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Come	
  funziona?	
  

Perché	
  duro	
  	
  
	
  trasparente	
  e	
  isolante?	
  

Perché	
  	
  malleabile,opaco	
  
	
  e	
  condu9ore?	
   Come	
  si	
  trasforma	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  la	
  luce	
  in	
  forza	
  vitale?	
  

Quale	
  l’origine	
  della	
  	
  
sua	
  energia?	
  	
  

La	
  	
  Radiazione	
  esplora	
  la	
  Materia	
  



Newton	
  vs	
  Maxwell	
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1.   Ogni	
  corpo	
  preserva	
  lo	
  stato	
  di	
  quiete	
  o	
  di	
  
moto	
  reBlineo	
  uniforme,	
  	
  a	
  meno	
  che	
  non	
  
sia	
  costre9o	
  a	
  cambiarlo	
  a	
  causa	
  di	
  	
  FORZE	
  	
  
ad	
  esso	
  impresse	
  (principio	
  d’inerzia)	
  	
  

2.   Il	
  cambiamento	
  dello	
  stato	
  di	
  moto	
  è	
  
proporzionale	
  alla	
  forza	
  impressa	
  lungo	
  la	
  
linea	
  re9a	
  	
  di	
  applicazione	
  	
  	
  

3.   Le	
  forze	
  che	
  due	
  parNcelle	
  esercitano	
  
reciprocamente	
  l’una	
  sull’altra	
  sono	
  	
  uguali	
  
in	
  intensità	
  e	
  opposte	
  in	
  verso	
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Materia	
  -­‐	
  Corpuscoli	
   Radiazione	
  -­‐	
  Campi	
  

1.  Legge	
  di	
  Gauss	
  

2.  	
  Assenza	
  di	
  Cariche	
  Magne7che	
  

3.  Legge	
  dell’	
  Induzione	
  EM	
  

4.  Legge	
  di	
  Ampère	
  -­‐	
  Maxwell	
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•  Lavoro,	
  Calore,	
  Temperatura	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  f.	
  caloreTA	
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  TA	
  	
  =	
  	
  	
  TB	
  
•  Principio	
  “0”:	
  se	
  i	
  corpi	
  A	
  e	
  B	
  sono	
  entrambi	
  in	
  equilibrio	
  

termico	
  con	
  un	
  terzo	
  corpo	
  C,	
  allora	
  lo	
  sono	
  anche	
  fra	
  loro.	
  
•  Primo	
  principio	
  (	
  conservazione	
  dell'energia)	
  :	
  	
  la	
  variazione	
  di	
  

energia	
  interna	
  di	
  un	
  sistema	
  è	
  la	
  somma	
  algebrica	
  del	
  calore	
  
e	
  del	
  lavoro	
  scambia'	
  con	
  l’ambiente	
  

	
  
( 0)L >( 0)Q >

( 0)Q < ( 0)L <

micro	
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TA	
   TB	
   TA	
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•  Secondo	
  Principio:	
  in	
  un	
  ciclo	
  termodinamico	
  
(Kelvin	
  -­‐	
  Planck)	
  e’	
  impossibile	
  conver're	
  	
  	
  
completamente	
  in	
  lavoro	
  il	
  calore	
  assorbito	
  	
  
dal	
  serbatoio	
  “caldo”	
  	
  	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (Clausius)	
  	
  	
  e’	
  impossibile	
  far	
  passare	
  spontaneamente	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

il	
  calore	
  dal	
  serbatoio	
  “freddo”	
  a	
  quello“caldo”	
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ENTROPIA	
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ENTROPIA	
  

nei	
  sistemi	
  isola'	
  l'entropia	
  è	
  una	
  funzione	
  non	
  decrescente	
  delle	
  variabili	
  di	
  stato	
  

Freccia	
  del	
  TEMPO	
  



L’ipotesi	
  Atomis7ca	
  
§  D.	
  Bernoulli	
  (1738)	
  teoria	
  cine7ca	
  dei	
  gas,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
§  J.	
  Dalton	
  	
