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Il nostro Universo visibile contiene miliardi di galassie, la cui stessa esistenza è dovuta alla forza di gravità. 
Essa è responsabile dell'energia che anima il moto le stelle e consente l’innesco in esse delle reazioni 
termonucleari. Questo consente al Sole di riscaldare la Terra e rendere le galassie visibili dalle più remote 
regioni dell’Universo . La maggior parte dei punti luminosi che vedete in questa immagine galassie, oltre 
che stelle. (credito: NASA)
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Figure : Gravitational force acts along a line joining the centers of mass of two objects.

These equal but opposite forces reflect Newton’s third law, which we discussed earlier. Note that strictly speaking, Equation 
applies to point masses—all the mass is located at one point. But it applies equally to any spherically symmetric objects, where r is
the distance between the centers of mass of those objects. In many cases, it works reasonably well for nonsymmetrical objects, if
their separation is large compared to their size, and we take r to be the distance between the center of mass of each body.

The Cavendish Experiment
A century after Newton published his law of universal gravitation, Henry Cavendish determined the proportionality constant G by
performing a painstaking experiment. He constructed a device similar to that shown in Figure , in which small masses are
suspended from a wire. Once in equilibrium, two fixed, larger masses are placed symmetrically near the smaller ones. The
gravitational attraction creates a torsion (twisting) in the supporting wire that can be measured.

The constant G is called the universal gravitational constant and Cavendish determined it to be G = 6.67 x 10  N • m /kg . The
word ‘universal’ indicates that scientists think that this constant applies to masses of any composition and that it is the same
throughout the Universe. The value of G is an incredibly small number, showing that the force of gravity is very weak. The
attraction between masses as small as our bodies, or even objects the size of skyscrapers, is incredibly small. For example, two 1.0-
kg masses located 1.0 meter apart exert a force of 6.7 x 10  N on each other. This is the weight of a typical grain of pollen.

Figure : Cavendish used an apparatus similar to this to measure the gravitational attraction between two spheres (m)
suspended from a wire and two stationary spheres (M). This is a common experiment performed in undergraduate laboratories, but
it is quite challenging. Passing trucks outside the laboratory can create vibrations that overwhelm the gravitational forces.

Although gravity is the weakest of the four fundamental forces of nature, its attractive nature is what holds us to Earth, causes the
planets to orbit the Sun and the Sun to orbit our galaxy, and binds galaxies into clusters, ranging from a few to millions. Gravity is
the force that forms the Universe.

To determine the motion caused by the gravitational force, follow these steps:

1. Identify the two masses, one or both, for which you wish to find the gravitational force.
2. Draw a free-body diagram, sketching the force acting on each mass and indicating the distance between their centers of

mass.
3. Apply Newton’s second law of motion to each mass to determine how it will move.
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 Problem-Solving Strategy: Newton’s Law of Gravitation

r2

r1

O

Privacy policy About Wikipedia Disclaimers Contact Wikipedia Code of Conduct Developers Statistics Cookie statement Mobile view

This page was last edited on 27 July 2024, at 03:15 (UTC).

Text is available under the Creative Commons Attribution-ShareAlike License 4.0; additional terms may apply. By using this site, you agree to the Terms of Use and Privacy Policy. Wikipedia® is a
registered trademark of the Wikimedia Foundation, Inc., a non-profit organization.

Wiki Loves Monuments: Photograph a monument, help Wikipedia and win!
Learn more

Contents  hide

(Top)

History

Newton's "causes
hitherto unknown"

Modern form

Bodies with spatial extent

Vector form

Gravity field

Limitations

Observations conflicting
with Newton's formula

Einstein's solution

Extensions

Solutions of Newton's law
of universal gravitation

See also

References

External links

Newton's law of universal gravitation 90 languages

Article Talk Read Edit View history Tools Appearance  hide

Text

Width

Color (beta)

Small

Standard

Large

Standard

Wide

Automatic

Light

Dark

[show]V · T · E

[show]V · T · E

[show]

[show]

[show]

[hide]

[show]

[show]

Part of a series on
Classical mechanics

Second law of motion

History · Timeline · Textbooks

Branches

Fundamentals

Formulations

Core topics
Damping · Displacement · Equations of motion

· Euler's laws of motion · Fictitious force ·
Friction · Harmonic oscillator

Inertial / Non-inertial reference frame
Mechanics of planar particle motion

Motion (linear) · Newton's law of universal
gravitation · Newton's laws of motion ·

Relative velocity · Rigid body (dynamics ·
Euler's equations) · Simple harmonic motion ·

Vibration

Rotation

Scientists

 Physics portal ·  Category
V · T · E

Error plot showing experimental values for G.

Gravitational field strength
within the Earth

Gravity field near the surface of
the Earth – an object is shown
accelerating toward the surface

Gravity field surrounding
Earth from a macroscopic
perspective.

