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We discuss general aspects of CFT’s in d> 2 dimensions and the solution of the conformal
constraints (conformal Ward identities) for 3-point scalar and tensor correlators

in momentum space.

This allows to investigate the role of the conformal anomaly in great generality.

The matching of a general CFT to free-field theory realizations allows to simplify drastically
the solution of the conformal Ward identities (CWI's) and the structure of such tensor
correlators.

We then turn to 4-point functions, showing the existence of solutions of such identities in the
presence of a conformal/dual conformal

symmetry. Some phenomenological implications of CFT in physics beyond the Standard
Model will also be brifely outlined.



CFT's have been extensively studied in the last 50 years for a variety of reasons

1. string theory

2. critical behaviour of statistical systems

3. Possible applications to particle phenomenology (extensions of the Standard Model with a "possible"
conformal phase

4. Early universe.

5. AdS/CFT correspondence. A theory in a conformal phase is dual —in a well defined sense-
to a specific gravitational theory. Applications of this correspondence, from ordinary field theories, to
cosmology (holography) as well as condensed matter physics have been overwhelming.

In d=2 spacetime dimensions the theory is particularly rich, but much less in higher dimensions.
Neverthless, the power of the construction is significant, vene in the presence of only a finite number
-rather than infinite- of symmetries.

Our discussions will be focused on theories with d> 2, where most of the activity, both in theory and
phenomenology is.
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no mass parameter present, the decay of a correlator is purely algebraic.

a) long range correlation, diverging correlation length as we reach the critical point

2) fluctuations around the critical behaviour characterized by the quantum expectation of values of
a set of local operators, identified by the operator product expansion.

Their scaling dimensions enter as specific "parameters of the underlying CFT.

enhancing Poincare' symmetry with 1 dilatation and d special conformal transformations
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One canshow that any CT can be written as a local rotation combined with a scaling
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we can first expand genericaly R around the identity as
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with an antisymmetric matrix [¢], which we can re-express in terms of antisymmetric parameters (7,,) and 1/2d(d — 1)
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1
€ = —T,5 (2
| ]“O‘ 2 P ( pa)“a R actson an vector, tensor, etc. using the appropiate form of Slgma
(EPU)MQ — 5pu5004 - 5poc5<w

Slgma can be expressed in terms of the antisymmetric part of the
conformal Killing vector v

1
Ruo = 0pa + Tpa = Opa + 58[04%]

with 0jqv,) = 0avy — Opva.



examples

Aty = QPAR,,AY(x)
= (I1—0+..)%4 (040 + %%vu] +...)A%(2)
v Tkl @ @ eaely dednes it
34 (2) = A(2) — AM(z) = ~(v- 0+ Da0) A4(2) + £ 0o, 4° (2),

which is defined to be the Lie derivative of A" in the v direction
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As an example, in the case of a generic rank-2 tensor field (¢* **) of scaling dimension A,, transforming according to a

representation D’ (R) of the rotation group SO(d),
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In the case of the stress energy tensor (D(R) = R), with scaling (mass) dimension A (Ap = d)
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d (transl) + %(d-1)d (Lorentz) +1 (dil.) + d(sct) = (d+1)(d+2)/2

generators SO(2,D)

. . . 1 Tu 2
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two and 3-point functions of primary scalar fields, in the scalar case, are easily

fixed
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analysis of the TT, TTT in coordinate space done long ago by Osborn and Petkou



to fix the structure of the primary correlator we are actually using the conformal ward identities
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which for 3-point functions reduce the solution to a unique expression, modulo one constant.

In the TJJ case things are more complicated.

Can we proceed autonomously to derive these results from momentum space?



Delle Rose, Mottola, Serino, C.C.