  (New	
  System	
  of	
  Chemical	
  Philosophy	
  ,	
  1808)	
  ,	
  legge	
  delle	
  

proporzioni	
  mul7ple,	
  principi	
  elementari,	
  atomi	
  della	
  stessa	
  specie	
  
(molecole),	
  	
  

§  	
  J.-­‐L.	
  Gay-­‐Lussac	
  (1809),	
  legge	
  sui	
  volumi	
  di	
  combinazione	
  dei	
  gas,	
  	
  
§  	
  A.	
  Avogadro	
  (1811)	
  :	
  	
  

1)  	
  I	
  gas	
  sono	
  forma'	
  da	
  molecole	
  integran',	
  cos'tuite	
  a	
  loro	
  
volta	
  da	
  una,	
  due	
  o	
  più	
  molecole	
  elementari:	
  gli	
  atomi	
  

2)  	
  	
  	
  	
  a	
  temperatura,	
  volume	
  e	
  pressione	
  uguali,	
  	
  gas	
  diversi	
  
contengono	
  lo	
  stesso	
  numero	
  di	
  molecole	
  



1.  Congr.	
  dei	
  Chimici,	
  Karlsruhe	
  (1860)	
  :	
  definizione	
  di	
  molecola	
  e	
  di	
  atomo	
  
2.  J.C.	
  Maxwell:	
  	
  “Benché	
  	
  nel	
  corso	
  dei	
  tempi	
  si	
  siano	
  verificate	
  catastrofi	
  …	
  le	
  

molecole…	
  con'nuano	
  ad	
  esistere	
  oggi	
  esaRamente	
  come	
  vennero	
  create:	
  	
  
perfeRe	
  in	
  numero,	
  misura	
  e	
  peso	
  “	
  (1873)	
  

3.  W.	
  	
  Thomson:	
  “	
  E’	
  un	
  faRo	
  assodato	
  che	
  un	
  gas	
  consista	
  di	
  molecole	
  in	
  movimento	
  
….	
  Il	
  diametro	
  di	
  una	
  molecola	
  di	
  gas	
  non	
  puo’	
  essere	
  inferiore	
  a	
  2	
  x	
  10-­‐9	
  
cm	
  .”	
  (1870)	
  

4.  L.	
  Boltzmann	
  :	
  “…dare	
  una	
  dimostrazione	
  del	
  tuRo	
  generale	
  della	
  II	
  legge	
  della	
  
teoria	
  	
  del	
  calore,	
  	
  come	
  scoprire	
  il	
  teorema	
  meccanico	
  ad	
  essa	
  
corrispondente.”	
  (1866)	
  

5.  L.	
  Boltzmann	
  :	
  “I	
  problemi	
  della	
  teoria	
  meccanica	
  del	
  calore	
  sono	
  …	
  problemi	
  di	
  
teoria	
  	
  della	
  probabilità	
  .”	
  (1871)	
  	
  

6.  M.	
  Planck	
  :	
  “	
  La	
  piena	
  validita’	
  del	
  II	
  principio	
  …	
  e’	
  incompa'bile	
  	
  con	
  l’ipotesi	
  di	
  
atomi	
  fini'”	
  (1883)	
  

7.  W.	
  Ostwald:	
  ”	
  L’asserzione	
  che	
  tuU	
  i	
  fenomeni	
  …	
  sono	
  riducibili	
  	
  a	
  fenomeni	
  
meccanici	
  …e’	
  sbagliata.	
  ….	
  TuRe	
  le	
  equazioni	
  della	
  meccanica	
  	
  ammeRono	
  
l’inversione	
  temporale	
  	
  	
  …	
  Quindi	
  …	
  un	
  albero	
  potrebbe	
  diventare	
  di	
  nuovo	
  
germoglio	
  e	
  seme,	
  una	
  farfalla	
  bruco	
  e	
  un	
  vecchio	
  bambino.	
  ”	
  

