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Notation (1)

Notation

~ = c = 1 → “reduced quantities”

◮ m ≡ mc2/(~c) [fm−1]; Ex. Mp = 4.756 [fm−1]
◮ p ≡ pc/(~c) [fm−1]
◮ etc.

normalization of the momentum eigenfunctions

◮ “box” of volume Ω = L3

Periodic boundary conditions 〈r |p〉 = eip·r
√
Ω

◮ p ≡ (2π/L){nx , ny , nz}, ni = 0,±1,±2, . . .

◮ 〈p|p′〉 = δp,p′

◮
∑

p → Ω
∫

d3p/(2π)3

Clebsh-Gordan [ψj1ψj2 ]JM ≡ ∑

m1m2
(j1m1j2m2|JM)ψj1m1

ψj2m2
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Notation (2)

Representations

Time dependent perturbation theory

Schroedinger representation H = H0 + V

Interaction representation |ΨI(t)〉 = exp(iH0t)|ΨS(t)〉
VI(t) = exp(iH0t)V exp(−iH0t) |ΨI(t)〉 = UI(t , t0)|ΨI(t0)〉

i
d

dt
UI(t , t0) = VI(t)UI(t , t0)

UI(t , t0) = 1 − i
∫ t

t0
dt1 VI(t1) + (−i)2

∫ t
t0

dt1 VI(t1)
∫ t1

t0
dt2 VI(t2) + · · ·

Pα,β = limT→∞
1
T |〈β|UI(+T/2,−T/2)|α〉|2 → 2πδ(Eα − Eβ)|〈β|V |α〉+ · · · |2

First order → Fermi’s Golden rule

Matrix elements of V are now in Schroedinger representation
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Electromagnetic transitions

The interaction Hamiltonian

Reference text ([J.D. Walecka, Theoretical Nuclear and Subnuclear Physics])

“Coulomb” gauge: A purely transverse, ρ static

V = −e
∫

d3xJ(x) · A(x)

EM field

A(x) =
∑

q

∑

λ=±1

1
√

2ωqΩ

[

aq,λeiq·xǫ̂q,λ + a†
q,λe−iq·xǫ̂∗q,λ

]

circular polarization vectors

ǫ̂q,±1 = ∓
ǫ̂q,1 ± i ǫ̂q,2√

2
ǫ̂q,±0 = q̂

q̂, ǫ̂q,1, and ǫ̂q,2 form an orthogonal basis

Example: photon emission

〈qλ; Jf ,Mf |V |0; Ji ,Mi 〉 = − e
√

2Ωωq

∫

d3x 〈Jf ,Mf |J(x) · e−iq·xǫ̂∗q,λ|Ji ,Mi 〉
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Nuclear current J(x)

J(x): constructed in terms of operators acting on the nucleon degrees of freedom

From EFT [→ Epelbaum & Schiavilla talk’s]

[Kolling et al., 2009], [Pastore et al., 2009 ]

J(x) = JC(x) +∇× µ(x)

LO: single-nucleon current, lowest order

JC(x) =
A

∑

j=1

1

2M
ej

[

δ(x − r j )pj + pjδ(x − r j )
]

µ(x) =
A

∑

j=1

1

2M
µjσjδ(x − r i )

→ it derives from VM = −
∫

d3x B · µ
NLO: one-pion exchange contribution

NNLO: 1/M2 relativistic correction to the LO

N3LO: one-loop, tadpoles, contact minimal &
non-minimal, . . .

M. Viviani (INFN-Pisa) EW processes at low energies R. Anni School, 2013 6 / 23



Multipole analysis

Frames

Lab frame (“L”)

q frame

q frame

“Solid” spherical harmonics

Y M
Jℓ1(x̂) =

∑

m=−ℓ,ℓ

∑

λ=0,±1

(ℓ,m, 1, λ|J,M)Yℓm(x̂)ǫ̂q,λ ǫ̂q,λ=0 = q̂

eiq·x =
∑

ℓ iℓ
√

4π(2ℓ+ 1)Yℓ0(x̂)jℓ(qx)

ǫ̂q,λeiq·x =
∑

ℓ,J

iℓ
√

4π(2ℓ+ 1)jℓ(qx)(ℓ, 0, 1, λ|J, λ)Yλ
Jℓ1(x̂)
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Useful formulas

Properties of the Clebsh-Gordan
& of the Bessel functions

(ℓ, 0, 1,+1|ℓ+ 1,+1) =

√

ℓ+ 2

2(2ℓ+ 1)

(ℓ, 0, 1,−1|ℓ+ 1,−1) =

√

ℓ+ 2

2(2ℓ+ 1)