Bzowski, McFadden, Skenderis 2013
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Delle Rose, Motto|a, Serino, C.C. Solving the Conformal Constraints for Scalar Operators in Momentum Space

and the Evaluation of Feynman’s Master Integrals

2013
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The invariance under scale transformations implies that Gg(p?) is a homogeneous function of

degree o = %(771 + n2 — d). At the same time, it is easy to show that the second equation

can be satisfied only if 17y = 15. Therefore conformal symmetry fixes the structure of the

scalar two-point function up to an arbitrary overall constant C as
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simple poles for non positive integer arguments, which occur, in our case, when n = d/2+n withn=0,1,2,....
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anomalous variation of scale invariance
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Moving to scalar 3-point functions
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We need to solve
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(Delle Rose, Serino, Mottola, CC, 2013)
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The equations are found to become a hypergeometric system of rank-4
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Appell’s hypergeometric functions Fi(z,y), Fao(x,y), F3(x,y), Fi(x,y) are defined by the hypergeometric
series:
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and are bivariate generalizations of the Gauss hypergeometric series
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"The hypergeometric system of equations corrispondign to F4, canalso be obtained by first rewriting the special CWI's
which are four-vector equations to the scalarform (Bzowsky, McFadden, Skenderis, 2013)

dpj 7 Op7op§

e 0 02 02 i
K*(pi) =) | 208 —d)5 o +1f ~ 2 gorape | PP P2 Ps) =0,
J J

0P _ pf 0P _ ﬁg 0P hai | Kscalarmq) =0
Op!'  pi Opi  ps Ops’ chain ruie
scalar sz

2 d+1-—2A; 0

Op;Op; Di Ip;
K =K; - K,
0°P 1 0® 0°P 1 0

— @120 ——— — — 2 (d+1—2A3) =0

OpiOp; pi Op;



General solutions One discovers an Appell

system under certain
(rank of the system) conditions

Exact Correlators from Conformal Ward Identities in Momentum
Space and the Perturbative T'.JJ Vertex MM Maglio, C.C.

the transiton to the F4 system is guaranteed if we set to vanish the 1/x, 1/y terms in the change of variables
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linear combination of 4 fundamental solutions

It is important to verify that the symmetric solution above does not have any unphysical singularity in the

physical region, reproducing the expected behaviour in the large momentum limit p3 > p;

(MM Maglio, CC)
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Then one obtains an explictly symmetric expression
(Bzowski, McFadden, Slkenderis)
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Tensor correlators

TJJ and TTT correlators

Exact Correlators from Conformal Ward Identities in Momentum
Space and the Perturbative T'J.J Vertex

The General 3-Graviton Vertex (777) of Conformal Field Theories
in Momentum Space in d =4

TTT in CFT:

Trace Identities and the Conformal Anomaly Effective Action

connection with the nonlocal anomaly action

Bzowski, McFadden Skenderis, 2013

BMS

The general reconstruction method is due to BMS

MM Maglio, CC 2017

MM Maglio, CC 2018

MM Maglio, E Mottola, CC

We have provided a simplified analysis of the TJJ and TTT by matching the general reconstruction

to free field theory

2018



The general (nonperturbative) result obtained for this and other correlators can be simplified by choosing
3 independent field theory solutions which are conformal at 1-loop (e.g. QED, QCD)

The simplification is drastic and allows to avoid all the complications related to the renomalization of
the 3K integrals.

How to proceed the TTT Case
2 ow
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After renormalization this equation is modified by the contribution of the conformal anomaly,
by the general expression

gTD) = Y |81 CE) + D EG)| + fnaF (2
[=F.5,G

Az, 9)




02 _ RabcdRade . 4 RabRab +

2 _ abed ab 2
d—2 (d—2)(d— 1)R 7 E = Rapeq R AR R™ + R

Gurwr (TH (p1)TH2Y2 (p2) TH32 (p3))
= 4 AF2HY3 (py p3) — 2 (TH22(p1 + p2)TH33 (p3)) — 2 (TH2"2 (p2)TH3"3 (p1 + p3))

= 4 | B, [C?]*2™5 (2, p3) + By [E]""H* (p2, p3)

= 2 (T"" (p1 +p2) T (p3)) — 2 (T*2"(p2) T (p1 + p3)) -

special CWT’s take the form
0 = K" (THV1 (1) TH22 (29)TH3Y3 (23)) Z i tar () (THIVL (1) TH2V2 (29) TH3Y3 (13) )

<= B[, = Ao ) (T (xl)T“2”2(x2)T“3”3(x3)> + 2 (6" w1, — O5ayt) (THP (1) TH2Y2 (o) THY (3))
2 (6955 — 5al) (T (1) TP (2)TH5% (2g) + 2 (63 — 85052) (T (1) T4 () T ()
2 (695, — GRal) (THU (g T4 () TP () +2 (6% — 65a57) (TH (g TH2% () T4 ()