8.  E.	
  Mach	
  :	
  “	
  Non	
  e’	
  confacente	
  alla	
  fisica	
  considerare	
  mutevoli	
  strumen'	
  ,	
  quali	
  
molecole	
  e	
  atomi,	
  alla	
  stregua	
  di	
  realtà	
  soRostan'	
  ai	
  fenomeni.”	
  (1895)	
  

	
  	
  



Termodinamica	
  e	
  Sta7s7ca	
  

V0	
  

V1	
  Gas	
  ideale	
  cos7tuito	
  da	
  N	
  
molecole	
  all’equilibrio	
  termico	
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Il	
  sistema	
  tende	
  al	
  macrostato	
  di	
  massima	
  entropia,	
  
cioe’	
  a	
  quello	
  che	
  possiede	
  il	
  numero	
  massimo	
  di	
  
microsta7	
  

lnS k P c= +

Principio	
  
di	
  Boltzmann	
  

Funz.	
  ENTROPIA	
  



Espansione	
  Libera	
  

V0	
  

V1	
  
Stato	
  iniziale	
  :	
  N	
  molecole	
  in	
  V0-­‐V1	
  ,	
  
	
  0	
  molecole	
  in	
  V1	
  
Stato	
  finale	
  :	
  N	
  molecole	
  in	
  V0	
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Lavoro	
  compiuto	
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  usando	
  la	
  costanza	
  dell’energia	
  interna	
  



Misurare	
  gli	
  atomi	
  

J.	
  Loschmidt	
  	
  (1866)	
  

λ nπ d 2 = 3 / 4

nπ d 3

6
=α

ρgas
ρliq

2d	
  

d	
  ~	
  	
  10-­‐8	
  cm	
  	
  

Cammino	
  libero	
  medio	
  

Costante	
  di	
  Loschmidt	
  
Numero	
  di	
  molecole	
  	
  
	
  per	
  unità	
  di	
  volume	
  	
  

Diametro	
  	
  
molecolare	
  
effenvo	
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In	
  questo	
  ar7colo	
  dovremo	
  mostrare	
  che,	
  ….,	
  
par7celle	
  di	
  dimensioni	
  visibili	
  al	
  microscopio	
  
sospese	
  in	
  un	
  fluido,	
  in	
  seguito	
  al	
  moto	
  molecolare	
  
	
  del	
  calore	
  	
  possono	
  descrivere	
  mo7	
  osservabili.	
  
	
  
A.	
  Einstein,	
  Ann.	
  d.	
  Phys.,	
  17	
  (1905)	
  549	
  

Coefficiente	
  di	
  diffusione	
  

Molecole	
  e	
  	
  
Moto	
  Browniano	
  

mod	
  

dN
RTD
A πη6

1
=

NA	
  =	
  Numero	
  di	
  Avogadro	
  
d	
  	
  =	
  raggio	
  della	
  par7cella	
  
η	
  =	
  coeff.	
  di	
  viscosita’	
  	
  

Milk	
  



Interpretazione	
  di	
  Einstein	
  
1.  Le	
  par7celle	
  sospese	
  sono	
  sfere	
  	
  e	
  sono	
  rarefa3e	
  nel	
  solvente	
  
2.  Per	
  le	
  par7celle	
  in	
  sospensione	
  all’equilibrio	
  termico	
  valgono	
  le	
  

leggi	
  per	
  di	
  ‘t	
  Hoff	
  delle	
  soluzioni	
  	
  (gas):	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
   	
   	
   	
  p	
  V	
  =	
  n	
  R	
  T	
  	
  

3.  Le	
  par7celle	
  sospese	
  sono	
  grandi	
  rispe3o	
  alle	
  cara3eris7che	
  del	
  
solvente	
  (con7nuo)	
  

