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Introduction

Evolution equation

E = ut − F (u, ux, uxx, . . . , unx) = 0

Lie-Bäcklund Symmetry Generator:

Z = η(u, ux, . . . , usx)
∂

∂u

Invariance Condition:

Z(n)E

∣∣∣∣
E(j)=0

= 0 or LE[u]η

∣∣∣∣
E(j)=0

= 0

where

LE[u] =
∂E

∂u
+

∂E

∂ut
Dt +

∂E

∂ux
Dx +

∂E

∂uxx
D2

x + · · · + ∂E

∂unx
Dn

x

The Infinitesimal symmetry transformation

ũ = u + εη

keeps the equation invariant to order ε.
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Symmetry Integrable Evolution Equations:

Equation admits ∞ number of nontrivial commut-

ing Lie-Bäcklund symmetries.

Recursion operators generate Lie-Bäcklund sym-

metries:

Assume the form

R[u] = G0 +
∑

j

GjD
j
x +

∑
i

IiD
−1
x ◦ Λi

such that

ηj+1 = Rj[u]η1, j = 1, 2, 3, . . .

where

Z = ηk
∂

∂u
, LE[u]ηk

∣∣∣∣
E(j)=0

= 0, k = 1, 2, 3, . . .

IFF

[LF [u], R[u]] Φ = (DtR[u]) Φ

where

LF [u] =
∂F

∂u
+

∂F

∂ux
Dx +

∂F

∂u2x
D2

x + · · · + ∂F

∂unx
Dn

x
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Adjoint symmetries (Cosymmetries): J

IFF

L∗E[u]J

∣∣∣∣
E(j)=0

= 0

L∗ is the adjoint of the operator L

Λ is an integrating factor for the conservation law

of E

Λ(x, t, u, ux, uxx, . . .)E = Dt(Φ
t) + Dx(Φ

x) = 0

IFF

L∗E[u]Λ = 0

LΛ[u]E = L∗Λ[u]E

Λ is a variational expression, i.e self-adjoint

Note: [S Anco and G Bluman, J Appl. Math. Vol. 13,

2002].

Every integrating factor is an Adjoint Symmetry.
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Recall the Recursion Operator:

R[u] = G0 +
∑

j

GjD
j
x +

∑
i

IiD
−1
x ◦ Λi

here

Ii: Lie Symmetries of E

Λi: Integrating Factors (Adjoint Symmetries) of E.

Λj+1 = (R∗[u])jΛ1

R∗[u] = G0 +
∑

j

(−1)jDj
x ◦Gj −

∑
i

ΛiD
−1
x ◦ Ii
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Let, for example,

Φt = Φt(u, ux, u2x, u3x)

then

Λ = ÊuΦ
t

Φx = −D−1
x {ΛF} − ∂Φt

∂ux
F − ∂Φt

∂u2x
(DxF )− ∂Φt

∂u3x
(D2

xF )

+FDx

(
∂Φt

∂u2x

)
− FD2

x

(
∂Φt

∂u3x

)
+ (DxF )Dx

(
∂Φt

∂u3x

)

where Ê is the Euler operator

Ê =
∂

∂u
−Dx ◦ ∂

∂ux
+ D2

x ◦
∂

∂u2x
−D3

x ◦
∂

∂u3x

and recall E = ut − F (u, ux, u2x, . . .).

Example: Harry Dym Equation

ut = u3u3x

Integrating factor: Λ1 = u−1uxx − 1

2
u−2u2

x.

Conserved density: Φt =
1

2
u−1u2

x

Flux: Φx = −u2uxu3x − 1

2
uu2

xuxx +
1

8
u4

x +
1

2
u2u2

xx

Recursion Operator: R[u] = u2D2
x − uuxDx + uuxx + u3u3xD

−1
x ◦ u−2



8

Hierarchy of Symmetry Integrable Evolution Equa-

tions:

IFF

R[u] is Hereditary:

[R′[u], R[u]] symmetric bilinear operator,

i.e

R′[Rv]w −RR′[v]w = R′[Rw]v −RR′[w]v

(prime is the Fréchet derivative).

Symmetry Integrable Hierarchy En:

En = utn −Rn[u]F = 0, n = 0, 1, 2, . . .