[show]

[show]

[show]

[show]

Part of a series on
Spacetime

Special relativity · General relativity

Spacetime concepts

General relativity

Classical gravity

Relevant mathematics

 Physics portal ·  Category
V · T · E

Physics portal

From Wikipedia, the free encyclopedia

Newton's law of universal gravitation says
that every particle attracts every other
particle in the universe with a force that is
proportional to the product of their masses
and inversely proportional to the square of
the distance between their centers.
Separated objects attract and are attracted
as if all their mass were concentrated at their
centers. The publication of the law has
become known as the "first great unification",
as it marked the unification of the previously
described phenomena of gravity on Earth
with known astronomical behaviors.[1][2][3]

This is a general physical law derived from
empirical observations by what Isaac
Newton called inductive reasoning.[4] It is a
part of classical mechanics and was
formulated in Newton's work Philosophiæ
Naturalis Principia Mathematica ("the
Principia"), first published on 5 July 1687.

The equation for universal gravitation thus
takes the form:

where F is the gravitational force acting between two objects, m1 and m2 are the masses
of the objects, r is the distance between the centers of their masses, and G is the
gravitational constant.

The first test of Newton's law of gravitation between masses in the laboratory was the
Cavendish experiment conducted by the British scientist Henry Cavendish in 1798.[5] It
took place 111 years after the publication of Newton's Principia and approximately 71
years after his death.

Newton's law of gravitation resembles Coulomb's law of electrical forces, which is used to
calculate the magnitude of the electrical force arising between two charged bodies. Both
are inverse-square laws, where force is inversely proportional to the square of the distance
between the bodies. Coulomb's law has charge in place of mass and a different constant.

Newton's law has later been superseded by Albert Einstein's theory of general relativity,
but the universality of the gravitational constant is intact and the law still continues to be
used as an excellent approximation of the effects of gravity in most applications. Relativity
is required only when there is a need for extreme accuracy, or when dealing with very
strong gravitational fields, such as those found near extremely massive and dense objects,
or at small distances (such as Mercury's orbit around the Sun).

History [ edit ]

Main article: History of gravitational theory

Around 1600, the scientific method began to take root. René Descartes started over with a
more fundamental view, developing ideas of matter and action independent of theology.
Galileo Galilei wrote about experimental measurements of falling and rolling objects.
Johannes Kepler's laws of planetary motion summarized Tycho Brahe's astronomical
observations.[6]: 132 

Around 1666 Isaac Newton developed the idea that Kepler's laws must also apply to the
orbit of the Moon around the Earth and then to all objects on Earth. The analysis required
assuming that the gravitation force acted as if all of the mass of the Earth were
concentrated at its center, an unproven conjecture at that time. His calculations of the
Moon orbit time was within 16% of the known value. By 1680, new values for the diameter
of the Earth improved his orbit time to within 1.6%, but more importantly Newton had found
a proof of his earlier conjecture.[7]: 201 

In 1687 Newton published his Principia which combined his laws of motion with new
mathematical analysis to explain Kepler's empirical results.[6]: 134  His explanation was in
the form of a law of universal gravitation: any two bodies are attracted by a force
proportional to their mass and inversely proportional to their separation squared.[8]: 28 

Newton's original formula was:

where the symbol  means "is proportional to". To make this into an equal-sided formula
or equation, there needed to be a multiplying factor or constant that would give the correct
force of gravity no matter the value of the masses or distance between them (the
gravitational constant). Newton would need an accurate measure of this constant to prove
his inverse-square law. When Newton presented Book 1 of the unpublished text in April
1686 to the Royal Society, Robert Hooke made a claim that Newton had obtained the
inverse square law from him, ultimately a frivolous accusation.[7]: 204 

Newton's "causes hitherto unknown" [ edit ]

Main article: Action at a distance

While Newton was able to formulate his law of gravity in his monumental work, he was
deeply uncomfortable with the notion of "action at a distance" that his equations implied. In
1692, in his third letter to Bentley, he wrote: "That one body may act upon another at a
distance through a vacuum without the mediation of anything else, by and through which
their action and force may be conveyed from one another, is to me so great an absurdity
that, I believe, no man who has in philosophic matters a competent faculty of thinking
could ever fall into it."

He never, in his words, "assigned the cause of this power". In all other cases, he used the
phenomenon of motion to explain the origin of various forces acting on bodies, but in the
case of gravity, he was unable to experimentally identify the motion that produces the force
of gravity (although he invented two mechanical hypotheses in 1675 and 1717). Moreover,
he refused to even offer a hypothesis as to the cause of this force on grounds that to do so
was contrary to sound science. He lamented that "philosophers have hitherto attempted
the search of nature in vain" for the source of the gravitational force, as he was convinced
"by many reasons" that there were "causes hitherto unknown" that were fundamental to all
the "phenomena of nature". These fundamental phenomena are still under investigation
and, though hypotheses abound, the definitive answer has yet to be found. And in
Newton's 1713 General Scholium in the second edition of Principia: "I have not yet been
able to discover the cause of these properties of gravity from phenomena and I feign no
hypotheses.... It is enough that gravity does really exist and acts according to the laws I
have explained, and that it abundantly serves to account for all the motions of celestial
bodies."[9]

Modern form [ edit ]

In modern language, the law states the following:

Every point mass attracts every single other point mass by a force acting along
the line intersecting both points. The force is proportional to the product of the
two masses and inversely proportional to the square of the distance between
them:[10]

where

F is the force between the masses;
G is the Newtonian constant of gravitation (6.674 ×10−11 m3⋅kg−1⋅s−2);
m1 is the first mass;
m2 is the second mass;
r is the distance between the centers of the masses.