4.  Si	
  trascurano	
  i	
  mo7	
  rotatori	
  	
  delle	
  sfere	
  
5.  Le	
  par7celle	
  sospese	
  sono	
  sogge3e	
  ad	
  una	
  forza	
  di	
  a3rito	
  di	
  7po	
  

viscoso	
  dovuto	
  al	
  fluido	
  	
  	
  con	
  coefficiente	
  di	
  viscosita’	
  corre9o	
  	
  	
  	
  	
  	
  	
  
	
   	
   	
  

	
  
35 4* 1 ,
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AN d
m
ρ πη ϕ ϕη = + =sperimentale	
   Frazione	
  di	
  volume	
  	
  

occupato	
  dalle	
  sfere	
  



x	
  

K	
  

Forza	
  /	
  (unita’	
  di	
  volume)	
  

6viscF d vπη=

AK NF
m
ρ

=

All’equilibrio	
  termico	
   AK N dp RT d
m dx m dx
ρ ρ

= =

dx	
  

dp
dx

≈ −

Legge	
  di	
  Stokes	
  	
  
per	
  l’a3rito	
  viscoso	
  

K	
  	
  (ausiliaria)	
  agisce	
  solo	
  sul	
  soluto	
  

6visc
KF K v
dπη

≡ ⇒ =

Flusso	
  di	
  sfere	
  
nella	
  direzione	
  -­‐x	
   AN v

m
ρ Diffusione	
  	
  

nella	
  direzione	
  +x	
  
AN dD
m dx

ρ

Gradiente	
  	
  
di	
  concentrazione	
  

1
6A

RTD
N dπη

=
(sperimentale)	
  

Coefficiente	
  di	
  diffusione	
  

All’equilibrio	
  dinamico	
  



68	
  x	
  1022	
  	
  per	
  mezzo	
  di	
  emulsioni	
  analoghe	
  a	
  	
  gas;	
  
62	
  x	
  1022	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  “	
  	
  	
  	
  	
  	
  	
  	
  	
  emulsioni	
  analoghe	
  a	
  liquidi;	
  
60	
  x	
  1022	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  “	
  	
  	
  	
  	
  	
  	
  	
  	
  flu3uazioni	
  	
  emulsioni	
  concentrate;	
  
64	
  x	
  1022	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  “	
  	
  	
  	
  	
  	
  	
  	
  	
  moto	
  Browniano	
  traslazionale;	
  
65	
  x	
  1022	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  “	
  	
  	
  	
  	
  	
  	
  	
  	
  moto	
  Browniano	
  rotazionale;	
  
75	
  x	
  1022	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  “	
  	
  	
  	
  	
  	
  	
  	
  	
  opalescenza	
  cri7ca;	
  
65	
  x	
  1022	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  “	
  	
  	
  	
  	
  	
  	
  	
  	
  azzurro	
  del	
  cielo;	
  
64	
  x	
  1022	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  “	
  	
  	
  	
  	
  	
  	
  	
  	
  radiazione	
  di	
  corpo	
  nero;	
  
61	
  x	
  1022	
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obtain Boltzmann’s constant k . Equation !3" also is com-
monly written as

#R2$!4Dt , !4"

where D!kT/6%&a is the self-diffusion constant.
Another method of determining k relies on examining the

distribution of step lengths for many particles in the x or y
directions !Ref. 18". The probability density for finding a
one-dimensional displacement ' is

P!'"!! 1
2%(2

e"'2/2(2, !5"

where (!!2D) and ) is the time interval between position
measurements. Therefore, we can obtain D !and hence k) by
fitting Eq. !5" to a normalized histogram of the step lengths
of the spheres.

