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© Quantum model of 2D spin systems with high spin
(s>1)
e Bilinear Hamiltonian
e Mean field approximation. Ordered states
e Motion equations for large-scale fluctuations
© Classical model as Hamiltonian hierarchy on coadjoint
orbits of Lie group
e Effective Hamiltonians
e Geometry and topology of orbits
e An example of topological excitations
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Spin system In question

- .

Consider a planar atomic lattice. |

Each atom has a spin s >1 (high spin). IR

Each atom is assigned to three spin operators
{‘SA{?%L? Sﬁn S?%} — Sna [Sga gfn] — igabc‘§735HM7

where a, b, ¢ € {1, 2, 3}, and ¢,,, Is the Kronecker symbol.
{52} are Hermitian operators.
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Quantum model

-

The quantum model is described by a generalized
Heisenberg Hamiltonian

=

© ass=1 with biquadratic exchange

7:( — Z (J(Sna Sn+5) T K(Snv Sn+5)2)7
n,0
0 runs over the nearest-neighbour sites;

© ass=3/2 with bicubic exchange

7:( — = Z (J(Sna Sn+5) T K(Sna Sn+5)2 T L(Sna Sn+5>3>;
n,0

© spin s with 2s-th power of exchange interaction.
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Space of representation{=1)

o A | .

The spin operators {S%} are naturally considered over

(2s + 1)-dimensional space of irreducible representation of
group SU(2). In the case s=1, the space is 3-dimensional,
canonical basis: {|+1), |-1), |0)}.

The operators {5%} generate an associative matrix algebra
over the space of representation.

In the case s=1, in addition to {52} € Matsy3 We introduce

guadrupole operators {Q}f, @7113, @%3 b 2]7 Qn O]}
as tensor operators of weight 2,

Qi = SaSh+ S8, a#b, QY= (S - (S2)?,

= V(57 - 3),
. -
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Space of representation {=3/2)

ﬁn the case s=3/2, the space of representation is 4-dim, T

canonical basis: {|+3), [+2),|—3), |—2)}.

We complete the associative algebra of {S?} € Matyy4 by
tensor operators of weight 2 — quadrupole operators

Qi = 325 (8aSh + Sh81), a,be{1,2,3}, ath

O ? = 22 (57 = (82?), Q% =2 ((59)? -9,

and of weight 3 — sextupole operators

T (820280 + Sh(Sm) + Su.8h.50 — (88)7),

T = (Q,‘?S’i +S3Q% +V3(QS: + SZQL?’O])), a,be{1,2}, asb,

A

Tt = T = (QRS: +5,Q%),

n

L T30 = L (4152 — 20(S2)3). J
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Bilinear Hamiltonian

=

mterms of tensor operators (together { P*}) over the space
of representation we obtain bilinear Hamiltonians
(V is the overall number of sites in the lattice)

ﬂspinl ZZS’?L n+5_1KZZQa & 5= ;

n,o «

ﬂspinS/Z ( 1K—|—587L ZZSbsb 75 4K L)N

)Y Y 080~ LY YT

n,y o n,o [

Cﬂl@

Remark . The operators { P*}3_, form an orthogonal basis in su(3).

lhe operators { P4}1%  form an orthogonal basis in su(4). J
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Mean field Hamiltonian

fWe Introduce a vector field: {,ua(wn) 8 ={(S1y, (§2), (53, T
(Q12), (O13), (O3, (O, (OF") Called a mean field .

Here (-) denotes a quasiaverage (which means a
guantum-mechanical and thermodynamical average

after a spontaneous breaking of symmetry).
In the case s=1, a mean field Hamiltonian

3
~ spin 1 NHa
Hur - =—(J=3K)2)> > Prpa(wn)—

n a=1

8
— %Kzzng,ua(xn) — %KzN,

n a=4

Lz IS a number of the nearest-neighbour sites. J
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Order parameters

fThe mean field Hamiltonian is SU(2)-invariant. T
By action of SU(2) it can be reduced to the diagonal form:

Hut t =23 ((J-3K) S () + SK QR ps(wn) )~ § 2N,

n

In the case of thermodynamical equilibrium and unlimited
lattice, u3 and ug are constants. We call them order
parameters .