(ℓ, 0, 1,+1|ℓ,+1) = −
√

1

2

(ℓ, 0, 1,+1|ℓ,−1) =

√

1

2

(1,+1, ℓ, 0|ℓ− 1,+1) =

√

ℓ− 1

2(2ℓ+ 1)

(1,−1, ℓ, 0|ℓ− 1,−1) =

√

ℓ− 1

2(2ℓ+ 1)

1

q
∇× jJ(qx)Yλ

J,J,1(x̂) = −i
(

√

J + 1

2J + 1
jJ−1(qx)Yλ

J,J−1,1(x̂)

−
√

J

2J + 1
jJ+1(qx)Yλ

J,J+1,1(x̂)
)
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ǫ̂q,λeiq·x =
∑

J

[

iJ−1
√

4πjJ−1(qx)

√

J + 1

2
Yλ

J,J−1,1(x̂)

−iJ
√

4πjJ(qx)λ

√

2J + 1

2
Yλ

J,J,1(x̂)

+iJ+1
√

4πjJ+1(qx)

√

J

2
Yλ

J,J+1,1(x̂)
]

=
∑

J

iJ
√

4π

√

2J + 1

2

[

−λjJ(qx)Yλ
J,J,1(x̂)

−i
(

√

J + 1

2J + 1
jJ−1(qx)Yλ

J,J−1,1(x̂)

−
√

J

2J + 1
jJ+1(qx)Yλ

J,J+1,1(x̂)
)

]

=
∑

J

iJ
√

2π(2J + 1)
[

−λjJ(qx)Yλ
J,J,1(x̂)−

1

q
∇× jJ(qx)Yλ

J,J,1(x̂)
]

ǫ̂∗q,λe−iq·x = [ǫ̂q,λeiq·x ]∗

Yλ
J,J,1(x̂)

† = Y−λ
J,J,1(x̂)
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Matrix element in the “q” frame

Final expression

〈qλ; Jf ,Mf |V |0; Ji ,Mi 〉 =
e

√

2ωqΩ

∑

J≥1

(−i)J
√

2π(2J + 1)〈Jf ,Mf |T E
J,−λ + λT M

J,−λ|Ji ,Mi 〉q

|Jf ,Mf 〉 and |Ji ,Mi 〉 “quantized” along q

Electric and magnetic operators

T E
J,M =

1

q

∫

d3x J(x) ·∇× jJ(qx)Yλ
J,J,1(x̂)

T M
J,M =

∫

d3x J(x) · jJ(qx)Yλ
J,J,1(x̂)

Wigner-Eckart → reduced matrix elements (RMEs)

〈Jf ,Mf |T X
J,M |Ji Mi 〉 =

(−)Ji−Mi
√

2J + 1
(Jf ,Mf , Ji ,−Mi |J,M)X Jf ,Ji

J
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Matrix element in the “q” frame
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Selection rules

Under Parity

x → −x , J → −J, Y → (−)J Y

T E
J,M → (−)J T E

J,M

T M
J,M → (−)J+1T M

J,M

Selection rules

“EJ” transitions: 〈Jf ,Mf |T E
J,−λ

|Ji Mi 〉 6= 0 if

◮ |Jf − Ji | ≤ J ≤ Jf + Ji
◮ ΠfΠi = (−)J

“MJ” transitions: 〈Jf ,Mf |T M
J,−λ

|Ji Mi 〉 6= 0 if

◮ |Jf − Ji | ≤ J ≤ Jf + Ji
◮ ΠfΠi = (−)J+1

Examples

◮ 0+ → 0+ “forbidden”
◮ 1+ → 0+ M1 transition 1− → 0+ E1 transition
◮ 2+ → 0+ E2 transition 2− → 0+ M2 transition
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Generic direction of the photon

Frames
Lab & q frames

For simplicity: q in the xz plane

Use the properties of J to express |J,M〉L in terms of |J,M〉q

[Ji , Jj ] = iǫijk Jk

Jx e−iθJy = e−iθJy
(

cos θJx + sin θJz

)

Jze−iθJy = e−iθJy
(

− sin θJx + cos θJz

)

Exercise: J · q̂e−iθJy |J,M〉L = Me−iθJy |J,M〉L

Therefore |J,M〉q = e−iθJy |J,M〉L or alternatively |J,M〉L = e+iθJy |J,M〉q

Rotation matrices dJ
M′,M (θ) = 〈J,M′|e−iθJy |J,M〉

|J,M〉L =
∑

M′

|J,M′〉q 〈J,M′|qe+iθJy |J,M〉q =
∑

M′

|J,M′〉q dJ
M′,M(−θ)
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Generic direction of the photon (2)