Assuming SI units, F is
measured in newtons
(N), m1 and m2 in
kilograms (kg), r in
meters (m), and the
constant G is

6.674 30(15) ×10−11 m3⋅kg−1⋅s−2. [11] The value of the constant G was first accurately
determined from the results of the Cavendish experiment conducted by the British scientist
Henry Cavendish in 1798, although Cavendish did not himself calculate a numerical value
for G.[5] This experiment was also the first test of Newton's theory of gravitation between
masses in the laboratory. It took place 111 years after the publication of Newton's Principia
and 71 years after Newton's death, so none of Newton's calculations could use the value
of G; instead he could only calculate a force relative to another force.

Bodies with spatial extent [ edit ]

If the bodies in question have spatial extent (as opposed
to being point masses), then the gravitational force
between them is calculated by summing the contributions
of the notional point masses that constitute the bodies. In
the limit, as the component point masses become
"infinitely small", this entails integrating the force (in
vector form, see below) over the extents of the two
bodies.

In this way, it can be shown that an object with a
spherically symmetric distribution of mass exerts the
same gravitational attraction on external bodies as if all
the object's mass were concentrated at a point at its
center.[10] (This is not generally true for non-spherically
symmetrical bodies.)

For points inside a spherically symmetric distribution of
matter, Newton's shell theorem can be used to find the
gravitational force. The theorem tells us how different
parts of the mass distribution affect the gravitational
force measured at a point located a distance r0 from
the center of the mass distribution:[12]

The portion of the mass that is located at radii r < r0
causes the same force at the radius r0 as if all of
the mass enclosed within a sphere of radius r0 was
concentrated at the center of the mass distribution (as noted above).
The portion of the mass that is located at radii r > r0 exerts no net gravitational force at
the radius r0 from the center. That is, the individual gravitational forces exerted on a
point at radius r0 by the elements of the mass outside the radius r0 cancel each other.

As a consequence, for example, within a shell of uniform thickness and density there is no
net gravitational acceleration anywhere within the hollow sphere.

Vector form [ edit ]

Newton's law of universal gravitation can be written as a
vector equation to account for the direction of the
gravitational force as well as its magnitude. In this
formula, quantities in bold represent vectors.

where

F21 is the force applied on body 2 exerted by body 1,
G is the gravitational constant,
m1 and m2 are respectively the masses of bodies 1
and 2,
r21 = r2 − r1 is the displacement vector between bodies 1 and 2, and

 is the unit vector from body 1 to body 2.[13]

It can be seen that the vector form of the equation is the same as the scalar form given
earlier, except that F is now a vector quantity, and the right hand side is multiplied by the
appropriate unit vector. Also, it can be seen that F12 = −F21.

Gravity field [ edit ]

Main article: Gravitational field

The gravitational field is a vector field that describes the gravitational force that would be
applied on an object in any given point in space, per unit mass. It is actually equal to the
gravitational acceleration at that point.

It is a generalisation of the vector form, which becomes particularly useful if more than two
objects are involved (such as a rocket between the Earth and the Moon). For two objects
(e.g. object 2 is a rocket, object 1 the Earth), we simply write r instead of r12 and m instead
of m2 and define the gravitational field g(r) as:

so that we can write:

This formulation is dependent on the objects causing the field. The field has units of
acceleration; in SI, this is m/s2.

Gravitational fields are also conservative; that is, the work done by gravity from one
position to another is path-independent. This has the consequence that there exists a
gravitational potential field V(r) such that

If m1 is a point mass or the mass of a sphere with homogeneous mass distribution, the
force field g(r) outside the sphere is isotropic, i.e., depends only on the distance r from the
center of the sphere. In that case

As per Gauss's law, field in a symmetric body can be found by the mathematical equation:

 

where  is a closed surface and  is the mass enclosed by the surface.

Hence, for a hollow sphere of radius  and total mass ,

For a uniform solid sphere of radius  and total mass ,

Limitations [ edit ]

Newton's description of gravity is sufficiently accurate for many practical purposes and is
therefore widely used. Deviations from it are small when the dimensionless quantities 

 and  are both much less than one, where  is the gravitational potential,  is
the velocity of the objects being studied, and  is the speed of light in vacuum.[14] For
example, Newtonian gravity provides an accurate description of the Earth/Sun system,
since

where  is the radius of the Earth's orbit around the Sun.

In situations where either dimensionless parameter is large, then general relativity must be
used to describe the system. General relativity reduces to Newtonian gravity in the limit of
small potential and low velocities, so Newton's law of gravitation is often said to be the low-
gravity limit of general relativity.

Observations conflicting with Newton's formula [ edit ]

Newton's theory does not fully explain the precession of the perihelion of the orbits of
the planets, especially that of Mercury, which was detected long after the life of
Newton.[15] There is a 43 arcsecond per century discrepancy between the Newtonian
calculation, which arises only from the gravitational attractions from the other planets,
and the observed precession, made with advanced telescopes during the 19th century.
The predicted angular deflection of light rays by gravity (treated as particles travelling
at the expected speed) that is calculated by using Newton's theory is only one-half of
the deflection that is observed by astronomers.[citation needed] Calculations using
general relativity are in much closer agreement with the astronomical observations.
In spiral galaxies, the orbiting of stars around their centers seems to strongly disobey
both Newton's law of universal gravitation and general relativity. Astrophysicists,
however, explain this marked phenomenon by assuming the presence of large
amounts of dark matter.