13 describes a normalized magnetization (a ratio of
z-projection of magnetic moment to a saturation
magnetization)

ug 1S a normalized projection of quadrupole moment .
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Self-consistent equations (SCEQ)

fA mean field exists if self-consistent relations are held: T
(hve is a one-site Hamiltonian: hye = HMF/N)
hMF A hvE
A Tr S3e 72, Tr Q[Q’O]e_k—T
13 = (S e = vt <Q O]> .
Tre™ &T Tre™ ®=r
In the case s=1, self-consistent equations are
13 = 92 sinh = 1242)”3 |
exp{—“ii;% }+2 cosh L This is a kind of

2kT

M8 = -
V3 exp{— \/zlip“g }—1—2 sinh (J_Il:f)%

o -
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n U=K/2ug {_\@Kus} _ .
TR o Weiss equation




Phase diagram

fThere exist 4 solutions of SCEq (as 7'=0, J>0): T
) =1, pg = 2\‘};{( ferromagnetic state
J—K/2

3| =2, us = partly ordered ferromagnetic state (K >0), unstable
ps =0, |us| = nematic state (K >0)

ps =0, |ps| =

SI S

partly ordered nematic state (/' >0), unstable

Matveev V. M., Quantum quadrupole magnetizm and changes of phase
under biguadratic exchange, J. Exper. Theor. Phys., 65 (1973), 1627-1636.

According to SCEq, nematic states

appear in the dark region if T'<Tgi,
where T+
Ferromagnetic states appear

Lin the region O<K <2J. k=2 diagramJ




Motion equations

fMotion equations in the quantum model are T
dP* .
h—= =P, ’H]. 1

Suppose we take the quasiaverage as explained above
(mean field average ) of (1), and take a large-scale limit
with zero correlations between fluctuations, then

the equations (1) transform into

Opha
ot
where C,,. are structure constants for the Lie algebra of
operators {P}: [P, PP] = iClpe P 0pm.
Remark . The equations (2) are a generalization of Landau-Lifshits
Lequation to the case of vector field { 14 }- J
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Classical model

- .

The generalized Landau-Lifshits equation (2) can be
Interpreted as a Hamiltonian hierarchy on a coadjoint
orbit of a Lie group :

SU(3) in the case s =1,

SU(4) in the case s = 3/2,

SU(2s+1) in the case of spin s.

That is why we use the method of Hamiltonian systems on
coadjoint orbits of Lie groups (orbital method ) to
Investigate a generalized Landau-Lifshits equation,

which is a classical model for the system in guestion.

The matrices {P?} serve as a basis in the Lie algebra
su(2s+1). The components of mean field {u,} serve as
Lcoordinates In the dual space to su(2s+1). J
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Motion egquations on orbit

fo the orbital method we obtain Hamiltonian equations T
on coadjoint orbits  of the Lie group SU(2s+1).

Depending on an orbit we have different equations
Implied by different ways of the mean field averaging
For example, if we neglect correlations between fluctuations

of the quantum fields {P?} we come to Hamiltonian
equations on the maximal degenerate orbit.

In the case s = 1:

Ollq 2
o = 3 Cavelv(fieas + fleyy),  ho = (us(T))", @)

the parameter hy depends on initial conditions, which
generally depend on a temperature 7.

o -
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Effective Hamiltonians

fEaCh orbit has a Hamiltonian. We call the Hamiltonians on T
all orbits of SU(2s+1) effective Hamiltonians of the model.
Equations determining orbits serve as constrains .

In the case s = 1, we deal with the group SU(3),
which has two types of orbits : degenerate and generic.
Thus, we propose two effective Hamiltonians

8
Hars = b [ 3G + (1)?) dady,
a=1

dapeltvfbe + / ho/3 g — 23@ =0, for a degenerate orbit
where dyy. = 1 Tr(P,P,P. + PP, P.) is a symmetric tensor.

Remark . The Hamiltonian Hg 1 gives rise to the generalized
\_Landau-Lifshits equation (3), which coincides with (2). J

Nonlinear (topological) excitations in 2D spin systems with high spin (s > 1) —p. 15/2



Effective Hamiltonians

nnother Hamiltonian is T
8
Metta = siars 2 (13(Via)® + 3h0(VEa)? = 6f0(Vita, VEd) ).
a=1
dapetve — hotta — % fo = 0, for a generic orbit

£, 1S a quadratic form in { g }: €a = dpeipfic
The parameters hg, fo depend on initial conditions,
and generally depend on a temperature 7.

Remark . One can quantize Hesr 1-, and Hesr o-models. Such effective
models are called o-models in quantum field theory. Evidently, they
describe slow fluctuations. One can take into account quick fluctuations

by means of a renormalization group connected to the coefficients
1

B G 3f0 and Gho (1) J
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Geometry of orbits

fEffective Hamitonians have a geometrical nature . T

For an orbit is a homogeneous space that admits a
Kéahlerian structure , we use a complex parameterization
(by means of generalized stereographic projection) and
reduce effective Hamiltonians to the form:

B (Owy Owg  Ow, dwg -
de_/gghaﬁ( 9. 9z 97 02 )dZdZ’

h.z are components of a Kahlerian metrics on an orbit;
{w} are complex parameters on an orbit.

