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Summary

• An spectral problem in 2+1 that includes equation previously stud-
ied

• Integrable cases

• Hodograph transformation I

• Reduction to 1+1: The Degasperi-Procesi and Vakhnenko-Parkes
equations

• Hodograph transformation II

• Reduction to 1 + 1: The Vakhnenko-Parkes equation
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CASE I: Estévez Prada. Journal of nonlinear Math. Phys.

(2005)(
Hx2x1x1 + 3Hx2Hx1 −

3

4

(Hx2x1)
2

Hx2

)
x1

= Hx2x3

Φx3 −Φx1x1x1 − 3Hx1Φx1 −
3

2
Hx1x1Φ = 0

Φx1x2 +Hx2Φ−
1

2

Hx1x2
Hx2

Φx2 = 0

CASE II: Estévez Leble. Inverse Problems 11 (1995).

(Hx2x1x1 + 3Hx2Hx1)x1 = Hx2x3

Φx3 −Φx1x1x1 −Hx1Φx1 − 3Hx1x1 Φ = 0

Φx1x2 +Hx2Φ−
Hx1x2
Hx2

Φx2 = 0



There are particular cases of the equation

Ω =

Hx2x1x1 + 3Hx2Hx1 −
(k − 5)(k+ 1)

12

(
Hx2x1

)2
Hx2


Ωx1 = Hx2x3

It has the Painlevé property for k = 2 (case I) or k = −1 (case II)

The spectral problem can be summarized for both cases

as:

Φx1x2 +Hx2Φ +
(
k − 5

6

)
Hx1x2
Hx2

Φx2 = 0

Φx3 −Φx1x1x1 − 3Hx1Φx1 +
(
k − 5

2

)
Hx1x1 Φ = 0

Many different solutions as dromions, line solitons...etc. have been
obtained for the two integrable cases in the above references



RECIPROCAL TRANSFORMATION I

dx1 = α(x, t, T ) (dx− β(x, t, T )dt− ε(x, t, T )dT )

x2 = t, x3 = T

∂

∂x1
=

1

α

∂

∂x
,

∂

∂x2
=

∂

∂t
+ β

∂

∂x
,

∂

∂x3
=

∂

∂T
+ ε

∂

∂x

αt + (αβ)x = 0

αT + (αε)x = 0

βT − εt + εβx − βεx = 0



We select the transformation in the following form:

Hx2(x1, x2, x3) = α(x, t, T )k (k+ 1)(k − 2) = 0

⇓

Hx1(x1, x2, x3) =
1

3

(
Ω(x, t, T )

αk
− k

αxx

α
+ (2k − 1)

α2
x

α2

)

yielding the set of equations

Ωt = −βΩx − kΩβx + αk−2
(
−kβxxx + (k − 2)βxx

αx

α
+ 3kαkαx

)

Ωx = −kαk+1εx

αt + (αβ)x = 0, αT + (αε)x = 0

βT − εt + εβx − βεx = 0



LAX PAIR

Φ(x1, x2, x3) = ψ(x, t, T )α
2k−1

3

ψxt = −βψxx +
2

3
(k − 2)βxψx +

(
2k − 1

3
βxx − αk+1

)
ψ

ψT =
ψxxx

α3
+2(k−2)

αx

α4
ψxx+

(
Ω

αk+1
− ε+ (k − 2)

(
αxx

α4
− 4

α2
x

α5

))
ψx

(k+ 1)(k − 2) = 0



The condition of integrability can be written as:

A1A2 = 0, A1 +A2 = 1

where

A1 =
k+ 1

3
, A2 =

2− k

3

A1 = 1, A2 = 0 corresponds to the 2 + 1 generalization of

the Degasperis-Procesi equation

A1 = 0, A2 = 1 corresponds to the 2 + 1 generalization of

the Vakhnenko-Parkes equation



It allows us to write the Lax pair as

ψxt = A1

[
−βψxx +

(
βxx −

1

M

)
ψ

]
+

A2 [−βψxx − 2βxψx − (1 + βxx)ψ]

ψT = A1 [M ψxxx + (M Ω− ε)ψx] +

A2 [M ψxxx + 2Mxψxx + (Mxx + Ω− ε)ψx]

where

M = 1
α3



and the equations are:

A1

[
MΩt +MβΩx + 2MΩβx + 2Mβxxx + 2

Mx

M

]
+

A2 [Ωt + βΩx −Ωβx −Mβxxx −Mxβxx −Mx] = 0

A1 [MΩx + εx] +A2 [Ωx − εx] = 0

Mt = 3Mβx − βMx

MT = 3Mεx − εMx

βT − εt + εβx − βεx = 0



Reduction independent on T: ε = 0, Ω = ao, ψT = λψ

2MA1

[
βxx + a0β −

1

M

]
x
−A2 [Mβxx + aoβ +M ]x = 0

Mt = 3Mβx − βMx

A2 = 0, ao = −1: DEGASPERIS PROCESI: βxx − β = 1
M + q0

(βxx − β)t + ββxxx + 3βxβxx − 4ββx + 3q0βx = 0

A1 = 0, ao = 0: VAKHNENKO-PARKES: βxx + 1 = q0
M

[(βt + ββx)x + 3β]x = 0



Spatial part of the Lax pair

DEGASPERIS PROCESI for a0 = −1 A2 = 0.