Einstein's solution [ edit ]

The first two conflicts with observations
above were explained by Einstein's theory of
general relativity, in which gravitation is a
manifestation of curved spacetime instead of
being due to a force propagated between
bodies. In Einstein's theory, energy and
momentum distort spacetime in their vicinity,
and other particles move in trajectories
determined by the geometry of spacetime.
This allowed a description of the motions of
light and mass that was consistent with all
available observations. In general relativity,
the gravitational force is a fictitious force
resulting from the curvature of spacetime,
because the gravitational acceleration of a
body in free fall is due to its world line being
a geodesic of spacetime.

Extensions [ edit ]

In recent years, quests for non-inverse square terms in the law of gravity have been
carried out by neutron interferometry.[16]

Solutions of Newton's law of universal gravitation [ edit ]

Main article: n-body problem

The n-body problem is an ancient, classical problem[17] of predicting the individual motions
of a group of celestial objects interacting with each other gravitationally. Solving this
problem — from the time of the Greeks and on — has been motivated by the desire to
understand the motions of the Sun, planets and the visible stars. In the 20th century,
understanding the dynamics of globular cluster star systems became an important n-body
problem too. The n-body problem in general relativity is considerably more difficult to
solve.

The classical physical problem can be informally stated as: given the quasi-steady orbital
properties (instantaneous position, velocity and time)[18] of a group of celestial bodies,
predict their interactive forces; and consequently, predict their true orbital motions for all
future times.[19]

The two-body problem has been completely solved, as has the restricted three-body
problem.[20]

See also [ edit ]

Bentley's paradox – Cosmological paradox involving gravity
Gauss's law for gravity – Restatement of Newton's law of
universal gravitation
Jordan and Einstein frames – different conventions for the metric tensor, in a theory of
a dilaton coupled to gravity
Kepler orbit – Celestial orbit whose trajectory is a conic section in the orbital plane
Newton's cannonball – Thought experiment about gravity
Newton's laws of motion – Laws in physics about force and motion
Social gravity – Social theory
Static forces and virtual-particle exchange – Physical interaction in post-classical
physics
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Newton's law of universal gravitation says
that every particle attracts every other
particle in the universe with a force that is
proportional to the product of their masses
and inversely proportional to the square of
the distance between their centers.
Separated objects attract and are attracted
as if all their mass were concentrated at their
centers. The publication of the law has
become known as the "first great unification",
as it marked the unification of the previously
described phenomena of gravity on Earth
with known astronomical behaviors.[1][2][3]

This is a general physical law derived from
empirical observations by what Isaac
Newton called inductive reasoning.[4] It is a
part of classical mechanics and was
formulated in Newton's work Philosophiæ
Naturalis Principia Mathematica ("the
Principia"), first published on 5 July 1687.

The equation for universal gravitation thus
takes the form:

where F is the gravitational force acting between two objects, m1 and m2 are the masses
of the objects, r is the distance between the centers of their masses, and G is the
gravitational constant.

The first test of Newton's law of gravitation between masses in the laboratory was the
Cavendish experiment conducted by the British scientist Henry Cavendish in 1798.[5] It
took place 111 years after the publication of Newton's Principia and approximately 71
years after his death.

Newton's law of gravitation resembles Coulomb's law of electrical forces, which is used to
calculate the magnitude of the electrical force arising between two charged bodies. Both
are inverse-square laws, where force is inversely proportional to the square of the distance
between the bodies. Coulomb's law has charge in place of mass and a different constant.

Newton's law has later been superseded by Albert Einstein's theory of general relativity,
but the universality of the gravitational constant is intact and the law still continues to be
used as an excellent approximation of the effects of gravity in most applications. Relativity
is required only when there is a need for extreme accuracy, or when dealing with very
strong gravitational fields, such as those found near extremely massive and dense objects,
or at small distances (such as Mercury's orbit around the Sun).

History [ edit ]

Main article: History of gravitational theory

Around 1600, the scientific method began to take root. René Descartes started over with a
more fundamental view, developing ideas of matter and action independent of theology.
Galileo Galilei wrote about experimental measurements of falling and rolling objects.
Johannes Kepler's laws of planetary motion summarized Tycho Brahe's astronomical
observations.[6]: 132 

Around 1666 Isaac Newton developed the idea that Kepler's laws must also apply to the
orbit of the Moon around the Earth and then to all objects on Earth. The analysis required
assuming that the gravitation force acted as if all of the mass of the Earth were
concentrated at its center, an unproven conjecture at that time. His calculations of the
Moon orbit time was within 16% of the known value. By 1680, new values for the diameter
of the Earth improved his orbit time to within 1.6%, but more importantly Newton had found
a proof of his earlier conjecture.[7]: 201 

In 1687 Newton published his Principia which combined his laws of motion with new
mathematical analysis to explain Kepler's empirical results.[6]: 134  His explanation was in
the form of a law of universal gravitation: any two bodies are attracted by a force
proportional to their mass and inversely proportional to their separation squared.[8]: 28 

