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It has been shown in the past that a nonlocal (Riegert) 
action reproduces perturbative results related to the trace 
anomaly and the breaking of conformal symmetry in D=4 
conformal field theories.
The issue whether such an action is consistent or not has 
been widely debated in the literature.
I report on recent progress in the study of this problem 
using a reconstruction method that builds correlators of 3 
point functions by solving the conformal constraints in 
momentum space 
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The	analysis	of	Conformal	 Field	Theories	 in	D>2	dimensions	 finds	enormous	 applications	 in	
contemporary	 physics	

ADS-CFT	
Physics	 the	Early	Universe	in	its	De	Sitter	phase,	 just	to	mention	a	few.	

An	important	 role	 is	played	by	the	conformal	 anomaly,	which	appears	 in	even	spacetime	 dimensions.

Beside	 the	gravitational	 domain,	 the	 trace	anomaly	 may	have	a	role	 to	play	in	the	search	 for	physics	beyond	 the	
Standard	Model,	 being	associated	 with	the	appearance	 of	a	DILATON	and	a	possible	 Higgs/dilaton	 mixing,	
where	 	the	dilaton	appears	 as	a	dynamical	 state.

But	one	of	the	toughest	 issues	to	investigate	concerns	 the	breaking	of	this	simmetry.	
A	non-conformal	 phase	 (spontaneously	 broken)	phase	needs	an	"explicit"	breaking,	 since	we	cannot	
introduce	dimensionfull	 constants	 in	a	SM-like	Lagrangian.	 	The	view	is	still	quite	foggy.	 			

One	possibility	is	to	consider	 the	anomalous	 breaking	 of	this	symmetry,	 where	
the	anomaly	 is	introduced	by	renormalization.	 	
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Three and Four Point Functions of Stress Energy Tensors in D = 3

for the Analysis of Cosmological Non-Gaussianities
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Università del Salento

and

INFN Lecce, Via Arnesano, 73100 Lecce, Italy

Abstract

We compute the correlation functions of 3 and 4 stress energy tensors (T ) in D = 3 in free field theories of

scalars, abelian gauge fields, and fermions, which are relevant in the analysis of cosmological non-gaussianities.

These correlators appear in the holographic expressions of the scalar and tensor perturbations derived for holo-

graphic cosmological models. The result is simply adapted to describe the leading contributions in the gauge

coupling to the same correlators also for a non abelian SU(N) gauge theory. In the case of the bispectrum, our

results are mapped and shown to be in full agreement with the corresponding expressions given in a recent holo-

graphic study by Bzowski, McFadden and Skenderis. In the 4-T case we present the completely traced amplitude

plus all the contact terms. These are expected to appear in a fourth order extension of the holographic formulas

for the 4-point functions of scalar metric perturbations.
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Solving the Conformal Constraints for Scalar Operators in Momentum Space

and the Evaluation of Feynman’s Master Integrals
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Abstract

We investigate the structure of the constraints on three-point correlation functions

emerging when conformal invariance is imposed in momentum space and in arbitrary

space-time dimensions, presenting a derivation of their solutions for arbitrary scalar oper-

ators. We show that the differential equations generated by the requirement of symmetry

under special conformal transformations coincide with those satisfied by generalized hy-

pergeometric functions (Appell’s functions). Combined with the position space expression

of this correlator, whose Fourier transform is given by a family of generalized Feynman

(master) integrals, the method allows to derive the expression of such integrals in a com-

pletely independent way, bypassing the use of Mellin-Barnes techniques, which have been

used in the past. The application of the special conformal constraints generates a new

recursion relation for this family of integrals.
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for a Dirac fermion
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We compute in linearized gravity all the contributions to the gravitational effective action due to a

virtual Dirac fermion, related to the conformal anomaly. This requires, in perturbation theory, the

identification of the gauge-gauge-graviton vertex off mass shell, involving the correlator of the energy-

momentum tensor and two vector currents (TJJ), which is responsible for the generation of the gauge

contributions to the conformal anomaly in gravity. We also present the anomalous effective action

expanded in the inverse mass of the fermion as in the Euler-Heisenberg case.

DOI: 10.1103/PhysRevD.81.085001 PACS numbers: 03.70.+k, 04.60.!m, 04.62.+v, 12.20.!m

I. INTRODUCTION

Investigations of conformal anomalies in gravity (see [1]
for an historical overview and references) [2] and in gauge
theories [3–5] as well as in string theory, have been of
remarkable significance along the years. In cosmology, for
instance [6], (see also [7] for an overview) the study of the
gravitational trace anomaly has been performed in an
attempt to solve the problem of the ‘‘graceful exit’’ (see
for instance [8–11]). In other analysis it has been pointed
out that the conformal anomaly may prevent the future
singularity occurrence in various dark energy models
[12,13].

In the past the analysis of the formal structure of the
effective action for gravity in four dimensions, obtained by
integration of the trace anomaly [14,15], has received a
special attention, showing that the variational solution of
the anomaly equation, which is nonlocal, can be made
local by the introduction of extra scalar fields. The gauge
contributions to these anomalies are identified at 1-loop
level from a set of diagrams—involving fermion loops with
two external gauge lines and one graviton line—and are
characterized, as shown recently by Giannotti and Mottola
in [16], by the presence of anomaly poles. Anomaly poles
are familiar from the study of the chiral anomaly in gauge
theories and describe the nonlocal structure of the effective
action. In the case of global anomalies, as in QCD chiral
dynamics, they signal the presence of a nonperturbative
phase of the fundamental theory, with composite degrees
of freedom (pions) which offer an equivalent description of
the fundamental Lagrangian, matching the anomaly, in
agreement with ’t Hooft’s principle. Previous studies of
the role of the conformal anomaly in cosmology concern-
ing the production of massless gauge particles and the
identification of the infrared anomaly pole are those of

Dolgov [17,18], while a discussion of the infrared pole
from a dispersive derivation is contained in [19].
In a related work [20] we have shown that anomaly poles

are typical of the perturbative description of the chiral
anomaly not just in some special kinematical conditions,
for instance in the collinear region, where the coupling of
the anomalous gauge current to two (on shell) vector
currents (for the AVV diagram) involves a pseudoscalar
intermediate state (with a collinear and massless fermion-
antifermion pair) but under any kinematical conditions.
They are the most direct—and probably also the most
significant—manifestation of the anomaly in the perturba-
tive diagrammatic expansion of the effective action. On a
more speculative side, the interpretation of the pole in
terms of composite degrees of freedom could probably
have direct physical implications, including the condensa-
tion of the composite fields, very much like Bose Einstein
(BE) condensation of the pion field, under the action of
gravity. Interestingly, in a recent paper, Sikivie and Yang
have pointed out that Peccei-Quinn axions (PQ) may form
BE condensates [21]. With these motivations in mind, in
this work, which parallels a previous investigation of the
chiral gauge anomaly [20], we study the perturbative struc-
ture of the off-shell effective action showing the appear-
ance of similar singularities under general kinematic
conditions. Our investigation is a first step towards the
computation of the exact effective action describing the
coupling of the standard model to gravity via the conformal
anomaly, that we hope to discuss in the future.
In our study we follow closely the work of [16]. There

the authors have presented a complete off-shell classifica-
tion of the invariant amplitudes of the relevant correlator
responsible for the conformal anomaly, which involves the
energy-momentum tensor (T) and two vector currents (J),
TJJ, and have thoroughly investigated it in the QED case,
drawing on the analogy with the case of the chiral anomaly.
The analysis of [16] is based on the use of dispersion
relations, which are sufficient to identify the anomaly poles
of the amplitude from the spectral density of this correlator,
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2 The conformal anomaly and gravity

In this section we briefly summarize some basic and well known aspects of the trace anomaly in

quantum gravity and, in particular, the identification of the non-local action whose variation generates

a given trace anomaly.

We recall that the gravitational trace anomaly in 4 spacetime dimensions generated by quantum

effects in a classical gravitational and electromagnetic background is given by the expression

T µ
µ = −

1

8

[
2bC2 + 2b′

(
E −

2

3
!R

)
+ 2c F 2

]
(1)

where b, b′ and c are parameters that for a single fermion in the theory result b = 1/320π2, b′ =

−11/5760π2, and c = −e2/24π2; furthermore C2 denotes the Weyl tensor squared and E is the Euler

density given by

C2 = CλµνρC
λµνρ = RλµνρR

λµνρ − 2RµνR
µν +

R2

3
(2)

E = ∗Rλµνρ
∗Rλµνρ = RλµνρR

λµνρ − 4RµνR
µν +R2. (3)

The effective action is identified by solving the following variational equation by inspection

−
2
√
g
gµν

δΓ

δgµν
= T µ

µ . (4)

Its solution is well known and is given by the non-local expression

Sanom[g,A] = (5)

1

8

∫
d4x

√
−g

∫
d4x′

√
−g′

(
E −

2

3
!R

)

x

G4(x, x
′)

[
2bC2 + b′

(
E −

2

3
!R

)
+ 2c FµνF

µν

]

x′

.

Notice that we are omitting
√
gR2 terms which are not necessary at one loop level. The notation

G4(x, x′) denotes the Green’s function of the differential operator defined by

∆4 ≡ ∇µ

(
∇µ∇ν + 2Rµν −

2

3
Rgµν

)
∇ν = !

2 + 2Rµν∇µ∇ν +
1

3
(∇µR)∇µ −

2

3
R! (6)

and requires some boundary conditions to be specified. This operator is conformally covariant, in fact

under a rescaling of the metric one can show that

gµν = eσ ḡµν → ∆4 = e−2σ∆̄4. (7)

Notice that the general solution of (4) involves, in principle, also a conformally invariant part that is

not identified by this method. As in ref. [16], we concentrate on the contribution proportional to F 2

and perform an expansion of this term for a weak gravitational field and drop from this action all the

terms which are at least quadratic in the deviation of the metric from flat space

gµν = ηµν + κhµν κ2 = 16πG, (8)
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gµν = eσ ḡµν → ∆4 = e−2σ∆̄4. (7)

Notice that the general solution of (4) involves, in principle, also a conformally invariant part that is

not identified by this method. As in ref. [16], we concentrate on the contribution proportional to F 2

and perform an expansion of this term for a weak gravitational field and drop from this action all the

terms which are at least quadratic in the deviation of the metric from flat space

gµν = ηµν + κhµν κ2 = 16πG, (8)

4

2 The conformal anomaly and gravity

In this section we briefly summarize some basic and well known aspects of the trace anomaly in

quantum gravity and, in particular, the identification of the non-local action whose variation generates

a given trace anomaly.

We recall that the gravitational trace anomaly in 4 spacetime dimensions generated by quantum

effects in a classical gravitational and electromagnetic background is given by the expression

T µ
µ = −

1

8

[
2bC2 + 2b′

(
E −

2

3
!R

)
+ 2c F 2

]
(1)

where b, b′ and c are parameters that for a single fermion in the theory result b = 1/320π2, b′ =

−11/5760π2, and c = −e2/24π2; furthermore C2 denotes the Weyl tensor squared and E is the Euler

density given by

C2 = CλµνρC
λµνρ = RλµνρR

λµνρ − 2RµνR
µν +

R2

3
(2)

E = ∗Rλµνρ
∗Rλµνρ = RλµνρR

λµνρ − 4RµνR
µν +R2. (3)

The effective action is identified by solving the following variational equation by inspection

−
2
√
g
gµν

δΓ

δgµν
= T µ

µ . (4)

Its solution is well known and is given by the non-local expression

Sanom[g,A] = (5)

1

8

∫
d4x

√
−g

∫
d4x′

√
−g′

(
E −

2

3
!R

)

x

G4(x, x
′)

[
2bC2 + b′

(
E −

2

3
!R

)
+ 2c FµνF

µν

]

x′

.

Notice that we are omitting
√
gR2 terms which are not necessary at one loop level. The notation

G4(x, x′) denotes the Green’s function of the differential operator defined by

∆4 ≡ ∇µ

(
∇µ∇ν + 2Rµν −

2

3
Rgµν

)
∇ν = !

2 + 2Rµν∇µ∇ν +
1

3
(∇µR)∇µ −

2

3
R! (6)

and requires some boundary conditions to be specified. This operator is conformally covariant, in fact

under a rescaling of the metric one can show that
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(a) (b)

Figure 1: The diagrams describing the anomaly pole in the dispersive approach. Fig. (a) depicts the singularity

of the spectral density ρ(s) as a spacetime process. Fig. (b) describes the anomalous pole part of the interaction

via the exchange of a pole.

cover this gap and show, that both dimensional regularization and dimensional reduction reproduce

the correct Ward identity satisfied by this vertex, showing at the same time that the use of these

regularizations is indeed appropriate. Results for this vertex will be given only in the on-shell case,

since in this case the result can be expressed in terms of just three form factors. We have computed

also the off-shell effective action, but its expression is rather lengthy and will not be discussed here,

since it is gauge dependent and of less significance compared to the on-shell result. Most of our work

is concerned with a technical derivation of the leading contribution to the anomalous effective action

of QCD coupled to gravity. We have summarized in our conclusions a brief discussion of the relevance

of this study in the ongoing attempt to link the trace anomaly and QCD to a possible alternative

solution of the problem of dark energy, using this effective action as an intermediate step [10, 11].

2 Anomalous effective actions and their variational solutions

In this section we briefly review the topic of the variational solutions of anomalous effective actions,

and on the local formulations of these using auxiliary fields.

One well known result of quantum gravity is that the effective action of the trace anomaly is given

by a nonlocal form when expressed in terms of the spacetime metric gµν . This was obtained [9] from

a variational solution of the equation for the trace anomaly [1]

T µ
µ = b F + b′

(

E −
2

3
!R

)

+ b′′!R+ c F a µνF a
µν , (1)

(see also [13, 14] for an analysis of the gravitational sector) which takes in D = 4 spacetime dimensions

the form

Sanom[g,A] = (2)

1

8

∫

d4x
√
−g

∫

d4x′
√

−g′
(

E −
2

3
!R

)

x

∆−1
4 (x, x′)

[

2b F + b′
(

E −
2

3
!R

)

+ 2 c FµνF
µν

]

x′

.

4

Here, the parameters b and b′ are the coefficients of the Weyl tensor squared,

F = CλµνρC
λµνρ = RλµνρR

λµνρ − 2RµνR
µν +

R2

3
(3)

and the Euler density

E =∗Rλµνρ
∗Rλµνρ = RλµνρR

λµνρ − 4RµνR
µν +R2 (4)

respectively of the trace anomaly in a general background curved spacetime. Notice that the last term

in (2) is the contribution generated in the presence of a background gauge field, with coefficient c.

For a Dirac fermion in a classical gravitational (gµν) and abelian (Aα) background, the values of the

coefficients are b = 1/(320π2), and b′ = −11/(5760π2), and c = −e2/(24π2), with e being the electric

charge of the fermion. One crucial feature of this solution is its origin, which is purely variational.

Obtained by Riegert long ago, the action was derived by solving the variational equation satisfied

by the trace of the energy momentum tensor. ∆−1
4 (x, x′) denotes the Green’s function inverse of the

conformally covariant differential operator of fourth order, defined by

∆4 ≡ ∇µ

(

∇µ∇ν + 2Rµν −
2

3
Rgµν

)

∇ν = !
2 + 2Rµν∇µ∇ν +

1

3
(∇µR)∇µ −

2

3
R! . (5)

Given a solution of a variational equation, it is mandatory to check whether the solution is indeed

justified by a perturbative computation. One specific feature of these solutions is the presence of

anomaly poles. In previous works we have elaborated on the significance of these interactions, extracted

from a direct perturbative computation, by a painstaking analysis of anomaly graphs under general

kinematical conditions, and not just by a dispersive approach. The dispersive approach allows to

connect this behaviour of the spectral density to a very specific infrared configuration.

2.1 The kinematics of an anomaly pole

In our conventions we will denote with p and q the outgoing momenta of the two photons/gluons

and with k the incoming momentum of the graviton. s ≡ (p + q)2 denotes the invariant mass of the

external graviton line. A computation of the spectral density ρ(s) of the TJJ amplitude in QED

shows that this takes the form ρ(s) ∼ δ(s). The configuration responsible for the appearance of a

pole is illustrated in Fig. 1 (a). It describes the decay of a graviton line into two on-shell photons.

The decay is mediated by a collinear and on-shell fermion-antifermion pair and can be interpreted as

a spacetime process. The corresponding interaction vertex, described as the exchange of a pole, is

instead shown in Fig. 1 (b). The actual process depicted in Fig. 1 (a) is obtained at diagrammatic

level by setting on-shell the fermion/antifermion pair attached to the graviton line. This configuration,

present in the spectral density of the diagram only for on-shell photons, generates a pole contribution

which can be shown to be coupled in the infrared. This means that if we compute the residue of the

amplitude for s→ 0 we find that it is non-vanishing. In the general expression of the vertex, a similar
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connect this behaviour of the spectral density to a very specific infrared configuration.

2.1 The kinematics of an anomaly pole

In our conventions we will denote with p and q the outgoing momenta of the two photons/gluons

and with k the incoming momentum of the graviton. s ≡ (p + q)2 denotes the invariant mass of the

external graviton line. A computation of the spectral density ρ(s) of the TJJ amplitude in QED

shows that this takes the form ρ(s) ∼ δ(s). The configuration responsible for the appearance of a

pole is illustrated in Fig. 1 (a). It describes the decay of a graviton line into two on-shell photons.
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configuration is extracted in the high energy limit, not by a dispersive analysis, but by an explicit

(off-shell) computation of the diagrams. Clearly, the pole, in this second case, has a vanishing residue

as s→ 0, but is nevertheless a signature of the anomaly at high energy. Either for virtual or for real

photons, a direct computation of the vertex allows to extract the pole term, without having to rely

on a dispersive analysis. This point has been illustrated in our previous computations of the chiral

anomaly vertex [8] and in the computation of the TJJ vertex for QED [5]. The identification of this

singularity in the case of QCD is in perfect agreement with those previous results.

2.2 The single pole from ∆4

In the case of the gravitational effective action, the appearance of the inverse of ∆4 operator seems to

be hard to reconcile with the simpler 1/! interaction which is predicted by the perturbative analysis

of the TJJ correlator, which manifests a single anomaly pole. In [4], Giannotti and Mottola show step

by step how a single pole emerges from this quartic operator, by using the auxiliary field formulation

of the same effective action. Clearly, more computations are needed in order to show that the nonlocal

effective action consistently does justice of all the poles (of second order and higher) which should

be present in the perturbative expansion. Obviously, the perturbative computations - being either

based on dispersion theory or on complete evaluations of the vertices, as in our case - become rather

hard as we increase the number of external lines of the corresponding perturbative correlator. For

instance, this check becomes almost impossible for correlators of the form TTTT or higher, due to the

appearance of a very large number of tensor structure in the reduction to scalar form of the tensor

Feynman integrals. In the case of TJJ the computation is still manageable, since it does not require

Feynman integrals beyond rank-4.

Expanding around flat space, the local formulation of Riegert’s action, as shown in [4, 15], can be

rewritten in the form

Sanom[g,A]→ −
c

6

∫

d4x
√
−g

∫

d4x′
√

−g′ Rx!
−1
x,x′ [FαβF

αβ ]x′ , (6)

which is valid to first order in the fluctuation of the metric around a flat background, denoted as hµν

gµν = ηµν + κhµν , κ =
√

16πGN (7)

with GN being the 4-dimensional Newton’s constant. The formulation in terms of auxiliary fields of

this axion gives

Sanom[g,A;ϕ,ψ′ ] =

∫

d4x
√
−g

[

−ψ′
!ϕ−

R

3
ψ′ +

c

2
FαβF

αβϕ

]

, (8)
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with G the gravitational constant. The non-local action reduces to

Sanom[g,A] = −
c

6

∫
d4x

√
−g

∫
d4x′

√
−g′R(1)

x !
−1
x,x′ [FαβF

αβ ]x′ , (9)

valid for a weak gravitational field. In this case

R(1)
x ≡ ∂xµ ∂

x
ν h

µν −!h, h = ηµν h
µν . (10)

The presence of the Green’s function of the ! operator in Eq. (9) is the clear indication that the

solution of the anomaly equation is characterized by an anomaly pole. In the next sections we are

going to perform a direct diagrammatic computation of this action and reobtain from it the pole

contribution identified in the dispersive analysis of [16] and the conformal invariant extra terms which

are not present in (9). We start with an analysis of the correlator following an approach which is

close to that followed in ref. [16]. The crucial point of the derivation presented in that work is the

imposition of the Ward identity for the TJJ correlator (see Eq. (42) below) which allows to eliminate

all the Schwinger (gradients) terms which otherwise plague any derivation based on the canonical

formalism and are generated by the equal-time commutator of the energy momentum tensor with the

vector currents. In reality, this approach can be bypassed by just imposing at a diagrammatic level the

validity of an operatorial relation for the trace anomaly, evaluated at a nonzero momentum transfer,

together with the conservation of the vector currents on the other two vector vertices of the correlator.

3 The construction of the full amplitude Γµναβ(p, q)

We consider the standard QED lagrangian

L = −
1

4
FµνF

µν + i ψ̄γµ(∂µ − i eAµ)ψ −mψ̄ψ, (11)

with the energy momentum tensor split into the free fermionic part Tf , the interacting fermion-photon

part Tfp and the photon contribution Tph which are given by

T µν
f = −iψ̄γ(µ

↔

∂ ν)ψ + gµν(iψ̄γλ
↔

∂λψ −mψ̄ψ), (12)

T µν
fp = − eJ (µAν) + egµνJλAλ , (13)

and

T µν
ph = FµλF ν

λ −
1

4
gµνF λρFλρ, (14)

where the current is defined as

Jµ(x) = ψ̄(x)γµψ(x) . (15)

In the coupling to gravity of the total energy momentum tensor

T µν ≡ T µν
f + T µν

fp + T µν
ph (16)
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partial	 T_p

we keep terms linear in the gravitational field, of the form hµνT µν , and we have introduced some

standard notation for the symmetrization of the tensor indices and left-right derivatives H(µν) ≡
(Hµν +Hνµ)/2 and

↔

∂µ ≡ (
→

∂µ−
←

∂µ)/2. It is also convenient to introduce a partial energy momentum

tensor Tp, corresponding to the sum of the Dirac and interaction terms

T µν
p ≡ T µν

f + T µν
fp (17)

which satisfies the inhomogeneous equation

∂νT
µν
p = −∂νT µν

ph . (18)

Using the equations of motion for the e.m. field ∂νFµν = Jµ, the inhomogeneous equation becomes

∂νT
µν
p = FµλJλ. (19)

There are two ways to identify the contributions of T µν and T µν
p in the perturbative expansion of the

effective action. In the formalism of the background fields, the TpJJ correlator can be extracted from

the defining functional integral

⟨T µν
p (z)⟩A ≡

∫
DψDψ̄ T µν

p (z) ei
∫
d4xL+

∫
J ·A(x)d4x

= ⟨T µν
p ei

∫
d4xJ ·A(x)⟩ (20)

expanded through second order in the external field A. The relevant terms in this expansion are

explicitly given by

⟨T µν
p (z)⟩A =

1

2!
⟨T µν

f (z)(J · A)(J ·A)⟩+ ⟨T µν
fp (J ·A)⟩+ ... , (21)

with (J ·A) ≡
∫
d4xJ ·A(x). The corresponding diagrams are extracted via two functional derivatives

respect to the background field Aµ and are given by

Γµναβ(z;x, y) ≡
δ2⟨T µν

p (z)⟩A
δAα(x)δAβ(y)

∣∣∣∣
A=0

= V µναβ +W µναβ (22)

V µναβ = (i e)2 ⟨T µν
f (z)Jα(x)Jβ(y)⟩A=0 (23)

W µναβ =
δ2⟨T µν

fp (z)(J ·A)⟩
δAα(x)δAβ(y)

∣∣∣∣
A=0

= δ4(x− z)gα(µΠν)β(z, y) + δ4(y − z)gβ(µΠν)α(z, x) − gµν [δ4(x− z)− δ4(y − z)]Παβ(x, y)

(24)

These two contributions are of O(e2). Alternatively, one can directly compute the matrix element

Mµν = ⟨0|T µν
p (z)

∫
d4wd4w′J · A(w)J ·A(w′)|γγ⟩, (25)

6
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so that the one-loop amplitude in Fig. 1 results

Γµναβ(p, q) = V µναβ(p, q) + V µνβα(q, p) +W µναβ(p, q) + W µνβα(q, p). (34)

The bare Ward identity which allows to define the divergent amplitudes that contribute to the anomaly

in Γ in terms of the remaining finite ones is obtained by re-expressing the classical equation

∂νT
µν
ph = −FµνJν (35)

as an equation of generating functionals in the background electromagnetic field

∂ν⟨T µν
ph ⟩A = −Fµν⟨Jν⟩A, (36)

which can be expanded perturbatively as

∂ν⟨T µν
ph ⟩A = −Fµν⟨Jν
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d4w(ie)J ·A(w)⟩+ ... . (37)

Notice that we have omitted the first term in the Dyson’s series of ⟨Jν⟩A, shown on the r.h.s of (37)

since ⟨Jν⟩ = 0. The bare Ward identity then takes the form
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(38)

which takes contribution only from the first term on the r.h.s of Eq. (37). This relation can be written

in momentum space. For this we use the definition of the vacuum polarization

Παβ(x, y) ≡ −ie2⟨Jα(x)Jβ(y)⟩, (39)
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qµqνpαpβ

pµqνqαqβ

qµpνqαqβ

qµqνpαqβ

qµqνqαpβ

gµνgαβ

gαµgβν

gανgβµ

pµpνgαβ

pµqνgαβ

qµpνgαβ

qµqνgαβ

pβpνgαµ

pβqνgαµ

qβpνgαµ

qβqνgαµ

pβpµgαν

pβqµgαν

qβpµgαν

qβqµgαν

pαpνgβµ

pαqνgβµ

qαpνgβµ

qαqνgβµ

pµpαgβν

pµqαgβν

qµpαgβν

qµqαgβν

pαpβgµν

pαqβgµν

qαpβgµν

qαqβgµν

Table 1: The 43 tensor monomials built up from the metric tensor and the two independent momenta p and q

into which a general fourth rank tensor can be expanded.

or

Παβ(p) = −i2 (−ie)2
∫

d4l

(2π)4
tr
{
γα (l/+m)γβ(l/+ p/+m)

}

[l2 −m2] [(l + p)2 −m2]

= (p2gαβ − pαpβ)Π(p2,m2) (40)

with

Π(p2,m2) =
e2

36π2 p2

[
6A0(m

2) + p2 − 6m2 − 3B0(p
2,m2)

(
2m2 + p2

)]
, (41)

which obviously satisfies the Ward identity pαΠαβ(p) = 0. The expressions of the A0 and B0 contri-

butions are given in Appendix A.

Using these definitions, the unrenormalized Ward identity which allows to completely characterize

the form of the correlator in momentum space becomes

kν Γ
µναβ(p, q) =

(
qµpαpβ − qµgαβp2 + gµβqαp2 − gµβpαp · q

)
Π(p2)

+
(
pµqαqβ − pµgαβq2 + gµαpβq2 − gµαqβp · q

)
Π(q2) . (42)

3.1 Tensor expansion and invariant amplitudes of Γ

The full one-loop amplitude Γ can be expanded on the basis provided by the 43 monomial tensors

listed in Tab.1

Γµναβ(p, q) =
43∑

i=1

Ai(k
2, p2, q2) lµναβi (p, q). (43)

Since the amplitude Γµναβ(p, q) has total mass dimension equal to 2 it is obvious that not all the

coefficients Ai are convergent. They can be divided into 3 groups:

9

There	 is,	however,	a	more	general	 way	to	proceed	



Chapter 1 Conformal Symmetry

Now one would expect that the invariance of the correlation functions under a given symmetry
group G is

�gZ[gµ⌫ ,Aµ,�
(j )
0 ] = 0, (1.97)

for any g 2 G, provided we know the transformation properties of the background fields. We will
give these in the following section, however, before we do it, we must point out that (1.97) may not
be valid for all symmetries in quantum case. The reason is that in order to define a quantum field
theory one must usually use a regularisation scheme that may break some of the symmetries of the
theory. After the regulator is removed, the broken symmetries may but do not have to restored.
We will use various types of the dimensional regularisations, which maintain Poincaré invariance.
Therefore (1.97) is valid for translations and rotations. In general, (1.97) receives an anomalous

contribution on its right hand side. Since in case of the conformal symmetry, dilatations and special
conformal transformations can be realised by Weyl transformation, the anomaly manifests itself
when the Weyl transformation gµ⌫ ! e2�gµ⌫ is taken,

�gZ[gµ⌫ ,Aµ,�
(j )
0 ] =W� [gµ⌫ ,Aµ,�

(j )
0 ], (1.98)

whereW is a computable, theory dependent functional. In flat space theory one can also find this
anomaly by considering the scalings. It turns out that the integration measure in the path integral
is not invariant under the scalings, which leads to the Weyl anomaly.

1.5 Transverse Ward Identities

By coupling the system to the background fields, we can obtain the conserved currents by a
functional di↵erentiation with respect to the background field, rather than by considering the ac-
tion of the symmetry on the dynamical fields. We have three local symmetries to consider,

• Di↵eomorphism symmetry that follows from the gauging of the Lorentz symmetry. This
symmetry is related to the divergence of the energy-momentum tensor @µTµ⌫ .

• Other gauge symmetries that follow from global symmetries of the flat space theory. These
symmetries are related to the divergence of Noether currents @µj µ.