A1

[
ψxxx + aoψx −

λ

M
ψ

]
+ ⇑

A2

[
ψxxx + 2

Mx

M
ψxx +

1

M
(Mxx + ao)ψx −

λ

M
ψ

]
= 0

⇓

VAKHNENKO-PARKES for A1 = 0. a0 = 0

Temporal part of the Lax pair

4A1 [λψt + ψxx + λβψx + (a0 − λβx)ψ] +

A2 [λψt +Mψxx + (λβ +Mx)ψx + (a0 + λβx)ψ] = 0



There are two more interesting reductions that are the

transformed of those studied in Estévez, Gandarias and

Prada. Phys Lett A 343 (2005)



RECIPROCAL TRANSFORMATION II

x1 = y, x3 = T

dx2 = η(y, z, T ) (dx− u(y, z, T )dt− ω(y, z, T )dT )

∂

∂x1
=

∂

∂y
+ u

∂

∂z
,

∂

∂x2
=

1

η

∂

∂z
,

∂

∂x3
=

∂

∂T
+ ω

∂

∂z

ηy + (uη)z = 0

ηT + (ηω)z = 0

uT − ωy − uωz + ωuz = 0



We select the transformation in the following form:

z = H(x1, x2, x3) ⇒ dz = Hx1dx1 +Hx2dx2 +Hx3dx3

⇓

Hx2(x1, x2, x3) =
1

η(y = x1, z = H,T = x3)

Hx1(x1, x2, x3) =
u(y = x1, z = H,T = x3)

η(y = x1, z = H,T = x3)

Hx3(x1, x2, x3) =
ω(y = x1, z = H,T = x3)

η(y = x1, z = H,T = x3)



The transformed equations are

A1

[
uzy + uuzz +

1

4
u2
z + 3u−G

]
+A2

[
uzy + uuzz + u2

z + 3u−G
]

Gy = (ω − uG)z

uT = ωy − ωuz + uωz

ηy + (uη)z, ηT + (ωη)z

A1A2 = 0, A1 +A2 = 1



and the Lax pair is:

A1

[
Φzy + uΦzz + Φ +

1

2
uzΦz

]
+

A2 [Φzy + uΦzz + Φ] = 0

A1

[
ΦT −Φyyy − u3Φzzz + 3u

(
uy −

1

2
uuz

)
Φzz +

3

2
uyΦ

]
+

A1

[
ω −

uG

2
− uyy −

u2uzz

2
+
uyuz

2
−
uu2

z

8
−

3u2

2

]
Φz

+

A2

[
ΦT −Φyyy − u3Φzzz + 3uuyΦzz

]
+

A2

[
ω − 2uG− uyy + u2uzz − uyuz + uu2

z + 3u2
]
Φz = 0



Reduction independent on T: ω = 0, ψT = λψ

Gy + (uG)z = 0, N = uzz − 2

A1

[
uzy + uuzz +

1

4
u2
z + 3u−G

]
+A2

[
uzy + uuzz + u2

z + 3u−G
]
= 0

VAKHNENKO-PARKES ⇑ A1 = 0 , G = 0

Lax pair

A1

[
λΦzzz +

(
G− λ

Nz

N

)
Φzz +

(
3

2
Gz −

Nz

N
G

)
Φz

]
+

A1

[(
Gzz +

N

2
uzz +N −

Nz

N
Gz

)
Φ

2

]
+

A2 [λΦzzz +GΦzz +GzΦzz + (uzz + 1)Φ] = 0

A1

[
Φy −

2λ

N
Φzz +

(
u−

2G

N

)
Φz −

1

2

(
uz +

Gz

N

)
Φ
]
+

A2 [Φy − λΦzz + (u−G)Φz − uzΦ] = 0



Conclusions

• Different reciprocal transformations for an spectral problem in 2+1

dimensions are investigated.

• Reductions of the transformed spectral problems are presented.

• The Vakhnenko-Parkes and Degasperis-Procesi equation appear as

two of the different possible reductions.


