD, really?

• The map ⌥⌥† 7! bD is the dual of bA(z) 7! bL
bA
(no LA isomorphism!)

• Unfortunately, bD does not enjoy momentum map properties

�! There is no closed equation for bD in the general case!

Answer: An explicit calculation yields surprising similarities!

@ bD
@t

= �i~�1[cH, bD] + {cH, bD}+ F (⌥)

F (⌥) is a function of ⌥: no closed eqn (consistent with Salcedo (1999))



Interpretation of the theory: decoherence

From the previous equation for bD (or for ⌥), we obtain the dynamics for the

quantum and classical probabilities ⇢̂ =
R

bD(z) d2z and ⇢(q, p) = Tr bD(z):

i~ @⇢̂
@t

=
Z

[cH, bD] d2z ,
@⇢

@t
= Tr{cH, bD}

OK – these are pretty good looking formulas, but what do they mean?

• Pure quantum state solutions ⇢̂ =   † are no longer preserved in time

! Absence of pure quantum states ! Quantum decoherence!

• Particle-like solutions ⇢(z, t) = �(z� ⇣(t)) are not preserved in time

! Absence of pure classical states ! ‘Classical decoherence’ !

• As we said, sgn(⇢) 6= const: this is explained by using Wigner functions



Argument in favor of non-positive classical densities

In QM, di↵erent ‘pictures’ are available: Schrödinger, Heisenberg, Dirac,. . .

The phase-space picture goes back to Wigner (1932) and Moyal (1949)

Wigner transform (LA isomorphism):
⇣

⇢̂, [·, ·]
⌘

7!
⇣

W⇢ , {{·, ·}}
⌘

W⇢ (q, p) is a phase-space function satisfying the Wigner-Moyal equation

@W⇢

@t
= {{H,W⇢ }}
| {z }

Moyal bracket

({{·, ·}} deforms {·, ·})

• Property 1: W⇢ is not positive definite

• Property 2: {{A,B}} = {A,B} if A or B is a quadratic function

Consider a harmonic oscillator (coord z) coupled to a nonlinear system (co-

ord ⇣): H(z, ⇣) quadratic in z. WM eqn: @tW⇢ = {H,W⇢ }z + {{H,W⇢ }}⇣
@WHO

@t
=
Z

{H,W⇢ }z d2⇣ ,
@WNL

@t
=
Z

{{H,W⇢ }}⇣ d2z

!WhileWHO is essentially classical, it may become negative because so may W⇢ !



Mean-field ansatz: recovering previous theories

Question:
How do we compare with previous theories (mathematically consistent)?

Let us adopt the mean-field ansatz (no classical-quantum correlations):

⌥(z, x, t) =  (z, t) (x, t) ! bD(z, t) = f(z, t) ⇢̂(t)

with ⇢̂ =   † and f = | |2 + ~ Im{ ⇤, }+ div(z| |2)/2.

Answer: this yields exactly the mean-field model from chemical physics!

i~ @⇢̂
@t

=


Z

fcH d2z , ⇢̂
�

,
@f

@t
=
n

Tr(⇢̂cH) , f
o

• The second equation has single-particle solutions f(z, t) = �(z�⇣(t))

! Pure states are recovered in the absence of classical-quantum correlations!

• Notice that sgn(f) = const.

! Positivity is recovered in the absence of classical-quantum correlations!



Summary

• We have revisited the standard KvN theory to include fundamental

properties in classical mechanics: prequantum KvN

• Upon following up on Sudarshan’s idea, we have formulated the first

Hamiltonian model of classical-quantum coupling (partial quantization)

• Decoherence (loss of purity) is not only a quantum feature, but it also

a↵ects the classical sector

• The classical probability density may become negative in the presence

of classical-quantum correlations

• The mean-field model from chemical physics emerges as a special case

when correlations are neglected

• Next steps: reduced models for molecular dynamics, classical-quantum

phase transitions, etc.. . . Is the hybrid wavefunction necessary at all?
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That’s all – thanks!


