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Summary. We investigate zeta regularized products of rational functions. As an appli-
cation, we obtain the asymptotic expansion of the Euler Gamma function associated with
a rational function.

1. Introduction. Let r(z) = cpp(2)/qr(2) be a rational function of z,
where pj, and ¢, are monic polynomials with real coefficients of degree h
and k, respectively, and ¢ # 0 is a real number. Factoring r(z) into the

product
pr(z) _ (zHa1)---(z+ap)

r(z)=c = ,
B = " Grb) (b
it is clear (see for example [8, 12.13]) that the infinite product
ﬁ Pr(n)
L% ak(n)
converges if c=1, h =%k, a1 +---+ap — by —--- — by, = 0, and assuming

that no factor in the denominator vanishes. If this is the case, it is a result
of Euler that

Crpn(n)  D(14by)--I'(1+by)

Lhan(n)  I(l+a)---I'(1+an)

M. Eie [4, Main theorem II] proved that this result generalizes to zeta
regularized products when ¢;(2) = 1 and |a;| < 1. Recall that if A = {\,,}72,
is a sequence of complex numbers with a unique accumulation point at infin-
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ity and genus g (see for example [2, 7.5], or [6, Section 2| for the definition),
and if A is contained in some suitable sector of the complex plane, then the
zeta regularization of the infinite product

I
n=1

is by definition e=¢'(®4) | where the zeta function associated to A is defined
by the Dirichlet series
[e.o]
=2 A
n=1

when Re(s) > g, and by analytic continuation elsewhere, and where by
¢’(0, A) we mean the finite part of ((s, A) if {(s, A) has a pole at s =0 (we
refer to [6] for details). If the unique accumulation point of A is zero, then
we define the associated zeta function by ((s, A) = {(—s,1/A4).

If A={cpn(n)/qx(n)}>2, we denote by ((s,cpn/qr) the associated zeta
function, and we call it the zeta function associated with a rational function.
The polynomial zeta function ((s, px) has been studied in the cited work of
Eie. Subsequently, the construction has been generalized by studying multiple
polynomial zeta functions in [5], and introducing polynomial multiplicity in [3].

In this note, we extend this construction to the case of rational functions.
Our first result is the following proposition, which also gives an elementary
proof of Main Theorem II in [4].

PROPOSITION 1. Let ¢ # 0, and ay,...,ap and by,..., bx be complex
numbers with |a;| < 1, |bj| < 1, and h # k. Then the zeta reqularization of
the infinite product

thn ﬁ (n+a1)--(n+ap)
oot (n) oot (n+by)---(n+bg)

18
e~ ¢ (Oscpn/ar) — (27r)%0* avtotanbi—oby 1 T(1+by)--- (14 bg) '
I'l+ay)---I'(1+ap)
As a second result, we present the following natural application of Propo-

sition 1. Define the Euler Gamma function associated with the rational func-
tion 7(2) = cpn(z)/qx(2), with h > k > 0, to be the Weierstrass product

o gz/r(n)
I(zyepn/ar) = [ ————
4 L+ z/r(n)

where we put g = 1 if h = k+ 1, and g = 0 otherwise (note that g is the
genus of the sequence A). Then we have the following asymptotic expansion,
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where the notation Res; f(s) denotes the coefficient of the term (s — s0) ! in

the Laurent expansion of f(s) at s = sg (see for example |1, p. 420]).

PROPOSITION 2. For large z with |arg(z)| < m,
1

mek—h 1
A% ifh>Fk+1,
log I'(z, epn/qi) = S k= )
czlogz—i—<ResoC(s,cph/qk)—c>z ifh=k+1,
s=1
— 1
+<2+ h & ) 0gz
(2+ P— logc
h—k I'l+b)---I'(1+b
+ log 271 + log (1+01) (1+b) +o(1).

2 I'l4+ay)---I'(1+ap)
The proofs of these propositions are presented in the next two sections.

2. The proof of Proposition 1. Expanding the powers of the binomi-
als we obtain, for large Re(s),

¢ conf2) = ;i; () () wvctn—ms+ v+

where ((s) is the Riemann zeta function, we use the multi-indices j =
(jlv"‘7jh) l_(lh'l' lk)} and |j|:j1+"'+jh, ’l|:l1+"‘+lk7
aj =aiteaft o = bl (5) = (57) - G (D) = () -+ (i) Thus,

J J U
c*C(s,epn/qr) = C((h —k)s +ZZ< )aJ“C ((h=Fk)s+ ja)

a=1j,=1
+ZZ( = R)s-+ 1) + o)
=1lg=1

where ¢(s) has a zero of degree 2 at s = 0. Isolating the singular terms, we
obtain

(1) (s epn/ar) = C((h— k)s) = sC((h ks+1(zaa Zbﬂ)
a=1
+ZZ( >aﬂag ((h = k)5 + ja)

a=1j,=2

+ZZ( =B+ 1) + o).

B=113=2
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The analytic continuation at s = 0 of the function on the right side of
(1) is given by that of the Riemann zeta function, and is regular at s = 0.
In particular,

d oo —3 ) . 0 -1 Jo ) .
S ( )<<<h—k>s+ga>azf— S ED® cayade
S Szoja:2 jOé ja:2 jOL
= logF(l —I—aa) + Yaq,
d > S lg o ﬁ
=l > (lﬁ>g((h k)s + )by =
5_0l5:2 lg=2

= —logI'(1+ bg) — vbgs.