• Weyl symmetry. This symmetry is related to the trace of the energymomentum tensor T = T
µ
µ .

under a di↵eomorphism ⇠µ the sources transform as

�gµ⌫ = �(rµ⇠⌫ +r⌫⇠µ), (1.99)
�Aa

µ = ⇠⌫r⌫Aa
µ +rµ⇠⌫ Aa

⌫ , (1.100)

��I
0 = ⇠⌫@⌫�

I
0, (1.101)

where r is a Levi-Civita connection.
Under a gauge symmetry transformation with parameter ↵a the sources transform as

�gµ⌫ = 0, (1.102)

�Aa
µ = �Dac

µ ↵c = �@µ↵a � f abcAb
µ↵

c, (1.103)

��I
0 = �i↵a(Ta

R )
IJ�J

0, (1.104)
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diffeomorphism	 invariance	

gauge	 invariance	

1.4 Conformal Invariance in Quantum Field Theory

Now by taking the functional derivatives with respect to the sources one gets correlation func-
tions, as for instance

hO1(x1)O2(x2)i = ��
��

(1)
0 (x1)

��
��

(2)
0 (x2)

Z[�(j )
0 ]

�

�

�

�

�

�

�

�
(j )
0 =0, 8j

(1.88)

We would like to express the invariance of the correlation functions using the generating func-
tional. In this case we must find out the action of the symmetries on the background fields in the
same way as we found the action of the conformal and Weyl transformations on the metric. From
there we know that a CFT can be coupled to gravity and the stress-energy tensor can be obtained
by a di↵erentiation with respect to the metric. In other words, the source for stress-energy tensor
is the metric. This means that the source for Tµ⌫ can be removed from the explicit list in (1.87).
Instead, the CFT action becomes a functional of the metric. In a similar fashion we can gauge
every other symmetry group G leading to the conserved current. Then, by taking the derivatives
with respect to the corresponding gauge connection, one can obtains the correlation functions of
the currents. Therefore we assume that every other current corresponding to a global symmetry
can be covariantly coupled to a background gauge field via the change of derivatives into covariant
derivatives,

@µ!DIJ
µ = �IJ@µ � iA1

µ(T
a
R )

IJ . (1.89)

Here we assume that each operator O in the theory transforms in some representation RO given by
a set of matrices Ta

R , a = 1, . . . ,dimG. For generators of the group G we have

Tr(TaTb) = 1
2
�ab, [T1,Tb] = if abcTc, (1.90)

where f abc are structure constants of the group and in the adjoint representation we have

(Ta
A)

bc = �if abc. (1.91)

If we are interested in correlation functions involving stress-energy tensor, conserved currents
and scalar primary operators only, therefore we will limit ourselves to the following form of the
generating functional

Z[�I
0,A

a
µ,g

µ⌫ ] =
Z

D� exp

0

B

B

B

B

B

B

@

�SCFT [Aa
µ,g

µ⌫ ]�
X

j

Z

ddx
p
g�

(j )
0 Oj

1

C

C

C

C

C

C

A

. (1.92)

Now the 1-point functions with sources turned on are given by the following functional derivatives,

hTµ⌫ (x)i = � 2
p

g(x)

�
�gµ⌫ (x)

Z, (1.93)

hJµa(x)i = � 1
p

g(x)

�
�Aa

µ(x)
Z, (1.94)

hOj (x)i = � 1
p

g(x)

�

��
(j )
0 (x)

Z. (1.95)

By taking more functional derivatives we can obtain higher-point correlation functions

hTµ1⌫1(x1) . . .Tµn⌫n (xn)i = �2
p

g(x1)
. . .

�2
p

g(xn)

�n

�gµ1⌫1 (x1) . . .�gµn⌫n (xn)
Z. (1.96)
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hTµ⌫ (x)i = � 2
p

g(x)

�
�gµ⌫ (x)

Z, (1.93)

hJµa(x)i = � 1
p

g(x)

�
�Aa

µ(x)
Z, (1.94)

hOj (x)i = � 1
p

g(x)

�

��
(j )
0 (x)

Z. (1.95)

By taking more functional derivatives we can obtain higher-point correlation functions

hTµ1⌫1(x1) . . .Tµn⌫n (xn)i = �2
p

g(x1)
. . .

�2
p

g(xn)

�n

�gµ1⌫1 (x1) . . .�gµn⌫n (xn)
Z. (1.96)

13

Chapter 1 Conformal Symmetry

Now one would expect that the invariance of the correlation functions under a given symmetry
group G is

�gZ[gµ⌫ ,Aµ,�
(j )
0 ] = 0, (1.97)

for any g 2 G, provided we know the transformation properties of the background fields. We will
give these in the following section, however, before we do it, we must point out that (1.97) may not
be valid for all symmetries in quantum case. The reason is that in order to define a quantum field
theory one must usually use a regularisation scheme that may break some of the symmetries of the
theory. After the regulator is removed, the broken symmetries may but do not have to restored.
We will use various types of the dimensional regularisations, which maintain Poincaré invariance.
Therefore (1.97) is valid for translations and rotations. In general, (1.97) receives an anomalous

contribution on its right hand side. Since in case of the conformal symmetry, dilatations and special
conformal transformations can be realised by Weyl transformation, the anomaly manifests itself
when the Weyl transformation gµ⌫ ! e2�gµ⌫ is taken,

�gZ[gµ⌫ ,Aµ,�
(j )
0 ] =W� [gµ⌫ ,Aµ,�

(j )
0 ], (1.98)

whereW is a computable, theory dependent functional. In flat space theory one can also find this
anomaly by considering the scalings. It turns out that the integration measure in the path integral
is not invariant under the scalings, which leads to the Weyl anomaly.

1.5 Transverse Ward Identities

By coupling the system to the background fields, we can obtain the conserved currents by a
functional di↵erentiation with respect to the background field, rather than by considering the ac-
tion of the symmetry on the dynamical fields. We have three local symmetries to consider,

• Di↵eomorphism symmetry that follows from the gauging of the Lorentz symmetry. This
symmetry is related to the divergence of the energy-momentum tensor @µTµ⌫ .

• Other gauge symmetries that follow from global symmetries of the flat space theory. These
symmetries are related to the divergence of Noether currents @µj µ.

• Weyl symmetry. This symmetry is related to the trace of the energymomentum tensor T = T
µ
µ .

under a di↵eomorphism ⇠µ the sources transform as

�gµ⌫ = �(rµ⇠⌫ +r⌫⇠µ), (1.99)
�Aa

µ = ⇠⌫r⌫Aa
µ +rµ⇠⌫ Aa

⌫ , (1.100)

��I
0 = ⇠⌫@⌫�

I
0, (1.101)

where r is a Levi-Civita connection.
Under a gauge symmetry transformation with parameter ↵a the sources transform as

�gµ⌫ = 0, (1.102)

�Aa
µ = �Dac

µ ↵c = �@µ↵a � f abcAb
µ↵

c, (1.103)

��I
0 = �i↵a(Ta

R )
IJ�J

0, (1.104)
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1.5 Transverse Ward Identities

where Ta
R are matrices of a representation R and f abc are structure constants of the group G. The

gauge field transforms in the adjoint representation while phiI may transform in any representation
R. The covariant derivative is DIJ

µ = �IJ@µ � iAa
µ(T

a
R )

IJ .
Ward Identities follow from the requirement that the generating functional (1.92) is invariant

under the variation

�⇠ =
Z

ddx

"

�(rµ⇠⌫ +r⌫⇠µ) �
�gµ⌫

+ (⇠⌫r⌫Aa
µ +rµ⇠⌫ Aa

⌫ )
�

�Aa
µ
+ ⇠⌫@⌫�

I
0

�

��I
0

#

, (1.105)

�↵ = �
Z

ddx

"

(@µ↵a � f abcAb
µ↵

c) �
�Aa

µ
+ i↵a(Ta

R )
IJ�J

0
�

��I
0

#

, (1.106)

so that the transverse Ward Identities are

�⇠Z = 0, �↵Z = 0. (1.107)

Using the definitions of the 1-point functions, the arbitrariness of the parameter ↵a and integrating
by parts1

0 = �↵Z = �
Z

ddx

"

(@µ↵a � f abcAb
µ↵

c) �
�Aa

µ
+ i↵a(Ta

R )
IJ�J

0
�

��I
0

#

Z

=
Z

ddx
p
g

"

(@µ↵a � f abcAb
µ↵

c) �1p
g

�
�Aa

µ
+ i↵a(Ta

R )
IJ�J

0
�1p
g

�

��I
0

#

Z

=
Z

ddx
p
g↵a

h

���µ�hJµa(x)i � (@µ�ab + f acbAc
µ)hJµb(x)i+ i(Ta

R )
IJ�J

0 hOI (x)i
i

(1.108)

we get the first Ward Identity related to the gauge symmetry, expressed as

0 =Dab
µ hJµai+ ��µ�hJµa(x)i � i(Ta

R )
IJ�J

0hOI i
= rµhJµai+ f abcAb

µhJµci � i(Ta
R )

IJ�J
0hOI i (1.109)

and in the same way, the second one arising from the di↵eomorphism symmetry

0 = �⇠Z =
Z

ddx

"

�(rµ⇠⌫ +r⌫⇠µ) �
�gµ⌫

+ (⇠⌫r⌫Aa
µ +rµ⇠⌫ Aa

⌫ )
�

�Aa
µ
+ ⇠⌫@⌫�

I
0

�

��I
0

#

Z

=
Z

ddx
p
g

"

1
2
(rµ⇠⌫ +r⌫⇠µ) �2p

g
�

�gµ⌫
� (⇠⌫r⌫Aa

µ +rµ⇠⌫ Aa
⌫ )
�1p
g

�
�Aa

µ
� ⇠⌫@⌫�

I
0
�1p
g

�

��I
0

#

Z

=
Z

ddx
p
g


1
2
(rµ⇠⌫ +r⌫⇠µ)hTµ⌫ (x)i � (⇠⌫r⌫Aa

µ +rµ⇠⌫ Aa
⌫ )hJµa(x)i � ⇠⌫@⌫�

I
0hOI (x)i

�

=
Z

ddx
p
g⇠⌫

h

�rµ hTµ⌫ (x)i �r⌫Aa
µhJµa(x)i+rµ (Aa

⌫hJµa(x)i)�@⌫�I
0 hOI (x)i

i

(1.110)

that lead to

0 = rµ hTµ⌫ (x)i+r⌫Aa
µ hJµa(x)i �rµAa

⌫ hJµa(x)i �Aa
⌫ rµ hJµa(x)i+@⌫�

I
0 hOj (x)i

= rµ hTµ⌫ (x)i �Fa
µ⌫ hJµa(x)i �Aa

⌫ rµ hJµa(x)i+@⌫�
I
0 hOj (x)i. (1.111)

1We also use the property
1p
g
@µ
p
g = ���µ
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that lead to
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1We also use the property
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0
3
(
2
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1
4
)
1
1
1

From the generating functional

Z[φI0, A
a
µ, g

µν ] =

∫
DΦ exp

(
−S[Aa

µ, g
µν ]−

∫
ddx

√
gφI0OI

)
, (5.44)

we have the one-point functions in the presence of sources

⟨Tµν(x)⟩ = − 2√
g(x)

δ

δgµν(x)
Z, (5.45)

⟨Jµa(x)⟩ = − 1√
g(x)

δ

δAa
µ(x)

Z, (5.46)

⟨OI(x)⟩ = − 1√
g(x)

δ

δφI0(x)
Z. (5.47)

By taking more functional derivatives we can obtain higher-point correlation functions, e.g.,

⟨Tµ1ν1(x)Tµ2ν2(y)Tµ3ν3(z)⟩ =
−2√
g(z)

δ

δgµ3ν3(z)

−2√
g(y)

δ

δgµ2ν2(y)

−2√
g(x)

δ

δgµ1ν1(x)
Z[gµν ]

+ 2⟨δTµ1ν1(x)

δgµ2ν2(y)
Tµ3ν3(z)⟩+ 2⟨δTµ2ν2(y)

δgµ3ν3(z)
Tµ1ν1(x)⟩+ 2⟨δTµ3ν3(z)

δgµ1ν1(x)
Tµ2ν2(y)⟩. (5.48)

Note that here we define the 3-point function of the stress-energy tensor to be the corre-

lator of three separate stress-energy tensor insertions (and similarly for other correlators

involving conserved currents), rather than the correlator obtained by functionally differen-

tiating the generating functional with respect to the metric three times. While the latter

definition is used in [3, 4, 13, 30], our definition here is simpler for direct QFT computa-

tions. To convert between the two definitions simply requires the addition or subtraction

of the semi-local terms in the formula above.

Requiring the partition function to be invariant under variation of the sources then

leads to the transverse Ward identities

0 = Dac
µ ⟨Jµa⟩ − i(T a

R)
IJφJ0 ⟨OI⟩

= ∇µ⟨Jµa⟩+ fabcAb
µ⟨Jµc⟩ − i(T a

R)
IJφJ0 ⟨OI⟩, (5.49)

0 = ∇µ⟨Tµν⟩+∇νA
a
µ · ⟨Jµa⟩ − ∇µA

a
ν · ⟨Jµa⟩+ ∂νφ

I
0 · ⟨OI⟩ −Aa

ν∇µ⟨Jµa⟩
= ∇µ⟨Tµν⟩ − F a

µν⟨Jµa⟩+DIJ
ν φJ0 · ⟨OI⟩. (5.50)

These equations may then be differentiated with respect to the sources to obtain the

corresponding Ward identities for higher point functions.

Explicit expressions for all the higher-point transverse Ward identities we need are

listed in the second part of the paper. In obtaining these expressions we have used the

assumptions:

1. OI is independent of the sources, i.e.,

δOI

δφJ0
= 0,

δOI

δAa
µ
= 0,

δOI

δgµν
= 0. (5.51)
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Requiring the partition function to be invariant under variation of the sources then

leads to the transverse Ward identities

0 = Dac
µ ⟨Jµa⟩ − i(T a

R)
IJφJ0 ⟨OI⟩

= ∇µ⟨Jµa⟩+ fabcAb
µ⟨Jµc⟩ − i(T a

R)
IJφJ0 ⟨OI⟩, (5.49)

0 = ∇µ⟨Tµν⟩+∇νA
a
µ · ⟨Jµa⟩ − ∇µA

a
ν · ⟨Jµa⟩+ ∂νφ

I
0 · ⟨OI⟩ −Aa

ν∇µ⟨Jµa⟩
= ∇µ⟨Tµν⟩ − F a

µν⟨Jµa⟩+DIJ
ν φJ0 · ⟨OI⟩. (5.50)

These equations may then be differentiated with respect to the sources to obtain the

corresponding Ward identities for higher point functions.

Explicit expressions for all the higher-point transverse Ward identities we need are

listed in the second part of the paper. In obtaining these expressions we have used the

assumptions:

1. OI is independent of the sources, i.e.,

δOI

δφJ0
= 0,

δOI

δAa
µ
= 0,

δOI

δgµν
= 0. (5.51)
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which generates the diagrams (b) and (c) shown in Fig. 1,
respectively, called the ‘‘triangle’’ and the ‘‘t-p-bubble’’
(‘‘t-’’ stays for tensor), together with the two ones obtained
for the exchange of p with q and ! with ".

The conformal anomaly appears in the perturbative ex-
pansion of Tp and involves these four diagrams. The
electromagnetic contribution is responsible for other two
diagrams whose invariant amplitudes are well-defined and
will be used to fix the ill-defined amplitudes present in the
tensor expansion of T#$

p by using a Ward identity.
The lowest order contribution is obtained, in the back-

ground field formalism, fromMaxwell’s e.m. tensor, and is
given by

S#$!" ¼
%2hT#$

ph ðzÞi
%A!ðxÞ%A"ðyÞ

!!!!!!!!A¼0
: (26)

Equivalently, it can be obtained from the matrix element

h0jT#$
ph j&&i (27)

which allows to identify the vertex in momentum space.
Using (26) we easily obtain

S#$!"ðz;x;yÞ¼2g!"@ð#%xz@$Þ%yz$2g"ð#@$Þ%xz@!%yz

$2g!ð$@#Þ%yz@"%xzþg!#g"$@'%yz@
'%xz

þg!$g"#@'%yz@
'%xzþg#$@"%xz@!%yz

$@(%yz@(%xzg!"g#$; (28)

where @#%xz & @=@x#%ðx$ zÞ and so on. In momentum
space this lowest order vertex is given by

S#$!" ¼ ðp#q$ þp$q#Þg!" þp ' qðg!$g"# þ g!#g"$Þ
$ g#$ðp ' qg!" $ q!p"Þ $ ðg"$p# þ g"#p$Þq!

$ ðg!$q# þ g!#q$Þp": (29)

The corresponding vertices which appear, respectively,
in the triangle diagram and on the t-bubble at Oðe2Þ are
given by

V 0#$ðk1; k2Þ ¼
1

4
½&#ðk1 þ k2Þ$ þ &$ðk1 þ k2Þ#)

$ 1

2
g#$½&'ðk1 þ k2Þ' $ 2m); (30)

W 0#$! ¼ $ 1

2
ð&#g$! þ &$g#!Þ þ g#$&!; (31)

where k1ðk2Þ is outcoming (incoming). Using the two
vertices V 0#$ðk1; k2Þ andW 0#$! we obtain for the diagrams
(b) and (c) of Fig. 1

V#$!"ðp; qÞ ¼ $ð$ieÞ2i3
Z d4l

ð2)Þ4
trfV 0#$ðlþ p; l$ qÞðl6 $ q6 þmÞ&"ðl6 þmÞ&!ðl6 þ p6 þmÞg

½l2 $m2)½ðl$ qÞ2 $m2)½ðlþ pÞ2 $m2) ; (32)

and

W#$!"ðp; qÞ ¼ $ðie2Þi2
Z d4l

ð2)Þ4

* trfW 0#$!ðl6 þmÞ&"ðl6 $ q6 þmÞg
½l2 $m2)½ðl$ qÞ2 $m2) ;

(33)

so that the one-loop amplitude in Fig. 1 results

!#$!"ðp; qÞ ¼ V#$!"ðp; qÞ þ V#$"!ðq; pÞ
þW#$!"ðp; qÞ þW#$"!ðq; pÞ: (34)

The bare Ward identity which allows to define the diver-
gent amplitudes that contribute to the anomaly in ! in
terms of the remaining finite ones is obtained by reexpress-

=

(a)

k

p

q

(b)

p + l

l − q

l

q

p

k

+ exch.

(c)

l l − q

k p

q

++ exch.

FIG. 1. The complete one-loop vertex (a) given by the sum of the 1PI contributions called V#$!"ðp; qÞ (b) and W#$!"ðp; qÞ (c).
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(b) and (c) of Fig. 1
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ing the classical equation

@!T
"!
ph ¼ "F"!J! (35)

as an equation of generating functionals in the background
electromagnetic field

@!hT"!
ph iA ¼ "F"!hJ!iA; (36)

which can be expanded perturbatively as

@!hT"!
ph iA ¼ "F"!

!
J!

Z
d4wðieÞJ % AðwÞ

"

þ
. . . : (37)

Notice that we have omitted the first term in the Dyson’s
series of hJ!iA, shown on the right-hand side (rhs)of (37)
since hJ!i ¼ 0. The bare Ward identity then takes the form

@!!
"!#$ ¼ %2ðF"&ðzÞhJ&ðzÞiAÞ

%A#ðxÞ%A$ðyÞ

########A¼0
(38)

which takes contribution only from the first term on the rhs
of Eq. (37). This relation can be written in momentum
space. For this we use the definition of the vacuum polar-
ization

"#$ðx; yÞ ' "ie2hJ#ðxÞJ$ðyÞi; (39)

or

"#$ðpÞ ¼ "i2ð"ieÞ2
Z d4l

ð2'Þ4

( trf(#ðl6 þmÞ($ðl6 þ p6 þmÞg
½l2 "m2*½ðlþ pÞ2 "m2*

¼ ðp2g#$ " p#p$Þ"ðp2; m2Þ (40)

with

"ðp2; m2Þ ¼ e2

36'2p2 ½6A0ðm2Þ þ p2 " 6m2

" 3B0ðp2; m2Þð2m2 þ p2Þ*; (41)

which obviously satisfies the Ward identity p#"
#$ðpÞ ¼

0. The expressions of the A0 and B0 contributions are
given in Appendix A.

Using these definitions, the unrenormalized Ward iden-
tity which allows to completely characterize the form of

the correlator in momentum space becomes

k!!
"!#$ðp; qÞ ¼ ðq"p#p$ " q"g#$p2 þ g"$q#p2

" g"$p#p % qÞ"ðp2Þ
þ ðp"q#q$ " p"g#$q2 þ g"#p$q2

" g"#q$p % qÞ"ðq2Þ: (42)

A. Tensor expansion and invariant amplitudes of !

The full one-loop amplitude ! can be expanded on the
basis provided by the 43 monomial tensors listed in Table I

!"!#$ðp; qÞ ¼
X43

i¼1

Aiðk2; p2; q2Þl"!#$
i ðp; qÞ: (43)

Since the amplitude !"!#$ðp; qÞ has total mass dimension
equal to 2 it is obvious that not all the coefficients Ai are
convergent. They can be divided into 3 groups:
(1) A1 + Ai + A16—multiplied by a product of four

momenta, they have mass dimension "2 and there-
fore are UV finite;

(2) A17 + Ai + A19—these have mass dimension 2
since the four Lorentz indices of the amplitude are
carried by two metric tensors

(3) A20 + Ai + A43—they appear next to a metric ten-
sor and two momenta, have mass dimension 0 and
are divergent.

The way in which the 43 invariant amplitudes in Eq. (43)
will be managed in order to reduce them to the 13 ones
named Fiðk2; p2; q2Þ is the subject of this section. The
reduction is accomplished in 4 different steps and has as
a guiding principle the elimination of the divergent ampli-
tudes Ai in terms of the convergent ones after imposing
some conditions on the whole amplitude. We require
(a) the symmetry in the two indices " and ! of the

symmetric energy-momentum tensor T"!;
(b) the conservation of the two vector currents on p#

and q$;
(c) the Ward identity on the vertex with the incoming

momentum k defined above in Eq. (42).
Condition (a) becomes

!"!#$ðp; qÞ ¼ !!"#$ðp; qÞ; (44)

TABLE I. The 43 tensor monomials named l"!#$
i ðp; qÞ in Eq. (43) built up from the metric tensor and the two independent momenta

p and q into which a general fourth rank tensor can be expanded.

p"p!p#p$ p"p!p#q$ p"p!q#q$ p"q!q#p$ p"q!q#q$ g"!g#$

q"q!q#q$ p"p!q#p$ p"q!p#q$ q"p!q#p$ q"p!q#q$ g#"g$!

p"q!p#p$ q"p!p#q$ q"q!p#p$ q"q!p#q$ g#!g$"

q"p!p#p$ q"q!q#p$

p"p!g#$ p$p!g#" p$p"g#! p#p!g$" p"p#g$! p#p$g"!

p"q!g#$ p$q!g#" p$q"g#! p#q!g$" p"q#g$! p#q$g"!

q"p!g#$ q$p!g#" q$p"g#! q#p!g$" q"p#g$! q#p$g"!

q"q!g#$ q$q!g#" q$q"g#! q#q!g$" q"q#g$! q#q$g"!
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The amplitude in (34) can be expanded in this basis com-
posed as

!!"#$ðp; qÞ ¼
X13

i¼1

Fiðs; s1; s2; m2Þt!"#$
i ðp; qÞ; (74)

where the invariant amplitudes Fi are functions of the
kinematical invariants s ¼ k2 ¼ ðpþ qÞ2, s1 ¼ p2, s2 ¼
q2 and of the internal mass m. In [16] the authors use the
Feynman parametrization and momentum shifts in order to
identify the expressions of these amplitudes in terms of
parametric integrals, which was the approach followed also
by Rosenberg in his original identification of the 6 invari-
ant amplitudes of the AVVanomaly diagram. If we choose
to reorganize all the monomials into the simpler set of 13
tensor groups shown in Table II, then we need to map the Ai

included in the % set into the Fi (i ¼ 1; . . . ; 13). The
mapping is given by

F1 ¼
1

3k2

!
A4ð4p % qþ 3p % pÞ þ 2A11ðp % qþ 2q % qÞ

þ 2A6p % pþ 2A7q % q& 2A14q % q

& A16q % qþ 2A3
p % pq % q
p % q

"
; (75)

F2 ¼
1

3k2

!
&2A3

#
p % p
p % q þ 2

$
þ 4A6 þ A7 & 2A9 & A12

"
;

(76)

F3 ¼
1

12k2

!
A4ð2p % qþ 3q % qÞ & 2A11ðp % qþ 2q % qÞ

& 2A6p % p& 2A7q % qþ 2A14q % q

þ A16q % q& 2A3
p % pq % q
p % q

"
(77)

F4 ¼
A7

4p % pþ 1

12k2

!
2A3

#
p % p
p % q þ 2

$
& 4A6

& A7 þ 2A9 þ A12

"
(78)

F5 ¼
A16

4
þ 1

12k2

!
&2A6p % p& 2A3

q % qp % p
p % q

þ A4ð&3p % p& 4p % qÞ & 2A11ðp % qþ 2q % qÞ

& 2A7q % qþ 2A14q % qþ A16q % q
"
; (79)

F6 ¼
A12

4q % qþ 1

12k2

!
&4A6 & A7 þ 2A9 þ A12

þ 2A3

#
p % p
p % q þ 2

$"
; (80)

F7 ¼
A11

2
þ 1

p % q2
#
A9q % qp % pþ A6

2
p % pp % q

þ A14

2
q % qp % q

$
þ 1

6k2

!
A4ð&4p % q& 3p % pÞ

& 2A11ðp % qþ 2q % qÞ & 2A6p % p& 2A7q % q

þ 2A14q % qþ A16q % q& 2A3
p % pq % q
p % q

"
; (81)

F8 ¼
1

6k2

!
2A3

#
p % p
p % q þ 2

$
& 3

A9

p % q ðp % pþ q % qÞ

& 4A6 & A7 & 4A9 þ A12

"
(82)

F9 ¼
A6

p % qþ A9
q % q
p % q2 ; (83)

F10 ¼ A9
p % p
p % q2 þ

A14

p % q ; (84)

TABLE II. Basis of 13 fourth rank tensors satisfying the vector current conservation on the external lines with momenta p and q.

i t!"#$
i ðp; qÞ

1 ðk2g!" & k!k"Þu#$ðp % qÞ
2 ðk2g!" & k!k"Þw#$ðp % qÞ
3 ðp2g!" & 4p!p"Þu#$ðp % qÞ
4 ðp2g!" & 4p!p"Þw#$ðp % qÞ
5 ðq2g!" & 4q!q"Þu#$ðp % qÞ
6 ðq2g!" & 4q!q"Þw#$ðp % qÞ
7 ½p % qg!" & 2ðq!p" þ p!q"Þ(u#$ðp % qÞ
8 ½p % qg!" & 2ðq!p" þ p!q"Þ(w#$ðp % qÞ
9 ðp % qp# & p2q#Þ½p$ðq!p" þ p!q"Þ & p % qðg$"p! þ g$!p"Þ(
10 ðp % qq$ & q2p$Þ½q#ðq!p" þ p!q"Þ & p % qðg#"q! þ g#!q"Þ(
11 ðp % qp# & p2q#Þ½2q$q!q" & q2ðg$"q! þ g$!q"Þ(
12 ðp % qq$ & q2p$Þ½2p#p!p" & p2ðg#"p! þ g#!p"Þ(
13 ðp!q" þ p"q!Þg#$ þ p % qðg#"g$! þ g#!g$"Þ & g!"u#$ & ðg$"p! þ g$!p"Þq# & ðg#"q! þ g#!q"Þp$
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The amplitude in (34) can be expanded in this basis com-
posed as

!!"#$ðp; qÞ ¼
X13

i¼1

Fiðs; s1; s2; m2Þt!"#$
i ðp; qÞ; (74)

where the invariant amplitudes Fi are functions of the
kinematical invariants s ¼ k2 ¼ ðpþ qÞ2, s1 ¼ p2, s2 ¼
q2 and of the internal mass m. In [16] the authors use the
Feynman parametrization and momentum shifts in order to
identify the expressions of these amplitudes in terms of
parametric integrals, which was the approach followed also
by Rosenberg in his original identification of the 6 invari-
ant amplitudes of the AVVanomaly diagram. If we choose
to reorganize all the monomials into the simpler set of 13
tensor groups shown in Table II, then we need to map the Ai

included in the % set into the Fi (i ¼ 1; . . . ; 13). The
mapping is given by

F1 ¼
1

3k2

!
A4ð4p % qþ 3p % pÞ þ 2A11ðp % qþ 2q % qÞ

þ 2A6p % pþ 2A7q % q& 2A14q % q

& A16q % qþ 2A3
p % pq % q
p % q

"
; (75)

F2 ¼
1
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p % p
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;

(76)

F3 ¼
1
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!
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(78)
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4
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&2A6p % p& 2A3
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& 2A7q % qþ 2A14q % qþ A16q % q
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; (79)

F6 ¼
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!
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þ 2A3

#
p % p
p % q þ 2

$"
; (80)

F7 ¼
A11

2
þ 1

p % q2
#
A9q % qp % pþ A6

2
p % pp % q

þ A14

2
q % qp % q

$
þ 1

6k2

!
A4ð&4p % q& 3p % pÞ

& 2A11ðp % qþ 2q % qÞ & 2A6p % p& 2A7q % q

þ 2A14q % qþ A16q % q& 2A3
p % pq % q
p % q

"
; (81)

F8 ¼
1

6k2

!
2A3

#
p % p
p % q þ 2

$
& 3

A9

p % q ðp % pþ q % qÞ

& 4A6 & A7 & 4A9 þ A12

"
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F9 ¼
A6

p % qþ A9
q % q
p % q2 ; (83)

F10 ¼ A9
p % p
p % q2 þ

A14
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TABLE II. Basis of 13 fourth rank tensors satisfying the vector current conservation on the external lines with momenta p and q.

i t!"#$
i ðp; qÞ

1 ðk2g!" & k!k"Þu#$ðp % qÞ
2 ðk2g!" & k!k"Þw#$ðp % qÞ
3 ðp2g!" & 4p!p"Þu#$ðp % qÞ
4 ðp2g!" & 4p!p"Þw#$ðp % qÞ
5 ðq2g!" & 4q!q"Þu#$ðp % qÞ
6 ðq2g!" & 4q!q"Þw#$ðp % qÞ
7 ½p % qg!" & 2ðq!p" þ p!q"Þ(u#$ðp % qÞ
8 ½p % qg!" & 2ðq!p" þ p!q"Þ(w#$ðp % qÞ
9 ðp % qp# & p2q#Þ½p$ðq!p" þ p!q"Þ & p % qðg$"p! þ g$!p"Þ(
10 ðp % qq$ & q2p$Þ½q#ðq!p" þ p!q"Þ & p % qðg#"q! þ g#!q"Þ(
11 ðp % qp# & p2q#Þ½2q$q!q" & q2ðg$"q! þ g$!q"Þ(
12 ðp % qq$ & q2p$Þ½2p#p!p" & p2ðg#"p! þ g#!p"Þ(
13 ðp!q" þ p"q!Þg#$ þ p % qðg#"g$! þ g#!g$"Þ & g!"u#$ & ðg$"p! þ g$!p"Þq# & ðg#"q! þ g#!q"Þp$
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! A3½1þ
p $ p
2p $ q% þ A6 þ

1

2
A7 ! A9 !

A41

p $ q ¼ 0; (57)

A37 þ A42 þ A4½p $ pþ p $ q% þ A11p $ qþ 1

2
A7q $ qþ A11q $ qþ 1

2
A3

p $ pq $ q
p $ q ¼ 0; (58)

1

2
A2

p $ qq $ q
p $ p ! A41

p $ pþ q $ q
p $ q ! 1

2
A3p $ pþ A7ðp $ pþ 1

2
p $ qÞ þ A6p $ q

þ A12ð
1

2
p $ qþ q $ qÞ þ A14ðp $ qþ 2q $ qÞ þ 2A37 !!ðp2Þ !!ðq2Þ ¼ 0: (59)

The system can be solved for A37, A41 and A42

A37 ¼ !A2

4

p $ qq $ q
p $ p þ 1

4
A3p $ p! 1

4
A7ð2p $ pþ p $ qÞ

þ 1

2
A41

!
p $ pþ q $ q

p $ q

"
! 1

2
A6p $ q

! 1

4
A12ðp $ qþ 2q $ qÞ ! 1

2
A14ðp $ qþ 2q $ qÞ

þ 1

2
½!ðp2Þ þ!ðq2Þ% (60)

A41 ¼ !A3

2
p $ p! ðA3 ! A6 ! A7 þ A9Þp $ q (61)

A42 ¼
A3

2
p $ p

!
p $ p
p $ q þ 1! q $ q

p $ q

"

þ 1

2
A7ðp $ pþ p $ q! q $ qÞ ! A4ðp $ pþ p $ qÞ

! ðA6 ! A9Þp $ pþ ðA14 ! A11Þðq $ qþ p $ qÞ:
(62)

After these steps we end up with an expression for "
written in terms of only 10 invariant amplitudes, that are
X ) fA2; A3; A4; A6; A7; A9; A11; A12; A14; A16g, signifi-
cantly reduced respect to the original 43. Further reduc-
tions are possible (down to 8 independent invariant
amplitudes), however, since these reductions just add to
the complexity of the related tensor structures, it is conve-
nient to select an appropriate set of reducible (but finite)
components characterized by a simpler tensor structure and
present the result in that form. The 13 amplitudes intro-
duced in the final decomposition are, in this respect, a good
choice since the corresponding tensor structures are rather
simple. These tensors are combinations of the 43 mono-
mials listed in Table I.