III. EXPERIMENTAL METHOD

We used an inexpensive American Optical Spencer Micro-
scope, which comes with a binocular head which we re-
moved and used the included video head to mount a 640
#480 pixel monochrome CCD !Watec-502A". A c-mount
extension tube !available from Edmund Scientific" is needed
to adapt the camera to the video head. The image from the
45# objective lens is directly imaged onto the CCD. We
calibrated the image using a 15 000 lines/in diffraction grat-
ing and obtained values of 5.024 *m/pixel !horizontal" and
5.031 *m/pixel !vertical". To minimize the thermal heating
of our samples, we used a piece of infrared absorbing glass
!from Edmund Scientific" and placed it below the condens-
ing lens of the microscope. To improve the uniformity of the
illumination, we first frosted the infrared glass by grinding it
with 220 grit silicon carbide abrasive. Figure 1 shows the
microscope setup, which includes sorbothane pads to help

reduce the effects of vibration. We connected the output of
the CCD camera to a XClaimVR video capture card,15 which
included software to allow us to observe images in real time
and make QuickTime videos.
To observe Brownian motion, we used 1.02 *m diameter

polystyrene microspheres from Bangs Laboratories.16 The
spheres come suspended in water and a 5 ml volume !the
smallest quantity available" provides an ample number of
spheres to prepare thousands of samples for viewing. In fact,
the sphere density was so high that we had to dilute a small
quantity by a factor of 200 so that the spheres did not collide
too frequently with each other. We found that after sitting
overnight, the spheres tended to settle out of suspension and
aggregate; by inserting an ultrasonic probe into the sample,
we were able to successfully disperse the solution. The
spheres appear to be unharmed by this procedure.
We created a custom observation cell by placing a self-

sticking plastic hole reinforcement !normally used to rein-
force 3-hole punched paper" onto a 1!#3! microscope slide
!Fig. 2". One drop of the microsphere solution !from the
needle of a 3 cc syringe" was placed on a cover slip and the
cover slip was inverted !the drop adheres via cohesive forces
to the glass" and placed on the glass slide in the center of the
plastic reinforcement. The cover slip was gently pressed and
a seal was formed between the gasket, the slide, and the
cover slip. We observed the slide on the computer using the
software that came with the video capture card. If the sample
exhibited any evidence of a coherent macroscopic oscillation
or flow, we discarded the slide and make a new one. Our
experience is that if an air bubble is visible in the central
circular area, there will be visible flow which will make the
data from such a slide unusable. Although we have not quan-
titatively studied the motion in such a slide, our qualitative
observation is that the fluid appears to oscillate, and we
speculate that the trapped air bubble acts like a spring and
induces macroscopic oscillations in the fluid that are observ-
able by watching the spheres.
Once we have an acceptable sample, we make several

QuickTime videos of the motion. To insure the best image
quality, we do not use any compression and save the videos
in tiff format. Some amount of experimentation with the mi-
croscope illumination level is needed to get the best image
contrast; we found that the QuickTime videos end up darker
than the real time display on the monitor would suggest. The
data in this paper was sampled at 5 frames/s for a total of
12.8 s. We made four slides and made three videos of each
slide for a total of 12 videos. However, we found that the
videos based from slides one and four had an excessive drift,

Fig. 1. Schematic of microscope setup. The output of the CCD camera goes
to the XClaimVR capture card.

Fig. 2. Illustration of slide mounting system. The gasket was a self-stick
hole reinforcement with thickness 80 *m.
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and we discarded these six data runs. The remaining two
slides left us with six videos constituting a total of 142 Mb of
video data.

A. Hydrodynamic effects

We use the gasket method outlined in Sec. III so that we
can minimize the hydrodynamic coupling of the spheres to
the slide and to the cover slip.17,18 For a single sphere of
radius a far from two parallel walls, the modified self-
diffusion constant is given by

D!!D!1"
9a
16 " 1x1 "

1
x2

# $ , !6"

where x1 and x2 are the distances from the sphere to the two
walls. We used the micrometer adjustment on the microscope
to insure that the focal plane is in the middle of the observing
cell. Hence, the 0.5 #m radius spheres we observe nominally
sit at x1$x2$40 #m from the cell walls, and from Eq. !6"
we find that the self-diffusion constant is systematically re-
duced by $1.4%. We will therefore need to increase our
measured value of k by this amount to compensate for this
effect.
We used a dilute suspension of spheres so that we can

minimize the effects of sphere–sphere interactions. This ef-
fect is quantified by the parameter %, which is the ratio of the
center to center separation distance, r , to the sphere radius,
a . As discussed in Ref. 18, the dominant effect on the self-
diffusion constant is along the line connecting the centers of
two spheres, and is given by

