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It has been shown in the past that a nonlocal (Riegert)
action reproduces perturbative results related to the trace
anomaly and the breaking of conformal symmetry in D=4
conformal field theories.

The issue whether such an action is consistent or not has
been widely debated in the literature.

| report on recent progress in the study of this problem
using a reconstruction method that builds correlators of 3
point functions by solving the conformal constraints in
momentum space

with special thanks to Prof. Dino Vaira ( Univ. di Bologna)



The analysis of Conformal Field Theories in D>2 dimensions finds enormous applications in
contemporary physics

ADS-CFT
Physics the Early Universe in its De Sitter phase, just to mention a few.

An important role is played by the conformal anomaly, which appears in even spacetime dimensions.

Beside the gravitational domain, the trace anomaly may have a role to play in the search for physics beyond the
Standard Model, being associated with the appearance of a DILATON and a possible Higgs/dilaton mixing,
where the dilaton appears as a dynamical state.

But one of the toughest issues to investigate concerns the breaking of this simmetry.
A non-conformal phase (spontaneously broken) phase needs an "explicit" breaking, since we cannot
introduce dimensionfull constants in a SM-like Lagrangian. The view is still quite foggy.

One possibility is to consider the anomalous breaking of this symmetry, where
the anomaly is introduced by renormalization.
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Solving the Conformal Constraints for Scalar Operators in Momentum Space
and the Evaluation of Feynman’s Master Integrals Delle Rose, Serino, C.C.

Conformal anomalies and the gravitational effective action: The 7' JJ correlator
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where b, b and c are parameters that for a single fermion in the theory result b = 1/32072%, b/ =
—11/5760 72, and ¢ = —e?/24 72; furthermore C? denotes the Weyl tensor squared and E is the Euler
density given by
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The effective action is identified by solving the following variational equation by inspection
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Obtained by Riegert long ago, the action was derived by solving the variational equation satisfied
by the trace of the energy momentum tensor. AZl(a:, x’) denotes the Green’s function inverse of the

conformally covariant differential operator of fourth order, defined by
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Expanding around flat space, the local formulation of Riegert’s action,
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We consider the standard QED lagrangian

1 gy . . —
L = —ZFWF“‘ + 1Yy (0, —ie Ay — mapp,

_ < _ <>
Ty = —ipy 9 + g (i Oy

T]’;L; = —eJHAY) 4 eg JM A,
ThY = FMFY ) — i g F*Fy
partial T_p T =T} + T}
(I5"(z))a =

T m&@b),

P>

p — v
T _Tf

In the coupling to gravity of the total energy momentum tensor
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The bare Ward ic{gntity which allows to define the divergent amflitudes that contribute to the anomaly

in I in terms of the remaining finite ones is obtained by re-expressing the classical equation
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which can be expanded perturbatively as
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There is, however, a more general way to proceed
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we get the first Ward Identity related to the gauge symmetry, expressed as
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TABLE 1.  The 43 tensor monomials named /4 vap (p, @) in Eq. (43) built up from the metric tensor and the two independent momenta
p and ¢ into which a general fourth rank tensor can be expanded.
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TABLE II. Basis of 13 fourth rank tensors satisfying the vector current conservation on the external lines with momenta p and q.
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We present here the expressions of the invariant amplitudes in the massless limit. We obtain
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A SIMILAR RESULT HOLDS FOR QCD

Armillis, Delle Rose, CC
The anomaly is mediated by the exchanged of 1 massless effective scalar state (an anomaly pole).

This feature is correctly described by the Riegert action.

Important point:
1. An anomaly action is not unique, and it is not supposed to reproduce the entire

result of the perturbative computation, but just the anomaly part.