Newton's original formula was:

where the symbol  means "is proportional to". To make this into an equal-sided formula
or equation, there needed to be a multiplying factor or constant that would give the correct
force of gravity no matter the value of the masses or distance between them (the
gravitational constant). Newton would need an accurate measure of this constant to prove
his inverse-square law. When Newton presented Book 1 of the unpublished text in April
1686 to the Royal Society, Robert Hooke made a claim that Newton had obtained the
inverse square law from him, ultimately a frivolous accusation.[7]: 204 

Newton's "causes hitherto unknown" [ edit ]

Main article: Action at a distance

While Newton was able to formulate his law of gravity in his monumental work, he was
deeply uncomfortable with the notion of "action at a distance" that his equations implied. In
1692, in his third letter to Bentley, he wrote: "That one body may act upon another at a
distance through a vacuum without the mediation of anything else, by and through which
their action and force may be conveyed from one another, is to me so great an absurdity
that, I believe, no man who has in philosophic matters a competent faculty of thinking
could ever fall into it."

He never, in his words, "assigned the cause of this power". In all other cases, he used the
phenomenon of motion to explain the origin of various forces acting on bodies, but in the
case of gravity, he was unable to experimentally identify the motion that produces the force
of gravity (although he invented two mechanical hypotheses in 1675 and 1717). Moreover,
he refused to even offer a hypothesis as to the cause of this force on grounds that to do so
was contrary to sound science. He lamented that "philosophers have hitherto attempted
the search of nature in vain" for the source of the gravitational force, as he was convinced
"by many reasons" that there were "causes hitherto unknown" that were fundamental to all
the "phenomena of nature". These fundamental phenomena are still under investigation
and, though hypotheses abound, the definitive answer has yet to be found. And in
Newton's 1713 General Scholium in the second edition of Principia: "I have not yet been
able to discover the cause of these properties of gravity from phenomena and I feign no
hypotheses.... It is enough that gravity does really exist and acts according to the laws I
have explained, and that it abundantly serves to account for all the motions of celestial
bodies."[9]

Modern form [ edit ]

In modern language, the law states the following:

Every point mass attracts every single other point mass by a force acting along
the line intersecting both points. The force is proportional to the product of the
two masses and inversely proportional to the square of the distance between
them:[10]

where

F is the force between the masses;
G is the Newtonian constant of gravitation (6.674 ×10−11 m3⋅kg−1⋅s−2);
m1 is the first mass;
m2 is the second mass;
r is the distance between the centers of the masses.

Assuming SI units, F is
measured in newtons
(N), m1 and m2 in
kilograms (kg), r in
meters (m), and the
constant G is

6.674 30(15) ×10−11 m3⋅kg−1⋅s−2. [11] The value of the constant G was first accurately
determined from the results of the Cavendish experiment conducted by the British scientist
Henry Cavendish in 1798, although Cavendish did not himself calculate a numerical value
for G.[5] This experiment was also the first test of Newton's theory of gravitation between
masses in the laboratory. It took place 111 years after the publication of Newton's Principia
and 71 years after Newton's death, so none of Newton's calculations could use the value
of G; instead he could only calculate a force relative to another force.

Bodies with spatial extent [ edit ]

If the bodies in question have spatial extent (as opposed
to being point masses), then the gravitational force
between them is calculated by summing the contributions
of the notional point masses that constitute the bodies. In
the limit, as the component point masses become
"infinitely small", this entails integrating the force (in
vector form, see below) over the extents of the two
bodies.

In this way, it can be shown that an object with a
spherically symmetric distribution of mass exerts the
same gravitational attraction on external bodies as if all
the object's mass were concentrated at a point at its
center.[10] (This is not generally true for non-spherically
symmetrical bodies.)

For points inside a spherically symmetric distribution of
matter, Newton's shell theorem can be used to find the
gravitational force. The theorem tells us how different
parts of the mass distribution affect the gravitational
force measured at a point located a distance r0 from
the center of the mass distribution:[12]

The portion of the mass that is located at radii r < r0
causes the same force at the radius r0 as if all of
the mass enclosed within a sphere of radius r0 was
concentrated at the center of the mass distribution (as noted above).
The portion of the mass that is located at radii r > r0 exerts no net gravitational force at
the radius r0 from the center. That is, the individual gravitational forces exerted on a
point at radius r0 by the elements of the mass outside the radius r0 cancel each other.

As a consequence, for example, within a shell of uniform thickness and density there is no
net gravitational acceleration anywhere within the hollow sphere.

Vector form [ edit ]

Newton's law of universal gravitation can be written as a
vector equation to account for the direction of the
gravitational force as well as its magnitude. In this
formula, quantities in bold represent vectors.

where

F21 is the force applied on body 2 exerted by body 1,
G is the gravitational constant,
m1 and m2 are respectively the masses of bodies 1
and 2,
r21 = r2 − r1 is the displacement vector between bodies 1 and 2, and

 is the unit vector from body 1 to body 2.[13]

It can be seen that the vector form of the equation is the same as the scalar form given
earlier, except that F is now a vector quantity, and the right hand side is multiplied by the
appropriate unit vector. Also, it can be seen that F12 = −F21.