D %!!D!1"
15
4%4

#O!%"6"$ . !7"

The average sphere separation in our slides was greater than
3 diameters and hence this sphere–sphere coupling results in
a 0.02 percent correction to the diffusivity, which we ig-
nored. The correction to the diffusion perpendicular to this
center–center line is order %"6 and is negligible for the pur-
poses of this experiment.

B. Data extraction

There are two general methods for extracting the data
from the Quicktime videos. The first involves a manual
method such as the program VideoGraph,19 and we used it
for the initial development of our experiment. With Video-
Graph, one opens a QuickTime video, calibrates the image,
and then specifies how many objects to track. Then, on the
first frame of the video, one manually centers the cursor over
each particle and clicks, repeating for as many particles as
are being tracked. When finished, the program advances to
the next frame, and the process is repeated through the last
frame of the video. When done, VideoGraph displays a table
of x and y positions which can then be analyzed.
The VideoGraph analysis is useful primarily because it is

easy to implement. We can obtain a small data set to analyze
relatively easily. However, there are serious disadvantages.
First, we need to remember the positions and the order in
which the particles were clicked. Each particle must be cho-
sen in the same sequence from one frame to the next if the
data for each particle is to be meaningful. Practically speak-
ing, this requirement limits the number of particles that one
can track to about 5 or so. Any more than this, and we found

that it was difficult to remember which particles were tracked
and the order in which they were chosen. The second disad-
vantage to this method is the shear tedium of tracking the
particles by hand. For instance, if the data in this paper was
obtained by VideoGraph, we would have had to execute
6848 mouse clicks.
Because of the limitations of VideoGraph, we automated

the extraction of data from the QuickTime videos. Our
method involves !a" preparing the videos for processing by
subtracting the background, improving the image contrast,
and saving each video as a sequence of images, and !b" find-
ing the positions of all particles that can be tracked from the
beginning of the video to the end.
We prepared each video for processing by eliminating the

effects of nonuniform illumination and other fixed image de-
formations !such as nonuniform CCD pixel sensitivity or
dust specks on the CCD window". To accomplish this, we
made a short video of a blank slide under the same illumi-
nation conditions as the real samples. We used the freeware
program ImageJ20 to open this short video and averaged the
frames together to create a background image that we then
subtracted from each frame of every video. We then autocon-
trasted the video, applied a mean filter !3 pixel radius, which
is about the size of a sphere in our image", made a manual
adjustment to the contrast and brightness in the video, and
then saved each video as a set of sequentially numbered im-
ages. The mean filter serves to blur details smaller than the
size of one sphere, as well as further blur the images of out
of focus spheres. Figure 3 shows an image before and after
this processing.
Our custom LabView routines21 operated on sequentially

numbered images !for instance frame001, frame002, etc.".
Because each particle’s image is circular, our routine simply

Fig. 3. Raw image !a" of 1 #m spheres and the processed image !b" result-
ing from subtracting the background, smoothing, and adjusting the contrast.
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searches for all circles in the image and defines the particle
position as the coordinate of the center of the circle. The
difficult part of this process lies in tracking particles from
one frame to the next. We use very conservative constraints
to link particles into trajectories; we eliminate any particles
that come within seven pixels !1.4 "m# of each other, and we
eliminate any particles that travel more than seven pixels
between frames. These numbers are based on theoretical ex-
pectations for the Brownian motion of 1 "m spheres and
would have to be adjusted for different diameter spheres.
Because some of the spheres collide with or are stuck to