The set X is very useful for the actual computation of
the tensor integrals and for the study of their reduction to
scalar form. To compare with the previous study of
Giannotti and Mottola [16] we have mapped the computa-
tion of the components of the setX into their structures Fi

(i ¼ 1; 2; . . . ; 13). Also in this case, the truly independent
amplitudes are 8. One can extract, out of the 13 reducible

amplitudes, a consistent subset of 8 invariant amplitudes.
The remaining amplitudes in the 13 tensor structures are, in
principle, obtainable from this subset.

B. Reorganization of the amplitude

Before obtaining the mapping between the amplitudes in
X and the structures Fi, we briefly describe the tensor
decomposition introduced in [16] which defines these 13
structures. We define the rank-2 tensors

u!"ðp; qÞ ) ðp $ qÞg!" ! q!p"; (63)

w!"ðp; qÞ ) p2q2g!" þ ðp $ qÞp!q" ! q2p!p"

! p2q!q"; (64)

which are Bose symmetric,

u!"ðp; qÞ ¼ u"!ðq; pÞ; (65)

w!"ðp; qÞ ¼ w"!ðq; pÞ; (66)

and conserve vector current,

p!u
!"ðp; qÞ ¼ q"u

!"ðp; qÞ ¼ 0; (67)

p!w
!"ðp; qÞ ¼ q"w

!"ðp; qÞ ¼ 0: (68)

These two tensors are used to build the set of 13 tensors
catalogued in Table II. They are linearly independent for
generic k2, p2, q2 different from zero. Five of the 13
tensors are Bose symmetric, namely,

t#$!"
i ðp; qÞ ¼ t#$"!

i ðq; pÞ; i ¼ 1; 2; 7; 8; 13; (69)

while the remaining eight tensors form four pairs which are
overall related by Bose symmetry

t#$!"
3 ðp; qÞ ¼ t#$"!

5 ðq; pÞ; (70)

t#$!"
4 ðp; qÞ ¼ t#$"!

6 ðq; pÞ; (71)

t#$!"
9 ðp; qÞ ¼ t#$"!

10 ðq; pÞ; (72)

t#$!"
11 ðp; qÞ ¼ t#$"!

12 ðq; pÞ: (73)
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t̂ !"#$
2 ðz; x; yÞh!"A#ðxÞA$ðyÞ
¼ ðhzhðzÞ $ @z!@

z
"h

!"ðzÞÞ@!F!
% ðxÞ@"F"%ðyÞ; (134)

t̂ !"#$
3 ðz; x; yÞh!"A#ðxÞA$ðyÞ

¼ 1

2
h!"ðzÞðhxg!" $ 4@x!@

x
"ÞF#$ðxÞF#$ðyÞ; (135)

t̂ !"#$
4 ðz; x; yÞh!"A#ðxÞA$ðyÞ
¼ h!"ðzÞðhxg!" $ 4@x!@

x
"Þ@!F!

% ðxÞ@"F"%ðyÞ; (136)

t̂ !"#$
5 ðz; x; yÞh!"A#ðxÞA$ðyÞ

¼ 1

2
h!"ðzÞðhyg!" $ 4@y!@

y
"ÞF#$ðxÞF#$ðyÞ; (137)

t̂ !"#$
6 ðz; x; yÞh!"A#ðxÞA$ðyÞ
¼ h!"ðzÞðhyg!" $ 4@y!@

y
"Þ@!F!

% ðxÞ@"F"%ðyÞ; (138)

t̂ !"#$
7 ðz; x; yÞh!"A#ðxÞA$ðyÞ

¼ 1

2
h!"ðzÞð@x%@y%g!" $ 2ð@y!@x"

þ @y"@x!ÞÞF#$ðxÞF#$ðyÞ; (139)

t̂ !"#$
8 ðz; x; yÞh!"A#ðxÞA$ðyÞ
¼ h!"ðzÞð@x%@y%g!" $ 2ð@y!@x"

þ @y"@x!ÞÞ@!F!
% ðxÞ@"F"%ðyÞ (140)

and similar expressions for the remaining tensor structures.
However, the most useful forms of the effective action
involve an expansion in the fermions mass, as in the 1=m
formulation (the Euler-Heisenberg form) or for smallm. In
this second case the nonlocal contributions obtained from
the anomaly poles appear separated from the massive
terms, showing the full-fledged implications of the anom-
aly. This second formulation allows a smooth massless
limit, where the breaking of the conformal anomaly is
entirely due to the massless fermion loops.

In the 1=m case, for on-shell gauge bosons, the result
turns out to be particularly simple. We obtain

F1ðs; 0; 0; m2Þ ¼ 7e2

2160&2

1

m2 þ
e2s

3024&2

1

m4 þO
!
1

m6

"
;

(141)

F3ðs; 0; 0; m2Þ ¼ F5ðs; 0; 0; m2Þ

¼ e2

4320&2

1

m2 þ
e2s

60480&2

1

m4 þO
!
1

m6

"
;

(142)

F7ðs; 0; 0; m2Þ ¼ $4F3ðs; 0; 0; m2Þ (143)

F13;Rðs; 0; 0; m2Þ ¼ 11e2s

1440&2

1

m2 þ
11e2s2

20160&2

1

m4 þO
!
1

m6

"
;

(144)

which can be rearranged in terms of three independent
tensor structures. Going to configuration space, the line-
arized expression of the contribution to the gravitational
effective action due to the TJJ vertex, in this case, can be
easily obtained in the form

STJJ ¼
Z

d4xd4yd4z!!"#$ðx; y; zÞA#ðxÞA$ðyÞh!"ðzÞ

¼ 7e2

4320&2m2

Z
d4xðhh$ @!@"h!"ÞF2

$ e2

4320&2m2

Z
d4xðhhF2 $ 8@!F#$@"F#$h!"

þ 4ð@!@"F#$ÞF#$h!"Þ

þ 11e2

1440&2m2

Z
d4xT!"

ph hh!": (145)

which shows three independent contributions linear in the
(weak) gravitational field.

VII. THE MASSLESS (ON-SHELL) hTJJi
CORRELATOR

The nonlocal structure of the effective action, as we have
pointed out in the previous sections, is not apparent within
an expansion in 1=m, nor this expansion has a smooth
match with the massless case.
The computation of the correlator !!"#$ðs; 0; 0; 0Þ hides

some subtleties in the massless fermion limit (with on-shell
external photons), as the form factors Fi and the tensorial
structures ti both contain the kinematical invariants s1, s2.
For this reason the limit of both factors (form factor and

corresponding tensor structure) Fit
!"#$
i has to be taken

carefully, starting from the expression of the massless
Fiðs; s1; s2; 0Þ listed in Appendix E and from the tensors

t!"#$
i contracted with the physical polarization tensors. In
this case only few form factors survive and in particular

F1ðs; 0; 0; 0Þ ¼ $ e2

18&2s
; (146)

F3ðs; 0; 0; 0Þ ¼ F5ðs; 0; 0; 0Þ ¼ $ e2

144&2s
; (147)

F7ðs; 0; 0; 0Þ ¼ $4F3ðs; 0; 0; 0Þ; (148)

F13;Rðs; 0; 0; 0Þ ¼ $ e2

144&2

#
12 log

!
$ s

!2

"
$ 35

$
;

(149)

and hence the whole correlator with two on-shell photons
on the external lines is
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and similar expressions for the remaining tensor structures.
However, the most useful forms of the effective action
involve an expansion in the fermions mass, as in the 1=m
formulation (the Euler-Heisenberg form) or for smallm. In
this second case the nonlocal contributions obtained from
the anomaly poles appear separated from the massive
terms, showing the full-fledged implications of the anom-
aly. This second formulation allows a smooth massless
limit, where the breaking of the conformal anomaly is
entirely due to the massless fermion loops.

In the 1=m case, for on-shell gauge bosons, the result
turns out to be particularly simple. We obtain

F1ðs; 0; 0; m2Þ ¼ 7e2

2160&2

1

m2 þ
e2s

3024&2

1

m4 þO
!
1

m6

"
;

(141)

F3ðs; 0; 0; m2Þ ¼ F5ðs; 0; 0; m2Þ
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4320&2

1

m2 þ
e2s
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m4 þO
!
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m6

"
;
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F13;Rðs; 0; 0; m2Þ ¼ 11e2s

1440&2

1
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11e2s2

20160&2

1

m4 þO
!
1

m6

"
;

(144)

which can be rearranged in terms of three independent
tensor structures. Going to configuration space, the line-
arized expression of the contribution to the gravitational
effective action due to the TJJ vertex, in this case, can be
easily obtained in the form

STJJ ¼
Z

d4xd4yd4z!!"#$ðx; y; zÞA#ðxÞA$ðyÞh!"ðzÞ

¼ 7e2

4320&2m2

Z
d4xðhh$ @!@"h!"ÞF2

$ e2

4320&2m2

Z
d4xðhhF2 $ 8@!F#$@"F#$h!"

þ 4ð@!@"F#$ÞF#$h!"Þ

þ 11e2

1440&2m2

Z
d4xT!"

ph hh!": (145)

which shows three independent contributions linear in the
(weak) gravitational field.

VII. THE MASSLESS (ON-SHELL) hTJJi
CORRELATOR

The nonlocal structure of the effective action, as we have
pointed out in the previous sections, is not apparent within
an expansion in 1=m, nor this expansion has a smooth
match with the massless case.
The computation of the correlator !!"#$ðs; 0; 0; 0Þ hides

some subtleties in the massless fermion limit (with on-shell
external photons), as the form factors Fi and the tensorial
structures ti both contain the kinematical invariants s1, s2.
For this reason the limit of both factors (form factor and

corresponding tensor structure) Fit
!"#$
i has to be taken

carefully, starting from the expression of the massless
Fiðs; s1; s2; 0Þ listed in Appendix E and from the tensors

t!"#$
i contracted with the physical polarization tensors. In
this case only few form factors survive and in particular

F1ðs; 0; 0; 0Þ ¼ $ e2

18&2s
; (146)

F3ðs; 0; 0; 0Þ ¼ F5ðs; 0; 0; 0Þ ¼ $ e2

144&2s
; (147)

F7ðs; 0; 0; 0Þ ¼ $4F3ðs; 0; 0; 0Þ; (148)

F13;Rðs; 0; 0; 0Þ ¼ $ e2

144&2
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12 log

!
$ s

!2

"
$ 35

$
;

(149)

and hence the whole correlator with two on-shell photons
on the external lines is
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F13;Rðs;s1;s2;m2Þ¼$e2m2ðs1þ s2Þ
12!2s1s2

þ e2

48!2

!
s"

#
þ3s

"
þ1

"
$1

2
½!Rðs1;m2Þþ!Rðs2;m2Þ'$ e2

12!2 ½B0ðs;m2Þm2

$A0ðm2Þ'
!
1

s1
þ 1

s2
þ 3

"

"
þe2C0ðs;s1;s2;m2Þ

#
m4

2!2"
þm2s"

4!2#
þ s2s1s2ðs2$2ðs1þ s2Þsþ s21þ s22Þ

4!2"#2

$

$e2D1ðs;s1;m2Þ
#

1

24!2m
2

!
$5ðsþ s1$ s2Þ

#
$ 2

s1
$ 3

"

"
þ 1

24!2"#2 ððs$ s1Þð5s3þ s21s$4s31Þs2

þð10s2þ5s1sþ7s21Þs32$ðs$ s1Þ3ðs2þ2s1s$ s21Þþð$10s3þ3s1s
2$7s31Þs22þ s52$ð5sþ4s1Þs42Þ

$

$e2D2ðs;s2;m2Þ
#

1

24!2m
2

!
$5ðs$ s1þ s2Þ

#
$ 2

s2
$ 3

"

"
þ 1

24!2"#2 ðð4s3þ s1s
2þ7s31Þs22

$ð8s2þ5s1sþ7s21Þs32$ðs$ s1Þ5þðs$4s1Þðsþ s1Þs2ðs$ s1Þ2$ s52þð5sþ4s1Þs42Þ
$
; (D9)

where as previously done the master integrals are collected in Appendix A. These expressions have been analyzed in the
text in various kinematical limits to show the appearance of anomaly poles and of all the other poles in the off-shell
formulation.

Notice that F13 contains two vacuum polarization diagrams with different momenta on the external lines and has been
renormalized by a subtraction at zero momentum

!Rðs;m2Þ ( !ðs; m2Þ $!ð0; m2Þ ¼ e2

36!2

#!
3þ 6m2

s

"
a3 log

a3 þ 1

a3 $ 1
$ 12m2

s
$ 5

$
; (D10)

where !ðs;m2Þ is defined in Eq. (41), a3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1$ 4m2=s

p
and

!ð0; m2Þ ¼ $ e2

12!2 B0ð0; m2Þ ¼ $ e2

12!2

#
1

"$
$ log

!
m2

%2

"$
(D11)

with 1= "$ defined in (A6).

APPENDIX E: THE MASSLESS INVARIANTAMPLITUDES

We present here the expressions of the invariant amplitudes in the massless limit. We obtain

F1ðs; s1; s2; 0Þ ¼ $ e2

18!2s
; (E1)

F2ðs; s1; s2; 0Þ ¼ 0; (E2)

F3ðs;s1;s2;0Þ ¼ F5ðs;s2;s1;0Þ

¼$ e2

144!2s#3 ½s6$ 3ðs1$ 4s2Þs5þ 6ð3s1$ 7s2Þs2s4þ 2ð5s31$ 69s2s
2
1þ 117s22s1þ 23s32Þs3

$ 3ð5s41$ 62s2s
3
1þ 72s22s

2
1þ 50s32s1þ 7s42Þs2þ 3ðs1$ s2Þ2ð3s31$ 24s2s

2
1$ 33s22s1þ 2s32Þs

$ 2ðs1$ s2Þ6'$
e2s1

48!2#4D1ðs;s1;0Þ½ðs$ s1Þ6þ 2ð14sþ 11s1Þs2ðs$ s1Þ4$ð23s2$ 214s1sþ 19s21Þs22
)ðs$ s1Þ2$ 21s62þ 2ð5s1$ 2sÞs52þð107s2$ 318s1sþ 71s21Þs42þ 8ð$11s3þ 18s1s

2þ 17s21s$ 8s31Þs32'

$ e2s2
48!2#4D2ðs; s2;0Þ½s62$ 2ðs$ 14s1Þs52þðs2þ 120s1s$ 37s21Þs42$ 4ðs3þ 49s1s

2$ 69s21sþ 13s31Þs32
þðs$ s1Þð11s3$ 69s1s

2þ 309s21s$ 83s31Þs22$ 2ðs$ s1Þ3ð5s2$ 49s1s$ 4s21Þs2þ 3ðs$ s1Þ5ðsþ 5s1Þ'

$ e2

16!2 C0ðs;s1; s2;0Þ
#
2s1s2
#4 ½2s6þ 3ðs2$ 3s1Þs5þð15s21þ 6s2s1$ 13s22Þs4þ 2ð$5s31$ 19s2s

2
1

þ 29s22s1þ s32Þs3þ 12s2ð4s31$ 4s2s
2
1$ 3s22s1þ s32Þs2þðs1$ s2Þ2ð3s31$ 15s2s

2
1$ 31s22s1$ 5s32Þs

$ðs1$ s2Þ4ðs1þ s2Þ2'
$
; (E3)
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V. THE OFF-SHELL MASSIVE hTJJi
CORRELATOR

To obtain the explicit expression of the parametric in-
tegrals which describe the form factors, we follow an
approach similar to that of [20], for the case of the chiral
gauge anomaly. These have been obtained by recomputing
the anomaly diagrams by dimensional reduction together
with the tensor-to-scalar decomposition of the Feynman
amplitudes. For instance, in [20] we have given the explicit
expressions of the parametric integrals of Rosenberg using
this trick. The correctness of the result can be checked
numerically by comparing the parametric forms to the
explicit computation. In this case the procedure is identi-
cal, though the computations are very involved. By com-
paring the two approaches we extract, indirectly, an
explicit expression of the parametric forms of these inte-
grals, introduced in [16]. We have checked that indeed
there is perfect numerical agreement between our compu-
tation and the parametric result, as discussed in
Appendix C.

We introduce in this section the main results of our
computation which will be used in the next sections for
further analysis. The complete expressions of the form
factors Fi (i ¼ 1; . . . ; 13) in the massive and then in the
massless case are contained in Appendix D and E respec-
tively, whereas the master integrals are collected in
Appendix A. In both cases the virtualities of the external
lines are generic and denoted by s1, s2. After presenting the
complete expressions, we discuss several kinematical lim-
its of the result, in particular, the on-shell limit for the two
vector lines (s1 ! 0, s2 ! 0) in order to better understand
the structure of the whole correlator. The appearance of
generalized anomaly poles in the correlator and their IR
decoupling under the most general conditions will be dis-
cussed thoroughly.

Notice that F13 contains two vacuum polarization dia-
grams with the two photon momenta which are divergent
and we are bond to define a suitable renormalization of the
2-point function which will affect the running of the cou-
pling. In the next section we will address the explicit
relation between renormalization schemes and running of
the coupling in the context of the renormalization of the
correlator.

A. Anomaly poles and their UV/IR significance

There are close similarities between the effective action
in the case of the chiral gauge anomaly and the conformal
case, due to the presence of massless poles. In [20] we have
analyzed the fact that in the chiral case the anomaly is
entirely generated by the longitudinal component wL,
which is indeed isolated for any configuration of the pho-
ton momenta. This is somehow unexpected since the dis-
persive analysis shows that the pole in wL is coupled only
under a specific kinematic condition, and is usually inter-
preted as an infrared effect. Nevertheless there is a com-

plete equivalence between the representation of the
anomaly diagram in the Rosenberg representation—where
the pole is not extracted as an independent component—
and the L/T representation in which the pole is isolated
under any kinematical configuration (and even in the mas-
sive case). This is apparent from the broken anomalous
Ward identities satisfied by the AVV diagram where the
mass corrections and the anomaly term can be separately
identified [20].
To illustrate the emergence of a similar behavior in the

case of the conformal anomaly, it is sufficient to notice in
the expression of the massive F1 given in Eq. (D1) the
presence of the isolated contribution (F1pole "
#e2=ð18!2sÞ) which only accounts for the massless F1

in Eq. (E1). This component, indeed, is responsible for the
trace anomaly also in the massive case, even though there
appear extra corrections with mass-dependent terms.
Obviously also in this case, which is generic from the
kinematical point of view, one can clearly show that the
pole does not couple in the infrared if we compute the
residue of the entire amplitude. The anomaly pole, in fact,
appears in the spectral function only in a special kinematic
configuration, i.e. when the fermion-antifermion pair of the
anomaly diagram is collinear. However both in the case of
the AVV diagram and in the conformal case, as evident
from the expression of F1, it reappears as an extra contri-
bution and is responsible for the trace anomaly. It is rather
easy to show the pole dominance of the anomaly away
from the conformal point (massive case) at high energy,
since the non anomalous terms present in F1 and F2 are
subleading at large s. We are entitled to separate the pole
contribution, which describes the nonlocal contribution to
the trace anomaly, from the rest, and rewrite the F1 form
factor and effective action, respectively, as

F1 ¼ F1pole þ ~F1 (95)

and

S ¼ Spole þ ~S: (96)

The reminder (S) includes all the remaining contributions
coming from the several form factors of the expansion,
while the pole part gives

S pole ¼ # e2

36!2

Z
d4xd4yðhhðxÞ

# @"@#h
"#ðxÞÞh#1

xy F$%ðxÞF$%ðyÞ: (97)

As we have just mentioned, it is not difficult to show that
the anomaly pole in F1, in the general kinematical case
(e.g. for off-shell photons and a massive fermion in the
loop) decouples in the infrared (i.e. its residue vanishes)
while it remains coupled in the massless on-shell limit. In
other configurations (for any of the two photons off-shell)
is also decoupled. This behavior is in perfect analogy with
the chiral case [20].
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V. THE OFF-SHELL MASSIVE hTJJi
CORRELATOR

To obtain the explicit expression of the parametric in-
tegrals which describe the form factors, we follow an
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#e2=ð18!2sÞ) which only accounts for the massless F1
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S ¼ Spole þ ~S: (96)

The reminder (S) includes all the remaining contributions
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while the pole part gives

S pole ¼ # e2

36!2

Z
d4xd4yðhhðxÞ

# @"@#h
"#ðxÞÞh#1

xy F$%ðxÞF$%ðyÞ: (97)
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Figure 1: The diagrams describing the anomaly pole in the dispersive approach. Fig. (a) depicts the singularity

of the spectral density ρ(s) as a spacetime process. Fig. (b) describes the anomalous pole part of the interaction

via the exchange of a pole.

cover this gap and show, that both dimensional regularization and dimensional reduction reproduce

the correct Ward identity satisfied by this vertex, showing at the same time that the use of these

regularizations is indeed appropriate. Results for this vertex will be given only in the on-shell case,

since in this case the result can be expressed in terms of just three form factors. We have computed

also the off-shell effective action, but its expression is rather lengthy and will not be discussed here,

since it is gauge dependent and of less significance compared to the on-shell result. Most of our work

is concerned with a technical derivation of the leading contribution to the anomalous effective action

of QCD coupled to gravity. We have summarized in our conclusions a brief discussion of the relevance

of this study in the ongoing attempt to link the trace anomaly and QCD to a possible alternative

solution of the problem of dark energy, using this effective action as an intermediate step [10, 11].

2 Anomalous effective actions and their variational solutions

In this section we briefly review the topic of the variational solutions of anomalous effective actions,

and on the local formulations of these using auxiliary fields.

One well known result of quantum gravity is that the effective action of the trace anomaly is given

by a nonlocal form when expressed in terms of the spacetime metric gµν . This was obtained [9] from

a variational solution of the equation for the trace anomaly [1]

T µ
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3
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)
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µν , (1)
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A	SIMILAR	RESULT	HOLDS	 FOR	QCD	

The	anomaly	 is	mediated	 by	the	exchanged	 of	1	massless	effective	 scalar	 state	(an	anomaly	 pole).	

This	 feature	 is	correctly	 described	 by	the	Riegert	 action.

Important	point:	
1.		An	anomaly	action	 is	not	unique,	and	 it	is	not	supposed	 to	reproduce	 the	entire	
result	of	the	perturbative	 computation,	 but	just	the	anomaly	 part.	

2.	The	double	 pole	structure	 of	the	action	 appears	 to	be	 inconsistent	 with	
the	 tenets	of	QFT.	

There	 is	no	simple	 way	out	of	this	 situation.	At	the	moment	 we	have	only	partial	 results.	
Can	we	do	something	 more,	by	going	"non	perturbative"	 ?

Armillis,	 Delle	 Rose,	CC



and	in	 the	Standard	Model	

is the usual 1/m expansion, where m is a large electroweak mass, valid below the electroweak scale. The second

has been first discussed in a previous work [12] and is characterized by the isolation of the anomalous massless

pole contribution from the remaining subleading O(m2/s) corrections. These can be extracted from a complete

computation.

The goal of this work is to discuss the role of the interactions mediated by the conformal anomaly using as a

realistic example the Lagrangian of the SM, by focusing our investigation on the neutral currents sector. A similar

analysis will be presented for the charged current sector in a forthcoming separate work. These contributions play a

role, in general, also in scenarios of TeV gravity and as such are part of the radiative corrections to graviton-mediated

processes at typical LHC energies.

1.1 Organization of this work

Our work is organized as follows. In section 2 we will provide the basic definition of the energy momentum tensor

in a curved spacetime, followed by a direct computation of all of its components according to the Lagrangian of

the SM (section 3). We then move to briefly summarize some important issues which concern the structure of

the effective action, highlighting its perturbative properties, first among them the appearance of massless (scalar)

effective degrees of freedom (anomaly poles) in the QED and QCD cases. In sections 5 and 6 we derive the

fundamental Ward and Slavnov-Taylor identites which define the structure of the TV V ′ vertex, expanded in terms

of its TAA, TAZ and TZZ contributions, where T couples to the graviton and A and Z are the photon and the

neutral massive gauge boson, respectively. Complete results for all the amplitudes are given in section 7, expressed

in terms of a small set of form factors. As we are going to show, the contribution to the anomaly comes from a

single form factor in each amplitude, multiplying a unique tensor structure. These form factors are characterized by

the appearance of a massless pole with a residue that can be related to the beta function of the theory and which

is the signature of the anomaly [13]. We have extensively elaborated in previous works on the significance of such

contributions in the ultraviolet region (UV) [5].

In the presence of spontaneous symmetry breaking the perturbative expansion of these form factors can be

still arranged in the form of a 1/s contribution, with s being the invariant mass of the graviton line, plus mass

corrections of the form v2/s, with v being the electroweak vev. The computation shows that the trace part of the

amplitude is then clearly dominated at large energy (i.e for s ≫ v2) by the pole contribution, as we will discuss in

section 9. Our conclusions and perspectives are given in section 10. Several technical points omitted from the main

sections have been included in the appendices to facilitate the reading of those more involved derivations.

2 The EMT of the Standard Model: definitions and conventions

The expression of a symmetric and conserved EMT for the SM, as for any field theory Lagrangian, may be obtained,

more conveniently, by coupling the corresponding Lagrangian to the gravitational field, described by the metric gµν
of the curved background

S = SG + SSM + SI = − 1

κ2

∫
d4x

√
−g R+

∫
d4x

√
−gLSM +

1

6

∫
d4x

√
−g RH†H , (1)

where κ2 = 16πGN , with GN being the four dimensional Newton’s constant and H is the Higgs doublet. We recall

that Einstein’s equations take the form

δ

δgµν(x)
SG = − δ

δgµν(x)
[SSM + SI ] (2)

and the EMT in our conventions is defined as

Tµν(x) =
2√

−g(x)

δ[SSM + SI ]

δgµν(x)
, (3)

3
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d4x

√
−gLSM +

1
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d4x

√
−g RH†H , (1)

where κ2 = 16πGN , with GN being the four dimensional Newton’s constant and H is the Higgs doublet. We recall

that Einstein’s equations take the form

δ

δgµν(x)
SG = − δ

δgµν(x)
[SSM + SI ] (2)

and the EMT in our conventions is defined as

Tµν(x) =
2√

−g(x)

δ[SSM + SI ]

δgµν(x)
, (3)

3

or, in terms of the SM Lagrangian, as

1

2

√
−gTµν≡

∂(
√
−gL)

∂gµν
− ∂

∂xσ

∂(
√
−gL)

∂(∂σgµν)
, (4)

which is classically covariantly conserved (gµρTµν;ρ = 0). In flat spacetime, the covariant derivative is replaced by

the ordinary derivative, giving the ordinary conservation equation (∂µT µν = 0).