2
5P a8 s 8 8 i i) ey
(20— ) 205 g+ Gl g | T ) T ) T )

K
J D;j Je:

J

2 (g0 B 05, 00 D) (10 ) T ) T )
1

2 (g0 B g5, 0 D) (10 ) 195 ) T2 ) = 0

projectors
. ; Wu:(w_pupa b = 1 a
Reconstruction in the BMS approach a— %a 2 a” g_1"a
I = % (wgwg + Wgwg) — di 17r’“/77a5,
THY = thV 4 gl T = ]% lzpw(sg) — (@ 4 (d - z)pgfy)]

p Pap pHp”
72 = Tps = 2 (r  0t) - P2 (0 4 (0 - 2P )
p p p
1
oy =5 (T T)  nly =

transverse traceless sector

(107 ()92 (p2) 5% (ps) = T L5 T TS0 (0% () T2 (o) T5% ()



the tt sectors is parameterised in a specific way BMS

(90 ()52 () () = TTAL% (VT8 () T )
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+ A4(p2 4 p3) 63251 P2p s pit 4 A550‘15250‘25350‘351] (5.12)

the entire correlator is reconstructed via
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H1V1 4H2V2 4 l3V3 H1V1 2V 4303 L1Vl ph2V2 13V3 H1V1 2V L [13V3
+ <tloc tloc t >+ <tloc tloc t >+ <t tloc tloc >+ <tloc tloc tll_oq >

at the same time one solves the diolatation WI
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0
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the intermediate steps are rather technical

BMS
K341 =0 Koz A1 =0
K342 = 84, Ko3A9 = 844
Ki3A2(p1 <> p3) = =84 Ka3Aa(p1 <> p3) =0
K13A3(p2 <+ p3) =0 K3 Az(p2 < p3) = =84 primary WI's
Ki3A3 = 24, Ko3A3 =24,
K13A3(p1 <+ p3) = —2A2(p1 ¢ p3) K3 A3(p1 < p3) =
K13A3(p2 <+ p3) =0 K3 A3(p2 < p3) = —2A2(p2 < p3)
Ki13A4 = —4A3(p2 <> p3) Koz Ay = —4As(p1 < p3)
K13A4(p1 < p3) = 4A2(p2 < p3) K3 Ay(p1 <> p3) = 4A42(p2 <> p3) — 442
K13A4(p2 <> p3) = 4A2(p1 <> p3) — 442 Ko3Ay(p2 <> p3) = 442(p1 <> p3)
K13A5 = 2[Ay — Ay(p1 < p3)] K3 As = 2[Ay — As(p2 < p3)]

and some secondary WI's which connect 3- and 2-point functions

The primary can be solved in temrs of 3K integrals and deffine a generalised hypergeometric system
of Appell type for F4.
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o= — 2 ey 4 — b 5520 Secondary

b1
0 0
| L — 2 2 p) £ 20%py— + [(2d — Ay — 2A5 + N)p? + (2A1 — d)(p2 — p2
o _F [L4 P 2R AL(pr > pg)] N =p1(pi +p3 p3)8p1 P1P2 92 [( 1 2 )T + (241 )(p5 p2)]
1
2
Cas = = [La A2(p1 <> p3) — RAs + RA4(p2 <> p3) + 2p5 (A2(p2 <> p3) — A2)]
1 .
c L Aa(ps  ps) — AR As(pa > ps) + 2RAs(p1 ++ ps) — 252 Aa(ps ¢ ps)] ¢
34 = —— | La Aa(p2 - - =
2 2 b1
Clas = 5 [L2 As(p1 <> ps) + pi(As — As(p2 <> p3)]
1
1
Cos == (L Ay + 2R A5 + 8pi As(p2 <+ ps) — 2pi(As + Aa(p1 <> ps))]
1
1
Cs7 = ——5 [L2 Aa(p2 ¢ ps) — 2R As — 8pTAs + 2p1 (Aa(p2 ¢ p3) + Aa(p1 > p3))]

pr



Solutions (MM Maglio, CC)

examples

A = pg_

solutions determined independently either in terms of 3K
integrals (BMS) or by direct properties of the signle
F4's in the corresponding hypergeometric system (Maglio,CC)

