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Outline

Introduction and background

Nonlocal spectral formulation-classic water waves

» Dirichlet-Neumann series from the nonlocal spectral
formulation

» Linearization, integral relations

s Asymptotic reductions: Shallow water—long waves:
Benney-Luke (BL), Kadomtsev-Petviashvili (KP),
Deep water: NLS equations

Interfacial waves:

» One free surface-rigid top and bottom

» Two free surfaces-rigid bottom

» Asymptotic reductions: Long waves: ILW-BL,
ILW-KP, Coupled NLS

Lump solutions
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Background

Classic water waves (WW), long history-articles/books

In 2-dmensions— complex analysis is very useful,
provides simplification; not in 3-d.

In 2006 Ablowitz, Fokas, Musslimani (AFM) developed a
nonlocal spectral formulation of WW. Eliminates vertical
coordinate.

Variables: wave height, n, velocity potential on free
surface g = ¢(x, n);

Variables: 1, g used by Zakharov ('68) in Hamiltonian
formulation of WW, found NLS reduction in deep water;
Craig & Sulem (’93) derive Dirichlet-Neumann series in
terms of n,g. Craig et al study various problems in WW
and interfacial waves via DN operator methods

MJA and Haut ('08): waves with 1 and 2 free interfaces:
connect to DN operators/series, asymptotic reductions.



Water Waves

Classical equations: Define the domain D by
D={-c0c<x<o0o, —h<y<n(x,t), t>0; x=(x1,x)} The
water wave equations satisfy the following system for ¢(x, y, t)

and n(x, t):
AP =0 in D

¢,=0 on y=-h
N+ Vo-Vn=¢, on y=r

v
V1+I[VyP

where g: gravity, o: surface tension. AFM, JFM, 2006,
reformulation. Nonlocal eq. on a fixed domain.

1
qbt+§|qu|2+gn:aV-( ) on y =71,



Water Waves: figure

q = ¢($777)

Classic water wave configuration



Water Waves-Nonlocal System

AFM find 2 eq., 2 unk: n,q = ¢(x, ), rapid decay: 1 nonlocal
eq. and 1 PDE; fixed domain!

Tsinh[x(n+W)])=0 (]

f dxe™*(in; cosh[x(n + h)] +

Vo Yy _ o Y1y

+1|V * + gn —
I T 2D L+ Vi

X =(x1,x2), k= (k, ko), * =k +k3, q(x, 1) = d(x, n(x, 1))
Infinite depth:

. k -
f dxe™* e (in, + ” )=20 (I')



Nonlocal System-Green’s ldentity

Define an associated potential: 1(x, y) satisfying
AU(x,y) =0,-h <y < n(x,t),x € R, Py (x,—h) =0

Use Green'’s identity:
0= A — A av
| (@pro=(20))
:f (6 (V- iD) - p (Vo - 7)) dS
dD(1)

1 is the unit normal;. Eval. using BC'’s and eq. of motion:

ﬂ Pl mnedx = ﬂ zq(¢y(x, n) = Vap(x, 1) - Va) dx (W)



Nonlocal System-Green’s ldentity

Write ¢(x, y) in terms of basis func:

Ur(x, y) = €% cosh[x(y + h)]. Substitute into weak eq (W);
Integration by parts leads to nonlocal spectral eq.

f dxe™*(in, cosh[«(n + h)] + 1 sinh[k(n+h)]) =0 (I),

Take FT, exp’d cosh, sinh in pwrs of n use pseudo-diff. forms
—

-1
= G(n)g = (Z An(n)) (Z B, (n)) q

where G(n) is the DN operator; series agrees with Craig et al;
recall n; prop. to normal deriv of ¢ (n; = ¢, — Vo - V7).



WW- Linearized System

Let n,[Vg| — 0 then eq. (1,11) simplify.

Vg .
” sinhkh) =0 (1L)

. k
f dxe™ (in; cosh kh +

recall k2 = k + k2. Use Fourier transform: # = [ dxe**

———

k-Vq
” sinhkh =0 (1L)

i1y cosh kh +

7+ (g + %Kz)ﬁ -0 (2L)

Then from eq. (1L), (2L)find:

Ny = —(gK + %KB) tanh xh 1)



WW-Nonlocal System-Remarks

# Can find integral relations by taking k — 0. First two
(recall: x — (x1,x7))

% f dx n(x,t) =0 (Mass)

0
> f dx(ximn) = f dx g, (n+h) (COM)

LHS: COM in x; direction -RHS related to x; momentum:;
COM -in xy-direction and virial identities can also be
found.