We use the convention ηµν = (1,−1,−1,−1) for the metric in flat spacetime, parameterizing its deviations from

the flat case as

gµν(x) = ηµν + κhµν(x) , (5)

with the symmetric rank-2 tensor hµν(x) accounting for its fluctuations.

In this limit, the coupling of the Lagrangian to gravity is given by the term

Lgrav(x) = −κ
2
T µν(x)hµν (x). (6)

The corrections to the effective action describing the coupling of the SM to gravity that we will consider in our work

are those involving one external graviton and two gauge currents. These correspond to the leading contributions

to the anomalous breaking of scale invariance of the effective action in a combined expansion in powers of κ and of

the electroweak coupling (g2) (i.e. of O(κ g22)).

Coming to the fermion contributions to the EMT, we recall that the fermions are coupled to gravity using the

spin connection Ω induced by the curved metric gµν . This allows to define a spinor derivative D which transforms

covariantly under local Lorentz transformations. If we denote with a, b the Lorentz indices of a local free-falling

frame, and denote with σab the generators of the Lorentz group in the spinorial representation, the spin connection

takes the form

Ωµ(x) =
1

2
σabV ν

a (x)Vbν;µ(x) , (7)

where we have introduced the vielbein V µ
a (x). The covariant derivative of a spinor in a given representation (R) of

the gauge symmetry group, expressed in curved (Dµ) coordinates is then given by

Dµ =
∂

∂xµ
+ Ωµ +Aµ, (8)

where Aµ ≡ Aa
µ T

a(R) are the gauge fields and T a(R) the group generators, giving a Lagrangian of the form

L =
√
−g

{
i

2

[
ψ̄γµ(Dµψ)− (Dµψ̄)γ

µψ

]
−mψ̄ψ

}
. (9)

3 Contributions to Tµν

In this section we proceed with a complete evaluation of the EMT for the SM Lagrangian coupled to gravity. We

will do so for the entire quantum Lagrangian of the SM, which includes also the contributions from the ghosts and

the gauge-fixing terms. Details on our conventions for this section have been collected in appendix (A).

The full EMT is given by a minimal tensor TMin
µν (without improvement) and a term of improvement, T I

µν , generated

by the conformal coupling of the scalars

Tµν = TMin
µν + T I

µν , (10)

where the minimal tensor is decomposed into

TMin
µν = T f.s.

µν + T ferm.
µν + THiggs

µν + T Y ukawa
µν + T g.fix.

µν + T ghost
µν . (11)
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Gravity and the Neutral Currents:

Effective Interactions from the Trace Anomaly

Claudio Corianò, Luigi Delle Rose and Mirko Serino

Departimento di Fisica, Università del Salento

and INFN-Lecce, Via Arnesano 73100, Lecce, Italy1

Abstract

We present a complete study of the one graviton-two neutral gauge bosons vertex at 1-loop level in the

electroweak theory. This vertex provides the leading contribution to the interaction between the Standard

Model and gravity, mediated by the trace anomaly, at first order in the inverse Planck mass and at second order

in the electroweak expansion. At the same time, these corrections are significant for precision studies of models

with low scale gravity at the LHC. We show, in analogy with previous results in the QED and QCD cases,

that the anomalous interaction between gravity and the gauge current of the Standard Model, due to the trace

anomaly, is mediated, in each gauge invariant sector, by effective massless scalar degrees of freedom. We derive

the Ward and Slavnov-Taylor identities characterizing the vertex. Our analysis includes the contributions from

the improvements of the scalar sector, induced by a conformally coupled Higgs sector in curved space.

1claudio.coriano@unisalento.it, luigi.dellerose@le.infn.it, mirko.serino@le.infn.it
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Figure 8: Amplitudes with the triangle topology for the three correlators TAA, TAZ and TZZ.

We recall, from a previous study [4], that the number of original tensor structures which can be built out of the

metric and of the two momenta p and q of the two gauge lines is 43 before imposing the Ward and the STI’s of

the theory. These have been classified in [4] and [1]. In particular, the form factors appearing in the fermion sector

can be expressed (in the off-shell case) in terms of 13 tensor structures for the case of vector currents and of 22

structures for the axial-vector current, as shown in [3].

In the on-shell case, the fermion loops with external photons are parameterized just by 3 independent form

factors. This analysis has been generalized more recently to QCD, with the computation of the graviton-gluon-

gluon (hgg) vertex in full generality [1]. The entire vertex in the on-shell QCD case - which includes fermion and

gluon loops - is also parameterized just by 3 form factors. A similar result holds for the TAA in the electroweak case.

On the other hand the TZZ and the TAZ correlators have been expressed in terms of 9 form factors. A special

comment deserves the handling of the symbolic computations. These have been performed using some software

entirely written by us and implemented in the symbolic manipulation program MATHEMATICA. This allows the

reduction to scalar form of tensor integrals for correlators of rank-4 with the triangle topology. The software alllows

to perform direct tests of all the Ward and Slavnov-Taylor identities on the correlator, which are crucial in order

to secure the correctness of the result.

7.1 Γµναβ(p, q) and the terms of improvement

Before giving the results for the anomalous correlators, we pause for some comments.

In our computations the gravitational field is non-dynamical and the analysis of the Ward and STI’s shows that

these can be consistently solved only if we include the graviton-Higgs mixing on the graviton line. In other words,

the graviton line is uncut. We will denote with ∆µναβ(p, q) these extra contributions and with Σµναβ(p, q) the

completely cut vertex. These two contributions appear on the right-hand-side of the expression of the correlation

function Γµναβ(p, q)

Γµναβ(p, q) = Σµναβ(p, q) +∆µναβ(p, q). (136)

Finally, we just mention that we have excluded from the final expressions of the vertices all the contributions at

tree-level. For this reason our results are purely those responsible for the generation of the anomaly.
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of the SM. In this second case, the scaleless contribution associated with the exchange of a massless state (i.e. the

1/s term) is corrected by other terms which are suppressed as powers of m2
f/s. This pattern, as we are going to

show, is general.

The other gauge-invariant sector of the TAA vertex is the one mediated by the exchange of bosons and ghosts

in the loop. In this sector the form factors are given by

Φ1B(s, 0, 0, M
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]}
,

(147)
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W ) = −i
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1

24
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, (148)

Φ3B(s, 0, 0, M
2
W ) = −i

κ

2

α

π s

{
− 15 s

8
− 3M2

W

2
− 1

2
D0(s, 0, 0,M

2
W ,M2

W )
[
5M2

W + 7 s
]

− 3

4
sB0(0,M

2
W ,M2

W )− C0(s, 0, 0,M2
W ,M2

W ,M2
W )
[
s2 + 4M2

W s+ 3M4
W
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. (149)

As in the previous case, we focus our attention on Φ1B, which multiplies the tensor structure φ1, responsible for

the generation of the anomalous trace. In this case the contribution of the anomaly pole is isolated in the form

Φ1B,pole ≡ −i
κ

2

α

π s

5

6
. (150)

It is clear, also in this case, that in the massless limit (MW = 0), i.e. in the symmetric phase of the theory, this pole

is completely responsible for the generation of the anomaly. At the same time, at high energy (i.e. for s ≫ M2
W )

the massless exchange can be easily exposed as a dominant contribution to the trace part of the correlator. Notice

that, in general, the correlator has other 1/s singularities in the remaining form factors and even constant terms

which are unsuppressed for a large s, but these are not part of the trace.

The contributions coming from the term of improvement are characterized just by two form factors

Φ1 I(s, 0, 0, M
2
W ) = −i

κ

2

α

3π s

{
1 + 2M2

W C0(s, 0, 0,M
2
W ,M2

W ,M2
W )

}
, (151)

Φ4 I(s, 0, 0, M
2
W ) = i

κ

2

α

6π
M2

W C0(s, 0, 0,M
2
W ,M2

W ,M2
W ) . (152)
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Figure 12: Amplitudes with the triangle topology for the correlator TZZ.

where uαβ(p, q) has been defined as

uαβ(p, q) ≡ (p · q) ηαβ − qα pβ , (142)

among which only φµναβ
1 shows manifestly a trace, the remaining ones being traceless.

The one loop vertex Σµναβ(p, q) with two on-shell photons is expressed as a sum of a fermion sector (F) (Fig.

8(a), Fig. 9(a)) , a gauge boson sector (B) (Fig. 8(b)-(g), Fig. 9(b)-(g), Fig. 10, Fig. 11) and a term of improvement

denoted as Σµναβ
I . The contribution from the term of improvement is given by the diagrams depicted in Fig. 8(c),

(d) and Fig. 10(b), with the graviton - scalar - scalar vertices determined by the T µν
I .

The first three arguments of the form factors stand for the three independent kinematical invariants k2 = (p+q)2 = s,

p2 = q2 = 0 while the remaining ones denote the particle masses circulating in the loop.

As already shown for QED and QCD, in the massless limit (i.e. before electroweak symmetry breaking), the

entire contribution to the trace anomaly comes from the first tensor structure φ1 both for the fermion and for the

gauge boson cases.

In the fermion sector the form factors are given by
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2
f ) = −i
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4m2
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s

]}
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(143)
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2
f ) = −i

κ

2

α

3π s
Q2

f

{
− 1

12
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m2
f

s
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2
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2
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2
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1 +
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f

s
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, (144)

Φ3F (s, 0, 0, m
2
f ) = −i

κ

2

α

3π s
Q2

f

{
11 s

12
+ 3m2

f +D0(s, 0, 0,m
2
f ,m

2
f )
[
5m2

f + s
]

+ sB0(0,m
2
f ,m

2
f ) + 3m2

f C0(s, 0, 0,m2
f ,m

2
f ,m

2
f )
[
s+ 2m2

f

]}
. (145)

The form factor Φ1F is characterized by the presence of an anomaly pole

ΦF
1 pole ≡ iκ

α

9π s
Q2

f (146)

which is responsible for the generation of the anomaly in the massless limit. This 1/s behaviour of the amplitude

is also clearly identifiable in a m2
f/s (asymptotic) expansion (s ≫ m2

f ), where mf denotes generically any fermion
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where uαβ(p, q) has been defined as

uαβ(p, q) ≡ (p · q) ηαβ − qα pβ , (142)

among which only φµναβ
1 shows manifestly a trace, the remaining ones being traceless.

The one loop vertex Σµναβ(p, q) with two on-shell photons is expressed as a sum of a fermion sector (F) (Fig.

8(a), Fig. 9(a)) , a gauge boson sector (B) (Fig. 8(b)-(g), Fig. 9(b)-(g), Fig. 10, Fig. 11) and a term of improvement

denoted as Σµναβ
I . The contribution from the term of improvement is given by the diagrams depicted in Fig. 8(c),

(d) and Fig. 10(b), with the graviton - scalar - scalar vertices determined by the T µν
I .

The first three arguments of the form factors stand for the three independent kinematical invariants k2 = (p+q)2 = s,

p2 = q2 = 0 while the remaining ones denote the particle masses circulating in the loop.

As already shown for QED and QCD, in the massless limit (i.e. before electroweak symmetry breaking), the

entire contribution to the trace anomaly comes from the first tensor structure φ1 both for the fermion and for the

gauge boson cases.

In the fermion sector the form factors are given by
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The form factor Φ1F is characterized by the presence of an anomaly pole

ΦF
1 pole ≡ iκ

α

9π s
Q2

f (146)

which is responsible for the generation of the anomaly in the massless limit. This 1/s behaviour of the amplitude

is also clearly identifiable in a m2
f/s (asymptotic) expansion (s ≫ m2

f ), where mf denotes generically any fermion
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Only	1	form	factor	is	 responsible	 for	the	
conformal	 anomaly.

Neat	 separation	 of	breakings	 due	to	
anomaly	 and		explicit	 (mass)	effects

Notice	 that	as	sà infinity,	mass	corrections	 are	subleading	 and	we	recover	 the	anomalous	 breaking	
related	 to	the	1/s.	
this	appears	 to	be	in	agreement	 with	Riegert's	 action,	but	what	about	the	"double	 poles"	predicted	 by	this	action	 ?	
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Abstract

We discuss the signature of the anomalous breaking of the superconformal symmetry in N = 1 super

Yang Mills theory, mediated by the Ferrara-Zumino hypercurrent (J ) with two vector (V) supercurrents
(JVV) and its manifestation in the anomaly action, in the form of anomaly poles. This allows to inves-

tigate in a unified way both conformal and chiral anomalies. The analysis is performed in parallel to the

Standard Model, for comparison. We investigate, in particular, massive deformations of the N = 1 theory

and the spectral densities of the anomaly form factors which are extracted from the components of this

correlator. In this extended framework it is shown that all the anomaly form factors are characterized by

spectral densities which flow with the mass deformation. In particular, the continuum contributions from

the two-particle cuts of the intermediate states turn into into poles in the zero mass limit, with a single

sum rule satisfied by each component. Non anomalous form factors, instead, in the same anomalous corre-

lators, are characterized by non-integrable spectral densities. These tend to uniform distributions as one

moves towards the conformal point, with a clear dual behaviour. As in a previous analysis of the dilaton

pole of the Standard Model, also in this case the poles can be interpreted as signaling the exchange of a

composite dilaton/axion/dilatino (ADD) multiplet in the e↵ective Lagrangian. The pole-like behaviour

of the anomaly form factors is shown to be a global feature of the correlators, present at all energy scales,

due to the sum rules. A similar behaviour is shown to be present in the Konishi current, which identifies

additional composite states. We conclude that global anomalous currents characterized by a single flow in

the perturbative picture always predict the existence of composite interpolating fields. In case of gauging

of these currents, as in superconformal theories coupled to gravity, we show that the cancellation of the

corresponding anomalies requires either a vanishing � function or the inclusion of an extra gravitational

sector which e↵ectively sets the residue at the anomaly poles of the gauged currents to vanish.

⇤
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N=1	SYM	theory	 shares	a	similar	 behaviour.	 it	is	clearly	 universal

where the symbol | on the right indicates that the quantity is evaluated at ✓ = ✓̄ = 0.

Notice that in the above equations the F - and D-terms have been removed exploiting their equations of

motion. Having defined the model, we can introduce the Ferrara-Zumino hypercurrent

JA ˙A = Tr
⇥

W̄
˙Ae

V WAe
�V ⇤� 1

3
�̄

 
r̄

˙A eV rA � eV D̄
˙ArA+

 
r̄

˙A

 
DA eV

�

� , (21)

where rA is the gauge-covariant derivative in the superfield formalism whose action on chiral superfields is

given by

rA� = e�V DA

�

eV �
�

, r̄
˙A�̄ = eV D̄

˙A

�

e�V �̄
�

. (22)

The conservation equation for the hypercurrent JA ˙A is

D̄
˙AJA ˙A =

2

3
DA



� g2

16⇡2

(3T (A)� T (R)) TrW 2 � 1

8
� D̄2(�̄eV �) +

✓

3W(�)� �
@W(�)

@�

◆�

, (23)

where � is the anomalous dimension of the chiral superfield.

The first two terms in Eq. (23) describe the quantum anomaly of the hypercurrent, while the last is of

classical origin and it is entirely given by the superpotential. In particular, for a classical scale invariant

theory, in which W is cubic in the superfields or identically zero, this term identically vanishes. If, on

the other hand, the superpotential is quadratic the conservation equation of the hypercurrent acquires a

non-zero contribution even at classical level. This describes the explicit breaking of the conformal symmetry.

We can now project the hypercurrent JA ˙A defined in Eq.(21) onto its components. The lowest component

is given by the Rµ current, the ✓ term is associated with the supercurrent Sµ
A, while the ✓✓̄ component con-

tains the energy-momentum tensor Tµ⌫ . In the N = 1 super Yang-Mills theory described by the Lagrangian

in Eq. (17), these three currents are defined as

Rµ = �̄a�̄µ�a +
1

3

⇣

��̄i�̄
µ�i + 2i�†

iD
µ
ij�j � 2i(Dµ

ij�j)
†�i

⌘

, (24)

Sµ
A = i(�⌫⇢�µ�̄a)AF

a
⌫⇢ �

p
2(�⌫ �̄

µ�i)A(D⌫
ij�j)

† � i
p
2(�µ�̄i)W†

i (�
†)

� ig(�†
iT

a
ij�j)(�

µ�̄a)A + Sµ
I A , (25)

Tµ⌫ = �F aµ⇢F a ⌫
⇢ +

i

4



�̄a�̄µ(�ac
!
@⌫ �g tabcAb ⌫)�c + �̄a�̄µ(��ac

 
@⌫ �g tabcAb ⌫)�c + (µ $ ⌫)

�

+ (Dµ
ij�j)

†(D⌫
ik�k) + (D⌫

ij�j)
†(Dµ

ik�k) +
i

4



�̄i�̄
µ(�ij

!
@⌫ +igT a

ijA
a ⌫)�j

+ �̄i�̄
µ(��ij

 
@⌫ +igT a

ijA
a ⌫)�j + (µ $ ⌫)

�

� ⌘µ⌫L+ Tµ⌫
I , (26)

where L is given in Eq.(17) and Sµ
I and Tµ⌫

I are the terms of improvement in d = 4 of the supercurrent and

of the EMT respectively. As in the non-supersymmetric case, these terms are necessary only for a scalar

field and, therefore, receive contributions only from the chiral multiplet. They are explicitly given by

Sµ
I A =

4
p
2

3
i
h

�µ⌫@⌫(�i�
†
i )
i

A
, (27)

Tµ⌫
I =

1

3

�

⌘µ⌫@2 � @µ@⌫
�

�†
i�i . (28)
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th	supercurren	 combines	 a	stress	energy	 tensor,	a	chiral	 and	a	susy	anomaly

The terms of improvement are automatically conserved and guarantee, for W(�) = 0, upon using the

equations of motion, the vanishing of the classical trace of Tµ⌫ and of the classical gamma-trace of the

supercurrent Sµ
A.

The anomaly equations in the component formalism, which can be projected out from Eq. (23), are

@µR
µ =

g2

16⇡2

✓

T (A)� 1

3
T (R)

◆

F aµ⌫F̃ a
µ⌫ , (29)

�̄µS
µ
A = �i

3 g2

8⇡2

✓

T (A)� 1

3
T (R)

◆

�

�̄a�̄µ⌫
�

A
F a
µ⌫ , (30)

⌘µ⌫T
µ⌫ = � 3 g2

32⇡2

✓

T (A)� 1

3
T (R)

◆

F aµ⌫F a
µ⌫ . (31)

The first and the last equations are respectively extracted from the imaginary and the real part of the ✓

component of Eq.(23), while the gamma-trace of the supercurrent comes from the lowest component.

5 The perturbative expansion in the component formalism

In this section we will present the one-loop perturbative analysis of the one-particle irreducible correlators,

built with a single current insertion contributing - at leading order in the gauge coupling constant - to the

anomaly equations previously discussed.

We define the three correlation functions, �
(R)

, �
(S) and �

(T )

as

�ab �µ↵�
(R)

(p, q) ⌘ hRµ(k)Aa↵(p)Ab�(q)i hRV V i ,
�ab �µ↵

(S)A ˙B
(p, q) ⌘ hSµ

A(k)A
a↵(p) �̄b

˙B
(q)i hSV F i ,

�ab �µ⌫↵�
(T )

(p, q) ⌘ hTµ⌫(k)Aa↵(p)Ab�(q)i hTV V i , (32)

with k = p+ q and where we have factorized, for the sake of simplicity, the Kronecker delta on the adjoint

indices. These correlation functions have been computed at one-loop order in the dimensional reduction

scheme (DRed) using the Feynman rules listed in Appendix E. We recall that in this scheme the tensor

and scalar loop integrals are computed in the analytically continued spacetime while the sigma algebra is

restricted to four dimensions.

In order to provide more details, we will present the results for the matter chiral and gauge vector multiplets

separately, for on-shell external gauge lines. The chiral contribution will be discussed first, and the result

will be given with the inclusion of the corresponding mass corrections.

Notice that the matter chiral superfield belongs to a certain representation R of the gauge group. If the

representation is complex, for instance the fundamental of SU(N), then the superfield must be accompanied

by another superfield (eventually with the same mass) belonging to the complex-conjugate representation

R̄. In this case, the generator T̄ a of R̄ are related to those of R by the equation T̄ a = �(T a)T = �(T a)⇤. For

simplicity, in the following we will consider just the case of a single chiral superfield in a real representation

of the gauge group. The extension to a complex representation amounts just to a factor of 2 in front of

12
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Figure 2: The one-loop perturbative expansion of the hRV V i correlator with a massless chiral multiplet

running in the loops.
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Ḃ
(q)

Aa↵(p)

(b)

Sµ
A(k)

�̄b
Ḃ
(q)

Aa↵(p)

(c)

Sµ
A(k) �̄b

Ḃ
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Figure 3: The one-loop perturbative expansion of the hSV F i correlator with a massless chiral multiplet

running in the loops.

-Three-point function of the Rµ
current

The diagrams defining the one-loop expansion of the �
(R)

correlator are shown in Fig. (2). They consist of

triangle and bubble topologies with fermions, since the scalars do not contribute. The explicit result for a

massless chiral multiplet with on-shell external gauge bosons is given by

�µ↵�
(R)

(p, q) = �i
g2 T (R)

12⇡2

kµ

k2
"[p, q,↵,�] , (43)

The correlator in Eq.(43) satisfies the vector current conservation constraints given in Eq.(41) and the

anomalous equation of Eq.(29)

ikµ �
µ↵�
(R)

(p, q) =
g2 T (R)

12⇡2

"[p, q,↵,�] . (44)

There is no much surprise, obviously, for the anomalous structure of Eq. (43) which is characterized by a

pole 1/k2 term, since in the on-shell case and for massless fermions (which are the only fields contributing

to the hRV V i at this perturbative order), we recover the usual structure of the hAV V i diagram.

-Three-point function of the Sµ
A current

The perturbative expansion of the �µ↵

(S)A ˙B
correlation function is depicted in Fig. (3). For simplicity we

will remove, from now on, the spinorial indices from the corresponding expressions. The explicit result for
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triangle and bubble topologies with fermions, since the scalars do not contribute. The explicit result for a

massless chiral multiplet with on-shell external gauge bosons is given by

�µ↵�
(R)

(p, q) = �i
g2 T (R)

12⇡2

kµ

k2
"[p, q,↵,�] , (43)

The correlator in Eq.(43) satisfies the vector current conservation constraints given in Eq.(41) and the

anomalous equation of Eq.(29)

ikµ �
µ↵�
(R)

(p, q) =
g2 T (R)

12⇡2

"[p, q,↵,�] . (44)

There is no much surprise, obviously, for the anomalous structure of Eq. (43) which is characterized by a

pole 1/k2 term, since in the on-shell case and for massless fermions (which are the only fields contributing

to the hRV V i at this perturbative order), we recover the usual structure of the hAV V i diagram.

-Three-point function of the Sµ
A current

The perturbative expansion of the �µ↵

(S)A ˙B
correlation function is depicted in Fig. (3). For simplicity we

will remove, from now on, the spinorial indices from the corresponding expressions. The explicit result for
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T µ⌫(k)

Ab �(q)

Aa↵(p)

(a)

T µ⌫(k)

Ab �(q)

Aa↵(p)

(b)

T µ⌫(k)

Ab �(q)

Aa↵(p)

(c)

T µ⌫(k) Ab �(q)

Aa↵(p)

(d)

T µ⌫(k)

Ab �(q)

Aa↵(p)

(e)

T µ⌫(k)

Ab �(q)

Aa↵(p)

(f)

T µ⌫(k)

Ab �(q)

Aa↵(p)

(g)

T µ⌫(k) Ab �(q)

Aa↵(p)

(h)

Ab �(q)

Aa↵(p)
T µ⌫(k)

(i)

T µ⌫(k)

Ab �(q)

Aa↵(p)

(j)

Figure 4: The one-loop perturbative expansion of the hTV V i correlator with a massless chiral multiplet

running in the loops. The last diagram, being a massless tadpole, is identically zero in dimensional regular-

ization.

a massless chiral supermultiplet with on-shell external gauge and gaugino lines is then given by

�µ↵
(S)(p, q) = �i

g2T (R)

6⇡2 k2
sµ↵
1

+ i
g2T (R)

64⇡2

�
2

(k2, 0) sµ↵
2

, (45)

where the form factor �
2

(k2, 0) is defined as

�
2

(k2, 0) = 1� B
0

(0, 0) + B
0

(k2, 0) , (46)

and the two tensor structures are

sµ↵
1

= �µ⌫k⌫ �
⇢k⇢ �̄

↵�p� ,

sµ↵
2

= 2p� �
↵��µ . (47)

The B
0

function appearing in Eq.(46) is a two-point scalar integral defined in Appendix A. Notice that

the form factor multiplying the second tensor structure s
2

is ultraviolet finite, due to the renormalization

procedure, but has an infrared singularity inherited by the counterterms in Eq. (34).

It is important to observe that the only pole contribution comes from the anomalous structure sµ↵
1

, which

shows that the origin of the anomaly has to be attributed to a unique fermionic pole (�⇢k⇢/k2) in the

correlator, in the form factor multiplying sµ↵
1

. It is easy to show that Eq. (45) satisfies the vector current

and EMT conservation equations. Moreover, the anomalous equation reads as

�̄µ �
µ↵
(S)(p, q) =

g2T (R)

4⇡2

�̄↵�p� , (48)

16

TVV	

Similar	 behaviour



Aa↵(p)

Ab �(q)

Rµ(k)

Aa↵(p)

�̄b
Ḃ
(q)

Sµ
A(k)

Aa↵(p)

Ab �(q)

T µ⌫(k) +

Aa↵(p)

Ab �(q)

T µ⌫(k)

Figure 10: The collinear diagrams corresponding to the exchange of a composite axion (top right), a dilatino

(top left) and the two sectors of an intermediate dilaton (bottom). Dashed lines denote intermediate scalars.

We recall that in the N = 4 theory the spectrum contains a gauge field Aµ, four complex fermions �i

(i = 1, 2, 3, 4) and six real scalars �ij = ��ji (i, j = 1, 2, 3, 4). All fields are in the adjoint representation of

the gauge group.

From the point of view of the N = 1 SYM, this theory can be interpreted as describing a vector and

three massless chiral supermultiplets, all in the adjoint representation. Therefore the hTV V i correlator in

N = 4 can be easily computed from the general expressions in Eqs (51) and (59) which give

�µ⌫↵�
(T )

(p, q) =
g2 T (A)

16⇡2

⇥

V (k2) + 3�
2

(k2, 0)
⇤

tµ⌫↵�
2S (p, q) = �g2 T (A)

8⇡2

k2 C
0

(k2, 0) tµ⌫↵�
2S (p, q) . (161)

One can immediately observe from the expression above the vanishing of the anomalous form factor propor-

tional to the tracefull tensor structure tµ⌫↵�
1S . The partial contributions to the same form factor, which can

be computed using Eqs. (51) and (59) for the various components, are all a↵ected by pole terms, but they

add up to give a form factor whose residue at the pole is proportional to the � function of the N = 4 theory.

It is then clear that the vanishing of the conformal anomaly, via a vanishing � function, is equivalent to the

cancellation of the anomaly pole for the entire multiplet.

Notice also that the only surviving contribution in Eq. (161), proportional to the traceless tensor structure

tµ⌫↵�
2S , is finite. This is due to the various cancellations between the UV singular terms from V (k2) and

�
2

(k2, 0) which give a finite correlator without the necessity of any regularization.

We recall that the cancellation of infinities and the renormalization procedure, as we have already seen

in the N = 1 case, involves only the form factor of tensor tµ⌫↵�
2S , which gets renormalized with a counterterm

proportional to that of the two-point function hAAi, and hence to the gauge coupling. For this reason the

finiteness of the second form factor and then of the entire hTV V i in N = 4 is directly connected to the

vanishing of the anomalous term, because its non-renormalization naturally requires that the � function has

to vanish.
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A	nonlocal	 action	
is	responsible	 for	this	behaviour

In	each	 sector,	only	1	form	factor	 is	responsible	 for	the	anomaly.	

Dispersion	 relation	 for	the	anomaly	 for	factor,	away	from	the	
conformal	 limit.	As	mà0,	the	branch	cut	 turns	into	a	pole.	

0 2 4 6 8
s

0.2

0.4

0.6

0.8

1.0

ΡΧ!Π

Figure 6: Representatives of the family of spectral densities ⇢�(n)

⇡ (s) plotted versus s in units of m2. The

family ”flows” towards the s = 0 region becoming a �(s) function as m2 goes to zero.

From the two branches encountered with the ±i✏ prescriptions, the discontinuity is then present only for

k2 > 4m2, as expected from unitarity arguments, and the result for the discontinuity, obtained using the

definition in Eq. (76), clearly agrees with Eq. (77), computed instead by the cutting rules.

The dispersive representation of C
0

(k2,m2) in this case is written as

C
0

(k2,m2) =
1

⇡

Z 1

4m2
ds

⇢(s,m2)

s� k2
, (79)

which, for k2 < 0 gives the identity

Z 1

4m2

ds

(s� k2)s
log

 

1 +
p

⌧(s,m2)

1�
p

⌧(s,m2)

!

= � 1

2k2
log2

p

⌧(k2,m2) + 1
p

⌧(k2,m2)� 1
, (80)

with ⇢(s,m2) given by Eqs. (75) and (77). The identity in Eq. (80) allows to reconstruct the scalar integral

C
0

(k2,m2) from its dispersive part.