2. The double pole structure of the action appears to be inconsistent with
the tenets of QFT.

There is no simple way out of this situation. At the moment we have only partial results.
Can we do something more, by going "non perturbative" ?



and in the Standard Model . Gravity and the Neutral Currents:
Delle ROSG, Serlno, C.C. Effective Interactions from the Trace Anomaly

1 1
S=5q+ Ssm + 5= —ﬁ/dllx\/—gR—k/lex\/—gESM—l—6/d4x\/—gR'HT”H,

2 5[Ssu + Si]

T xr) = _ K j1%
v R T o Loran(®) = = 5T (&) (2).
M .S. . Hi Yuk fix. host
ijzn :Tlfys +Tgsrm _I_Tuyzggs _|_Tw/u awa+Tﬁszw _i_TgVos )
Y SAARA AN
\\H I/ \\H
4 / AN /
@/i///:f‘rﬂ T
U (a) ()
¢ T~
(c)
Qbi P ,I+ ’“’J" 0 /-’J"
-7 N R
s W A v ~anoll v and many more
@?\\ 7]+‘A": 7]‘>“-:
Aoy Ay



5 4m§-
‘I’l F(S, 0., 0, mf) =

®2F(87 0? 07 m?) =

— m?Co(s7 0,0, m?, m?, m?)

2m2
1+ f} }
s

11s
B3p(s, 0,0, m3) =
3r (s, 0,0, my) 5

+  sBo(0, m.Zf, 7”?&') +3 7”1?‘ Co(s,0,0, 7”?', m?f, m?c) [5 + ZTrL?f] } .
a

Dy p(s, 0,0, mfc)

Dyp(s, 0,0, m?c)

(I)gp(s, O, 07 mfc)

2
K o« 1 m 3m
,Z,iQ%{,f,fff ngO(&O,O,m?,m?)

—f— — Q?{— + 3m? + Dy(s,0, O,m?7 m?) [5m? +s

Notice that as s infinity, mass corrections

related to the 1/s.

S

4m2
——2m?CO(s,O,O,m?,m%,m?)[1— f]}.,

Only 1 form factor is responsible forthe

conformal anomaly.

Neat separation of breakings due to
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are subleading and we recover the anomalous breaking

this appears to be in agreement with Riegert's action, but what about the "double poles" predicted by this action ?



Supersymmetry. The case of the Ferrara Zumino supercurrent

Superconformal Sum Rules and the Spectral Density Flow

of the Composite Dilaton (ADD) Multiplet in /' = 1 Theories

N=1 SYM theory shares a similar behaviour. it is clearly universal

th supercurren combines a stress energy tensor, a chiral and a susy anomaly
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In each sector, only 1 form factor is responsible for the anomaly.

Dispersion relation for the anomaly for factor, away from the
conformal limit. As m—>0, the branch cut turns into a pole.
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A nonlocal action
is responsible for this behaviour
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There are anomaly actions without any pole.  The dynamical dilaton

Conformal Trace Relations from the Dilaton Wess-Zumino Action Delle Rose, Marzo, Serino,C.C
Weyl gauging
. . 1 < An
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where Q(x) = 7(z)/A defines the local Weyl scaling of the background metric, with 7(z) being the dilaton field

The change in g, due to a Weyl transformation is compensated by the shift of 7,
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The dilaton is a dynamical field. No pole in the action, but an auxiliary degree of freedom is introduced.

How to resolve this issue?



Non perturbative solutions
Use conformal Ward Identities.

Move to the TTT and TTTT instead
of the TVV

We start from the scalar case (Delle Rose, Serino, C.C.)
Bzowski-McFadden-Skenderis (BMS)

The TTT discussed perturbatively in (Delle Rose, Serino, C.C.)
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1/sin one channel,

but double poles very difficult to disentangle in
the perturbative approach. We need to

reduce the number of form factors.



Conformal WI' s

scaling + sct

Scalar Case

dz,dzt — d:viida:’“ =

Qz)=1—-0(x) and

Solving the Conformal Constraints for Scalar Operators in Momentum Space

and the Evaluation of Feynman’s Master Integrals

Delle Rose, Serino, C.C.