Remark . The geometric form of an effective Hamiltonian does not
depend on an orbit. A density of Hamiltonian is defined by

La Kahlerian metrics. J
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Generalized stereographic projection

1 —V3pud wa+wz+wr+ws  pd (1—wi)(ws — wrws) + (1 — w1)(ws — wiws)

M= 1+ Jwa|? + w32 V2 L4 |w1]|? + |wz — wiws]|?
= pY = V3pug wz —wz —wz+ w2 | ipy (14 wi) (w3 — wi1w2) — (1 4+ @1) (w3 — wiwz)
2iv/2 1+ |w2]? 4+ |ws]|? V2 1+ |lwi]? + |ws — wiwz]?
py—V3pg  |wal? — |wsl? p3(1 — Jwi]?)
o T T wal + wal2 | T+ w2 + [ws — wiwa)?
1y = :“:(3) — \/glig | W2w3 — waw3 i,ug(wl — w1)
21 1+ |wa|? + w32 1+ |wi]? + |ws — wiwz|?
s — pY — V3pg wa+ws —wg — w3 | ipy (1 —w1)(wz — wiwz) — (1 — wa) (w3 — W1w2)
2iv/2 1+ |w2]? 4 |ws]|? V2 1+ |lwi]? + |ws — wiwz]?
e = P = V3ug wz —wa +wz —wa  pf (1+wi)(ws — w1w2) + (1 + w1)(wz — wiws)
2v/2 1+ |wa|? + |ws]|? V2 1+ |wi|? + |lws — wiwz|?
nd —V3ud  wows + wows pg (w1 + 1)
= 2 T w22+ w32 1+ wi]? + Jws — wiws|?

s — pg—V3pug 2—|wal® —|ws® | py 14 |wif? - 2wz — wiws|?
2v/3 1+ |wa|?2+ w32 V3 14 wi|? + |lws — wiwszl?

o

-
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Topology of orbits

fA coadjoint orbit SU(3) is parameterized by {w1, w2, ws}. T
Kahlerian potentials are

O — /Jg Oy + \/§M§_Mg Do,

b = 11”1(1 + ’w1’2 —+ \wg—w1w2]2), by = ln(l + ’U]Q‘Q —+ ’wglz).

On a generic orbit dim H? = 2 (H? is a cohomology class).
On a degenerate orbit: =0, w1=0 or p3=+/313, wy=0,
evidently, dim H? = 1.

Density of the effective Hamiltonians

A 82(131 n 82(1)2 4 2(«0@5
0 Owadwg  Owadwg — ePre®?’
Wz = [w1]?, wog = g5 = —wi, woz = 1.

o -

Nonlinear (topological) excitations in 2D spin systems with high spin (s > 1) —p. 19/



Topological charge

-

Introduce a topological charge of a mean field
configuration on a Kahlerian manifold by

1 L (Owy Owg  Ow, Qwg .
Q‘E/E;haﬁ(az 9z 0z a,z)d“‘lz'

The expressions for Q and He¢ differ only in the sign.

Remark . Compare with Her = [ > N (85‘;0‘ 8(;%5 + 8(%a 8525> dzdz.
(87

Y

Evidently,
Hett = 4m|Q).

A minimum of H IS realized if the equality holds, that
Ltakes place if {w,} are holomorphic or antiholomorphic . J
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Large-scale topological excitations

fExample. Consider a planar magnet with spin 1, and the effective T
Het 1-model. This corresponds to a degenerate orbit of SU(3).

Assign pd = 0, pQ = —% (an equilibrium nematic state).
Take a mean field configuration with the
. . M3(M}2’ W3)
holomorphic functions (Q = 2): al |
' f\<_
_ _ Z
W2 (Z>_Zg;’1 ! w3(z)_22222 ? Z4 - z
ai, 21, as, 22 € C. S Via,
This is a kind of Belavin-Polyakov soliton.
Hy(y, W)

Hetra does not depend on ay, z1, az, 22. N Nia s
Thus, the excitation can infinitely enlarge JZIRJ%R
without energy input, that causes

Ldestruction of the nematic order.
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-

© The example shows that in a 2D magnet an ordered

Results

=

state is easily destroyed at any temperature  7>0
(that agrees with Mermin-Wagner theorem).

Moreover, we propose a mechanism of destruction

of ordered states in 2D magnets. That is, we suggest
that an order exists, but any excitation easily destroys it.

» The well-known fact: an order exists in 3D magnets.

How does it disappear in 2D?

A prospect : to construct a quasi2D theory that
considers a planar magnet with a fixed thickness,
and takes into account anisotropic effects
(demagnetization in normal direction).

The end J
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