Gravity field [ edit ]

Main article: Gravitational field

The gravitational field is a vector field that describes the gravitational force that would be
applied on an object in any given point in space, per unit mass. It is actually equal to the
gravitational acceleration at that point.

It is a generalisation of the vector form, which becomes particularly useful if more than two
objects are involved (such as a rocket between the Earth and the Moon). For two objects
(e.g. object 2 is a rocket, object 1 the Earth), we simply write r instead of r12 and m instead
of m2 and define the gravitational field g(r) as:

so that we can write:

This formulation is dependent on the objects causing the field. The field has units of
acceleration; in SI, this is m/s2.

Gravitational fields are also conservative; that is, the work done by gravity from one
position to another is path-independent. This has the consequence that there exists a
gravitational potential field V(r) such that

If m1 is a point mass or the mass of a sphere with homogeneous mass distribution, the
force field g(r) outside the sphere is isotropic, i.e., depends only on the distance r from the
center of the sphere. In that case

As per Gauss's law, field in a symmetric body can be found by the mathematical equation:

 

where  is a closed surface and  is the mass enclosed by the surface.

Hence, for a hollow sphere of radius  and total mass ,

For a uniform solid sphere of radius  and total mass ,

Limitations [ edit ]

Newton's description of gravity is sufficiently accurate for many practical purposes and is
therefore widely used. Deviations from it are small when the dimensionless quantities 

 and  are both much less than one, where  is the gravitational potential,  is
the velocity of the objects being studied, and  is the speed of light in vacuum.[14] For
example, Newtonian gravity provides an accurate description of the Earth/Sun system,
since

where  is the radius of the Earth's orbit around the Sun.

In situations where either dimensionless parameter is large, then general relativity must be
used to describe the system. General relativity reduces to Newtonian gravity in the limit of
small potential and low velocities, so Newton's law of gravitation is often said to be the low-
gravity limit of general relativity.

Observations conflicting with Newton's formula [ edit ]

Newton's theory does not fully explain the precession of the perihelion of the orbits of
the planets, especially that of Mercury, which was detected long after the life of
Newton.[15] There is a 43 arcsecond per century discrepancy between the Newtonian
calculation, which arises only from the gravitational attractions from the other planets,
and the observed precession, made with advanced telescopes during the 19th century.
The predicted angular deflection of light rays by gravity (treated as particles travelling
at the expected speed) that is calculated by using Newton's theory is only one-half of
the deflection that is observed by astronomers.[citation needed] Calculations using
general relativity are in much closer agreement with the astronomical observations.
In spiral galaxies, the orbiting of stars around their centers seems to strongly disobey
both Newton's law of universal gravitation and general relativity. Astrophysicists,
however, explain this marked phenomenon by assuming the presence of large
amounts of dark matter.

Einstein's solution [ edit ]

The first two conflicts with observations
above were explained by Einstein's theory of
general relativity, in which gravitation is a
manifestation of curved spacetime instead of
being due to a force propagated between
bodies. In Einstein's theory, energy and
momentum distort spacetime in their vicinity,
and other particles move in trajectories
determined by the geometry of spacetime.
This allowed a description of the motions of
light and mass that was consistent with all
available observations. In general relativity,
the gravitational force is a fictitious force
resulting from the curvature of spacetime,
because the gravitational acceleration of a
body in free fall is due to its world line being
a geodesic of spacetime.

Extensions [ edit ]

In recent years, quests for non-inverse square terms in the law of gravity have been
carried out by neutron interferometry.[16]

Solutions of Newton's law of universal gravitation [ edit ]

Main article: n-body problem

The n-body problem is an ancient, classical problem[17] of predicting the individual motions
of a group of celestial objects interacting with each other gravitationally. Solving this
problem — from the time of the Greeks and on — has been motivated by the desire to
understand the motions of the Sun, planets and the visible stars. In the 20th century,
understanding the dynamics of globular cluster star systems became an important n-body
problem too. The n-body problem in general relativity is considerably more difficult to
solve.

The classical physical problem can be informally stated as: given the quasi-steady orbital
properties (instantaneous position, velocity and time)[18] of a group of celestial bodies,
predict their interactive forces; and consequently, predict their true orbital motions for all
future times.[19]

The two-body problem has been completely solved, as has the restricted three-body
problem.[20]

See also [ edit ]

Bentley's paradox – Cosmological paradox involving gravity
Gauss's law for gravity – Restatement of Newton's law of
universal gravitation
Jordan and Einstein frames – different conventions for the metric tensor, in a theory of
a dilaton coupled to gravity
Kepler orbit – Celestial orbit whose trajectory is a conic section in the orbital plane
Newton's cannonball – Thought experiment about gravity
Newton's laws of motion – Laws in physics about force and motion
Social gravity – Social theory
Static forces and virtual-particle exchange – Physical interaction in post-classical
physics
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Newton's law of universal gravitation says
that every particle attracts every other
particle in the universe with a force that is
proportional to the product of their masses
and inversely proportional to the square of
the distance between their centers.
Separated objects attract and are attracted
as if all their mass were concentrated at their
centers. The publication of the law has
become known as the "first great unification",
as it marked the unification of the previously
described phenomena of gravity on Earth
with known astronomical behaviors.[1][2][3]

This is a general physical law derived from
empirical observations by what Isaac
Newton called inductive reasoning.[4] It is a
part of classical mechanics and was
formulated in Newton's work Philosophiæ
Naturalis Principia Mathematica ("the
Principia"), first published on 5 July 1687.