Each equation in the hierarchy, E0, E1, E2, . . ., ad-

mits

• ∞ number of commuting Lie-Bäcklund symme-

tries

• ∞ number of higher-order conservation laws

• Conserved quantities in involution:
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Transformations between evolution equations:

ut = F (u, ux, uxx, . . .)

ũt = G(ũ, ũx̃, ũx̃x̃, . . .)

• Reciprocal Bäcklund Transformation

[J.G. Kingston and C Rogers, Phys. Lett. 1982]:

dx̃ = Φt(u, ux, uxx, . . .)dx− Φx(u, ux, uxx, . . .)dt

ũ(x̃, t) = g(u, ux, uxx, . . .)

• x-Generalized Hodograph Transformation

[N. Euler and M. Euler, JNMP 2001]:

dx̃ = Φt(x, u)dx− Φx(x, u, ux, uxx, . . .)dt

ũ(x̃, t) = g(x)

Above DtΦ
t + DxΦ

x = 0.
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Example 1: Harry Dym Equation ut = u3u3x

Adjoint Symmetries:

J1 = u−2, J2 = u−3, J3 = xu−3, J4 = x2u−3

J5 = u−1uxx − 1

2
u−2u2

x

J6 = uu4x + 2uxu3x +
2

3
u2

xx −
3

2
u−1u2

xuxx +
3

8
u−2u4

x

Recursion Operator: R[u] = u2D2
x − uuxDx + uuxx + u3u3xD

−1
x ◦ u−2

Consider J1 = u−2

x-Generalized Hodograph Transformation:

dx̃ = u−1dx−
(

uuxx − 1

2
u2

x

)
dt

ũ(x̃, t) = x

leads to the Schwarzian-KdV

ũt = ũ3x̃ − 3

2
ũ−1

x̃ ũ2
x̃x̃

Reciprocal Bäcklund Transformation with g(u) = u:

dx̃ = u−1dx−
(

uuxx − 1

2
u2

x

)
dt

ũ(x̃, t) = u

leads to

ũt = ũ3x̃ +
3

2
ũ−2ũ3

x̃ − 3ũ−1ũx̃ũx̃x̃
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Reciprocal Bäcklund Transformation with g(u) =

ln(αu)/α:

dx̃ = u−1dx−
(

uuxx − 1

2
u2

x

)
dt

ũ(x̃, t) =
1

α
ln(αu), α2 = −2λ1

leads to the potential MKdV equation

ũt = ũ3x̃ + λ1αu3
x̃

Consider J2 = u−3

x-Generalized Hodograph Transformation:

dx̃ = u−2dx− 2uxxdt

ũ(x̃, t) = x

leads to Cavalcante-Tenenblat equation

ũt = ũ
−3/2
x̃ ũ3x̃ − 3

2
ũ
−5/2
x̃ ũ2

x̃x̃

Reciprocal Bäcklund Transformation with g(u) =

u−1:

dx̃ = u−2dx− 2uxxdt

ũ(x̃, t) = u−1

leads to a Auto-Bäcklund transformation (J.G. Kingston,

C. Rogers and D. Woodall, J Phys A, 1984), i.e

ũt = ũ3ũ3x̃
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Consider J5 = u−1uxx − 1
2u
−2u2

x

Reciprocal Bäcklund Transformation with Φt = u−1u2
x/2

g(u) = u:

dx̃ =
1

2
u−1u2

x dx + (u2uxu3x +
1

2
uu2

xuxx − 1

8
u4

x −
1

2
u2u2

xx) dt

ũ(x̃, t) = u

leads to

ũt = 8ũ6ũ−6
x̃ ũ3x̃ − 24ũ6ũ−7

x̃ ũ2
x̃x̃ + 24ũ5ũ−5

x̃ ũx̃x̃ − 6ũ4ũ−3
x̃

Reciprocal Bäcklund Transformation with Φt = 2uxx−
u−1u2

x:

g(u, Φt) = αuΦt :





dx̃ = α
(−u−1u2

x + 2uxx

)
dx

+ α

(
−uuxxu

2
x +

1

4
u4

x + u2u2
xx + 4u2uxuxxx + 2u3uxxxx

)
dt

ũ(x̃, t) = α
(−u2

x + 2uuxx

)
,

leads to

ũt = ũ3ũ3x̃ + 3ũ2ũx̃ũx̃x̃ +
3

4α
ũ2ũx̃
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Example 2: Schwarzian KdV Equation ut = u3x − 3

2

u2
xx

ux

Adjoint Symmetries:

J1 =
u2uxx

u3
x

− 2u

ux
, J2 =

uuxx

u3
x

− 1

ux
, J3 =

uxx

u3
x

, . . .