# May extend formalism to variable depth.
# Can derive KP, Benney-Luke, Boussinesq, NLS systems



WW-Asymptotic Systems

Small ampl., long waves: nondim:
e=tu=1y= f—;,e, i,y << 1. Find Benney-Luke (1964)

system (nmlz’d surface tension: &):
gy — Ag + 6u*A%q + €(0:|Vgl* + g:Aq) = 0 (BL)

R=32 +1°3,  199P = (g3 +2°7)
If ¢ = u* = y* then BL yields KP equation. Let:
E=x1—t,T=¢€t/2,w=qg;:

de(Wr — OWeee + 3(WWe)) + Wryw, = 0

Can also find NLS eq.: assume small amplitude,
quasi-monchomatic exp’n for i, q and use the
Riemann-Lesbesq. Lemma; Thus can obtain both shallow
and deep water reductions from nonlocal eq.



Interfacial waves—rigid top

y=H
(z,y), o
y=m
l Q = ®(z,n)
C]=¢($a77)
y=—h




One Interfacial wave—nonlocal form

f e cosh(x(n + h))n, dx = i f ™ sinh(x(n + h)) (% : Vq) dx
R2 R2

f ™ cosh(x(n — H))nydx = i f e sinh(x(n — H)) (% : VQ) dx
R? R2

1o (+Vg-Vo)y')

i (qt+2lvq' 8T T )

_ @ V-V oV
2(1+Vni?) 1+ VP

where quantities defined in prior figure-and earlier.; 3 eq., 3
unkowns 1, g, Q: fixed domain!

1
p’ (Qt + §|VQ|2 + 31



One Interfaclal wave—-remarks

May derive DN operator, DN series and asymp reductions.
Small ampl., long waves- find ILW-BL eq. (nondim):

Qtt_c~02Qx1x1 _ Vzcészxz + € (ZQX1 Qx1t + Qth1x1) +
c5 5 c5
U _a_ﬁQxlxl + EQX1X1X1X1 o EZCOth(aDl)QxMNﬂ =0,

where u = %,e = &,yasinstdBL, p = %,6 = %,a = o,

¢2=(1/p-1),6>=(1/p—-1)(1+1/(6p)) and psd notation
(D1 = _i&xl):

1

COth(aDl)Qxlxlxl — (2ﬂ)2l

f ¢ coth(ak, )K>Q(k) dk
R2



One Interfacial wave—-ILW-KP

Transform: x = x; — 6t, y = x, T = €t, w = Q,, yields ILW-KP

c; 3 G icg
2C0th+ wxx+C0wyy+2C0& ( ) wxxxx-l_ COth(aDl)wxxx — O,
el 2 P

Recall: 6 = £,a = 6y; if & — 0 find standard KP eq.; If &« — oo
find BO-KP eqg. (cf. MJA, Segur '80)

s 3 o 6 2
200wy + awxx + Cowyy + 2C0& ( ) ~ Wiy — —HWy =0,

where Hu(x) = P1 [ 4



Interfacial waves—two free interfaces

y=H+p
P=O(x, B+ H)
y=n (D(X Y) Y
l Q=0(xn)
q= ¢(x, n)
y=—h
J o(x,y) P

Two-fluid configuration with two free interfaces



Two Interfacial waves—nonlocal form

. . _sinh +h
f ™ cosh(x(n + h)n, dx = i f e’k > (KK(U )(k - V)g} dx
R2 R2

f e’ sinh(xf); dx — f ™ sinh(x(n — H))n, dx =
R? R?

—1 f e’k cosh(xe(n ~ H)) (k-V)Qdx+1i f e’ cosh(xp) (k-V)Pdx
R? K R2

K

f e’ sinh(x(8 + H))B: dx — f ™ sinh(xn)n, dx =
R2 R2

— 1 f e'kx cosh(xen) (k-V)Qdx +1 f e'kx cosh(x(p + ) (k-V)Pdx
R2

K R2 K




Two Interfacial waves—Bernoulli Eq.

1 o) (Th + V&] . VT])Z
i (% M S vy

_(77t+VQ'V’7)2):aV.( v )
2(1+ [VnP) T vr

1
—p’ (Qt +5IVQF + g1

1 _(IBt+VP-V,8)2_2 | VB
cr e o (\/1+IV/3I2)

2(L+1IVBP) ¢’
Thus have 5 eq. in 5 unkowns: 1,5, 4, Q, P: fixed domain!



o o o

Two Interfaclal waves—Remarks

Can find integral relations by taking k — 0; e.g.

% f dx (n(x,t) — p(x,t)) =0 (Mass)

One interface Is a special subcase

Can find
Can find

amplituc

DN operator; connect with Craig et al ‘05

asymptotic reductions; e.g. coupled NLS: small
e, quasi-monochomatic limit



Two interfacial waves—Coupled NLS

Let

n(x, y,t) = ei(klx”ly‘wlt)mlo(X, T) + @200 (X, T) + c.c. + O(€),
B(x,y,t) = etrxithy—eiblg, (X, T) + e®¥2208, (X, T) + c.c. + O(e),

where X = ex, T = et. Find coupled NLS

if +01fee + OalfIPf +55lg°f =0,

ig: +iAgs + 04ges + Os|8°g + Sl fIPg =0,

where & = X — C,, T, 7 = €T, the coef. é4,...,6¢ depend on ki,
lh, kp, w1, wy, and fluid parameters, 61 = w1k, /2,04 =
a)Z,kzkz /2/ f(gl T) — 771,0()(/ T)/ g(éf T) — ,BO,l (X/ T)/ ng — Cg1 + GA