The equation for universal gravitation thus
takes the form:

where F is the gravitational force acting between two objects, m1 and m2 are the masses
of the objects, r is the distance between the centers of their masses, and G is the
gravitational constant.

The first test of Newton's law of gravitation between masses in the laboratory was the
Cavendish experiment conducted by the British scientist Henry Cavendish in 1798.[5] It
took place 111 years after the publication of Newton's Principia and approximately 71
years after his death.

Newton's law of gravitation resembles Coulomb's law of electrical forces, which is used to
calculate the magnitude of the electrical force arising between two charged bodies. Both
are inverse-square laws, where force is inversely proportional to the square of the distance
between the bodies. Coulomb's law has charge in place of mass and a different constant.

Newton's law has later been superseded by Albert Einstein's theory of general relativity,
but the universality of the gravitational constant is intact and the law still continues to be
used as an excellent approximation of the effects of gravity in most applications. Relativity
is required only when there is a need for extreme accuracy, or when dealing with very
strong gravitational fields, such as those found near extremely massive and dense objects,
or at small distances (such as Mercury's orbit around the Sun).

History [ edit ]

Main article: History of gravitational theory

Around 1600, the scientific method began to take root. René Descartes started over with a
more fundamental view, developing ideas of matter and action independent of theology.
Galileo Galilei wrote about experimental measurements of falling and rolling objects.
Johannes Kepler's laws of planetary motion summarized Tycho Brahe's astronomical
observations.[6]: 132 

Around 1666 Isaac Newton developed the idea that Kepler's laws must also apply to the
orbit of the Moon around the Earth and then to all objects on Earth. The analysis required
assuming that the gravitation force acted as if all of the mass of the Earth were
concentrated at its center, an unproven conjecture at that time. His calculations of the
Moon orbit time was within 16% of the known value. By 1680, new values for the diameter
of the Earth improved his orbit time to within 1.6%, but more importantly Newton had found
a proof of his earlier conjecture.[7]: 201 

In 1687 Newton published his Principia which combined his laws of motion with new
mathematical analysis to explain Kepler's empirical results.[6]: 134  His explanation was in
the form of a law of universal gravitation: any two bodies are attracted by a force
proportional to their mass and inversely proportional to their separation squared.[8]: 28 

Newton's original formula was:

where the symbol  means "is proportional to". To make this into an equal-sided formula
or equation, there needed to be a multiplying factor or constant that would give the correct
force of gravity no matter the value of the masses or distance between them (the
gravitational constant). Newton would need an accurate measure of this constant to prove
his inverse-square law. When Newton presented Book 1 of the unpublished text in April
1686 to the Royal Society, Robert Hooke made a claim that Newton had obtained the
inverse square law from him, ultimately a frivolous accusation.[7]: 204 

Newton's "causes hitherto unknown" [ edit ]

Main article: Action at a distance

While Newton was able to formulate his law of gravity in his monumental work, he was
deeply uncomfortable with the notion of "action at a distance" that his equations implied. In
1692, in his third letter to Bentley, he wrote: "That one body may act upon another at a
distance through a vacuum without the mediation of anything else, by and through which
their action and force may be conveyed from one another, is to me so great an absurdity
that, I believe, no man who has in philosophic matters a competent faculty of thinking
could ever fall into it."

He never, in his words, "assigned the cause of this power". In all other cases, he used the
phenomenon of motion to explain the origin of various forces acting on bodies, but in the
case of gravity, he was unable to experimentally identify the motion that produces the force
of gravity (although he invented two mechanical hypotheses in 1675 and 1717). Moreover,
he refused to even offer a hypothesis as to the cause of this force on grounds that to do so
was contrary to sound science. He lamented that "philosophers have hitherto attempted
the search of nature in vain" for the source of the gravitational force, as he was convinced
"by many reasons" that there were "causes hitherto unknown" that were fundamental to all
the "phenomena of nature". These fundamental phenomena are still under investigation
and, though hypotheses abound, the definitive answer has yet to be found. And in
Newton's 1713 General Scholium in the second edition of Principia: "I have not yet been
able to discover the cause of these properties of gravity from phenomena and I feign no
hypotheses.... It is enough that gravity does really exist and acts according to the laws I
have explained, and that it abundantly serves to account for all the motions of celestial
bodies."[9]

Modern form [ edit ]

In modern language, the law states the following:

Every point mass attracts every single other point mass by a force acting along
the line intersecting both points. The force is proportional to the product of the
two masses and inversely proportional to the square of the distance between
them:[10]

where

F is the force between the masses;
G is the Newtonian constant of gravitation (6.674 ×10−11 m3⋅kg−1⋅s−2);
m1 is the first mass;
m2 is the second mass;
r is the distance between the centers of the masses.