Matrix element in the Lab frame

〈qλ; Jf ,Mf |V |0; Ji ,Mi 〉L =

= − e
√

2ωqΩ
〈Jf ,Mf |L

∫

d3xJ(x) · ǫ̂∗q,λe−iq·x |Ji ,Mi 〉L

= − e
√

2ωqΩ
〈Jf ,Mf |qe−iθJy

∫

d3xJ(x) · ǫ̂∗q,λe−iq·x eiθJy |Ji ,Mi 〉q

= − e
√

2ωqΩ

∑

M′

f ,M
′

i

dJf
M′

f ,Mf
(−θ)∗dJi

M′

i ,Mi
(−θ)〈Jf ,M

′
f |q

∫

d3xJ(x) · ǫ̂∗q,λe−iq·x |Ji ,M
′
i 〉q

=
e

√

2ωqΩ

∑

M′

f ,M
′

i

dJf
M′

f ,Mf
(−θ)∗dJi

M′

i ,Mi
(−θ)〈Jf ,M

′
f |q

∑

J

(−i)J
√

2π(2J + 1)

×
[

T E
J,−λ + λT M

J,−λ

]

|Ji ,M
′
i 〉q

=
e

√

2ωqΩ
〈Jf ,Mf |qe−iθJy

∑

J

(−i)J
√

2π(2J + 1)
[

T E
J,−λ + λT M

J,−λ

]

eiθJy |Ji ,Mi 〉q
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Properties of an operator of rank ℓm

e−iθJy Tℓ,meiθJy =
∑

m′

dℓ
m′,m(−θ)Tℓ,m′

Example
Exercise: Take r = (x , y , z) and L = −ir ×∇: Show that

e−iθLy r+eiθLy =
∑

m′

d1
m′,+1(−θ)rm′

where

r+ = − x + iy√
2

r0 = z r− = +
x − iy√

2

is a tensor of rank 1. Note that

d1
m′,m(θ) =









1+cos θ
2 − sin θ√

2
1−cos θ

2
sin θ√

2
cos θ − sin θ√

2
1−cos θ

2
sin θ√

2
1+cos θ

2
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Finally

〈qλ; Jf ,Mf |V |0; Ji ,Mi 〉L =

=
e

√

2ωqΩ
〈Jf ,Mf |qe−iθJy

∑

J

(−i)J
√

2π(2J + 1)
[

T E
J,−λ + λT M

J,−λ

]

eiθJy |Ji ,Mi 〉q

=
e

√

2ωqΩ
〈Jf ,Mf |q

∑

J,M

(−i)J
√

2π(2J + 1)dJ
M,−λ(−θ)

[

T E
J,M + λT M

J,M

]

|Ji ,Mi 〉q

In terms of the RMEs

〈Jf ,Mf |T X
J,M |Ji Mi 〉 =

(−)Ji−Mi
√

2J + 1
(Jf ,Mf , Ji ,−Mi |J,M)X Jf ,Ji

J
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Summary

q frame

〈qλ; Jf ,Mf |V |0; Ji ,Mi 〉q =

=
e

√

2ωqΩ

∑

J≥1

(−i)J
√

2π(−)Ji−Mi (Jf ,Mf , Ji ,−Mi |J,−λ)
[

E (Jf ,Ji )
J + λM(Jf ,Ji )

J

]

Lab frame

〈qλ; Jf ,Mf |V |0; Ji ,Mi 〉L =

=
e

√

2ωqΩ

∑

J≥1,M

(−i)J
√

2πdJ
M,−λ(−θ)(−)Ji−Mi (Jf ,Mf , Ji ,−Mi |J,M)

[

E (Jf ,Ji )
J + λM(Jf ,Ji )

J

]

The RMEs are the same!
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Gamma decay rate

Probability of decay for unit time

dw = 2πδ(Ei − Ef − ωq)|〈qλ; Jf ,Mf |V |0; Ji ,Mi 〉|2

Total decay probability

w =
1

2Ji + 1

∑

q,λ

2πδ(Ei − Ef − ωq)|〈qλ; Jf ,Mf |V |0; Ji ,Mi 〉|2

Example
Exercise: Show that

w =
1

2Ji + 1
8παω

∑

J≥1

[

|E (Jf ,Ji )
J |2 + |M(Jf ,Ji )

J |2
]

α = fine structure constant = e2/(4π)
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Lonf-wavelenght approximation

Since usually ωq ≡ |q| = Ei − Ef ≈ 1 MeV → 1/200 fm−1

qx ≤ 1/20 so we can expand jJ(qx) ≈ (qx)J/(2J + 1)!!

Assuming J(x) = JC(x) +∇× µ(x)

After some lengthy passage

T E
J,M = −i

qJ−1

(2J + 1)!!

√

J + 1

J

∫

d3x
[

∇ · JC(x) +
q2

J + 1
∇ ·

(

x × µ(x)
)]

xJ YJM(x̂)

T M
J,M = i

qJ

(2J + 1)!!