other spheres, the first constraint has the effect of limiting
our data to isolated particles. Because particles occasionally
move far enough out of focus to disappear !or spontaneously
appear when previously absent#, the second constraint pre-
vents us from identifying a particle that disappears with one
that simultaneously reappears close to, but unphysically far
from, the disappearing particle.
After processing a video, our LabView routines produce a

text file for each frame of the video. The columns are: hori-
zontal position, vertical position, and radius !all in pixels#,
and particle area !in square pixels#. Each time a new particle
is detected, a new row is added. If a particle disappears, the
x and y positions, the radius, and the area are set to zero.
Hence, the number of rows in each text file must either stay
the same or increase as successive frames are analyzed. The
last remaining piece is to sort through these files and extract
the desired particle trajectories. To simplify this analysis, we
select only those particles that are present in every frame of
the video.

IV. ANALYSIS

A. Determination of k from the root-mean-square
displacement

We read, analyze, and plot the data from LabView !or
VideoGraph# with the scientific graphics package IgorPro.22
We subtract off the initial x and y positions for each particle,
so that for the ith particle at time t , we have $xi(t)!xi(t)
"xi(0) and $yi(t)!yi(t)"yi(0). The square displacement
of the ith particle at time t is therefore

%$Ri! t #&2!%$xi! t #&2#%$yi! t #&2. !8#
To obtain Boltzmann’s constant, we need to plot the mean
squared displacement versus time, so we calculate the time-
dependent quantity

'R2()
1
N *

i!1

N

%$Ri! t #&2, !9#

where N is the number of particles tracked !107 in our case#.
Figure 4 shows our data.
From the slope s shown in Fig. 4, we use Eq. !3# to obtain

Boltzmann’s constant, k ,

k!
6+,as
4T . !10#

The coefficient of viscosity is a nonlinear function of tem-
perature, so we used data from the CRC Handbook23 to ap-
proximate the viscosity at the temperature of our sample
(22.86$0.03 °C). We fit the data shown in Table I to an
exponential between 10 °C and 40 °C and interpolated it to
obtain the value shown in Eq. !11#,

,!936$15 "Pa s. !11#
We also have that

a!0.51$0.01 "m, !12#

T!296.01$0.3 K, !13#

s!1.836$0.02 "m2/s. !14#
We convert the above values to SI units and substitute them
into Eq. !10# to obtain

k!!1.395$0.04#%10"23 J/K !uncorrected#, !15#

where the uncertainty in k was obtained by adding the frac-
tional uncertainties in quadrature:

! $k
k " 2!! $,

, " 2#! $a
a " 2#! $s

s " 2#! $T
T " 2. !16#

However, because of the hydrodynamic effects of the parallel
walls on the spheres, we have to increase this estimate by
1.4%, which yields a final value for k:

k!!1.415$0.04#%10"23 J/K !corrected#. !17#
As a quantitative check of the data, we also calculated the

mean horizontal and vertical displacements of the particles
as functions of time, that is,

Fig. 4. Mean square displacement for 107 polystyrene spheres of diameter
1.02 "m. Also shown are the average horizontal and vertical displacements,
as well as a linear fit to the average R2 data. This fit is constrained to go
through zero. The slope of this fit is s!1.836$0.02 "m2/s.

Table I. Viscosity of water as a function of temperature as taken from the
1991–1992 CRC Handbook of Chemistry and Physics !Ref. 23#. We fit this
data to an exponential to obtain a value for the viscosity at 22.86 °C.

Temperature
(°C)

Viscosity
!"Pa s#

0 1793.0
10 1307.0
20 1002.0
30 797.7
40 653.2
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Esercizio:	
  
Un	
  ele3rone	
  viene	
  accelerato	
  	
  da	
  una	
  ddp	
  V	
  =	
  104	
  Volt	
  	
  
e	
  poi	
  so3oposto	
  all’azione	
  di	
  un	
  campo	
  magne7co	
  di	
  intensita’	
  B=	
  1.00	
  Tesla.	
  
Trovare	
  il	
  raggio	
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  curvatura	
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