Consider: J1 =
u2uxx

u3
x

− 2u

ux

We obtain

Φt(u, ux) =
1

3

u2

ux
.

Reciprocal transformation with g(u) = u3:

dx̃ =
1

3

u2

ux
dx +

(
−1

3

u2u3x

u2
x

+
1

6

u2u2
xx

u3
x

+
4

3

uuxx

ux
− 4

3
ux

)
dt

ũ(x̃, t) = u3

leads to

ũt =
ũ2ũ3x̃

ũ
3/2
x̃

− 3

2

ũ2ũ2
x̃x̃

ũ
5/2
x̃

+
4

9
ũ

3/2
x̃

On the other hand:

Φt(u, ux, uxx) =
2

27

u3uxx

u3
x

with g(u, ux) = u−2
x leads to

ũt =
ũ4

x̃ũ3x̃

ũ3/2ũ3
x̃x̃

+
3

2

ũ5
x̃

ũ5/2ũ2
x̃x̃

− 3
ũ3

x̃

ũ3/2ũx̃x̃
+

4

9

ũx̃

ũ1/2
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Extended Schwarzian KdV Equations:

ut = uxxx − 3

2
u−1

x u2
xx + λ1u

−1
x + λ2u

3
x + λ3ux + λ0,

ut = uxxx − 3

2

(
ux

u2
x − c

)
u2

xx + λ1(u
2
x − c)3/2 + λ2u

3
x + λ3ux + λ0

ut = uxxx − 3

4
u−1

x u2
xx + λ1u

3/2
x + λ2u

2
x + λ3ux + λ0,

None of the above have zero-order integrating

factors.

Reference:

A.V. Mikhailov, A.B. Shabat and V.V. Sokolov, ”What is

Integrability”, 1991

M. Euler and N. Euler, JNMP vol. 14, 2007
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Example 3: Krichever-Novikov Equation

ut = u3x − 3

2

u2
xx

ux
+

P (u)

ux
, P (V ) = 0.

2nd-order integrating factor:

J1 = P 1/2uxx

u3
x

− 1

2
P−1/2P ′u−1

x

with

P (u) = k3(u
2 + k1u + k2)

2.

4th-order integrating factor:

J2 ==
u4x

u2
x

− 4
u2xu3x

u3
x

+ 3
u3

2x

u4
x

− 2P

u4
x

u2x +
P ′

u2
x

with P (V ) = 0.

Consider

P (u) = k3(u
2 + k1u + k2)

2

An Adjoint Symmetry is:

J1 = P 1/2uxx

u3
x

− 1

2
P−1/2P ′u−1

x

With the assumption Φt(u, ux) we obtain

Φt =
P (u)1/2

ux

and for g(u) = u the transformed equation

ũt = P 3/4 ũ3x̃

ũ3
x̃/2

− 3

2
P 3/4 ũx̃x̃

ũ
5/2
x̃

+
4

3
P 3/4 1

ũ
1/2
x̃

− 1

8

(
9(P ′)2 − 12PP ′′

P 5/4

)
ũ

3/2
x̃
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Example 4:

ut = u3x − 3

2

(
ux

u2
x − c

)
u2

2x −
3

2c

(
u2

x − c
)
uxP (u),

where c is an arbitrary but nonzero constant and

P satisfies the equation

(P ′)2 =
4

c
P 3 + a1P + a2

with a1 and a2 arbitrary constants.

2nd-order integrating factor:

J1 =
f (u)u2x

(u2
x − c)3/2

− f ′(u)

(u2
x − c)1/2

IFF f (u) and P (u) satisfy

2cf ′′′ − 3fP ′ − 6f ′P = 0.

4th-order integrating factor:

J2 = − u4x

u2
x − c

+
4uxu2xu3x

(u2
x − c)2

− (3u2
x + c)u3

2x

(u2
x − c)3

+
3u2x

c
P +

3u2
x + c

2c
P ′

IFF P (u) satisfy

(P ′)2 =
4

c
P 3 + a1P + a2