Having determined the spectral function of the scalar integral C
0

(k2,m2), we can extract the spectral

density associated with the anomaly form factors in Eqs. (61), (62), (63) and (74), which is given by

�(k2,m2) ⌘ �
1

(k2,m2)/k2, (81)

and which can be computed as

Disc�(k2,m2) = �(k2 + i✏,m2)� �(k2 � i✏,m2) = �Disc

✓

1

k2

◆

� 2m2Disc

✓

C
0

(k2,m2)

k2

◆

. (82)
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we are going to show next, share a similar behaviour. We would expect, though, that the breaking of a

symmetry should manifest in the apperance of a massless state in the spectrum of the e↵ective theory, and in

this respect the saturation of the spectral density with a single resonance in an anomaly form factor acquires

a special status. Elaborating on Eq. (1), one can show that the e↵ect of the anomaly is, in general, related

to the behaviour of the spectral density at any values of s, although, in some kinematical limits, it is the

region around the light cone (s ⇠ 0) which dominates the sum rule, and amounts to a resonant contribution.

In fact, the combination of the scaling behaviour of the corresponding form factor F (Q2) (equivalently of

its density ⇢) with the requirement of integrability of the spectral density, essentially fix f to be a constant

and the sum rule (1) to be saturated by a single massless resonance. Obviously, a superconvergent sum rule,

obtained for f = 0, would not share this behaviour. At the same time, the absence of subtractions in the

dispersion relations guarantees the significance of the sum rule, being this independent of any ultraviolet

cuto↵.

It is quite straightforward to show that Eq. (1) is a constraint on asymptotic behaviour of the related

form factor. The proof is obtained by observing that the dispersion relation for a form factor in the spacelike

region (Q2 = �k2 > 0)

F (Q2,m2) =
1

⇡

Z 1

0

ds
⇢(s,m2)

s+Q2

, (2)

once we expand the denominator in Q2 as 1

s+Q2 = 1

Q2 � 1

Q2 s
1

Q2 + . . . and make use of Eq. (1), induces the

following asymptotic behaviour on F (Q2,m2)

lim
Q2!1

Q2F (Q2,m2) = f. (3)

The F ⇠ f/Q2 behaviour at large Q2, with f independent of m, shows the pole dominance of F for

Q2 ! 1. The UV/IR conspiracy of the anomaly, discussed in [31, 32, 20], is in the reappearance of the pole

contribution at very large value of the invariant Q2, even for a nonzero mass m. In fact, as we are going

to show in the following sections, the spectral density has support around the s = 0 region (⇢(s) ⇠ �(s)),

as in the massless (m = 0) case. This point is quite subtle, since the flows of the spectral densities with

m show the decoupling of the anomaly pole for a nonzero mass. Here, the term decoupling will be used

to refer to the non resonant behaviour of ⇢. Therefore, the presence of a 1/Q2 term in the anomaly form

factors is a property of the entire flow which a) converges to a localized massless state (i.e. ⇢(s) ⇠ �(s))

as m ! 0, while b) the presence of a non vanishing sum rule guarantees the validity of the asymptotic

constraint illustrated in Eq. (3). Notice that although for conformal deformations driven by a single mass

parameter the independence of the asymptotic value f on m is a simple consequence of the scaling behaviour

of F (Q2,m2), it holds quite generally even for a completely o↵-shell kinematics [19].

In summary, in complete agreement with a previous analysis by Giannotti and Mottola [19], we are going

to verify that for a generic supersymmetric N = 1 theory, the two basic features of the anomalous behaviour

of a certain form factor responsible for chiral or conformal anomalies are: 1) the existence of a spectral flow

which turns a dispersive cut into a pole as m goes to zero and 2) the existence of a sum rule which relates

the asymptotic behaviour of the anomaly form factor to the strength of the pole resonance.
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(a)

Figure 7: 3-D Plot of the spectral density ⇢� in the variables s and m2.

which is the analogue of Eq. (80).

As we have anticipated above, a crucial feature of these spectral densities is the existence of a sum rule.

In this case it is given by
1

⇡

Z 1

4m2
ds⇢�(s,m

2) = 1. (92)

At this point, to show the convergence of the family of spectral densities to a resonant behaviour, it is

convenient to extract a discrete sequence of functions, parameterized by an integer n and let n go to infinity.

⇢(n)� (s) ⌘ ⇢�(s,m
2

n) with m2

n =
4m2

n
. (93)

One can show that this sequence {⇢(n)� } then converges to a Dirac delta function

lim
m!0

⇢�(s,m
2) = lim

m!0

2⇡m2

s2
log

 

1 +
p

⌧(s,m2)

1�
p

⌧(s,m2)

!

✓(s� 4m2) = ⇡�(s) (94)

in a distributional sense. We have shown in Fig. (6), on the left, the sequel of spectral densities which

characterize the flow as we turn the mass parameter to zero. The area under each curve is fixed by the
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There	 are	anomaly	 actions	without	any	pole.	

Under a Weyl scaling (13), the dilaton τ shifts as a Goldstone mode

τ ′(x) = τ(x) + Λ σ(x) . (15)

In the case of the conformal anomaly as well as in a U(1) gauge anomaly (cured with a Stuckelberg field, i.e. an

axion), a field enlarging transformation, in the presence of a continuous symmetry, has no particular meaning unless

the shift symmetry is broken.

In the gauge anomaly case, Stuckelberg fields are introduced to restore the gauge invariance and acquire a

physical meaning only in the presence of a Higgs-Stuckelberg mixing potential (Higgs-axion mixing) [9]. They shift

as Goldstone modes and couple to the anomaly, as in the case of τ .

On the other hand, in the conformal case the anomaly does not need necessarily to be canceled and the presence

both of a kinetic term for the dilaton and of a linear coupling to the anomaly is sufficient to ensure the appearance

of a massless but physical mode in the spectrum. Also in this case the dilaton is coupled by construction to the

divergence of the broken dilatation current JD (∼ τ∂ ·JD = τA), as evident from the Noether construction reviewed

in the appendix.

2.1 The dynamical dilaton

From (13) and (14) it also follows rather trivially that any diffeomorphism-invariant functional of the field-enlarged

metric ĝµν is Weyl invariant. According to the same equations, τ is a compensator field, which becomes dynamical

as soon as we include some possible derivative terms for it. By applying the Weyl-gauging procedure to all the

infinite set of diffeomorphism invariant functionals which can be built out of the metric tensor and of increasing

mass dimension, one can identify the homogenous terms of the anomaly action. Beside, there will be the anomalous

contributions, which are accounted for by the Wess-Zumino action. The latter can be added in order to identify a

consistent anomaly action. As we have already mentioned, the ambiguity intrinsic to the choice of the homogeneous

terms is irrelevant in the determination of the structure of the hierarchy (8).

The Weyl invariant terms may take the form of any scalar contraction of R̂µνρσ , R̂µν and R̂ and can be classified

by their mass dimension. Typical examples are

Jn ∼
1

Λ2(n−2)

∫

d4x
√

ĝR̂n, (16)

and so forth, with the case n = 1 describing the relevant operator in the infrared which reproduces the kinetic term

of the dilaton. These terms can be included into Γ0[ĝ] ≡ Γ0[g, τ ] which describes the non anomalous part of the

renormalized action

Γ0[ĝ] ∼
∑

n

Jn[ĝ]. (17)

The leading contribution to Γ0 is the kinetic term for the dilaton, which can be obtained in two ways. The first

method is to consider the Weyl-gauged Einstein-Hilbert term

∫

ddx
√

ĝ R̂ =

∫

ddx
√
g e

(2−d) τ
Λ

[

R− 2 (d− 1)
!τ

Λ
+ (d− 1) (d− 2)

∂λτ ∂λτ

Λ2

]

=

∫

ddx
√
g e

(2−d) τ
Λ

[

R− (d− 1) (d− 2)
∂λτ ∂λτ

Λ2

]

, (18)

with the inclusion of an appropriate normalization

S(2)
τ = −

Λd−2 (d− 2)

8 (d− 1)

∫

ddx
√

ĝ R̂ , (19)

5

B The Wess-Zumino action by the Noether method

The dilaton effective action that we have obtained by the Weyl-gauging of the counterterms can be recovered also

through an iterative technique, that we briefly review.

In this second approach one begins by requiring that the variation of the dilaton effective action under the Weyl

transformations (13) and (15) be equal to the anomaly

δΓWZ [g, τ ] =

∫

d4xσ

[

βa

(

F −
2

3
!R

)

+ βb G

]

. (81)

It is natural to start with the ansatz

Γ(1)
WZ [g, τ ] =

∫

d4x
√
g
τ

Λ

[

βa

(

F −
2

3
!R

)

+ βb G

]

. (82)

As
√
g F is Weyl invariant, the variation of τ saturates the F -contribution in (81). But

√
g G and

√
g!R are not

conformally invariant. Their variations under Weyl scalings introduce additional terms that must be taken into

account. The general strategy is to compute the infinitesimal variation of these terms and to add terms which

are quadratic in the derivatives of the dilaton and that cancel this extra contributions. But these, when Weyl-

transformed, will generate additional terms which must be compensated in turn. The iteration stops at the fourth

order in the dilaton field. We go through all the computation of the WZ action in some detail. The piece of (82)

whose first Weyl variation is most easily worked out is the contribution
√
g τ !R. We integrate it by parts twice

and find that

δW

∫

d4x
√
g
τ

Λ
!R = δW

∫

d4x
√
g gµν gρσ Rµν

1

Λ
∇σ∂ρτ ,

=

∫

d4x
√
g

(

!σR−
1

Λ
gρσ δWΓλ

ρσ ∂λτ R+
1

Λ
!τ gµν δWRµν

)

. (83)

Using (78) and (80) this turns into

δW

∫

d4x
√
g
τ

Λ
!R =

∫

d4x
√
g

(

σ!R+
2

Λ
R ∂λτ ∂

λσ +
6

Λ
!τ!σ

)

. (84)

Now we perform an infinitesimal Weyl variation of the contribution
√
g τ G and we find

δW

∫

d4x
√
g
τ

Λ
G =

∫

d4x
√
g

{

σG+
2

Λ
τ

[

Rα
βγδδWRα

βγδ −
(

4Rαβ − gαβR
)

δWRαβ

]}

. (85)

After using the algebraic symmetries of the Riemann and Ricci tensors and relabeling the indices we obtain

δW

∫

d4x
√
g
τ

Λ
G =

∫

d4x
√
g

{

σG+
τ

Λ

[

4Rλγβα − 4

(

gαγRβλ + gβλRαγ − 2 gλγ Rαβ

)

+2

(

gαγgβλ − gαβgγλ
)

R

]

∇λ∇β(δW gαγ)

}

.

(86)

Now we set δW gαγ = 2 σgαγ and after a double integration by parts we obtain

δW

∫

d4x
√
g
τ

Λ
G =

∫

d4x
√
g

{

σG+
8

Λ

[(

Rαβ −
1

2
gαβ R

)

∂ασ ∂βτ

]}

. (87)

Combined together, Eqs. (84) and (87) give the Weyl variation of the first ansatz (82)

δWΓ(1)
WZ [g, τ ] =

∫

d4x
√
g

{

σ

[

βa

(

F −
2

3
!R

)

+ βb G

]

+
1

Λ

[

βa

(

4

3
R ∂λτ ∂λσ + 4!τ !σ

)

+ 8 βb ∂ασ ∂βτ

(

Rαβ −
gαβ

2
R

)]}

. (88)
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Abstract

We use the method of Weyl-gauging in the determination of the Wess-Zumino conformal anomaly action

to show that in any even (d = 2k) dimensions all the hierarchy of correlation functions involving traces of the

energy-momentum tensor is determined in terms of those of lower orders, up to 2k. We work out explicitly

the case d = 4, and show that in this case in any conformal field theory only the first 4 traced correlators are

independent. All the remaining correlators are recursively generated by the first 4. The result is a consequence

of the cocycle condition which defines the Wess-Zumino action and of the finite order of its dilaton interactions.
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Weyl	 gauging	

Under a Weyl scaling (13), the dilaton τ shifts as a Goldstone mode

τ ′(x) = τ(x) + Λ σ(x) . (15)

In the case of the conformal anomaly as well as in a U(1) gauge anomaly (cured with a Stuckelberg field, i.e. an

axion), a field enlarging transformation, in the presence of a continuous symmetry, has no particular meaning unless

the shift symmetry is broken.

In the gauge anomaly case, Stuckelberg fields are introduced to restore the gauge invariance and acquire a

physical meaning only in the presence of a Higgs-Stuckelberg mixing potential (Higgs-axion mixing) [9]. They shift

as Goldstone modes and couple to the anomaly, as in the case of τ .

On the other hand, in the conformal case the anomaly does not need necessarily to be canceled and the presence

both of a kinetic term for the dilaton and of a linear coupling to the anomaly is sufficient to ensure the appearance

of a massless but physical mode in the spectrum. Also in this case the dilaton is coupled by construction to the

divergence of the broken dilatation current JD (∼ τ∂ ·JD = τA), as evident from the Noether construction reviewed

in the appendix.

2.1 The dynamical dilaton

From (13) and (14) it also follows rather trivially that any diffeomorphism-invariant functional of the field-enlarged

metric ĝµν is Weyl invariant. According to the same equations, τ is a compensator field, which becomes dynamical

as soon as we include some possible derivative terms for it. By applying the Weyl-gauging procedure to all the

infinite set of diffeomorphism invariant functionals which can be built out of the metric tensor and of increasing

mass dimension, one can identify the homogenous terms of the anomaly action. Beside, there will be the anomalous

contributions, which are accounted for by the Wess-Zumino action. The latter can be added in order to identify a

consistent anomaly action. As we have already mentioned, the ambiguity intrinsic to the choice of the homogeneous

terms is irrelevant in the determination of the structure of the hierarchy (8).

The Weyl invariant terms may take the form of any scalar contraction of R̂µνρσ , R̂µν and R̂ and can be classified

by their mass dimension. Typical examples are

Jn ∼
1

Λ2(n−2)

∫

d4x
√

ĝR̂n, (16)

and so forth, with the case n = 1 describing the relevant operator in the infrared which reproduces the kinetic term

of the dilaton. These terms can be included into Γ0[ĝ] ≡ Γ0[g, τ ] which describes the non anomalous part of the

renormalized action

Γ0[ĝ] ∼
∑

n

Jn[ĝ]. (17)

The leading contribution to Γ0 is the kinetic term for the dilaton, which can be obtained in two ways. The first

method is to consider the Weyl-gauged Einstein-Hilbert term

∫

ddx
√

ĝ R̂ =

∫

ddx
√
g e

(2−d) τ
Λ

[

R− 2 (d− 1)
!τ

Λ
+ (d− 1) (d− 2)

∂λτ ∂λτ

Λ2

]

=

∫

ddx
√
g e

(2−d) τ
Λ

[

R− (d− 1) (d− 2)
∂λτ ∂λτ

Λ2

]

, (18)

with the inclusion of an appropriate normalization

S(2)
τ = −

Λd−2 (d− 2)

8 (d− 1)

∫

ddx
√

ĝ R̂ , (19)
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Jn[ĝ]. (17)

The leading contribution to Γ0 is the kinetic term for the dilaton, which can be obtained in two ways. The first

method is to consider the Weyl-gauged Einstein-Hilbert term

∫

ddx
√
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Specifically, from (3) one can derive trace identities for the n-point correlation functions. In fact, in momentum

space the entire hierarchy, which is generated by functional differentiation of (3), takes the form

⟨T (k1) . . . T (kn+1)⟩ = 2n [
√
gA]µ1...µn

µ1...νn
(k1, . . . , kn+1)

− 2
n
∑

i=1

⟨T (k1) . . . T (ki−1)T (ki+1) . . . T (kn+1 + ki)⟩ . (8)

In the expression above we have introduced the notation T ≡ T µ
µ to denote the trace of the EMT. All the momenta

characterizing the vertex are taken as incoming, just as specified in the appendix.

The identity (8) relates a n-point correlator to correlators of order n − 1, together with the completely traced

derivatives of the anomaly functionals
√
g F,

√
g G and

√
g!R. For

√
g F , which is a conformal invariant, they

are identically zero. For
√
g G these are nonvanishing at any arbitrary order n ≥ 3, whereas

√
g!R contributes

also to the trace of the two-point function. Therefore Eq. (8) defines an open hierarchy, which involves on the

right-hand-side all the derivatives of the anomaly functional.

1.1 Effective actions and anomaly-induced actions

Our goal is to show that the structure of the hierarchy is entirely fixed just by the first four correlators, using

as starting relation the cocycle condition satisfied by the Wess-Zumino anomaly-induced action. We recall that a

Wess-Zumino action is constructed by solving the constraints coming from the conformal anomaly and differs from

the effective action computed, for example, by using ordinary perturbation theory to integrate out the matter fields.

For instance, direct computations of several correlators [3] [4] have shown that these are in agreement with the

expression predicted by the non-local anomaly action proposed by Riegert [2]. In this respect the Wess-Zumino and

the Riegert’s action show significantly different features.

For instance, a Wess-Zumino form of the non-local anomaly action is regained from Reigert’s expression only at

the cost of sacrificing covariance, by the choice of a fiducial metric [6]. However, the Wess-Zumino action, which

solves the anomaly constraint by using an extra field, the dilaton, plays a key role in order to extract information

on some significant implications of the anomaly, as we are going to show.

We will derive this action from the Weyl-gauging of the anomaly counterterms in DR [8]. We will be using the

term renormalized action to denote the anomaly-induced action which is given by the sum of the Weyl-invariant

(non anomalous) terms, denoted by Γ0, and of the DR counterterms ΓCt which one extracts in ordinary perturbation

theory [8]. These are expressed in terms of the square of the Weyl tensor F and of the Euler density G. Explicitly

Γren[g, τ ] = Γ0[g, τ ] + ΓCt[g], (9)

where the dependence on the dilaton τ in Γ0 is generated by the Weyl-gauging of diffeomorphism invariant func-

tionals of the metric. This action correctly reproduces the anomaly, which is generated by the Weyl variation of

ΓCt.

Generically, the cocycle condition summarizes the response of the functional Γ under a Weyl-gauging of the

metric

gµν → ĝµν = gµν e
−2Ω(x), (10)

where Ω(x) ≡ τ(x)/Λ defines the local Weyl scaling of the background metric, with τ(x) being the dilaton field and

Λ a conformal scale. The change in gµν due to a Weyl transformation is compensated by the shift of τ , as we will

specify below. In particular, defining the Weyl-gauged renormalized effective action

Γ̂ren[g, τ ] ≡ Γ0[g, τ ] + ΓCt[ĝ] , (11)
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−
µ−ϵ

ϵ

∫

ddx
√

ĝ Ĝ = −
µ−ϵ

ϵ

∫

ddx
√
g G+

∫

d4x
√
g

{

1

Λ

(

− τ G− 4R!τ + 8Rαβ ∇β∂ατ

)

+
2

Λ2

[

2R τ !τ +R ∂λτ ∂λτ + 4Rαβ

(

∂ατ ∂βτ − τ ∇β∂ατ

)

+ 6 (!τ)2 − 6∇β∂ατ ∇β∂ατ

]

−
4

Λ3

(

2Rαβ τ ∂ατ ∂βτ + 2 τ (!τ)2 + 5 ∂λτ ∂λτ !τ + 6 ∂ατ ∂βτ ∇β∂ατ − 2 τ ∇β∂ατ ∇β∂ατ

)

+
2

Λ4

(

4 τ ∂λτ ∂λτ !τ + 3
(

∂λτ ∂λτ
)2

+ 8 τ ∂ατ ∂βτ ∇β∂ατ

)}

. (44)

Notice that the renormalization scale µ is not Weyl gauged due to the presence of the d-dimensional (rather than

4-dimensional) integration measure on the left-hand side of (43) and (44).

The expressions above can be simplified using integrations by parts and the identity for the commutator of

covariant derivatives of a vector

[∇µ,∇ν ] vρ = Rλ
ρµν vλ . (45)

After these manipulations we find that the Weyl-gauging of the counterterms gives

−
µ−ϵ

ϵ

∫

ddx
√

ĝ F̂ = −
µ−ϵ

ϵ

∫

ddx
√
g F +

∫

d4x
√
g

[

−
τ

Λ

(

F −
2

3
!R

)

−
2

Λ2

(

R

3
∂λτ ∂λτ + (!τ)2

)

+
4

Λ3
∂λτ ∂λτ !τ −

2

Λ4

(

∂λτ ∂λτ
)2
]

, (46)

−
µ−ϵ

ϵ

∫

ddx
√

ĝ Ĝ = −
µ−ϵ

ϵ

∫

ddx
√
g G+

∫

d4x
√
g

[

−
τ

Λ
G+

4

Λ2

(

Rαβ −
R

2
gαβ
)

∂ατ ∂βτ

+
4

Λ3
∂λτ ∂λτ !τ −

2

Λ4

(

∂λτ ∂λτ
)2
]

. (47)

Obviously, a Weyl variation applied to (46) and (47) gives zero by construction. It follows that the Wess-Zumino

action can be extracted from (12)

ΓWZ [g, τ ] = Γren[g, τ ]− Γ̂ren[g, τ ] (48)

and thus takes the form

ΓWZ [g, τ ] =

∫

d4x
√
g

{

βa

[

τ

Λ

(

F −
2

3
!R

)

+
2

Λ2

(

R

3
∂λτ ∂λτ + (!τ)2

)

−
4

Λ3
∂λτ ∂λτ !τ +

2

Λ4

(

∂λτ ∂λτ
)2
]

+ βb

[

τ

Λ
G−

4

Λ2

(

Rαβ −
R

2
gαβ
)

∂ατ ∂βτ −
4

Λ3
∂λτ ∂λτ !τ +

2

Λ4

(

∂λτ ∂λτ
)2
]}

. (49)

Notice that the ambiguity in the choice of the Weyl tensor discussed above - i.e. between F and Fd - implies that no

dilaton vertex is expected to emerge from the gauging of the Fd-counterterm, being the latter conformal invariant.

This is indeed the case and we find the relation

−
µ−ϵ

ϵ

∫

ddx
√

ĝ F̂d = −
µ−ϵ

ϵ

∫

ddx
√
g Fd −

∫

d4x
√
g
τ

Λ
F , (50)

that modifies the structure of the Wess-Zumino action and it allows to eliminate all the terms proportional to βa

in (49) except for (τ/Λ) F .

Finally, we remark that in the case in which a finite counterterm of the kind (37) is present, the formulae of this

section are modified according to the simple prescription (see Eq. (40)),

βa → βa − 18 βfin , (51)
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The	dilaton	 is	a	dynamical	 field.	 No	pole	 in	 the	action,	 but	an	auxiliary	 degree	 of	freedom	 is	introduced.	

How	to	resolve	 this	 issue?	



Non	perturbative	 solutions	

Use	conformal	Ward	 Identities.	
Move	 to	the	TTT	and	TTTT	 instead	
of	the	TVV

We	 start	from	the	scalar	case	 (Delle	 Rose,	Serino,	 C.C.)	
Bzowski-McFadden-Skenderis	 (BMS)

The	TTT	 discussed	 perturbatively	 in	(Delle	 Rose,	Serino,	C.C.)	



2.3 Definitions for the TTT Amplitude

For the multi-graviton vertices, it is convenient to define the corresponding correlation function as the n-th functional

variation with respect to the metric of the generating functional W evaluated in the flat-space limit

⟨T µ1ν1(x1)...T
µnνn(xn)⟩ =

[

2√−gx1

...
2√−gxn

δnW
δgµ1ν1(x1)...δgµnνn(xn)

]
∣

∣

∣

∣

gµν=δµν

= 2n
δnW

δgµ1ν1(x1)...δgµnνn(xn)

∣

∣

∣

∣

gµν=δµν

, (21)

so that it is explicitly symmetric with respect to the exchange of the metric tensors. As we are going to deal with

correlation functions evaluated in the flat-space limit all through the paper we will omit to specify it from now on,

so as to keep our notation easy. The 3-point function we are interested in studying is found by evaluating (21) for

n = 3,

⟨T µν(x1)T
ρσ(x2)T

αβ(x3)⟩ = 8

[

−
〈 δS
δgµν(x1)

δS
δgρσ(x2)

δS
δgαβ(x3)

⟩

+ ⟨ δ2S
δgαβ(x3)δgµν(x1)

δS
δgρσ(x2)

〉

+
〈 δ2S
δgρσ(x2)δgµν(x1)

δS
δgαβ(x3)

⟩

+ ⟨ δ2S
δgρσ(x2)δgαβ(x3)

δS
δgµν(x1)

〉

−
〈 δ3S
δgρσ(x2)δgαβ(x3)δgµν(x1)

〉

]

,

(22)

where the angle brackets denote the vacuum expectation value. Notice that the last term is identically zero in

dimensional regularization, being proportional to a massless tadpole. The correlator

〈 δS
δgµν(x1)

δS
δgρσ(x2)

δS
δgαβ(x3)

〉

, (23)

has the diagrammatic representation of a triangle topology, while the contributions

〈 δ2S
δgρσ(x2)δgαβ(x3)

δS
δgµν(x1)

〉

,
〈 δ2S
δgαβ(x3)δgµν(x1)

δS
δgρσ(x2)

〉

,
〈 δ2S
δgρσ(x2)δgµν(x1)

δS
δgαβ(x3)

〉

(24)

are interpreted in the perturbative analysis as the ”k”, ”q” and ”p” bubble respectively, also termed ”T-bubbles”

in [3].

In the perturbative realization of these expressions we will also establish a connection between these contributions

and the extra terms generated at the 2-point coincidence limit of the general 3-point vertices discussed in [27]. For

a 3-point vertex the dependence in configuration space is labelled as (x1, x2, x3) with an incoming momentum (k) at

x1 and two outgoing momenta q, p at x2 and x3 respectively. These conventions are summarized by the transforms
∫

d4x1 d
4x2 d

4x3 ⟨T µν(x1)T
ρσ(x2)T

αβ(x3)⟩ e−i(k·x1−q·x2−p·x3) = (2π)4 δ(4)(k − p− q) ⟨T µνT ρσTαβ⟩(p, q) ,

(25)

and
∫

d4x2 d
4x3 ⟨T ρσ(x2)T

αβ(x3)⟩ e−i(q·x2−p·x3) = (2π)4 δ(4)(p− q) ⟨T ρσTαβ⟩(p) , (26)

for 3- and 2-point functions respectively.
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I βa(I)× 2880 π2 βb(I)× 2880 π2 βc(I)× 2880 π2

S 3
2 − 1

2 −1

F 9 − 11
2 −6

V 18 −31 −12

Table 1: Anomaly coefficients for a conformally coupled scalar, a Dirac Fermion and a vector boson

gµν(z)⟨T µν(z)⟩ =
∑

I=f,s,V

nI

[

βa(I)F (z) + βb(I)G(z) + βc(I)!R(z) + βd(I)R
2(z)

]

+
κ

4
nV F

aµν F a
µν(z)

≡ A(z, g) , (1)

whose coefficients βa, βb, βc and βd depend on the field content of the Lagrangian (fermion, scalar, vector) and we

have a multiplicity factor nI for each particle species 2. Actually the coefficient of R2 must vanish identically

βd ≡ 0 (2)

since a non-zero R2 in this basis cannot be obtained from any effective action (local or not) [8, 2, 24]. In addition,

the value of βc is regularization dependent, corresponding to the fact that it can be changed by the addition of an

arbitrary local R2 term in the effective action. Thus only βa, βb and κ correspond to true anomalies in trace of the

stress tensor. In dimensional regularization one finds

βc = −2

3
βa . (3)

In table 1 we list the values of the coefficients for the three theories of spin 0, 12 , 1 mentioned, that we are going to

consider extensively throughout the paper. A(z, g) contains the field-strength of the background gauge field, F a
µν ,

and the invariants built out of the Riemann tensor, Rαβγδ, as well as the Ricci tensor Rαβ and the scalar curvature

R. G and F in Eq. (1) are the Euler density and the square of the Weyl tensor respectively.

All our conventions are listend in appendix A.

Eq. (1) plays the role of a generating functional for the anomalous Ward identities of any underlying Lagrangian

field theory. These conditions are not necessarily linked to any Lagrangian, since the solution of these and of

the other (non anomalous) Ward identities - which typically define a certain correlator - are based on generic

requirements of conformal invariance. For our purposes, all these identities can be extracted from an ordinary

generating functional, defined in terms of a generic Lagrangian L which offers a convenient device to identify such

relations. For this reason we introduce the ordinary definition of the energy-momentum tensor

T µν(z) = − 2√
−gz

δ S
δgµν(z)

= gµα(z) gνβ(z)
2√
−gz

δS
δgαβ(z)

, (4)

in terms of the quantum action S, so that its quantum average is

⟨T µν(z)⟩ = 2√
−gz

δW
δ gµν(z)

, (5)

(with det gµν(z) ≡ gz) where W is the Euclidean generating functional of the theory 3

W =
1

N

∫

DΦ e−S , (6)

2Equivalent and more popular notations are c ≡ 16π2βa and a ≡ −16π2βb
3W depends, in general, from the background metric gµν(x), the gauge fields Aa(x) and scalar sources J(x) In the equations below,

only those dependences which are relevant for the case at hand will be explicitly indicated.
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Obviously, its form in momentum space, exploiting (26), is

pµ⟨T µνT ρσ⟩(p) = 0 . (38)

The terms surviving in (32) are those in the first line. In order to make them explicit, we evaluate the functional

derivative of the Christoffel symbols using (239), (244) and (245), finding

δΓµ
κν(x1)

δgρσ(x2)
=

1

2
δµα

[

− sρσκν∂α + sρσαν∂κ + sρσακ∂ν

]

δ(x1, x2) , (39)

where the s tensor is defined by eq. (245) in the Appendix. Plugging this into (32) and using (37), the second term

becomes

8
δΓµ

κν(x1)

δgρσ(x2)

δ2W
δgαβ(x3)δgκν(x1)

=

[

δµρ⟨T νσ(x1)T
αβ(x3)⟩ ∂ν + δµσ⟨T νρ(x1)T

αβ(x3)⟩ ∂ν

−⟨T ρσ(x1)T
αβ(x3)⟩ ∂µ

]

δ(x1, x2) . (40)

A completely analogous relation holds for the exchanged term
(

gαβ(x3) ↔ gρσ(x2)
)

.