> 1 fi(a,b) 2%y’ Fi(a(a,b) + 3, B(a,b) + 3;7(a), ' (b); =, y)
a,b

Ay =p§ >y ahf [02 fa(a,b) Fa(a +2, 8+ 2;7,7; 2,y)

ab

+ (62512) fl(a,b)F4(oz+3,ﬁ+2;7,7';35,y)].
the solution is fixed up to 5 independent
_d=2 constants, depending oin the
p ; spacetime dimension d
fQ <§70> :f2 (07§> =1

%

d d

5’2)2

['(—d/2)0(d + 2)
I'(d/2)




Renormalization, anomalies and the anomaly action

Lagrangian realizations and reconstruction MM Maglio, CC

in d=4 we need 3 sectors to perform the
matching

1 [
Sscalar = 5/ ddw -9 [g,u vu¢vu¢ - XRQbQ]

1

Spermion = 5 | @'z e et [$1°(Du) — (Dud)rv].

1
D,=0,+T,=0,+ 52@’? eIV, o

1
Sm=—7 /d4x\/—g F*E,,,
ng _ _1 dir \/_—g (Vﬂ A“)Q, The X% are the generators of the Lorentz group in the spin 1 /2 representation.
Sgh _ /d45[) \/_—g 8,u58,u C. Sabelian — SM + ng + Sgh

where xy = (d —2)/(4d — 4) for a conformally coupled scalar in d dimensions, and R is the Ricci scalar.

e, is the vielbein and e its determinant, with the covariant derivative D), given by
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7
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7/
, ko
TV AAAAARS, T
N\
p1 Nk
\
N
\
N
()
TH ¢ Th2 Y T+
//
4
. D,
b2 , ko P2 ko
1 N 21 k1
N
\\\
THiv1 ) TH1vy )

(T (p1) T2 (p2) TH™ (p3))

<tM1V1 (pl)thz (p2>t,u3V3 (p3)>8

I pa //,IfQﬁ-’;\L‘z’MbT“
P1 \kl
T vertices
p2 ks D2 (kl
P ky P1 ke
\..
triangle + 3 bubbles
3
_ M1V p2V2 4313 M1V p2V2 4313
— _VS (p17p27p3> + Z WS,i
i=1
—_ M1V H2v2 H3V3
_ Ha151 (pl)HO@ﬁz (p2)HOé3ﬁ3 <p3)

S Z
I/// N
Ly 1+ ps
\ 1
\\ //
~—a-” ‘{3
(p1,p2, p3)

H2va

3
w | — V;1510¢25206353 (p1,p2,p3) + Z W§%51a252a353 (1, P2, P3)

1=1

tt sector



P THav2 THava Tr2v2
RAANAA
T . e Tran
P3
NN
THavs THavs l+p TH3vs
Trvs TrHv2 Twave
TwHsvs THva Trsvs
THiv Tr2vz rava
THzv2 TH2v2
Tri THavy
Thavs l+p Twsvs

Thsvs THiv1 THavs

Can be matched to the complete solution of the CWI's



in d=3 we need two sectors (scalar and fermion)

3
d=3 _ T (ns —4np) 3 2 2
AT™°(p1,p2,p3) = 6001 + pa + p3)® [p1 + 6pi(ps + p2) + (6p1 + p2 + p3) ((p2 + p3)” + 3p2p3)]

3(ng — 4np)
Ad=3 _ ™ (ns F [4 2 7 2 6 20 3 4 4
5 °(p1,p2,13) 60(p1 + o+ ps)° p5(7(p1 + p2)° + 6p1p2) + 20p5(p1 + p2) + 4ps

+ 3(5p3 + p1 + p2) (1 + p2) ((p1 + p2)? +p1p2)]

™Snp

[0} + 40302 + ps) + (41 + p2 + p3) (P2 + p3)? + paps) |

+
3(p1 +p2 + p3)?