Implications of conformal invariance in momentum
space

In the infinitesimal form, for d > 2, the conformal transformations are given by
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Conformal invariant correlation functions of quasi primary fields can be defined by requiring
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3 3

We observe that scale invariance, the first equation in Eq.(11), implies that Gia3 is a homo-

geneous function of degree a = —d + (771 + m2 + m3). Therefore it can be written in the
form
2 .2 2 2\ —d+ 2 (1 +n2+n3) . P? p%
G123(p1ap27p3) = (p3) 2 @(l’,y) with L = 9 Yy = 9 (33)
P3 D3
0 0 2 y O
— = 2(nptpu)ss+ 5 (1 —2)piy— Do ) —2(p1p +P2p) 55
opy ) A g " Ox nTE P2 oy
0 0 x 0 2 0
— = 2 + + — — —.
o (1 P2u)ap 2(p1 4 qu) o :2)) (L= y)p2p —yp1p) 7
_ with the parameters a, 3,7,7" defined in terms of the scale dimensions of the three scalar
(1l —x) 38; y? W - Qxy% +[y—(a+5+1)x] % operators as
—(a+B+1)yg —aB|®(x,y) =0,
[ 2 2 2 i — g — w f— é _ + 1
y(1—y) s — 2?5 —2xysle + [V — (a+ 5+ Dyl & 473 2 TTg TS
. 1 1 ,_d
(a+6+1)**aﬂ ®(z,y) =0, ﬁzd_%’ Y=g omtl




It is interesting to observe that the system of equations in (35), coming from the invariance
under special conformal transformations, is exactly the system of partial differential equations
defining the hypergeometric Appell’s function of two variables, Fy(«, 8;v,~";x,y), with coef-
ficients given in Eq.(36). The Appell’s function F} is defined as the double series (see, e.g.,
20, 21, 22] for thorough discussions of the hypergeometric functions and their properties)

Voui (B)ies 2 o
Fy(e, 557,75 2, y) ZZ ” ,'”.—f (37)
.7

2! !

So(a, 837, 2y) = ' T Fyla—vy+1L,8 -7+ 12—79,952,y),
Sg(a,ﬁ;ﬂ/,’y/;ﬂf,y) — yl_q//Fél(Oé_/y/_'_175_’7,—’_]—;772_7,;3’47:9)7
Su(e, Biv,Ysmy) = oY Fla —y = 42,87 = +2;2—7,2 —s2,y).



The conformal invariant correlation function of three scalar quasi primary fields with arbitrary

scale dimensions is then given by
Delle Rose, Serino, C.C.

_1 : —d+ 1 -
Gi3(pt.p5,p3) = 7 7 012?7 ” 4: 2("1+772+"3)n(p;2;) d+2(zl+n2+m) 1 {
1 2 1 2 1 2 1 2
PE+E-H)T (B -5 +3)T (B +5+)0 (5 +%+%5+%)

d

2 2

d d m_nm d m mn  m3
F(”l 2>F<"2 2>F(d 2 2 Q)F 372 2773

d — d d
><F4( _mAm— y mtm s d g

2 2 ’ 2 "2

d d moon2 M3 d m m 03
r(S_p)r(p-2 F(——— —)F Gym s
* (2 771) (m 2> 2 2 T 2T T2 T

— — d d
w24 B, < 772+773 771,771+7723 . S __n2+1;x’y>

O IS SN

d — - d d
Y- 2F4<§_771+773 772,772+7§3 . E 2+772+1;:E,y>

d d mo, n M d m  m  mn
r(S_p)r(s- 1“(— ———)r _eym e s
+<2 771) (2 "2> 2 T2 T s Ty Tty

d — d d
xxm_%ym_%ﬂ<__+m+n2+n3 Ul B S 1, - +n2+1my>}

:‘i

Do

+

—

8

<
N——

2 2 ’ 2 2

Notice that this corresponds to the solution of a4 1
a master integral T, ) = Cm) @)= (T + p?=( — p2)?)”

dd dd dd . ) .
/ P1 D2 D3 (27T)d(5(d) (p1 + Do + p3> J(Vla vy, V3>eflp1-:Jc1fzp2-aczfzp3-w3

(3n)? 2n)? (2)°
B 1 T(d/2 — 1)T(d)2 — vs)D(d/2 — v3) 1
" B D) ()T (05) (k)P (a3, ()