Finally, we can recast the Ward identity (32) in the form

∂ν⟨T µν(x1)T
ρσ(x2)T

αβ(x3)⟩ =

[

⟨T ρσ(x1)T
αβ(x3)⟩∂µδ(x1, x2) + ⟨Tαβ(x1)T

ρσ(x2)⟩∂µδ(x1, x3)

]

−
[

δµρ⟨T νσ(x1)T
αβ(x3)⟩+ δµσ⟨T νρ(x1)T

αβ(x3)⟩
]

∂νδ(x1, x2)

−
[

δµα⟨T νβ(x1)T
ρσ(x2)⟩+ δµβ⟨T να(x1)T

ρσ(x2)⟩
]

∂νδ(x1, x3) ,

(41)

having used the definitions (21) and (22).

Fourier-transforming according to (25) and (26), we get the Ward identity in momentum space that we need, i.e.

kν⟨T µνTαβT ρσ⟩(p, q) = pν⟨TαβT ρσ⟩(p) + qµ⟨T ρσTαβ⟩(q)

−pν

[

δµβ⟨T ναT ρσ⟩(q) + δµα⟨T νβT ρσ⟩(q)
]

− qν

[

δµσ⟨T νρTαβ⟩(p) + δµρ⟨T νσTαβ⟩(p)
]

. (42)

Similar Ward identities can be obtained when we contract with the momenta of the other lines. These are going to

be essential in order to test the correctness of the computation once we turn to perturbation theory.

2.5 The anomalous Ward identities for the TTT

The anomalous Ward identities for the 3-graviton vertex is obtained after a lengthy computation, performing two

functional variations of (7) and taking the flat-space limit, thereby obtaining

δµν⟨T µνT ρσTαβ⟩(p, q) = 4Aαβρσ(p, q)− 2 ⟨TαβT ρσ⟩(p) − 2 ⟨T ρσTαβ⟩(q)

= 4

[

βa
([

F
]αβρσ

(p, q)− 2

3

[√
−g!R

]αβρσ
(p, q)

)

+ βb
[

G
]αβρσ

(p, q)

]

− 2 ⟨TαβT ρσ⟩(p)− 2 ⟨T ρσTαβ⟩(q) , (43)

where Aαβρσ(p, q), Aµνρσ(−k, q) and Aαβµν(−k, p) are generated by the anomaly. We remark, if not obvious,

that all the contractions with the metric tensor in the flat spacetime limit (δµν) should be understood as being

4-dimensional. This is the case for all the anomaly equations. The various contributions to the trace anomaly

are given in terms of the functional derivatives of quadratic invariants in appendix C. Analogous anomalous Ward

identities can be obtained by tracing the other two pairs of indices.

10

Obviously, its form in momentum space, exploiting (26), is

pµ⟨T µνT ρσ⟩(p) = 0 . (38)

The terms surviving in (32) are those in the first line. In order to make them explicit, we evaluate the functional

derivative of the Christoffel symbols using (239), (244) and (245), finding

δΓµ
κν(x1)

δgρσ(x2)
=

1

2
δµα

[

− sρσκν∂α + sρσαν∂κ + sρσακ∂ν

]

δ(x1, x2) , (39)

where the s tensor is defined by eq. (245) in the Appendix. Plugging this into (32) and using (37), the second term

becomes

8
δΓµ

κν(x1)

δgρσ(x2)

δ2W
δgαβ(x3)δgκν(x1)

=

[

δµρ⟨T νσ(x1)T
αβ(x3)⟩ ∂ν + δµσ⟨T νρ(x1)T

αβ(x3)⟩ ∂ν

−⟨T ρσ(x1)T
αβ(x3)⟩ ∂µ

]

δ(x1, x2) . (40)

A completely analogous relation holds for the exchanged term
(

gαβ(x3) ↔ gρσ(x2)
)

.

Finally, we can recast the Ward identity (32) in the form

∂ν⟨T µν(x1)T
ρσ(x2)T

αβ(x3)⟩ =

[

⟨T ρσ(x1)T
αβ(x3)⟩∂µδ(x1, x2) + ⟨Tαβ(x1)T

ρσ(x2)⟩∂µδ(x1, x3)

]

−
[

δµρ⟨T νσ(x1)T
αβ(x3)⟩+ δµσ⟨T νρ(x1)T

αβ(x3)⟩
]

∂νδ(x1, x2)

−
[

δµα⟨T νβ(x1)T
ρσ(x2)⟩+ δµβ⟨T να(x1)T

ρσ(x2)⟩
]

∂νδ(x1, x3) ,

(41)

having used the definitions (21) and (22).

Fourier-transforming according to (25) and (26), we get the Ward identity in momentum space that we need, i.e.

kν⟨T µνTαβT ρσ⟩(p, q) = pν⟨TαβT ρσ⟩(p) + qµ⟨T ρσTαβ⟩(q)

−pν

[

δµβ⟨T ναT ρσ⟩(q) + δµα⟨T νβT ρσ⟩(q)
]

− qν

[

δµσ⟨T νρTαβ⟩(p) + δµρ⟨T νσTαβ⟩(p)
]

. (42)

Similar Ward identities can be obtained when we contract with the momenta of the other lines. These are going to

be essential in order to test the correctness of the computation once we turn to perturbation theory.

2.5 The anomalous Ward identities for the TTT

The anomalous Ward identities for the 3-graviton vertex is obtained after a lengthy computation, performing two

functional variations of (7) and taking the flat-space limit, thereby obtaining

δµν⟨T µνT ρσTαβ⟩(p, q) = 4Aαβρσ(p, q)− 2 ⟨TαβT ρσ⟩(p) − 2 ⟨T ρσTαβ⟩(q)

= 4

[

βa
([

F
]αβρσ

(p, q)− 2

3

[√
−g!R

]αβρσ
(p, q)

)

+ βb
[

G
]αβρσ

(p, q)

]

− 2 ⟨TαβT ρσ⟩(p)− 2 ⟨T ρσTαβ⟩(q) , (43)

where Aαβρσ(p, q), Aµνρσ(−k, q) and Aαβµν(−k, p) are generated by the anomaly. We remark, if not obvious,

that all the contractions with the metric tensor in the flat spacetime limit (δµν) should be understood as being

4-dimensional. This is the case for all the anomaly equations. The various contributions to the trace anomaly

are given in terms of the functional derivatives of quadratic invariants in appendix C. Analogous anomalous Ward

identities can be obtained by tracing the other two pairs of indices.

10

Conservation	 WI

Anomalous	 (trace	WI)



T µν

φ

φ

p

q

T µν

ψ

ψ̄

p

q

T µν

Aτ

Aω

p

q

T µν

c

c̄

p

q

T µν

T ρσ

φ

φ

k

l

p

q

T µν

T ρσ

ψ

ψ̄

k

l

p

q

T µν

T ρσ

Aτ

Aω

k

l

p

q

T µν

T ρσ

c

c̄

k

l

p

q

Figure 3: List of the vertices used in the Lagrangian mapping of the conformal correlators

5.1 The interpretation of the counterterms: the TT case

In this section we begin a discussion of the structure of anomalous correlators in momentum space, starting, for

simplicity, from the TT case in the conformal limit. In the non-conformal case this correlator has been investigated

in [5, 6] in the worldline approach.

This is a warm-up case before the more involved analysis of the 3-point functions that we will discuss afterwards.

As we are going to see, the interpretation of the anomaly and of its origin, in the process of renormalization, can be

different in position and in momentum space. In fact, the anomaly can be attributed either to the specific structure

of the counterterm in dimensional regularization, which violates conformal invariance in d dimensions, while being

traceless in d = 4 or, alternatively, to the renormalized amplitude in d=4. In this second case the anomaly emerges

as a feature of the d = 4 renormalized amplitude and, specifically, of its 4-dimensional trace.

In the TT case conformal symmetry fixes this correlator up to constant, and one can proceed with the Fourier

transform without resorting to a specific free field theory realization. Using the inversion matrix in Euclidean space,

we define the conformal energy-momentum tensor two-point function as

⟨T µν(x)Tαβ(y)⟩ = CT

s2d
Iµν,αβ(s) , (100)

where Iµν,αβ(s) was defined in (72) and (73).

In order to move in the framework of differential regularization, we pull out some derivatives and rewrite our

correlator as

⟨T µν(x)Tαβ(0)⟩ = CT

4(d− 2)2d(d+ 1)
∆̂(d)µναβ 1

x2d−4
, (101)

where

∆̂(d)µναβ =
1

2

(

Θ̂µαΘ̂νβ + Θ̂µβΘ̂να
)

− 1

d− 1
Θ̂µνΘ̂αβ , with Θ̂µν = ∂µ∂ν − δµν ! (102)

∂µ ∆̂
(d)µναβ = 0 , δµν ∆̂

(d)µναβ = 0 . (103)

For reasons that will be discussed in section 8, this form of the TT correlator is Fourier-integrable, although it is

characterized by a UV divergence as x → y. To move to momentum space we can split the 1/(x2)d−2 term into

the product of two 1/(x2)d/2−1 factors and apply straightforwardly the fundamental transform (c.f. Eq. (182)),
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fermion, are sufficient to describe the general solution of the Ward identities. The result can be given in a form

which is quite similar to those in (133). We obtain

Γab
µναβ(p, q)f = fab

1 (p · q)Cf
µναβ(p, q) + fab

2 (p · q)Dµναβ(p, q) ,

Γab
µναβ(p, q)s = sab1 (p · q)Cs

µναβ(p, q) + sab2 (p · q)Dµναβ(p, q) . (142)

The form factors are found to be

fab
1 (p · q) =

1 δab

(2π)dp · q
d− 4

d(d− 1)(d− 2)
π2B0(2p · q, 0, 0)

fab
2 (p · q) = − 2 δab

(2π)d
d(d− 3) + 4

d(d− 1)(d− 2)
π2B0(2p · q, 0, 0) ,

sab1 (p · q) =
4δab

(2π)d
d− 4

d(d − 1)(d− 2)p · qπ
2B0(2p · q, 0, 0) ,

sab2 (p · q) = − 2 δab

(2π)d
1

d(d− 1)
π2B0(2p · q, 0, 0) , (143)

where the tensors in the basis are given by

Cf
µναβ(p, q) = (p · q δαβ − qα pβ) (d(pµ pν + qµ qν) + (d− 4)(pµ qν + qµ pν)− 2(d− 2)p · q δµν) ,

Cs
µναβ(p, q) = (p · q δαβ − qα pβ) (pµ qν + qµ pν − p · q δµν) ,

Dµναβ(p, q) = δαβ (pµ qν + qµ pν) + p · q (δµβ δνα + δµα δνβ)

− (δβν pµ + δβµ pν) qα − (δµα qν + δαν qµ) pβ − δµν (p · q δαβ − qα pβ) . (144)

Notice that in this case all the structures (C, D) are traceless since there is no anomaly. As a final observation,

we remark that in the on-shell case, the only topology that survives in the expansion of this correlator corresponds

to a master integral of type B0 which corresponds to a massless 2-point function. The other master integral which

also heavily appears in the perturbative expansion, C0, which corresponds to the scalar triangle diagram, drops out

in the on-shell limit.

6.3 Renormalization of the TTT

In this section we address the problem of the renormalization of the 3-graviton vertex and compare the standard

Lagrangian approach with the deductive method of [27], which is developed for the analysis in d dimensions. Since

our interest, for this vertex, is sharply focused on the d = 4 case, we need to clarify a few points. Notice that one

of the two counterterms that appear at Lagrangian level, G, is a total divergence in 4 but not in d dimensions. In

particular, G generates a counterterm which is effectively a projector on the extra (d− 4)-dimensional space and as

such, gives a contribution which needs to be included in order to perform a correct renormalization of the vertex.

This has been verified by an explicit computation in dimensional regularization.

We recall that in perturbation theory the one loop counterterm Lagrangian is

Scounter = −1

ϵ

∑

I=f,s,V

nI

∫

ddx
√
−g

(

βa(I)F + βb(I)G

)

(145)
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Figure 5: TTT and its counterterms generated with the choice of the square of the Weyl (F ) tensor in 4 dimensions

and the Euler density (G).
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Figure 6: The contributions to the renormalized TTT vertex from the square of the Weyl tensor in d-dimensions

(F d) and the Euler density (G).

and other two similar equations, obtained by shuffling indices and momenta as for the general covariance Ward

identites.

In this way the conditions (149), (159), (159) and (3) allow us to obtain the relation CG = −βb, as expected. We

have verified by direct computation for scalar, fermion and vector fields that the approach followed in ref. [27] of

solving the Ward identities by adding contact terms to the homogenous expression of vertex (obtained for separate

points) matches precisely the renormalization procedure above in momentum space.

Notice that in [27] the choice of F is slightly different from ours, since the authors essentially define a counterterm

which at a Lagrangian level would be of the form

S̃counter = −1

ϵ

∫

d4x
√
−g

(

βa F
d + βb G

)

(161)

based on the d-dimensional expression of the squared of the Weyl tensor (F d). Such a choice does not generate a

local anomaly contribution proportional to !R as d → 4. In fact the authors choose to work with βc = 0 from

the beginning, since the inclusion of the local anomaly contribution amounts just to a finite renormalization with

respect to (161). Notice that in d dimensions, if we take the trace of the functional derivative in (257) for a = 1,

b = −4/(d− 2), c = 2/((d− 1)(d− 2)), which are the d-dimensional coefficients appearing in F d, one can explicitly

check that the contribution proportional to !R in the anomalous trace cancels. For this purpose we can expand the

integrand of (161) around d = 4 (in ϵ = 4− d) up to O(ϵ), obtaining that the counterterm action can be separated

in a pole plus a finite part, i.e.

S̃counter = Scounter + Sfin. ren. = Scounter + βa

∫

d4x
√
−g

(

Rαβ Rαβ − 5

18
R2

)

+O(ϵ) . (162)

Recalling the definition (5) and using (257), we see that the contribution of this finite part to the vev of the

energy-momentum tensor is

gµν⟨T µν ⟩fin.ren. = −βc!R . (163)

Comparing this with (1), we see that this extra contribution will cancel the local anomaly.

So this approach is equivalent, for what concerns the anomaly, to supplying the action of the theory with the finite

renormalization usually met in the literature, i.e.

S(2)
fin. ren. ≡ −βc

12

∫

d4x
√
−g R2 , (164)
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i ΩS
i (s)× 720 π2 ΩF

i (s)× 240 π2 ΩV
i (s)× 1152 π2

1 − 1
2 s − 1

s
72
5 s

2 − 1
s − 1

3 s
64
5 s

3 − 7+30B0(s)
120

13−30B0(s)
60

82−120B0(s)
25

4 − 2+5B0(s)
10

7−70B0(s)
120

2 (482+130B0(s))
25

5 1
6 −−1+10B0(s)

48 − 79+50B0(s)
5

6 23+20B0(s)
20

33+70B0(s)
60 − 104 (22+5B0(s))

25

7 − s (16+15B0(s))
20 − 3 s (2+5B0(s))

10 − s (−11+10B0(s))
80

8 − s (47+30B0(s))
80 − 3 s (9+10B0(s))

40
s (2+5B0(s))

40

9 s (2+5B0(s))
40 − 7s (1−10B0(s))

480 − s (487+130B0(s))
50

10 s (9+10B0(s))
20

s (137+430B0(s))
480 − s (883−230B0(s))

50

11 − s (7+5B0(s))
20 − 7 s (9+10B0(s))

240
s (467+130B0(s))

25

12 − s (121+90B0(s))
240 − s (97+130B0(s))

240
2 s (299+35B0(s))

25

13 5 s2 (3+2B0(s))
32

5 s2 (9+10B0(s))
96 −s2 (13− B0(s))

Table 2: Form factors for the vertex Γµναβρσ(p, q) in the on-shell limit.

tµναβρσ6 (p, q) = δµνpρpσqαqβ

tµναβρσ7 (p, q) = pρpσ
(

δµαδνβ + δµβδνα
)

+ qαqβ
(

δµρδνσ + δµσδνρ
)

− 1

2

(

pµpρ
(

δασδνβ + δβσδνα
)

+ pνpρ
(

δασδµβ + δβσδµα
)

+ pµpσ
(

δαρδνβ + δβρδνα
)

+ pνpσ
(

δαρδµβ + δβρδµα
)

+ qµqα
(

δβσδνρ + δβρδνσ
)

+ qνqα
(

δβσδµρ + δβρδµσ
)

+ qµqβ
(

δασδνρ + δαρδνσ
)

+ qνqβ
(

δασδµρ + δαρδµσ
)

)

tµναβρσ8 (p, q) =
(

pµpν + qµqν
) (

δασδβρ + δαρδβσ)

tµναβρσ9 (p, q) = pρ
(

qµ(δασδβν + δανδβσ) + qν(δασδβµ + δαµδβσ)

)

+ pσ
(

qµ(δαρδβν + δανδβρ) + qν(δαρδβµ + δαµδβρ)

)

+ qα
(

pµ(δβσδνρ + δβρδνσ) + pν(δβσδµρ + δβρgµσ)

)

+ qβ
(

pµ(δασδνρ + δαρδνσ) + pν(δασδµρ + δαρδµσ)

)
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Figure 7: The relation between the counterterm generated by F d and the same obtained from F . The difference is

a finite renormalization (Ffin) generated by the
√
−gR2 term in the counterterm Lagrangian, which generates the

local contirbution to the trace anomaly.

which is known to cancel the local anomaly, due to the similar relation

gµν
2√
−g

δS2
fin. ren.

δgµν
= −βc!R , (165)

which holds in d = 4 as well.

6.4 The renormalized on-shell 3-graviton vertex in 4 dimensions

In all of the three cases examined, the vertex Γµναβρσ(p, q) can be expanded on a basis made up of thirteen tensors,

if we go on shell on the two outgoing gravitons, which amounts to contract the amplitude with polarization tensors

which are transverse and traceless

esλκ(p) , (es)λλ = 0 , pλ esλκ = 0 , (166)

where the superscript denotes the helicity state.

It is easy to see that the contraction of the amplitude with the polarization tensors with the properties (166) for

the two outgoing gravitons is equivalent to the replacements

p2 → 0 , q2 → 0 , pα → 0 , pβ → 0 , qρ → 0 , qσ → 0 , (167)

so that we will give the amplitude in terms of tensors which are non-vanishing after this limit is taken.

The expansion of our Green’s function for a theory with nS scalars, nF fermions and nV vector bosons can be

written in general as

⟨T µνT ρσTαβ⟩(p, q)
∣

∣

∣

∣

On−Shell

=
∑

nI=nS,nF ,nV

nI

13
∑

i=1

ΩI
i (s) t

µναβρσ
i (p, q) , s = k2 = (p+ q)2 = 2 p · q . (168)

The form factors for the three theories at hand are listed in Table 2, modulo the three overall factors, in the first

row. The 13 tensors tµναβρσi (p, q) are listed below. They are given by

tµναβρσ1 (p, q) =
(

pµpν + qµqν
)

pρpσqαqβ

tµναβρσ2 (p, q) =
(

pµqν + pνqµ
)

pρpσqαqβ

tµναβρσ3 (p, q) =
(

pµpν + qµqν
) (

pσqβδαρ + pσqαδβρ + pρqβδασ + pρqαδβσ
)

tµναβρσ4 (p, q) = pρpσ
(

qβqνδαµ + qβqµδαν + qαqνδβµ + qαqµδβν
)

+ qαqβ
(

pνpσδµρ + pνpρδµσ + pµpσδνρ + pµpρδνσ
)

tµναβρσ5 (p, q) =
(

pµqν + qµpν
)

(

pρ
(

qαδβσ + qβδασ
)

+ pσ
(

qαδβρ + qβδαρ
)

)
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1/s	in	one	channel,	
but	double	 poles	very	difficult	 to	disentangle	 in	
the	perturbative	 approach.	We	need	 to	
reduce	 the	number	of	form	factors.		

and	more	 ...	(13)
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ators. We show that the differential equations generated by the requirement of symmetry
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(master) integrals, the method allows to derive the expression of such integrals in a com-
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used in the past. The application of the special conformal constraints generates a new

recursion relation for this family of integrals.
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Abstract: We present a comprehensive analysis of the implications of conformal invari-

ance for 3-point functions of the stress-energy tensor, conserved currents and scalar op-

erators in general dimension and in momentum space. Our starting point is a novel and

very effective decomposition of tensor correlators which reduces their computation to that

of a number of scalar form factors. For example, the most general 3-point function of a

conserved and traceless stress-energy tensor is determined by only five form factors. Di-

latations and special conformal Ward identities then impose additional conditions on these

form factors. The special conformal Ward identities become a set of first and second order

differential equations, whose general solution is given in terms of integrals involving a prod-

uct of three Bessel functions (‘triple-K integrals’). All in all, the correlators are completely
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dimensions non-trivial renormalisation in required. In this paper we restrict ourselves to
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Scalar	 Case	

path which, as we are going to show, can be successful in some specific cases. We will illustrate

the direct construction of the solution bringing the example of the scalar three-point correlator.

The analysis in momentum space should not be viewed though as an unnecessary complication.

In fact, the solution in the same space, if found, is explicit in the momentum variables and

can be immediately compared with the integral representation of the position space solution,

given by a generalized Feynman integral. As a corollary of this approach, in the case of three-

point functions, we are able to determine the complete structure of such an integral, which is

characterized by three free parameters related to the scaling dimensions of the original scalar

operators, in an entirely new way. It is therefore obvious that this approach allows to determine

the explicit form of an entire family of master integrals.

In the scalar case we are able to show that the conformal conditions are equivalent to partial

differential equations (PDE’s) of generalized hypergeometric type, solved by functions of two

variables, x and y, which take the form of ratios of the external momenta. The general solution

is expressed as a generic linear combination of four generalized hypergeometric functions of the

same variables, or Appell’s functions. Three out of the four constants of the linear combination

can be fixed by the momentum symmetry. This allows to write down the general form of the

scalar correlator in terms of a single multiplicative constant, which classifies all the possible

conformal realizations of the scalar three-point function.

In the final part of this work we go back to the analysis of the conformal master integrals, the

Fourier transform of the scalar three-point correlators in position space. We show that the usual

rules of integration by parts satisfied by these integrals are nothing else but the requirement

of scale invariance. Specifically, dilatation symmetry relates the master integral J(ν1, ν2, ν3),

labelled by the powers of the Feynman propagators (ν1, ν2, ν3) - with ν1+ν2+ν3 = κ - to those

of the first neighboring plane (κ → κ + 1). On the other hand, special conformal constraints

relate the integrals of second neighboring planes (κ→ κ+ 2).

2 Conformal transformations

In order to render our treatment self-contained, we present a brief review of the conformal

transformations in d > 2 dimensions which identify, in Minkowski space, the conformal group

SO(2, d).

These may be defined as the transformations xµ → x′
µ(x) that preserve the infinitesimal length

up to a local factor

dxµdx
µ → dx′

µdx
′µ = Ω(x)−2dxµdx

µ . (1)

3

In the infinitesimal form, for d > 2, the conformal transformations are given by

x′
µ(x) = xµ + aµ + ωµ

νxν + λxµ + bµx
2 − 2xµb · x (2)

with

Ω(x) = 1− σ(x) and σ(x) = λ− 2b · x . (3)

The transformation in Eq.(2) is defined by translations (aµ), rotations (ωµν = −ωνµ), dilatations

(λ) and special conformal transformations (bµ). The first two define the Poincaré subgroup

which leaves invariant the infinitesimal length (Ω(x) = 1).

If we also consider the inversion

xµ → x′
µ =

xµ

x2
, Ω(x) = x2 , (4)

we can enlarge the conformal group to O(2, d). Special conformal transformations can be

realized by a translation preceded and followed by an inversion.

Having specified the elements of the conformal group, we can define a quasi primary field

Oi(x), where the index i runs over a representation of the group O(1, d− 1) to which the field

belongs, through the transformation property under a conformal transformation g

Oi(x)
g→ O′i(x′) = Ω(x)ηDi

j(g)Oj(x) , (5)

where η is the scaling dimension of the field and Di
j(g) denotes the representation of O(1, d−1).

In the infinitesimal form we have

δgOi(x) = −(LgO)i(x) , with Lg = v · ∂ + η σ +
1

2
∂[µvν]Σ

µν , (6)

where the vector vµ is the infinitesimal coordinate variation vµ = δgxµ = x′
µ(x)−xµ and (Σµν)ij

are the generators of O(1, d− 1) in the representation of the field Oi. The explicit form of the

operator Lg can be obtained from Eq.(2) and Eq.(3) and is given by

translations: Lg = aµ∂µ ,

rotations: Lg =
ωµν

2
[xν∂µ − xµ∂ν − Σµν ] ,

scale transformations : Lg = λ [x · ∂ + η] ,

special conformal transformations. : Lg = bµ
[

x2∂µ − 2xµ x · ∂ − 2η xµ − 2xνΣµ
ν
]

. (7)

Conformal invariant correlation functions of quasi primary fields can be defined by requiring

that
n

∑

r=1

⟨Oi1
1 (x1) . . . δgOir

r (xr) . . .Oin
n (xn)⟩ = 0 . (8)
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4

In particular, the invariance under scale and special conformal transformations, in which we

are mainly interested, reads as

n
∑

r=1

(xr · ∂xr + ηr) ⟨Oi1
1 (x1) . . .Oir

r (xr) . . .Oin
n (xn)⟩ = 0 ,

n
∑

r=1

(

x2
r∂

xr
µ − 2xr µ xr · ∂xr − 2ηr xr µ − 2xr ν(Σ

(r)
µ

ν
)irjr

)

⟨Oi1
1 (x1) . . .Ojr

r (xr) . . .Oin
n (xn)⟩ = 0 .

(9)

The constraints provided by conformal invariance have been solved in coordinate space and for

arbitrary space-time dimension. One can show, for instance, that the two and three-point func-

tions are completely determined by conformal symmetry up to a small number of independent

constants [15, 1] .

Exploiting the same constraints in momentum space is somewhat more involved. In the follow-

ing we assume invariance under the Poincaré group and we focus our attention on dilatations

and special conformal transformations.

For this purpose we define the Fourier transform of a n point correlation function as

(2π)d δ(d)(p1 + . . .+ pn) ⟨Oi1
1 (p1) . . .Oin

n (pn)⟩

=

∫

ddx1 . . . d
dxn ⟨Oi1

1 (x1) . . .Oin
n (xn)⟩eip1·x1+...+ipn·xn, (10)

where the correlation function in momentum space is understood to depend only on n − 1

momenta, as the n-th one is removed using momentum conservation.

The momentum space differential equations describing the invariance under dilatations and

special conformal transformations are obtained Fourier-transforming Eq.(9). It is worth noting

that some care must be taken, due to the appearance of derivatives on the delta function. As

pointed out in [13], these terms can be discarded and we are left with the two equations

[

−
n−1
∑

r=1

(

pr µ
∂

∂pr µ
+ d

)

+
n

∑

r=1

ηr

]

⟨Oi1
1 (p1) . . .Oir

r (pr) . . .Oin
n (pn)⟩ = 0 ,

n−1
∑

r=1

(

pr µ
∂2

∂pνr∂pr ν
− 2 pr ν

∂2

∂pµr ∂pr ν
+ 2(ηr − d)

∂

∂pµr
+ 2(Σ(r)

µν )
ir
jr

∂

∂pr ν

)

×⟨Oi1
1 (p1) . . .Ojr

r (pr) . . .Oin
n (pn)⟩ = 0 , (11)

which define an arbitrary conformal invariant correlation function in d dimensions. Note that

we are dealing with a first and a second order partial differential equations in n−1 independent

momenta. The choice of the momentum which is eliminated in the two equations given above
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We consider scalar quasi primary fields Oi with scale dimensions ηi and define the three-point

function

G123(p1, p2) = ⟨O1(p1)O2(p2)O3(−p1 − p2)⟩ . (32)

The three-point correlator is a function of the two independent momenta p1 and p2, from which

one can construct three independent scalar quantities, namely p21, p
2
2 and p1 · p2. We trade the

last invariant for p23 in order to manifest the symmetry properties of G123 under the exchange

of any couple of operators.

We observe that scale invariance, the first equation in Eq.(11), implies that G123 is a homo-

geneous function of degree α = −d + 1
2(η1 + η2 + η3). Therefore it can be written in the

form

G123(p
2
1, p

2
2, p

2
3) = (p23)

−d+ 1

2
(η1+η2+η3)Φ(x, y) with x =

p21
p23

, y =
p22
p23

, (33)

where we have introduced the dimensionless ratios x and y, which must not be confused with

coordinate points. The dilatation equation only fixes the scaling behavior of the three-point

correlator giving no further information on the dimensionless function Φ(x, y).

The last equation of (11), which describes the invariance under special conformal transfor-

mations, is the most predictive one and, as we shall see, completely determines Φ(x, y) up to a

multiplicative constant.

To show this, we start by rewriting Eq.(11) in a more useful form by introducing a change of

variables from (p21, p
2
2, p

2
3) to (x, y, p23). The derivatives respect to the momentum components

are re-expressed in terms of derivatives of the momentum invariants and their ratios as

∂

∂pµ1
= 2(p1µ + p2µ)

∂

∂p23
+

2

p23
((1− x)p1 µ − x p2µ)

∂

∂x
− 2(p1µ + p2µ)

y

p23

∂

∂y
,

∂

∂pµ2
= 2(p1µ + p2µ)

∂

∂p23
− 2(p1µ + p2µ)

x

p23

∂

∂x
+

2

p23
((1− y)p2µ − y p1µ)

∂

∂y
. (34)

Similar but lengthier formulas hold for second derivatives. Also notice that the derivatives

with respect to p23 can be removed using the solution of the dilatation constraint in Eq.(33).