3
A%=3(py, po, ps) = —— (ns — dn) [(4193 +p1 + p2) (3(p1 + p2)* — 3(p1 + p2)?p1p2 + 4p3p3)
o 120(p1 + p2 + p3)*

+ 9p3(p1 + p2) ((p1 + p2)* — 3p1p2) — 3p3 — 12p5(p1 + p2) — 93 ((P1 + p2)? + 2p1p2)]

7T3’I’LF

+
6(p1 +p2 +p3)3
73(ns + 4np)
8(p1 + p2 + p3)

[(pl + p2) ((p1 + p2)? — p1p2) (p1 + P2 + 3p3) — ps — 3p3(p1 + p2)

- 6p1p2p§] - - [p{’ + 2p3(p2 + p3) + (201 + p2 + p3) ((p2 + p3)? — pzm)]



3(ng — 4nr)
Ad=3 Sy (ns F [_3 649 4
5 (P1,D2,Dp3) 240(p1 + po + p3)° (p1+p2 +p3)° + 9(p1 + p2 + p3)” (p1p2 + P2p3 + P1p3)

+12(p1 + p2 + p3)*(p1p2 + paps + pap1)? — 33(p1 + p2 + p3)?P1paps

+ 12(p1 + p2 + p3) (P12 + P2p3 + P1P3)P1P2P3 + SP%pgp:%,]

7T3nF

+
12(p1 + p2 + p3
+ 4(p1 + p2 + p3)(P1p2 + paps + P1p3)? — 11(p1 + p2 + p3)*p1p2aps

2 [ — (p1 4 p2 + p3)° + 3(p1 + p2 + p3)* (P12 + P2p3 + P1P3)

m(ng + 4n
+ 4(p1p2 + p2ps + p1p3)P1p2p3] — % [p? +p3 + Pg] (8.
3 3 5/2
m(ng — 4n T™n 3
) = (ns r) ay = r cr = (ng +4np),

480 ) 5 128 matched to the BMS solution for d=3



d=5

+similar

4 — 4np)
A%=5(p) pa,p3) = — (ns E {pl +p2 +p3)%((p1 + p2 +p3)* + (p1 + P2 + p3)(p1p2 + paps + p1p3

+ (p1p2 + paps + p1p3)®) + (p1 + p2 + p3) (p1 + p2 + p3)* + 5(p1p2 + p2ps + p1p3) ) p1p2ps + 10pTpsps |-

mt(ng — 4ng) mnp 5r7/2

560 x 72 0 2T o0 T

(ns + 8np).

a1 —
1024 matched to BMS

in d=3 and 5 there are no anomalies



in d=4 The correlator in d = 4 and the trace anomaly
we need 3 sectors and we need to

renormalize because the gauge
sector is not finite

3
(T (p1 ) T2 (po) T3 (p3)) g = — V&2 (1, pa,ps) + Y WEL ™21 (p1, pa, ps)
=1

(#4012 (p2)" (p3)) =TI (o1 IS () IS5 ()

o131 o232 a3f3

3
% [ . Vg151a2/320é3ﬁ3 (p17p27p3) 4+ Z Wg}i&mﬁza:&ﬁ:& (p1,p2,p3)
1=1

(THFV1 (py )TH2Y2 (pg ) TH3Y3 (pg)) = Z ny (THWVL (p)TH2Y2 (py) TH3Y3 (p3)),

I=FG.S
. 2 e
ADiv o [26n¢ — Tnp — 2ng] Al is finite
45¢
Di °
A3 wo_ @ [3(5 + 81)<6nF +ng + 1271@) + 32(11np + 62ng + ns)}

: T
Y — [(s + 51)(29np + 98ng + 4ng) + s2(43np + 46ng + 8n5)]

= 1302 {np (4382 — 14s(s1 + s2) + 433% — 145189 + 433%)



Renormalization of the TTT

St = =2 3> s [ atey=5( 8D+ 1) B)

I=F8,G

(TH (pr) TH2" (p2) T (03)) count =

1
= _g Z ny (/BG(I) Vcl’lleVl,UQVQl/fSVS (p17p27p3) + Bb(-[) V£1V1M2V2M3V3 (plap2ap3)>

I=F.5,G




Anomalous CWI'sin QED (MM Maglio,CC)

one needs also to investigate the

Secondary anomalous CWTI’s from free field theory

<TU1V1T,U2V2T,U'3V3>R — <t,U'1V1t/«L2V2t.U3V3>R _|_ <TN1V1TN2V2TN3V3>R It _|_ <T,U'1V1T,U2V2T,U3V3> ]
en en en anomaly