Recurrence relations from conformal invariance Integration by parts method jUSt correspond to

scale invariance

/ <2d7rl> o )

constraint of scale invariance. In fact, the scale transformation acts on J(vy, 1o, v3) in the form

0 % ) 1 B
[d—z(u1+u2+u3)—p1-a_m—p2-a—p2]/dz(p)yg((le)Z)W((l_pQ)Q)m —=0. (62)

Other recursive relations can be found

02 02 0
{plum — 2plum — 2(V2 + Vg)w -+ (1 < 2)} J(I/l,l/g,l/g) = 0

V2P1u{(1 + oty —df2) J(vi,va+ 1,v3) + (v2 + 1) (J(vi, v + 2,03 — 1) — pi J(v1, 1 +27V3))}
+1/1p2,{(1 + v +vs—d/2) T+ 1ve,vs) + (1 + 1) (J(1 + 2,v2,v3 — 1) —p3 J (1 +2>V27V3))}
+ vy [(Vg — 1) Ju(vr,vo 4+ Lvg) + (2 + 1) (Ju(vi,v2 4+ 2,03 — 1) — pf Ju(v1,va + 271/3))]

- [@3 1) a4+ L)+ (4 1) (T (0 + 2,00 — 1) — BT (0 + zug,ug))] —0, (65)



We can completely derive, independently of any IBP method, but just using scale and conformal invariance
the "step" relations of contiguity for the master integrals

1

J(1 +2,1n,13) =
(v 2 V3) v (v +1) (pf + 03 — p3) P3p

3 E C(a,byc)J(Vl +a,vy+bvz + C) ,
3
(a,b,c)

Notice: we have not used any Mellin-Barnes method
We have only one indetermined constant which characterizes the conformal class



TTT (BMS method) {(O1(p1)O2(p2)O3(p3)))

(O1(p1)O2(p2)O3(p3)))

Ai—2 Ap—d Ag—d [ d_
= Ciasp) °py Py 2/0 dz x> 1KA1—g(Pliv)KAz—g(W)KAg—g(P:ﬁ),

0 = K12((O1(p1)O2(p2)O3(p3))) = K23(O1(p1)O2(p2)O3(p3))),

0> d+1-2A; 0
K=K -K;, Kj=—5+ ¢

«tmm (pl)t“2”2 (pg)t“?"j?’ (p3)>> — JH (pl)H”QVQ (pg)H”B’VS (p3)XOll/31042,32043637

o181 o2 B2 o33

Ar—2d
:p3t



x1brazfrazfs Alpglp§1p§2p§2ptll3pf3

+ A §P1B2 par paz a3 53+A ( o )(55253 o1, B, oo a3
2 Do P3P P71 2(P1 P3 Do Do P37 D1

+ Aa(ps < )P P pgpg ppte

+A35a1a2651’82p‘f‘3pf3 +A3(p1 <_>p3)5a2a3562ﬂ3p31p§1

+ Ag(ps ¢ p3)3*1°9871 P p i

+A45a1a35a253p§1p§2 +A4(p1 <_>p3)5a1a35a261p§2p?3

+ Aa(ps o pa)o125°5 2] pf?

+ A55a16’25a2ﬁ35a3ﬁ1 ,
Ki2 A; =0, Ki3 A1 =0,
K12 A3 =0, K13 Ay = 841,
K2 A3 =0, K13 A3z = 2As,
K12 Ay = 4[Aa(p1 < p3) — A2(p2 <> p3)], K13 Ay = —4As(p2 < p3),
Kig As = 2 [A4(p2 <> p3) — Asa(p1 <> p3)], Ki3 As = 2[Ag — Ayg(p1 <> p3)].