Therefore we are left with a differential equation in the two dimensionless variables x and y.

Due to the vector nature of the special conformal transformations, Eq.(11) can be projected

out on the two independent momenta p1 and p2, obtaining a system of two coupled second

order partial differential equations (PDE) for the function Φ(x, y). After several non trivial
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manipulations, these can be recast in the simple form
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

[

x(1− x) ∂2

∂x2 − y2 ∂2

∂y2 − 2 x y ∂2

∂x∂y + [γ − (α + β + 1)x] ∂
∂x

−(α + β + 1)y ∂
∂y − αβ

]

Φ(x, y) = 0 ,
[

y(1− y) ∂2

∂y2 − x2 ∂2

∂x2 − 2 x y ∂2

∂x∂y + [γ′ − (α + β + 1)y] ∂
∂y

−(α + β + 1)x ∂
∂x − αβ

]

Φ(x, y) = 0 ,

(35)

with the parameters α, β, γ, γ′ defined in terms of the scale dimensions of the three scalar

operators as

α =
d

2
−
η1 + η2 − η3

2
, γ =

d

2
− η1 + 1 ,

β = d−
η1 + η2 + η3

2
, γ′ =

d

2
− η2 + 1 . (36)

It is interesting to observe that the system of equations in (35), coming from the invariance

under special conformal transformations, is exactly the system of partial differential equations

defining the hypergeometric Appell’s function of two variables, F4(α, β; γ, γ′; x, y), with coef-

ficients given in Eq.(36). The Appell’s function F4 is defined as the double series (see, e.g.,

[20, 21, 22] for thorough discussions of the hypergeometric functions and their properties)

F4(α, β; γ, γ
′; x, y) =

∞
∑

i=0

∞
∑

j=0

(α)i+j (β)i+j

(γ)i (γ′)j

xi

i!

yj

j!
(37)

where (α)i = Γ(α+ i)/Γ(α) is the Pochhammer symbol.

It is known that the system of partial differential equations (35), besides the hypergeometric

function introduced in Eq.(37), has three other independent solutions given by

S2(α, β; γ, γ
′; x, y) = x1−γ F4(α− γ + 1, β − γ + 1; 2− γ, γ′; x, y) ,

S3(α, β; γ, γ
′; x, y) = y1−γ′

F4(α− γ′ + 1, β − γ′ + 1; γ, 2− γ′; x, y) ,

S4(α, β; γ, γ
′; x, y) = x1−γ y1−γ′

F4(α− γ − γ′ + 2, β − γ − γ′ + 2; 2− γ, 2− γ′; x, y) .

(38)

Therefore the function Φ(x, y), solution of (35), is a linear combination of the four independent

hypergeometric functions, i.e.

G123(p
2
1, p

2
2, p

2
3) = (p23)

−d+ 1

2
(η1+η2+η3)Φ(x, y)

= (p23)
−d+ 1

2
(η1+η2+η3)

4
∑

i=1

ci(η1, η2, η3)Si(α, β; γ, γ
′; x, y) , (39)
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F4(α, β; γ, γ
′; x, y) =

∞
∑

i=0

∞
∑

j=0

(α)i+j (β)i+j

(γ)i (γ′)j

xi

i!

yj

j!
(37)

where (α)i = Γ(α+ i)/Γ(α) is the Pochhammer symbol.

It is known that the system of partial differential equations (35), besides the hypergeometric

function introduced in Eq.(37), has three other independent solutions given by

S2(α, β; γ, γ
′; x, y) = x1−γ F4(α− γ + 1, β − γ + 1; 2− γ, γ′; x, y) ,

S3(α, β; γ, γ
′; x, y) = y1−γ′
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S4(α, β; γ, γ
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(38)

Therefore the function Φ(x, y), solution of (35), is a linear combination of the four independent

hypergeometric functions, i.e.

G123(p
2
1, p

2
2, p

2
3) = (p23)

−d+ 1

2
(η1+η2+η3)Φ(x, y)

= (p23)
−d+ 1

2
(η1+η2+η3)

4
∑

i=1

ci(η1, η2, η3)Si(α, β; γ, γ
′; x, y) , (39)
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and define G123(p21, p
2
2, p

2
3) up to a multiplicative arbitrary constant c123 ≡ c123(η1, η2, η3). This

depends on the space-time dimension d, on the scale dimensions ηi of the quasi primary fields

and on their normalization.

The conformal invariant correlation function of three scalar quasi primary fields with arbitrary

scale dimensions is then given by

G123(p
2
1, p

2
2, p

2
3) =

c123 πd 4d−
1

2
(η1+η2+η3) (p23)

−d+ 1

2
(η1+η2+η3)

Γ
(η1

2 + η2
2 − η3

2

)

Γ
(η1

2 − η2
2 + η3

2

)

Γ
(

−η1
2 + η2

2 + η3
2

)

Γ
(

−d
2 +

η1
2 + η2

2 + η3
2

)

{

Γ

(

η1 −
d

2

)

Γ

(

η2 −
d

2

)

Γ
(

d−
η1
2

−
η2
2

−
η3
2

)

Γ

(

d

2
−

η1
2

−
η2
2

+
η3
2

)

×F4

(

d

2
−

η1 + η2 − η3
2

, d−
η1 + η2 + η3

2
;
d

2
− η1 + 1,

d

2
− η2 + 1;x, y

)

+Γ

(

d

2
− η1

)

Γ

(

η2 −
d

2

)

Γ
(η1
2

−
η2
2

+
η3
2

)

Γ

(

d

2
+

η1
2

−
η2
2

−
η3
2

)

×xη1−
d
2 F4

(

d

2
−

η2 + η3 − η1
2

,
η1 + η3 − η2

2
;−

d

2
+ η1 + 1,

d

2
− η2 + 1;x, y

)

+Γ

(

η1 −
d

2

)

Γ

(

d

2
− η2

)

Γ
(

−
η1
2

+
η2
2

+
η3
2

)

Γ

(

d

2
−

η1
2

+
η2
2

−
η3
2

)

× yη2−
d
2 F4

(

d

2
−

η1 + η3 − η2
2

,
η2 + η3 − η1

2
;
d

2
− η1 + 1,−

d

2
+ η2 + 1;x, y

)

+Γ

(

d

2
− η1

)

Γ

(

d

2
− η2

)

Γ
(η1
2

+
η2
2

−
η3
2

)

Γ

(

−
d

2
+

η1
2

+
η2
2

+
η3
2

)

×xη1−
d
2 yη2−

d
2 F4

(

−
d

2
+

η1 + η2 + η3
2

,
η1 + η2 − η3

2
;−

d

2
+ η1 + 1,−

d

2
+ η2 + 1;x, y

)}

.

(45)

The convenient normalization employed in Eq.(45) for the three-point function reproduces,

through the operator product expansion, as we are going to show next, the normalization of

the two-point functions which we have chosen in Eq.(15).

As we shall identify the three-point correlator discussed in this section with specific Feynman

amplitudes, this will fix the arbitrary constant c123 using some information coming from the

same operator product expansion analysis. This topic will be presented in section 5. Indeed, the

solution of the momentum space version of the conformal constraints provides an alternative

computational tool for correlation functions with conformal symmetry.

It is worth to emphasize the connection between the invariance under special conformal

transformations and appearance of the Appell’s functions. Indeed we have shown how the

constraints provided by the conformal group translate, in momentum space, in the well-known

system of partial differential equations defining the hypergeometric series F4. We have analyzed

this connection in the case of a conformally invariant three-point function built with scalar

operators in some detail. A similar correspondence should also hold for more complicated
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Notice	 that	this	 corresponds	 to	the	solution	 of	

Transforming to momentum space, we find an integral representation, which necessarily has

to coincide, up to an unconstrained overall constant, with the explicit solution found in the

previous section, and reads as

J(ν1, ν2, ν3) =

∫

ddl

(2π)d
1

(l2)ν3((l + p1)2)ν2((l − p2)2)ν1
, (53)

with external momenta p1, p2 and p3 constrained by momentum conservation p1 + p2 + p3 = 0

and the scale dimensions ηi related to the indices νi as

η1 = d− ν2 − ν3 , η2 = d− ν1 − ν3 , η3 = d− ν1 − ν2 . (54)

This expression describes a family of master integrals which has been studied in [23, 24], whose

explicit relation with Eq.(52) is given by

∫

ddp1
(2π)d

ddp2
(2π)d

ddp3
(2π)d

(2π)dδ(d)(p1 + p2 + p3) J(ν1, ν2, ν3)e
−ip1·x1−ip2·x2−ip3·x3

=
1

4ν1+ν2+ν3π3d/2

Γ(d/2− ν1)Γ(d/2− ν2)Γ(d/2− ν3)

Γ(ν1)Γ(ν2)Γ(ν3)

1

(x2
12)

d/2−ν3(x2
23)

d/2−ν1(x2
31)

d/2−ν2
,

(55)

The integral in Eq.(53) satisfies the system of PDE’s (35). Therefore, it can be expressed

in terms of the general solution given in Eq.(45) which involves a linear combination of four

Appell’s functions, with the relative coefficients fixed by the symmetry conditions on the de-

pendence from the external momenta. Then Eq.(45) identifies J(ν1, ν2, ν3) except for an overall

constant c123 which we are now going to determine. This task can be accomplished, for instance,

by exploiting some boundary conditions.

As for the OPE analysis discussed in the previous section, we may consider the large momentum

limit in which the three-point integral collapses into a two-point function topology. Taking, for

instance, the p22, p
2
3 → ∞ limit with p22/p

2
3 → 1 we have

J(ν1, ν2, ν3) ∼
1

(p22)
ν1

∫

ddl

(2π)d
1

(l2)ν3((l + p1)2)ν2
=

1

(p22)
ν1

i1−d

(4π)d/2
G(ν2, ν3) (p

2
1)

d/2−ν2−ν3 , (56)

where

G(ν, ν ′) =
Γ(d/2− ν)Γ(d/2− ν ′)Γ(ν + ν ′ − d/2)

Γ(ν)Γ(ν ′)Γ(d− ν − ν ′)
. (57)

Eq.(56) must be compared with the same limit taken on the explicit solution in Eq.(45), where

the scale dimensions ηi are replaced by νi through Eq.(54). This completely determines the
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multiplicative constant c123 and the correct normalization of the three-point master integral,

which is obtained by choosing

c123 =
i1−d

4ν1+ν2+ν3π3d/2

Γ(d/2− ν1)Γ(d/2− ν2)Γ(d/2− ν3)

Γ(ν1)Γ(ν2)Γ(ν3)
. (58)

Therefore the scalar master integral is given by

J(ν1, ν2, ν3) = G123(p
2
1, p

2
2, p

2
3) (59)

with scaling dimensions defined in Eq.(54) and the coefficient c123 in Eq.(58). Notice that

this method allows us to bypass completely the Mellin-Barnes techniques which has been used

previously in the analysis of the same integral.

5.1 Recurrence relations from conformal invariance

Having established the conformal invariance of the generalized three-point master integral

J(ν1, ν2, ν3), we can study the implications of the conformal constraints on the integral repre-

sentation of Eq.(53). These are automatically satisfied by the explicit solution given in Eq.(45),

but once that they are applied on J(ν1, ν2, ν3), generate recursion relations among the indices

of this family of integrals. Specifically, they relate integrals with ν1 + ν2 + ν3 = κ to those with

ν1 + ν2 + ν3 = κ + 1 and ν1 + ν2 + ν3 = κ + 2. For instance, differentiating Eq.(53) under the

integration sign according to the first of Eq.(11), which is the condition of scale invariance, we

easily obtain the recursion relation

ν2 p
2
1 J(ν1, ν2 + 1, ν3) + ν1 p

2
2 J(ν1 + 1, ν2, ν3) = (ν1 + ν2 + 2 ν3 − d) J(ν1, ν2, ν3)

+ ν2 J(ν1, ν2 + 1, ν3 − 1) + ν1 J(ν1 + 1, ν2, ν3 − 1) , (60)

together with the corresponding symmetric relations obtained interchanging (p21, ν1) ↔ (p23, ν3)

or (p22, ν2) ↔ (p23, ν3). These equations link scalar integrals on two contiguous planes, as men-

tioned above. The recurrence relations obtained from scale invariance exactly correspond to

those presented in [24] and following from the usual integration-by-parts technique, which in

this case is derived from the divergence theorem in dimensional regularization
∫

ddl

(2π)d
∂

∂lµ

{

lµ
(l2)ν3((l + p1)2)ν2((l − p2)2)ν1

}

= 0. (61)

We can easily show the equivalence between Eq.(61) and the first of Eq.(11) which is the

constraint of scale invariance. In fact, the scale transformation acts on J(ν1, ν2, ν3) in the form
[

d− 2 (ν1 + ν2 + ν3)− p1 ·
∂

∂p1
− p2 ·

∂

∂p2

]
∫

ddl
1

(l2)ν3 ((l + p1)2)ν2 ((l − p2)2)ν1
= 0 . (62)
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Now we just invoke Euler’s theorem on homogeneous functions on the integrand, which is of

degree −2 (ν1 + ν2 + ν3) in the momenta p1, p2 and l and obtain the relation
[

p1 ·
∂

∂p1
+ p2 ·

∂

∂p2
+ l ·

∂

∂l

]

1

(l2)ν3 ((l + p1)2)ν2 ((l − p2)2)ν1

=
−2(ν1 + ν2 + ν3)

(l2)ν3 ((l + p1)2)ν2 ((l − p2)2)ν1
. (63)

At this point, if we combine Eqs.(62) and (63) and rewrite d as ∂
∂l · l, we easily obtain the

equivalence with Eq.(61).

Other recursive relations can be found requiring Eq.(53) to satisfy the constraint of special

conformal invariance which, from the second equation in Eq.(11), takes the form
{

p1µ
∂2

∂p1 · ∂p1
− 2 p1 ν

∂2

∂pµ1∂p1 ν
− 2 (ν2 + ν3)

∂

∂pµ1
+ (1 ↔ 2)

}

J(ν1, ν2, ν3) = 0 . (64)

This is a vector condition which involves some tensor integrals of the same J(ν1, ν2, ν3) family.

Differentiating the integral J(ν1, ν2, ν3) as in Eq.(64) and performing some standard manipula-

tions one arrives at the implicit formula

ν2 p1µ

[

(1 + ν2 + ν3 − d/2) J(ν1, ν2 + 1, ν3) + (ν2 + 1)
(

J(ν1, ν2 + 2, ν3 − 1)− p21 J(ν1, ν2 + 2, ν3)
)

]

+ ν1 p2µ

[

(1 + ν1 + ν3 − d/2) J(ν1 + 1, ν2, ν3) + (ν1 + 1)
(

J(ν1 + 2, ν2, ν3 − 1)− p22 J(ν1 + 2, ν2, ν3)
)

]

+ ν2

[

(ν3 − 1)Jµ(ν1, ν2 + 1, ν3) + (ν2 + 1)
(

Jµ(ν1, ν2 + 2, ν3 − 1)− p21 Jµ(ν1, ν2 + 2, ν3)
)

]

− ν1

[

(ν3 − 1)Jµ(ν1 + 1, ν2, ν3) + (ν1 + 1)
(

Jµ(ν1 + 2, ν2, ν3 − 1)− p22 Jµ(ν1 + 2, ν2, ν3)
)

]

= 0 , (65)

where the rank-1 tensor integral is defined as

Jµ(ν1, ν2, ν3) =

∫

ddl

(2π)d
lµ

(l2)ν3((l + p1)2)ν2((l − p2)2)ν1
= C1(ν1, ν2, ν3) p1µ − C2(ν1, ν2, ν3) p2µ ,

(66)

with the coefficients given by

C1(ν1, ν2, ν3) =
1

(p23 − p21 − p22)
2 − 4 p21 p

2
2

{

(p21 + p22 − p23) J(ν1 − 1, ν2, ν3)

−2 p22 J(ν1, ν2 − 1, ν3) +
(

−p21 + p22 + p23
)

J(ν1, ν2, ν3 − 1) + p22
(

p21 − p22 + p23
)

J(ν1, ν2, ν3)

}

C2(ν1, ν2, ν3) =
1

(p23 − p21 − p22)
2 − 4 p21 p

2
2

{

(p21 + p22 − p23) J(ν1, ν2 − 1, ν3)

−2 p21 J(ν1 − 1, ν2, ν3) +
(

p21 − p22 + p23
)

J(ν1, ν2, ν3 − 1) + p21
(

−p21 + p22 + p23
)

J(ν1, ν2, ν3)

}

.

(67)
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(

J(ν1, ν2 + 2, ν3 − 1)− p21 J(ν1, ν2 + 2, ν3)
)

]

+ ν1 p2µ

[

(1 + ν1 + ν3 − d/2) J(ν1 + 1, ν2, ν3) + (ν1 + 1)
(

J(ν1 + 2, ν2, ν3 − 1)− p22 J(ν1 + 2, ν2, ν3)
)

]

+ ν2

[

(ν3 − 1)Jµ(ν1, ν2 + 1, ν3) + (ν2 + 1)
(

Jµ(ν1, ν2 + 2, ν3 − 1)− p21 Jµ(ν1, ν2 + 2, ν3)
)

]

− ν1

[

(ν3 − 1)Jµ(ν1 + 1, ν2, ν3) + (ν1 + 1)
(

Jµ(ν1 + 2, ν2, ν3 − 1)− p22 Jµ(ν1 + 2, ν2, ν3)
)

]

= 0 , (65)

where the rank-1 tensor integral is defined as

Jµ(ν1, ν2, ν3) =

∫

ddl

(2π)d
lµ

(l2)ν3((l + p1)2)ν2((l − p2)2)ν1
= C1(ν1, ν2, ν3) p1µ − C2(ν1, ν2, ν3) p2µ ,

(66)

with the coefficients given by

C1(ν1, ν2, ν3) =
1

(p23 − p21 − p22)
2 − 4 p21 p

2
2

{

(p21 + p22 − p23) J(ν1 − 1, ν2, ν3)

−2 p22 J(ν1, ν2 − 1, ν3) +
(

−p21 + p22 + p23
)

J(ν1, ν2, ν3 − 1) + p22
(

p21 − p22 + p23
)

J(ν1, ν2, ν3)

}

C2(ν1, ν2, ν3) =
1

(p23 − p21 − p22)
2 − 4 p21 p

2
2

{

(p21 + p22 − p23) J(ν1, ν2 − 1, ν3)

−2 p21 J(ν1 − 1, ν2, ν3) +
(

p21 − p22 + p23
)

J(ν1, ν2, ν3 − 1) + p21
(

−p21 + p22 + p23
)

J(ν1, ν2, ν3)

}

.

(67)
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Now we just invoke Euler’s theorem on homogeneous functions on the integrand, which is of

degree −2 (ν1 + ν2 + ν3) in the momenta p1, p2 and l and obtain the relation
[

p1 ·
∂

∂p1
+ p2 ·

∂

∂p2
+ l ·

∂

∂l

]

1

(l2)ν3 ((l + p1)2)ν2 ((l − p2)2)ν1

=
−2(ν1 + ν2 + ν3)

(l2)ν3 ((l + p1)2)ν2 ((l − p2)2)ν1
. (63)

At this point, if we combine Eqs.(62) and (63) and rewrite d as ∂
∂l · l, we easily obtain the

equivalence with Eq.(61).

Other recursive relations can be found requiring Eq.(53) to satisfy the constraint of special

conformal invariance which, from the second equation in Eq.(11), takes the form
{

p1µ
∂2

∂p1 · ∂p1
− 2 p1 ν

∂2

∂pµ1∂p1 ν
− 2 (ν2 + ν3)

∂

∂pµ1
+ (1 ↔ 2)

}
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We	 can	completely	 derive,	 independently	 of	any	IBP	method,	 but	just	using	scale	 and	conformal	 invariance	
the	"step"	relations	 of	contiguity	 for	the	master	 integrals	

Using the momentum expansion of the tensor integral defined above, we extract from Eq.(65)

the relation

ν2 (ν3 − 1)C1(ν1, ν2 + 1, ν3) + ν2 (ν2 + 1)
(

C1(ν1, ν2 + 2, ν3 − 1)− p21C1(ν1, ν2 + 2, ν3)
)

−ν1 (ν3 − 1)C1(ν1 + 1, ν2, ν3)− ν1 (ν1 + 1)
(

C1(ν1 + 2, ν2, ν3 − 1)− p22 C1(ν1 + 2, ν2, ν3)
)

+ ν2

[

(ν2 + 1)
(

J(ν1, ν2 + 2, ν3 − 1)− p21 J(ν1, ν2 + 2, ν3)
)

+ (1 + ν2 + ν3 − d/2) J(ν1, ν2 + 1, ν3)

]

= 0 ,

(68)

together with the corresponding symmetric equation obtained interchanging (p21, ν1) ↔ (p22, ν2).

This result allows to express integrals in the plane ν1 + ν2 + ν3 = κ+2 in terms of those in the

two lower ones. In fact, introducing in Eq.(68) and in its symmetric one the explicit expressions

for C1 and C2 we get

J(ν1 + 2, ν2, ν3) =
1

ν1 (ν1 + 1) (p21 + p22 − p23) p
2
2 p

2
3

∑

(a,b,c)

C(a,b,c)J(ν1 + a, ν2 + b, ν3 + c) , (69)

where the coefficients C(a,b,c) are given by

C(0,0,0) = (ν3 − 1)

(

(ν1 + ν2) p
2
1 − ν2 p

2
3

)

,

C(1,−1,0) = ν1 (ν3 − 1) (p23 − p21) ,

C(−1,1,0) = −ν2 (ν3 − 1) p21 ,

C(0,1,−1) = ν2

[

(ν2 + 1) p21 − (2 + ν2 − ν3) p
2
3

]

,

C(1,0,−1) = ν1 (p
2
1(ν1 + 1)− p23(ν3 − 1)) ,

C(2,−1,−1) = −ν1 (ν1 + 1) (p21 − p23) ,

C(−1,2,−1) = −ν2 (ν2 + 1) p21 ,

C(2,0,−2) = −ν1 (ν1 + 1) p23 ,

C(0,2,−2) = ν2 (ν2 + 1) p23 ,

20

Notice:	 we	have	not	used	any	Mellin-Barnes	 method
We	 have	only	one	 indetermined	 constant	which	characterizes	 the	conformal	 class
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section 3, so here we simply summarise the main points. As usual, translational invariance

implies that we can pull out a momentum-conserving delta function,

⟨O1(p1)O2(p2)O3(p3)⟩ = (2π)dδ(p1 + p2 + p3)⟨⟨O1(p1)O2(p2)O3(p3)⟩⟩, (1.1)

thereby defining the reduced matrix element which we denote with double brackets. Lorentz

invariance then implies that ⟨⟨O1(p1)O2(p2)O3(p3)⟩⟩ is only a function of the magnitude

of the momenta pj = |pj |, while dilatation invariance implies that it is a homogeneous

function of total degree (∆t − 2d), where ∆t =
∑

∆j .

Finally, we impose invariance under special conformal transformations. The corre-

sponding Ward identities are second-order differential equations which can be manipulated

into the form

0 = K12⟨⟨O1(p1)O2(p2)O3(p3)⟩⟩ = K23⟨⟨O1(p1)O2(p2)O3(p3)⟩⟩, (1.2)

where

Kij = Ki−Kj , Kj =
∂2

∂p2j
+

d+ 1− 2∆j

pj

∂

∂pj
, i, j = 1, 2, 3. (1.3)

This system of differential equations is precisely that defining Appell’s F4 generalised hy-

pergeometric function of two variables. There are four linearly independent solutions of

these equations but three of them have unphysical singularities at certain values of the mo-

menta leaving one physically acceptable solution. This solution has the following integral

representation, which we will refer to as a triple-K integral :2

⟨⟨O1(p1)O2(p2)O3(p3)⟩⟩

= C123p
∆1− d

2
1 p

∆2− d
2

2 p
∆3− d

2
3

∫ ∞

0
dx x

d
2−1K∆1− d

2
(p1x)K∆2− d

2
(p2x)K∆3− d

2
(p3x), (1.4)

where Kν(p) is a modified Bessel function of the second kind (or Bessel K function, for

short) and C123 is an overall undetermined constant. We thus arrive at the conclusion that

scalar 3-point functions are uniquely determined up to one constant.

This result is still formal, however, since the integral in (1.4) may not converge. De-

pending on the conformal dimensions involved there are three cases: (i) the integral con-

verges; (ii) the integral diverges but it can be defined via analytic continuation in the

spacetime dimension and the conformal dimensions ∆i; (iii) the integral diverges and ex-

plicit subtractions are necessary. In the last case, after renomalisation, the correlators

exhibit anomalous scaling transformations: the theory suffers from conformal anomalies.

This is analogous to the discussion of 2-point functions (see footnote 1): renormalising the

2-point functions results in conformal anomalies, see, e.g., the discussion in [32].

We now turn to discuss tensorial correlation functions, such as those involving stress-

energy tensors and conserved currents. Lorentz invariance implies that the tensor structure

will be carried by tensors constructed from the momenta pµ and the metric δµν (throughout

2This expression can also obtained by direct Fourier transform of the well-known position space result,

see e.g., [31].
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this paper we work with Euclidean signature). The standard procedure consists of writing

down all possible such independent tensor structures and expressing the correlators as a sum

of these structures, each multiplied by scalar form factor. In the case of correlators involving

conserved currents and/or stress-energy tensors one then imposes the restrictions enforced

by conservation (and tracelessness of the stress-energy tensor in the case of CFTs). Recent

works discussing such a tensor decomposition include [13, 26–28, 30]. This methodology

is in principle straightforward, but an inefficient parametrisation can produce unwieldy

expressions. Here we present a new parametrisation that appears to yield a minimal number

of form factors.

Before proceeding with this, let us briefly discuss the transverse and trace Ward iden-

tities (also known as the diffeomorphism and Weyl Ward identities, respectively). The

fact that classically a current or stress-energy tensor is conserved implies that n-point

functions involving insertions of ∂αJα or ∂αTαβ are semi-local (i.e., at least two points

are coincident) and can be expressed in terms of lower-point functions without such inser-

tions. Similarly, the trace Ward identity implies that correlation functions with insertions

of the trace of the stress-energy tensor are also semi-local and are related to lower-point

functions. The first step in our analysis is to implement these Ward identities. We do

this by providing reconstruction formulae that yield the full 3-point functions involving

stress-energy tensors/currents/scalar operators starting from expressions that are exactly

conserved/traceless. These 3-point functions automatically satisfy the transverse and trace

Ward identities.

To determine the general form of correlators consistent with the transverse and trace

Ward identities, it thus suffices to start from an expression that is exactly conserved/traceless

in all relevant indices. Such an expression may be obtained by means of projection opera-

tors. Recall that in momentum space the operator

πµα(p) = δµα − pµpα
p2

(1.5)

is a projector onto tensors transverse to p, i.e., pµπ
µ
α(p) = 0. Similarly, in d dimensions,

the operator

Πµν
αβ(p) =

1

2

(
πµα(p)π

ν
β(p) + πµβ(p)π

ν
α(p)

)
− 1

d− 1
πµν(p)παβ(p) (1.6)

is a projector onto transverse to p, traceless, symmetric tensors of rank two.

To illustrate our discussion we will use as an example the 3-point function of the stress-

energy tensor, ⟨Tµ1ν1(p1)Tµ2ν2(p2)Tµ3ν3(p3)⟩. This is the most complicated case, but also

perhaps the most interesting one. In the main text we will explain the method using the

simpler example of ⟨Tµ1ν1(p1)Tµ2ν2(p2)O(p3)⟩, and in part II we present the corresponding

results for all 3-point functions.

To obtain the most general 3-point function of the stress-energy tensor satisfying the

transverse and trace Ward identities it suffices to start from the following transverse-

traceless expression,

⟨⟨tµ1ν1(p1)t
µ2ν2(p2)t

µ3ν3(p3)⟩⟩ = Πµ1ν1
α1β1

(p1)Π
µ2ν2
α2β2

(p2)Π
µ3ν3
α3β3

(p3)X
α1β1α2β2α3β3 , (1.7)
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3.3 Uniqueness of the solution

To frame our analysis purely in momentum space, we need to show that there is a unique

physically acceptable solution, up to an overall multiplicative constant, of the system (3.9),

(3.11), (3.12) of dilatation and special CWIs. To accomplish this, it suffices to transform

these equations into generalised hypergeometric form by writing

⟨⟨O1(p1)O2(p2)O3(p3)⟩⟩ = p∆t−2d
3

(
p21
p23

)µ(
p22
p23

)λ

F

(
p21
p23

,
p22
p23

)
, (3.15)

where the overall power of momenta on the right-hand side is fixed by the dilatation Ward

identity (3.9), and we have chosen to multiply the arbitrary function F by the prefactor

(p21/p
2
3)

µ(p22/p
2
3)

λ, where µ and λ are arbitrary constants. Substituting this parametrisation

into (3.11), (3.12) then yields a pair of differential equations satisfied by F . Taking µ and

λ to be any of the four combinations obtainable from the values

µ = 0, ∆1 −
d

2
, λ = 0, ∆2 −

d

2
, (3.16)

these equations for F read

0 =

[
ξ(1− ξ)

∂2

∂ξ2
− η2

∂2

∂η2
− 2ξη

∂2

∂ξ∂η

+ (γ − (α+ β + 1)ξ)
∂

∂ξ
− (α+ β + 1)η

∂

∂η
− αβ

]
F (ξ, η), (3.17)

0 =

[
η(1− η)

∂2

∂η2
− ξ2

∂2

∂ξ2
− 2ξη

∂2

∂ξ∂η

+
(
γ′ − (α+ β + 1)η

) ∂
∂η

− (α+ β + 1)ξ
∂

∂ξ
− αβ

]
F (ξ, η), (3.18)

where

ξ =
p21
p23

, η =
p22
p23

, (3.19)

and the values of the parameters α,β, γ, γ′ depend on the choice of µ and λ. Specifically,

parametrising the four choices for µ and λ by two variables ϵ1, ϵ2 ∈ {−1,+1} according to

µ =
1

2

(
∆1 −

d

2

)
(ϵ1 + 1), λ =

1

2

(
∆2 −

d

2

)
(ϵ2 + 1), (3.20)

we have

α =
1

2

[
ϵ1

(
∆1 −

d

2

)
+ ϵ2

(
∆2 −

d

2

)
+∆3

]
, β = α−

(
∆3 −

d

2

)
,

γ = 1 + ϵ1

(
∆1 −

d

2

)
, γ′ = 1 + ϵ2

(
∆2 −

d

2

)
. (3.21)

The system of equations (3.17), (3.18) defines the generalised hypergeometric function

of two variables Appell F4. This function has been extensively studied by mathematicians

– 16 –



J
H
E
P
0
3
(
2
0
1
4
)
1
1
1

where Xα1β1α2β2α3β3 is a rank six tensor built from the momenta and the metric. The com-

plete 3-point function may then be obtained using the reconstruction formula in (9.11.4).