% - AN
the anomaly part

% M$ Ny
R %’

o
N
()
TH1V TH2v2 TH3V3 B M1V (p1) T TH2v2 TH3V3
anomaly — 2 anomaly
{ (p1) (p2) (P3))anomal 35 (T'(p1) (p2) (P3))anomai
1
FH2v2(p ) ) TH3V3 (p . y
e T (1 ()T () T (0 momaty + g B (T (1) T2 (52 )T (3 amomaty
2 3
AL (pg ) 7H2v2 (g y FTH2V2 (po) ) TTH3Y3 (g )
o ( )2 2 ( )<T(p1)T(p2)T“3 3(p3)>cm0maly - ( )2 2 ( )<T'u1 1(p1>T(p2)T(p3)>cmomaly
9]91}92 9]92}93
FHIVL (py ) 7TH3Y3 (g 5 FHVL (py ) TTH2Y2 (po) ) 7TH3Y3 (g ~
- ( )2 2 ( )<T(p1)T'u2 2<p2)T(p3)>cmomaly T ( ) 2 (2 2) ( )<T(p1)T(p2>T(p3)>anomaly-
Ipip3 27pip5p3



~{m ) [ B +b(c?)

{7?“’1”1 (p1) Q"2"2(p1, p2, p3) ™33 (ps) + (CycliC)}

160

+ > T (pl) heve (p2) TH3Vvs (p3) {p% p1 - po + (CyCIiC)}

A) ocp1vipavous3y
()83112233(

2V p3Ys
P1, P2, P3) = (2)}

(p2,p3) + (CycliC)}
16V
9

3-point anomaly vertex

TTT

Q"2 (p1, p2, p3) = p1y [RM]1272 (p2) psy

(w2 v2)

(p2  vo)

1 .
= 5 {(pl o pZ)(p2 : p3) 77#21/2 + p2 2% M2 p3 (p2 p3)p1 p2 (pl . pZ)p%MQ pgz)} pleces

[E(Q)]Nﬂ/i,uj’/j _ [R(l) R(l)uayﬂ]mvmgvg 4 [Rlelj)R(l)W]uwinj + [(R(l))2]uz"/z'#j’/j

povf

[(02)(2)}%%‘#3"/9 _ [R(l) R(l)uauﬂ]uﬂ/zﬂg’/y —9 [RELIV)R(l)/,W] Hilifl; Vs + % [(R(l))ﬂ 1

pavf

exactly reproduced
by the

_ e

A —1
Ay =V, (VFVY +2R™ - 2Rg™ )V, = O + 2R™V,V, — 2RO + 3(V'R)V, Dy(@, ) = (B4 )aa




4-point functions (MM Maglio, CC)

On Some Hypergeometric Solutions of the Conformal Ward

Identities of Scalar 4-point Functions in Momentum Space

8 (d—2A141) 0 &  (d—283+1) D
013 — 5 + — 5

Op7 D1 op1  Op; P3 Ops3
10 0 N o 9 0 +(A3+A4—A1—A2)2
s 0s = op1 e Opo v Ops pe Op4 s 0s

+l£ 5, N o o9 0 +(A2+A3—A1—A4)§
t ot i’ 8p1 B 8p4 B2 6])2 pe 3]93 t ot
(7 —p3) 0 _

+ o st q)(plap27p3ap4as’t) = 0.

dual conformal symmetry
k = ys1, p1 = Y12, P2 = Y23, P3 = Y34
d%k

(I) ox 9 9 9 -
Box (D1, D2, D3, P4) /k:2(k + p1)2(k + p1 + p2)?(k + p1 + p2 + p3)?

by requiring conformal invariance
in momentum/coordinate space
and in dual coordinate space

one btains a unique solution



DCC solutions (dual conformal/conformal) probably related ti a Yangian symmetry

[ (d-2A+1) 0 & (d-2A41) D +(p%—p§) 0% ]
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new hypergeometric systems

of variables



particular solutons of these systems are Lauricella functions
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Lauricella lived in Pisa and Sicily, he was sicilian Giuseppe Lauricella (1867-1913)
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4K integrals (introduced in Maglio, CC 2019)



Conclusions

CFT in momentum space is a fast developing field

Many connections to phenomenology

3 point functions understood
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