The method can be thought of as the Helmholtz decomposition applied to CWI's



BMS solution forthe TTT

(T2 (p1)TH72 (p2) 1727 (p3))) = (¢ (p1)tH272 (p2)1"™ (p3)))
+ ZEug(l)Va(l),ug(z)VU(Q)MU(S)VU(?)) (pa(l),po(g),pg(?,))

7TM3V3( 3)

P v
- [%’?”3(1)3)19353 + ﬁ%m] L0 (py, py, ps)
)
)

o [(/’L17V17p1) = (,U27V27p2

= (u3,v3,p3) — (11,1, p1)]
- [(:ulvylﬂpl) = (N37V37p3 —

(/LQ, V27p2) — (/'le V17p1)]7

1 HpY
wp) — = |oplugy) _ _Pa v _ )PP
71 (B) = [2}9 5 d_1<5 +(a-9] )]



Primary conformal Ward identities. The primary CWIs are

K2 Ay =0, Ki3 A1 =0,

Ki2 Ay =0, K13 A = 84,

Ki2 A3 =0, Ki3 A3 = 2A,, (9.11.13)
Ky Ay = 4[Az(p1 < p3) — A2(p2 < p3)], Ki3 Ay = —4A3(p2 < p3),

Kig A5 = 2 [A4(p2 < p3) — Au(p1 < p3)], Ki3 As = 2[Ay — Ay(p1 < p3)]-

Secondary conformal Ward identities. The independent secondary CWIs are

(x) L A1 + R[As — Aa(p2 <> p3)] =

= 2d - coeff. of ph' pi?p2pl®py® in pry, (TH (p1)TH*"2 (p2)TH" (p3))), (9.11.19)
Le As +2R[2A5 — As(p1 <> p3)] =

= 8d - coefficient of §"**2p2pi*pT® in pry, (TH (p1)TH*"2 (p2)TH*"2 (p3))), (9.11.20)

A1 = a1J650001 5

Ag = dai1J500013 + @2J4{000}

Az = 2014002} + @2J37001) + @3J2£000};

Ag = 81 Juf110y — 202J3(001) + @aJ20001 5

As = 8ar iy + 202 (J2{110} + Jo101) + J2{011}> + a5Jo{000}



A re-analysis of these equations is on the way (Matteo Maglio, C.C.).

Implications for Riegert's action

TTT in CFT:
Trace Identities and the Conformal Anomaly Effective Action Matteo Maglio, Mottola, CC

1. Our analysis uses different correlators, they differ by compact terms
2. We write down anomalous CWI's directly in D=4.

This bypass the very difficult process of regularization (adding the counterterm to generate the anomaly)



5511/1/121/2#31/3 _ (J_)SN?#)L1V1M2V2M3V3 +(A+ @)Mll/lalﬂl (p1)3§1/81M2V2M31/3

(A OY () SIS (AL Q) () Sy
—(A+©)12 o (p2) (A +©)5 ;5 (pg) Shrrraefzasts
— (A+0) 5 (p1) (A +O)57  (pg) SgrFareasts
— (A + @)ulylalﬁl (p1) (A + @)MVQOQ,BQ (p2) ggzlﬁlazﬁzu:aus

+ (A + @)M1V1 o1 (p1) (A + @)MQVQOQBQ (p2) (A + @)ngsag,@g (p3) 351510052(13,33

Riegert action

== < (V=g (1)1 (1
[ { 2 R}b

_é/ (b’E(2)+b[C’2 2) lro Y

{ ( RO Ly gy Lo, Ru)}
3" 5

+
/ deRM L o) RO 4 b—'/de@m(” (8.9)
E 9 '

exact solution.
It predicts an anomaly
part after renormalization

This action exactly reproduces
the anomaly action
of the nonperturbative TTT



The anomaly part of BMS (TTT)

(A) S§01V1H2V2H3V3 _ % VL (py) Tew (A) Sglﬁluzlfzu?a% + % TH2V2 () Neto (A) S§L1V104252M3V3
g T () g, S LI (1) T () 1y gy, 52

% T2 (o) Y3 (D3) Naa B Mevs s “4) Sgblylagﬁmgﬁg - é T (p1) Y2 (D2) N 1 Mas o ) S:?lﬁlaﬁwgyg
o T ()22 (Do) T (D) Ty s T 3y, 0 S P1025209050 (9.16)

27

exactly reproduced by Riegert's action. Single poles are present.
The reconstruction in the TTTT is on the way



Conclusions

We are moving to the reconstruction of the TTTT.

This will show definitively whether double poles are present.

Thanks