At this point it seems that we have not gained much since we traded a rank six tensor,

the left-hand side of (1.7), with another rank six tensor, Xα1β1α2β2α3β3 . This is deceptive,

however, as the explicit projection operators annihilate many of the possible terms that

can appear in Xα1β1α2β2α3β3 . To obtain the most economic parametrisation we would still

like to impose one more requirement. The 3-point function is invariant under permutations

of the labels:

⟨⟨tµ1ν1(p1)t
µ2ν2(p2)t

µ3ν3(p3)⟩⟩ = ⟨⟨tµσ(1)νσ(1)(pσ(1))t
µσ(2)νσ(2)(pσ(2))t

µσ(3)νσ(3)(pσ(3))⟩⟩, (1.8)

where σ denotes any element of the permutation group S3 of the set {1, 2, 3}. We would

like to find a parametrisation making this invariance as manifest as possible.

Recall that the reduced matrix elements are multiplied by a momentum-conserving

delta function, as in (1.1). Often one uses momentum conservation to solve for one mo-

mentum in terms of the others, say p3 = −(p1 + p2), and then the right-hand side of (1.7)

contains only p1 and p2. In doing so, however, one obscures the relation (1.8). Here, we

will instead choose the independent momenta differently for different Lorentz indices:

p1,p2 for µ1, ν1; p2,p3 for µ2, ν2 and p3,p1 for µ3, ν3. (1.9)

With this choice, it is straightforward to show that Xα1β1α2β2α3β3 is determined by five

form factors:

Xα1β1α2β2α3β3 = A1p
α1
2 pβ1

2 pα2
3 pβ2

3 pα3
1 pβ3

1

+A2δ
β1β2pα1

2 pα2
3 pα3

1 pβ3
1 +A2(p1 ↔ p3)δ

β2β3pα1
2 pβ1

2 pα2
3 pα3

1

+A2(p2 ↔ p3)δ
β1β3pα1

2 pα2
3 pβ2

3 pα3
1

+A3δ
α1α2δβ1β2pα3

1 pβ3
1 +A3(p1 ↔ p3)δ

α2α3δβ2β3pα1
2 pβ1

2

+A3(p2 ↔ p3)δ
α1α3δβ1β3pα2

3 pβ2
3

+A4δ
α1α3δα2β3pβ1

2 pβ2
3 +A4(p1 ↔ p3)δ

α1α3δα2β1pβ2
3 pβ3

1

+A4(p2 ↔ p3)δ
α1α2δα3β2pβ1

2 pβ3
1

+A5δ
α1β2δα2β3δα3β1 , (1.10)

where the Ai are functions of three variables, Ai(p1, p2, p3), and A2(p1 ↔ p3) denotes the

same function but with p1 interchanged with p3, i.e., A2(p1 ↔ p3) = A2(p3, p2, p1), etc. In

this paper we assume that there are no parity-violating terms in the tensorial decomposition

of the various correlators. It would be interesting to incorporate such terms in our analysis.

We leave this for future work.

The form factors A1 and A5 are S3-invariant,

Aj(p1, p2, p3) = Aj(pσ(1), pσ(2), pσ(3)), j ∈ {1, 5}, (1.11)

while the remaining ones are symmetric under p1 ↔ p2, i.e., they satisfy

Aj(p2, p1, p3) = Aj(p1, p2, p3), j ∈ {2, 3, 4}. (1.12)
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All that remains to be discussed are the special conformal Ward identities (CWIs).

These split into a set of second-order differential equations, which we call primary CWIs,

and a set of first-order partial differential equations, which we call secondary CWIs. The

primary CWIs are very similar to the conformal Ward identity found in the case of scalar

operators, (1.3). In particular, A1, the term of highest tensorial dimension always satis-

fies (1.3), while the terms with lower tensorial dimension satisfy similar equations with

linear inhomogeneous terms on the right-hand side. In the case of the 3-point function of

Tµν , these read:

K12A1 = 0, K13A1 = 0,

K12A2 = 0, K13A2 = 8A1,

K12A3 = 0, K13A3 = 2A2,

K12A4 = 4 [A2(p1 ↔ p3)−A2(p2 ↔ p3)] , K13A4 = −4A2(p2 ↔ p3),

K12A5 = 2 [A4(p2 ↔ p3)−A4(p1 ↔ p3)] , K13A5 = 2 [A4 −A4(p1 ↔ p3)] .

(1.19)

It turns out that each pair of primary CWIs has a unique solution up to one arbitrary

constant, and that these solutions can be expressed in terms of triple-K integrals, similar

to the solution in (1.4). We will call these integration constants the primary constants. It

follows that the 3-point functions are determined up to a number of constants that are at

most equal to the number of form factors.

Finally, we need to impose the secondary CWIs. These are first order partial differential

equations that depend in particular on the specific 2-point functions that appear in the

transverse Ward identities. (As discussed above, the transverse Ward identities relate

3-point functions involving the divergence of the stress-energy tensor/conserved current

to 2-point functions.) When inserting the solutions of the primary CWI to the secondary

CWIs these become algebraic relations among the primary constants and the normalisation

of the operators (through the coefficient of the 2-point functions). Solving these relations

we obtain the final number of constants that determine the 3-point function. In the case

of the 3-point function of the stress-energy tensor we find that the final answer depends on

three constants, which may be taken to be two of the primary constants and the coefficient

of the 2-point function. This agrees exactly with the position space analysis in [3].

As in the case of scalar operators, the 3-point functions involving the stress energy

tensor, symmetry currents and scalar operators sometimes diverge and must be regularised

and renormalised. This is the case in all even dimensions. We will discuss in detail regular-

isation and renormalisation in a companion paper [33]. In this paper we restrict ourselves

to CFTs in odd dimensions where the 3-point functions are finite. Even in these cases the

individual triple-K integrals that enter in the 3-point function may diverge, with only the

total combination being finite. In such cases one needs to regulate the integrals and only

remove the regulator after the divergences cancel. Using appropriate regulator, the Bessel

K functions that appear in the triple-K integrals reduce to elementary functions and one

can compute the integrals by standard methods. On the other hand, when d is even the

evaluation of the integrals is less trivial. As will be discussed in [33], these integrals can be

computed using a reduction scheme, generalising Davydychev’s recursion relations [34].
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⟨⟨T (p1)Tµ2ν2(p2)Tµ3ν3(p3)⟩⟩ =

= 2⟨⟨ δT

δgµ2ν2
(p1,p2)Tµ3ν3(p3)⟩⟩+ 2⟨⟨ δT

δgµ3ν3
(p1,p3)Tµ2ν2(p2)⟩⟩. (9.11.2)

Reconstruction formula. Define

Lµ1ν1µ2ν2µ3ν3(p1,p2,p3) =

= 2

[
T µ1ν1α1(p1)p

β1
1 +

πµ1ν1(p1)

d− 1
δα1β1

]
δµ3α3δν3β3⟨⟨

δTα1β1

δgα3β3
(p1,p3)T

µ2ν2(p2)⟩⟩

+

[
T µ1ν1β3(p1)(2p

(µ3
1 δν3)α3 + pα3

3 δµ3ν3)− pα3T
µ1ν1
α (p1)δ

µ3α3δν3β3

+
2πµ1ν1(p1)

d− 1
δµ3α3δν3β3

]
⟨⟨Tα3β3(p2)T

µ2ν2(−p2)⟩⟩, (9.11.3)

where T µνα is defined in (9.1.20). The full 3-point function can be reconstructed from the

transverse-traceless part as

⟨⟨Tµ1ν1(p1)T
µ2ν2(p2)T

µ3ν3(p3)⟩⟩ = ⟨⟨tµ1ν1(p1)t
µ2ν2(p2)t

µ3ν3(p3)⟩⟩

+
∑

σ

Lµσ(1)νσ(1)µσ(2)νσ(2)µσ(3)νσ(3)(pσ(1),pσ(2),pσ(3))

−
[
T µ3ν3

α3
(p3)p3β3 +

πµ3ν3(p3)

d− 1
δα3β3

]
Lµ1ν1µ2ν2α3β3(p1,p2,p3)

− [(µ1, ν1,p1) $→ (µ2, ν2,p2) $→ (µ3, ν3,p3) $→ (µ1, ν1,p1)]

− [(µ1, ν1,p1) $→ (µ3, ν3,p3) $→ (µ2, ν2,p2) $→ (µ1, ν1,p1)], (9.11.4)

where the sum is taken over all six permutations σ of the set {1, 2, 3}.

Decomposition of the 3-point function. The tensor decomposition of the transverse-

traceless part is

⟨⟨tµ1ν1(p1)t
µ2ν2(p2)t

µ3ν3(p3)⟩⟩

= Πµ1ν1
α1β1

(p1)Π
µ2ν2
α2β2

(p2)Π
µ3ν3
α3β3

(p3)
[
A1p

α1
2 pβ1

2 pα2
3 pβ2

3 pα3
1 pβ3

1

+ A2δ
β1β2pα1

2 pα2
3 pα3

1 pβ3
1 +A2(p1 ↔ p3)δ

β2β3pα1
2 pβ1

2 pα2
3 pα3

1

+ A2(p2 ↔ p3)δ
β1β3pα1

2 pα2
3 pβ2

3 pα3
1

+ A3δ
α1α2δβ1β2pα3

1 pβ3
1 +A3(p1 ↔ p3)δ

α2α3δβ2β3pα1
2 pβ1

2

+ A3(p2 ↔ p3)δ
α1α3δβ1β3pα2

3 pβ2
3

+ A4δ
α1α3δα2β3pβ1

2 pβ2
3 +A4(p1 ↔ p3)δ

α1α3δα2β1pβ2
3 pβ3

1

+ A4(p2 ↔ p3)δ
α1α2δα3β2pβ1

2 pβ3
1

+A5δ
α1β2δα2β3δα3β1

]
. (9.11.5)

The form factors Aj , j = 1, . . . , 5 are functions of the momentum magnitudes. If no

arguments are specified then the standard ordering is assumed, Aj = Aj(p1, p2, p3), while

by pi ↔ pj we denote the exchange of the two momenta, e.g., A1(p1 ↔ p3) = A2(p3, p2, p1).
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where longitudinal and trace parts are

r = pµJ
µ, Rν = pµT

µν , R = pνR
ν , T = Tµ

µ . (9.1.19)

It will also be useful to define the operator T µν
α as in (4.22), namely

T µν
α (p) =

1

p2

[
2p(µδν)α − pα

d− 1

(
δµν + (d− 2)

pµpν

p2

)]
. (9.1.20)

We also denote T µνα = δαβT µν
β .

Operators in the theory

We assume the CFT contains the following data:

• A symmetry group G. The conserved current Jµa, a = 1, . . . , dimG, is then the

Noether current associated with the symmetry and is sourced by a potential Aa
µ.

Currents transform in the adjoint representation and we denote the structure con-

stants as fabc. We assume the Killing form is diagonal, tr(T aT b) = 1
2δ

ab, where T a

are generators of the group.

• Scalar primary operators OI all of the same dimension ∆. They are sourced by φI0
and transform in a representation R of the symmetry group. The representation

matrices are denoted by (T a
R)

IJ .

• A stress-energy tensor Tµν sourced by a metric gµν .

The relevant Ward identities in the CFT are discussed in section 5; in particular

the transverse Ward identities are given in section 5.4. Note that we define the 3-point

function of the stress-energy tensor to be the correlator of three separate stress-energy

tensor insertions (and this results in additional terms containing functional derivatives

relative to other papers in the literature, see the discussion in section 5.4).

The normalisation constants cO, cJ , cT for 2-point functions are

⟨⟨OI(p)OJ(−p)⟩⟩ = cOδ
IJΓ

(
d

2
−∆− vϵ

)
p2∆−d+2vϵ, (9.1.21)

⟨⟨Jµa(p)Jνb(−p)⟩⟩ = cJπ
µν(p)δabΓ

(
1− d

2
− vϵ

)
pd−2+2vϵ, (9.1.22)

⟨⟨Tµν(p)T ρσ(−p)⟩⟩ = cTΠ
µνρσ(p)Γ

(
−d

2
− vϵ

)
pd+2vϵ, (9.1.23)

where we use the general regularisation scheme (6.7) which takes d $→ d + 2uϵ, ∆j $→
∆j + (u + v)ϵ. Notice that the parameter u does not appear in the 2-point functions.

Dimensional regularisation then corresponds to u = v = −1/2.

In the following, we will illustrate our general results with specific examples in d = 3

and 5 dimensions. We consider for these purposes scalar operators both with dimensions

∆ = d − 2 and with dimension ∆ = d. The former may be constructed as O = φ2 in

a theory of free scalars, where φ is the fundamental field, while the latter presents an

interesting case being marginal.
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The form factors A1 and A5 are symmetric under any permutation of momenta, i.e.,

for any permutation σ of the set {1, 2, 3},

Aj(pσ(1), pσ(2), pσ(3)) = Aj(p1, p2, p3), j ∈ {1, 5}. (9.11.6)

The remaining form factors are symmetric under p1 ↔ p2, i.e., they satisfy

Aj(p2, p1, p3) = Aj(p1, p2, p3), j ∈ {2, 3, 4}. (9.11.7)

The form factors can be calculated as

A1 = coefficient of pµ1
2 pν12 pµ2

3 pν23 pµ3
1 pν31 , (9.11.8)

A2 = 4 · coefficient of δν1ν2pµ1
2 pµ2

3 pµ3
1 pν31 , (9.11.9)

A3 = 2 · coefficient of δµ1µ2δν1ν2pµ3
1 pν31 , (9.11.10)

A4 = 8 · coefficient of δµ1µ3δµ2ν3pν12 pν23 , (9.11.11)

A5 = 8 · coefficient of δµ1ν2δµ2ν3δµ3ν1 , (9.11.12)

in ⟨⟨Tµ1ν1(p1)Tµ2ν2(p2)Tµ3ν3(p3)⟩⟩.

Primary conformal Ward identities. The primary CWIs are

K12A1 = 0, K13A1 = 0,

K12A2 = 0, K13A2 = 8A1,

K12A3 = 0, K13A3 = 2A2,

K12A4 = 4 [A2(p1 ↔ p3)−A2(p2 ↔ p3)] , K13A4 = −4A2(p2 ↔ p3),

K12A5 = 2 [A4(p2 ↔ p3)−A4(p1 ↔ p3)] , K13A5 = 2 [A4 −A4(p1 ↔ p3)] .

(9.11.13)

The solution in terms of triple-K integrals (9.1.6) is

A1 = α1J6{000}, (9.11.14)

A2 = 4α1J5{001} + α2J4{000}, (9.11.15)

A3 = 2α1J4{002} + α2J3{001} + α3J2{000}, (9.11.16)

A4 = 8α1J4{110} − 2α2J3{001} + α4J2{000}, (9.11.17)

A5 = 8α1J3{111} + 2α2
(
J2{110} + J2{101} + J2{011}

)
+ α5J0{000}, (9.11.18)

where αj , j = 1, . . . , 5 are constants. If the integrals diverge, the regularisation (9.1.7)

should be used.

Secondary conformal Ward identities. The independent secondary CWIs are

(∗) L6A1 +R [A2 −A2(p2 ↔ p3)] =

= 2d · coeff. of pµ1
2 pµ2

3 pν23 pµ3
1 pν31 in p1ν1⟨⟨Tµ1ν1(p1)T

µ2ν2(p2)T
µ3ν3(p3)⟩⟩, (9.11.19)

L6A2 + 2R [2A3 −A4(p1 ↔ p3)] =

= 8d · coefficient of δµ1µ2pν23 pµ3
1 pν31 in p1ν1⟨⟨Tµ1ν1(p1)T

µ2ν2(p2)T
µ3ν3(p3)⟩⟩, (9.11.20)
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A	re-analysis	 of	these	 equations	 is	on	the	way			(Matteo	Maglio,	C.C.).

Implications	 for	Riegert's	 action

ar
X

iv
:1

70
3.

08
86

0v
1 

 [h
ep

-th
]  

26
 M

ar
 2

01
7

LA-UR-17-22382

TTT in CFT:

Trace Identities and the Conformal Anomaly Effective Action
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Abstract

Stress-energy correlation functions in a general Conformal Field Theory (CFT) in d = 4 dimen-
sions are described in a covariant approach, by metric variations of the quantum effective action in
an arbitrary background gravitational field. All conservation, trace and conformal Ward Identities,
including contact terms, are completely fixed in this approach. Applied to the ⟨TTT ⟩ correlator of
three stress-energy tensors, its conformal trace anomaly contribution is computed by three metric
variations of the exact 1PI quantum anomaly effective action. The result is shown to coincide
with the algebraic reconstruction of the trace parts of the correlator separately from its transverse,
tracefree parts, determined independently by the solution of the Conformal Ward Identities (CWIs)
directly in flat space in the momentum representation. In particular, the specific analytic structure
and massless poles predicted by the trace anomaly effective action are precisely what is obtained
by the reconstruction of the trace parts from the CWIs, showing that the massless scalar anomaly
poles in ⟨TTT ⟩ are a necessary feature of the exact solution of the anomalous CWIs in any CFT.
The physical implications of this result are discussed.

1

Matteo	Maglio,	Mottola,	CC

1.	Our	analysis	uses	different	correlators,	 they	differ	by	compact	 terms	

2.	We	 write	down	anomalous	 CWI's	directly	 in	D=4.	

This	bypass	the	very	difficult	 process	of	regularization	 (adding	 the	counterterm	 to	generate	 the	anomaly)



onto transverse vectors and transverse, traceless tensors respectively, in d dimensions. We define further
the longitudinal and trace projectors

Λµν
αβ(p) ≡

1

p2

{

p(µδν)α pβ + p(µδν)β pα −
pαpβ
d− 1

(

ηµν + (d− 2)
pµpν

p2

)}

(6.2a)

Θµν
αβ(p) ≡

πµν(p)

d− 1
ηαβ (6.2b)

such that Π + Λ + Θ = 1 is the identity. Thus given any symmetric second rank tensor T µν(p), one
may decompose it as

T µν(p) = tµν(p) + Λµν(p) +Θµν(p) (6.3)

where the first term is its transverse, traceless part

tµν(p) ≡ Πµν
αβ(p)T

αβ(p) (6.4)

while the Λµν ≡ Λµν
αβT

αβ and Θµν ≡ Θµν
αβT

ab terms in (6.3) depend only upon its longitudinal

and trace contractions pβT
αβ and ηαβT

αβ respectively. The latter terms are called ‘semi-local’ and
denoted tµνloc by the authors of [12], so that T µν = tµν + tµνloc.

The transverse, tracefree projected corrrelation functions

(⊥)S̃µ1ν1...µnνn
n (p1, . . . , pn) ≡ Πµ1ν1

α1β1
(p1) . . .Π

µnνn
αnβn

(pn) S̃µ1ν1...µnνn
n (p1, . . . , pn) (6.5)

obey sourcefree Special CWIs in d ̸= 4 dimensions with no X or Y terms on the right side of (5.7),
and are solved in [12] for the three-point function ⟨TTT ⟩.

In order to reconstruct the full three-point correlator one makes use of the basic identity

T2T3 = t2t3 + (Λ+Θ)2t3 + t2(Λ+Θ)3 + (Λ+Θ)2(Λ+Θ)3

= t2t3 + (Λ+Θ)2T3 + T2(Λ+Θ)3 − (Λ+Θ)2(Λ+Θ)3 (6.6)

following from (6.3), suppressing indices in a symbolic notation. From this it follows that

T1T2T3 = t1t2t3 + (Λ+Θ)1T2T3 + T1(Λ+Θ)2T3 + T1T2(Λ+Θ)3

−T1(Λ+Θ)2(Λ+Θ)3 − (Λ+Θ)1T2(Λ+Θ)3 − (Λ+Θ)1(Λ+Θ)2T3

+(Λ+Θ)1(Λ+Θ)2(Λ+Θ)3 (6.7)

or more explicitly, the full three-point correlator in momentum space is given by

S̃µ1ν1µ2ν2µ3ν3
3 = (⊥)S̃µ1ν1µ2ν2µ3ν3

3 + (Λ+Θ)µ1ν1
α1β1

(p1) S̃α1β1µ2ν2µ3ν3
3

+(Λ+Θ)µ2ν2
α2β2

(p2) S̃µ1ν1α2β2µ3ν3
3 + (Λ+Θ)µ3ν3

α3β3
(p3) S̃µ1ν1µ2ν2α3β3

3

− (Λ+Θ)µ2ν2
α2β2

(p2) (Λ+Θ)µ3ν3
α3β3

(p3) S̃µ1ν1α2β2α3β3

3

− (Λ+Θ)µ1ν1
α1β1

(p1) (Λ+Θ)µ3ν3
α3β3

(p3) S̃α1β1µ2ν2α3β3

3

− (Λ+Θ)µ1ν1
α1β1

(p1) (Λ+Θ)µ2ν2
α2β2

(p2) S̃α1β1α2β2µ3ν3
3

+(Λ+Θ)µ1ν1
α1β1

(p1) (Λ +Θ)µ2ν2
α2β2

(p2) (Λ+Θ)µ3ν3
α3β3

(p3) S̃α1β1α2β2α3β3

3 (6.8)

where we write out the indices but continue to suppress the dependence on the momenta (p1, p2, p3)
for compactness. When all the Λ + Θ longitudinal and trace terms are expanded out, one gets from

9

Clearly the eq. of motion (8.2a) possesses the trivial solution ϕ(0) = 0 in flat spacetime g
(0)
µν = ηµν ,

which corresponds to choosing boundary conditions appropriate for the standard Minkowski space
vacuum, or equivalently defining the quantum effective action such that its first variation and the
one-point function ⟨T µν⟩η = 0 vanishes in flat spacetime with no boundaries. With this condition we
may immediately solve the next order eq. (8.2b) to obtain

ϕ(1) = − 1

3
R(1) (8.3)

and hence the solution of (8.2c) is

ϕ(2) =
1
2

{

(
√
−g∆4)

(1) 1

3
R(1) +

1

2
E(2) − 1

3
[
√
−g R](2) +

b

2b′
[C2](2)

}

(8.4)

the latter of which contains a coincident double −2 pole in the momentum representation to second
order in the expansion around flat space.

Now we may substitute these solutions into the anomaly action (7.11), also retaining terms up to
third order in the expansion. In this way we obtain the quadratic terms

S(2)
anom = −b′

2

∫

dxϕ(1) 2ϕ(1) +
b′

2

∫

dx
(

−2

3
R(1)

)

ϕ(1) =
b′

18

∫

dx
(

R(1)
)2

(8.5)

which is purely local, since all propagators cancel. Thus the two-point correlation function of stress
tensors will contain no poles in momentum space due to the conformal anomaly, consistent with explicit
calculations.

The third order terms in the expansion of the anomaly action are

S(3)
anom = −b′

2

∫

dx
{

2ϕ(1) 2ϕ(2) + ϕ(1)
(√

−g∆4
)(1)

ϕ(1)
}

+
b′

2

∫

dx

{

(

−2

3
R(1)

)

ϕ(2) +
(

E(2) − 2

3

√
−g R

)(2)
ϕ(1)

}

+
b

2

∫

dx (C2)(2) ϕ(1) (8.6)

from which we observe that the two terms involving ϕ(2) cancel, upon making use of (8.3). Thus there
are no double propagator terms in the anomaly action to third order in the expansion. The remaining
terms in (8.6) yield

S(3)
anom = − b′

18

∫

dx

{

R(1) 1 (√
−g∆4

)(1) 1
R(1)

}

− b′

6

∫

dx
(

E − 2

3

√
−g R

)(2) 1
R(1)

− b

6

∫

dx [C2](2)
1
R(1) (8.7)

the first term of which involves

(√
−g∆4

)(1)
=

(√
−g 2

)(1)
+ 2 ∂µ

(

Rµν − 1

3
ηµνR

)(1)
∂ν (8.8)

where (7.4) has been used. Thus with the latter term one may integrate by parts and obtain

S(3)
anom = − b′

18

∫

dx

{

R(1) 1 (√
−g 2

)(1) 1
R(1)

}

+
b′

9

∫

dx

{

∂µR
(1) 1

(

R(1)µν− 1

3
ηµνR(1)

)

1
∂νR

(1)

}

−1

6

∫

dx
(

b′ E(2) + b [C2](2)
)

1
R(1) +

b′

9

∫

dxR(1) 1 (√
−g

)(1)
R(1) +

b′

9

∫

dxR(2)R(1) (8.9)

14

exact	 solution.	
It	predicts	 an	anomaly	
part	after	renormalization

Riegert	 action

This	action	exactly	 reproduces	
the	anomaly	action	
of	the	nonperturbative	 TTT



Taking an additional trace of (9.12), we find that the b term has zero trace and there remains only

ηα1β1
ηα3β3

(A)Sα1β1µ2ν2α3β3

3 (p1, p2, p3)
∣

∣

p3=−(p1+p2)
= 8b′ ηα1β1

[

E(2)
]α1β1µ2ν2(p1, p2)

= 16b′ Qµ2ν2(p1, p2, p3)
∣

∣

p3=−(p1+p2)
+ 8b′ p22

(

p21 + p1 · p2
)

πµ2ν2(p2) (9.14)

in the double trace. Thus in the first line of (9.9) we may substitute (9.12) and in the second line
use (9.14) to eliminate the Qµ2ν2 terms and its three cyclic permutations. Lastly computing the triple
trace

ηα1β1
ηα2β2

ηα3β3

(A)Sα1β1α2β2α3β3

3 (p1, p2, p3)
∣

∣

p3=−(p1+p2)
= 16b′

[

p21 p
2
2 − (p1 · p2)2

]

(9.15)

we find that we can write (9.9) in the form

(A)Sµ1ν1µ2ν2µ3ν3
3 =

1

3
πµ1ν1(p1) ηα1β1

(A)Sα1β1µ2ν2µ3ν3
3 +

1

3
πµ2ν2(p2) ηα2β2

(A)Sµ1ν1α2β2µ3ν3
3

+
1

3
πµ3ν3(p3) ηα3β3

(A)Sµ1ν1µ2ν2α3β3

3 − 1

9
πµ1ν1(p1)π

µ3ν3(p3) ηα1β1
ηα3β3

(A)Sα1β1µ2ν2α3β3

3

−1

9
πµ2ν2(p2)π

µ3ν3(p3) ηα2β2
ηα3β3

(A)Sµ1ν1α2β2α3β3

3 − 1

9
πµ1ν1(p1)π

µ2ν2(p2)ηα1β1
ηα2β2

(A)Sα1β1α2β2µ3ν3
3

+
1

27
πµ1ν1(p1)π

µ2ν2
2 (p2)π

µ3ν3(p3) ηα1β1
ηα2β2

ηα3β3

(A)Sα1β1α2β2α3β3

3 . (9.16)

Comparing this result with (6.11), we see that they coincide exactly, and we have proven that

(Θ)Sµ1ν1µ2ν2µ3ν3
3 (p1, p2, p3) =

(A)Sµ1ν1µ2ν2µ3ν3
3 (p1, p2, p3) (9.17)

since each is determined completely by the same single trace anomaly terms. Thus the anomaly
effective action with its full pole structure yields precisely the same trace parts of the three-point
⟨TTT ⟩ correlation function of stress tensors for a CFT in d = 4, by the general algebraic reconstruction
algorithm of [12]

10 Discussion

The principle results of this paper are (7.14), (9.9) and (9.17). The general form of the exact
quantum effective action (7.14) for a CFT in d = 4 makes it clear that the anomaly action Sanom in
any of its forms (7.8), (7.10) or (7.11) is distinct from the general Weyl invariant Sinv or local term
Slocal. As a non-trivial cocycle of the local Weyl group of conformal transformations of the spacetime
metric, one may always add Weyl invariant terms such as (7.9) to Sanom but such additions cannot
change its conformal dependence in ΓWZ of (7.6), nor its pole structure in momentum space, required
by solving (7.3b) for σ, incorporating the Wess-Zumino consistency condition on the covariant effective
action (7.13). It is clear that adding covariant local terms such as (8.12) also cannot change the pole
structure of the anomaly action.

The derivation of (7.11) and the decomposition (7.14) also show that the anomaly action Sanom

cannot and does not determine the Weyl invariant terms. This is a significant difference from the d = 2
case, where all metrics are locally conformally flat, and there are no undetermined Weyl invariant terms.
In this special case of d = 2 the conformal anomaly effective action is essentially the full answer and
determines all the stress tensor correlation functions. Some of the criticisms directed at the d = 4
anomaly action appears to have been based on the unjustified assumption that this should continue to

18

The	anomaly	 part	of	BMS		(TTT)	

exactly	 reproduced	 by	Riegert's	 action.	Single	 poles	 are	present.	
The	 reconstruction	 in	the	TTTT	 	is	on	the	way	



Conclusions	

We	 are	moving	 to	the	 reconstruction	 of	the	TTTT.

This	will	 show	definitively	 whether	 double	 poles	are	present.	

Thanks	