Lumps
KP equation in standard form

Ox (U + 6UUy + Uyyy) — 35gN(G)1y, = 0

& > 0 lumps; 6 normalized surface tension.
The 1-Lump solution is given by:

—4(x" = 2kry’)* + 16k2Y" + 5
I

6 /
[4(x" — 2kry')? + 16k7y'> + ]2
I
where x’ = x —cit, ¥ =y —cyt, cx = 12(k5 + k?), ¢y = 12kg;

4 c:

u(0,0) = (e - é) > ()



Lump Solution of KP




Recall BL eq.

Find Benney-Luke (1964) system ( 6 related to nmlz’d surface
tension):

g — Aq + 5u*A*g + €(9|Vgl* + g;Agq) = 0 (BL)
(r1,02) = (v, ), A=R+922 9P = (2 +7%2).
When ¢ = u? = y?, BL yields KP equation. Let:
E=x—t,T=¢€t/2,w=qg;:

8g(wT — 5@0555 + 3(@0@05)) + Wyy = 0



BL Equation and Lumps

q=qx—ot,y—v,t), 0, =1-e€cy;0, =cy.
Below: ¢, =3,¢,=0,6 =1/3;

4 T T T T | 4 |

— KP, Analytic
--- Benney-Luke, u=0.3

20

Figure 1: Wave profiles for the KP and BL eq.



BL Eg.and Lumps-con’t

8
. |— KP, Analytic _
o Benney-Luke, p=0.1 . 7
6 v Benney-Luke, n=0.3 /

+ Benney-Luke, p=0.5 a;/v

Figure 2: u(0,0) = u,,.x VS. ¢, for various values of
u. Fig. shows that KP Is a good approx. to the BL
equation in this range of parameters.



ILW-KP Eq.

Recall

c; 3 G icg
2C0Wy+— wxx+c0wyy+ —Cod;, ( ) — Wayrxt — co’ch(ole)wm =0,
DY 2 p 0

where: 6 =h/H, a=0u, p=p'/p, D1 =—idy,
and
=(1/p-1),6° = (1/p - 1) (1 +1/(5p)).

Figures below- typical values: p =1/2,6 =1



ILW-KP Lumps

max. amplitude

17.5 |
15
12.5 :
10+ ILW—K

75 |
5 —KP

KP

2.5 ¢

NA

0.5 1 1.5

Figure 3: Max. amp. vs -c; x-velocity= ¢ with 0 y-
velocity 6 = 1,a = 1/10; 6 = 10, = 1, and 6 =
100; &« = 10, 1.e. KP. ILW-KP, and BO-KP resp.



ILW-KP Lumps-con't

KP x cross section ILW—KP x cross section
N\~ V[
-20 -10 ) 10 20 -20 -10 1 10 20
4 -2
-3
-6 iy
-8 -5

BO—KP x cross section

AN
-20 -10 10 20

W N e

Figure 4. x cross sections w(x,0) 6 = 1;,a = 1/10,
O = 10;a =1, and 6 = 100;a = 10, 1.e. KP. ILW-
KP, and BO-KP resp. In each case the x-dir. speed

c=-—1.



ILW-KP Lumps-con't

KP y cross section ILW—KP y cross section

20 -1 10 20 -20 -1 0 20
-4
-6
-8

BO—KP vy cross sectlon

-20 -10y
-1.5
-2
-2.5
-3
-3.5

Figure 5: y cross sections w(0,y) 6 = 1;a = 1/10,
O0=10;a =1, and 6 = 100; @« = 10, 1.e. the KP. ILW-
KP, and BO-KP regimes, respectively. In each case,
the x-dir. speed c = —1.




Lumps from nonlocal WW Equations

@ . (b)6

u(x,y=0)
u(x=0,y)

Figure 6. Wave profiles for the full WW equations,
¢y = 4.0,c, = 0 Benney-Luke/KP equations are
good approx. to the full WW eq. in this range of
parameters.



Lumps-WW Equations-figs con’t

o = N w e Ul (o2} ~
T T T T T T T T T T T T T

=
N
whk
N
(€3]

Figure 7: u,., VS. ¢, the full WW equations for var-

IOUS va
Luke/K

ues of u. Fig. also shows that the Benney-
P equations are good approximations to full

WW ec

. In this range of parameters.



Conclusions

Derive nonlocal spectral formulations of water waves and
Interfacial waves on fixed domain

Find Dirichlet-Neumann operator/series; results agree
with those of Craig et al

Formulations lead to integral relations, asymptotic
reductions-long waves, quasi-monochromatic waves

Can find lump solutions numerically
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