√

J + 1

J

∫

d3x
[

µ(x) +
1

J + 1

(

x × JC(x)
)]

·∇
(

xJ YJM(x̂)
)

Using Current Conservation

∇ · J(x) + i
[

H0, ρ(x)
]

= 0 〈Jf ,Mf |
[

H0, ρ(x)
]

|Ji ,Mi 〉 = (Ef − Ei )〈Jf ,Mf |ρ(x)|Ji ,Mi 〉

. . . but (Ef − Ei ) = q, therefore the electric RMEs can be approximated by

T E
J,M ≈ qJ

(2J + 1)!!

√

J + 1

J

∫

d3x ρ(x)xJ YJM(x̂)

We can assume with good approximation ρ(x) =
∑A

j=1 ejδ(x − r i )

Relativistic correction ∼ v2, also MEC correction small
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Weak transitions

Hamiltonian

Current-current interaction

VW =
GV√

2

∫

d3x Jµ(x)J µ(x)

Jµ(x) = J (l)
µ (x) + J (h)

µ (x)

J (l)
µ (x) can be taken directly from the standard model

J (h)
µ (x) = Vµ(x)−Aµ(x) vector and axial currents

Leptonic matrix element = lµe−iq·x

Beta decay A
Z X → A

Z+1Y + e− + ν̄e

〈e−; ν̄e|Jµ(x)(l)|0〉 =
ūe√
2EeΩ

γµ(1 − γ5)
vνe

√

2EνeΩ
e−i(pe+p

νe )·x

Muon capture µ− + A
Z X → A

Z−1Y + νµ

〈νµ|[Jµ(x)(l)]†|µ−〉 =
ūνµ

√

2EνµΩ
γµ(1 − γ5)

uµ
√

2EµΩ
ei(p

µ
−p

νµ
)·x
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We can deconpose
l =

∑

λ=0,±1

lλǫ̂
∗
q,λ

It is easy ti see that

lλ=±1 = ∓ 1√
2
(l1 ± il2) lλ=0 = l3

In general, thus, the matrix element of VW will be of the type

〈Jf ,Mf |VW |Ji ,Mi 〉 =
GV√

2
〈Jf ,Mf |

∫

d3x
[

l0ρ
(h)(x)−

∑

λ

lλǫ̂
∗
q,λ · J(h)(x)

]

e−iq·x |Ji ,Mi 〉

For the part ǫ̂∗q,λe−iq·x we can use the same formulas as derived for the EM current

Decomposition of the longitudinal part (q frame)

Longitudinal part

ǫ̂q,0eiq·x = − i

q

∑

J≥0

√

4π(2J + 1)jJ∇
[

jJ(qx)YJ,0(x̂)
]
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Decomposition of the charge part (q frame)

Charge part
eiq·x =

∑

J≥0

iJ
√

4π(2J + 1)jJ(qx)YJ,0(x̂)

Summary

charge, longitudinal, electric and magmetic operators

T C
JM =

∫

d3x ρ(h)(x)
[

jJ(qx)YJ,0(x̂)
]

T L
JM =

i

q

∫

d3x J(h)(x) ·∇
[

jJ(qx)YJ,0(x̂)
]

T E
J,M =

1

q

∫

d3x J(h)(x) ·∇× jJ(qx)Yλ
J,J,1(x̂)

T M
J,M =

1

q

∫

d3x J(h)(x) · jJ(qx)Yλ
J,J,1(x̂)

〈Jf ,Mf |VW |Ji ,Mi 〉q =
GV√

2
〈Jf ,Mf |q

{

−
∑

J≥1

√

2π(2J + 1)(−i)J
∑

λ=±1

lλ
[

T E
J,−λ + λT M

J,−λ

]

+
∑

J≥0

√

4π(2J + 1)(−i)J
[

l3T L
J,−λ − l0T C

J,−λ

]

}

|Ji ,Mi 〉q
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Vector and axial RMEs

RMEs

J (h)
µ = V(h)

µ −A(h)
µ

◮ V(h)
µ ≡ {ρV , JV }, ρV scalar, JV vector

◮ A(h)
µ ≡ {ρA, JA}, ρA pseudoscalar, JA axial-vector

RMEs (X = C, L,E ,M)

〈Jf ,Mf |T X
J,M |Ji Mi 〉 =

(−)Ji−Mi
√

2J + 1
(Jf ,Mf , Ji ,−Mi |J,M)

[

X Jf ,Ji
J (V )− X Jf ,Ji

J (A)
]

Selection rules

0+ → 0+: C0(V ) & L0(V )

0− → 0+: C0(A) & L0(A)

Etc.

Generic direction of q . . .

Cross section & polarization observables
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End of Lecture 1

Thank for your attention
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