This gives the expansions near s = 0 of the different terms:

—s¢((h— k:s+1<Zaa Zbﬁ) <Zaa Zbﬁ)
—’y(;aa—z%)s%-O(sz

h h
ZZ< )ah{ (h—Ek)s+ jo)= (logHF(l+aa Z )s+O
=1jo=2 a=1
k k
ZZ() ((h = k)s + 1) == (1og [T (1 + by) + Z 5)s+0(s?)
B=113=2 B=1 =1
and hence
1 h k
C(Oaph/Qk):C<O)_m<zaa_zbﬂ)a
a=1
L / og H 1 I'(1+ aq)
C(0,pn/qr) = (h — k)C'(0) +1 [T, 11 + bs)

3. The proof of Proposition 2. We shall use some notations and
results from [6] and [7], concerning sequences of spectral type. Let us indicate
the main steps of the proof.

Let S be any sequence of positive real numbers, which is simple regular
of spectral type with genus g. Let F(z,S) denote the Fredholm determinant
associated to S (see [6, p. 866]; also note that its inverse is called the Gamma
function in [7]). There exists an expansion (use Definition 2.1 and Lemma
2.7 in [6] or Definitions 2.1 and 2.7 in [7])
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g J
—log F(2,5) = Z ;127 log z + Z Ay 02" + 0(2%7)
Jj=0 Jj=0
for large z with |arg(z)| < m and a9 > a3 > --- > ay. Observe that our
sequence A is a simply regular sequence of spectral type with genus g, where
g=1if h=k+ 1 and g = 0 otherwise. Indeed, A is a sequence of spectral
type by Lemma 2.5 in [6], and is simply regular by Proposition 2.11 in
[7], since the possible poles of the zeta function ((s, A) are at most simple.
Moreover, by the same proposition the possible poles of the zeta function
are located at s = a;, and by Remark 2.9 in 7], oy < g+ 1. Now, using the
expansion given in the previous section, it is easy to see that ((s, A) has at
most one simple pole on the positive part of the real axis, and this pole is
at s=1if g=1, and at s = 1/(h — k) otherwise. It follows that the unique
p0551ble positive value of the a; is either ag = 1, if g =1, or o9 = % if
= 0; and that a; = 0 for any g. Also note that log F(z, /1) = —logI'(z, A).
This means that

logI'(z,A) = Zajlzjlogz+2a% 2% +0(1).

The values of a, ;’s can be calculated explicitly as follows (see Proposi-
tions 2.11 and 2.14 in [7], and Proposition 2.6 in [6]):

ap,0 = — Resg (s, A),
s=0

ao,1 = — Resg ((s, 4),
s=0
1 1 mwck—h
=1 I A =
i (h k) (k: h) Resi ¢lo ) =gz 8=0
aa070 — h—k
1
aio = Resg C(‘g?/l) — Res C(S>A) = Resy €(57A) - E? g = 1,
s=1 s=1 s=1
%k?l = 07 g = 0’
Qag,1 = 1
’ a1 = Res ((s,4) = o 8= 1.
s=1

Applying Proposition 1, we are done.

4. Remarks. In this section we investigate the case h = k. Before, we
discuss multiplicativity of zeta regularization. This appears in the interpre-
tation of the infinite product [[ A, as the determinant of the infinite diagonal
matrix A with entries \,. Namely, we set

dete A = e ¢'(0:A)
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Then it is natural to ask: given two infinite diagonal matrices A; and As, is
dete A1 Ag = dete Ay dete A7 Multiplicativity of determinants clearly corre-
sponds to additivity of the derivative at zero of the associated zeta functions.
Now, it is clear that ((0,cA) = (0, A) for any ¢ # 0, and that

C,(Oa CA) = _C(07 A) log ¢ + CI(Oa A)
Restricting to the case where the A\, are rational functions of n, it follows
from Proposition 1 and the formula
(O = —5 — 3 (an -+ an)
that ¢’ (0, c1cap1 p, P2,hy) is not equal to ¢'(0, cip1 p, ) +¢' (0, c2pa p,) (however,
note this is the case when hy = ho and py , = pas,). Therefore, we further
restrict to monic polynomials, and in this case it is easy to see that (if
hj # kj)
C'(0, p1my P2, /Gy G2.k2) = € (0, 1y /@1 ky) + € (0, D200 /G2 1)

Thus we consider the case kK = h only for monic polynomials. It is clear
that a zeta function for the sequence {pn(n)/qn(n)}, cannot be defined,
since the exponent of convergence is not finite. However, we can introduce
the following regularization of the infinite product: we define the regularized
product

o0

HRph n lo—o[ n—l—a1 (n—i—ah)

qhn n+b1 (n—I—bh)

n=1

— ea1+---+ah*b1*---fbh 10_0[ (TL + al) e (n + ah) e*(a1+---+ah*b1*---7bh)/"
L (0 b1 (n+ ) |

It is then easy to see that the product on the right side converges, as desired,
v T(1+0by)--T(1+by) e ¢ Orn)
I'(l+ay) - I'(14+ap) e ¢Oan)’

We conclude by observing that the method described in this note can
be used to obtain a formula for the derivative at zero of the zeta function
studied by Dabrowski in [3], where some polynomial multiplicity has been
introduced.
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