Assuming SI units, F is
measured in newtons
(N), m1 and m2 in
kilograms (kg), r in
meters (m), and the
constant G is

6.674 30(15) ×10−11 m3⋅kg−1⋅s−2. [11] The value of the constant G was first accurately
determined from the results of the Cavendish experiment conducted by the British scientist
Henry Cavendish in 1798, although Cavendish did not himself calculate a numerical value
for G.[5] This experiment was also the first test of Newton's theory of gravitation between
masses in the laboratory. It took place 111 years after the publication of Newton's Principia
and 71 years after Newton's death, so none of Newton's calculations could use the value
of G; instead he could only calculate a force relative to another force.

Bodies with spatial extent [ edit ]

If the bodies in question have spatial extent (as opposed
to being point masses), then the gravitational force
between them is calculated by summing the contributions
of the notional point masses that constitute the bodies. In
the limit, as the component point masses become
"infinitely small", this entails integrating the force (in
vector form, see below) over the extents of the two
bodies.

In this way, it can be shown that an object with a
spherically symmetric distribution of mass exerts the
same gravitational attraction on external bodies as if all
the object's mass were concentrated at a point at its
center.[10] (This is not generally true for non-spherically
symmetrical bodies.)

For points inside a spherically symmetric distribution of
matter, Newton's shell theorem can be used to find the
gravitational force. The theorem tells us how different
parts of the mass distribution affect the gravitational
force measured at a point located a distance r0 from
the center of the mass distribution:[12]

The portion of the mass that is located at radii r < r0
causes the same force at the radius r0 as if all of
the mass enclosed within a sphere of radius r0 was
concentrated at the center of the mass distribution (as noted above).
The portion of the mass that is located at radii r > r0 exerts no net gravitational force at
the radius r0 from the center. That is, the individual gravitational forces exerted on a
point at radius r0 by the elements of the mass outside the radius r0 cancel each other.

As a consequence, for example, within a shell of uniform thickness and density there is no
net gravitational acceleration anywhere within the hollow sphere.

Vector form [ edit ]

Newton's law of universal gravitation can be written as a
vector equation to account for the direction of the
gravitational force as well as its magnitude. In this
formula, quantities in bold represent vectors.

where

F21 is the force applied on body 2 exerted by body 1,
G is the gravitational constant,
m1 and m2 are respectively the masses of bodies 1
and 2,
r21 = r2 − r1 is the displacement vector between bodies 1 and 2, and

 is the unit vector from body 1 to body 2.[13]

It can be seen that the vector form of the equation is the same as the scalar form given
earlier, except that F is now a vector quantity, and the right hand side is multiplied by the
appropriate unit vector. Also, it can be seen that F12 = −F21.

Gravity field [ edit ]

Main article: Gravitational field

The gravitational field is a vector field that describes the gravitational force that would be
applied on an object in any given point in space, per unit mass. It is actually equal to the
gravitational acceleration at that point.

It is a generalisation of the vector form, which becomes particularly useful if more than two
objects are involved (such as a rocket between the Earth and the Moon). For two objects
(e.g. object 2 is a rocket, object 1 the Earth), we simply write r instead of r12 and m instead
of m2 and define the gravitational field g(r) as:

so that we can write:

This formulation is dependent on the objects causing the field. The field has units of
acceleration; in SI, this is m/s2.

Gravitational fields are also conservative; that is, the work done by gravity from one
position to another is path-independent. This has the consequence that there exists a
gravitational potential field V(r) such that

If m1 is a point mass or the mass of a sphere with homogeneous mass distribution, the
force field g(r) outside the sphere is isotropic, i.e., depends only on the distance r from the
center of the sphere. In that case

As per Gauss's law, field in a symmetric body can be found by the mathematical equation:

 

where  is a closed surface and  is the mass enclosed by the surface.

Hence, for a hollow sphere of radius  and total mass ,

For a uniform solid sphere of radius  and total mass ,

Limitations [ edit ]

Newton's description of gravity is sufficiently accurate for many practical purposes and is
therefore widely used. Deviations from it are small when the dimensionless quantities 

 and  are both much less than one, where  is the gravitational potential,  is
the velocity of the objects being studied, and  is the speed of light in vacuum.[14] For
example, Newtonian gravity provides an accurate description of the Earth/Sun system,
since

where  is the radius of the Earth's orbit around the Sun.

In situations where either dimensionless parameter is large, then general relativity must be
used to describe the system. General relativity reduces to Newtonian gravity in the limit of
small potential and low velocities, so Newton's law of gravitation is often said to be the low-
gravity limit of general relativity.

Observations conflicting with Newton's formula [ edit ]

Newton's theory does not fully explain the precession of the perihelion of the orbits of
the planets, especially that of Mercury, which was detected long after the life of
Newton.[15] There is a 43 arcsecond per century discrepancy between the Newtonian
calculation, which arises only from the gravitational attractions from the other planets,
and the observed precession, made with advanced telescopes during the 19th century.
The predicted angular deflection of light rays by gravity (treated as particles travelling
at the expected speed) that is calculated by using Newton's theory is only one-half of
the deflection that is observed by astronomers.[citation needed] Calculations using
general relativity are in much closer agreement with the astronomical observations.
In spiral galaxies, the orbiting of stars around their centers seems to strongly disobey
both Newton's law of universal gravitation and general relativity. Astrophysicists,
however, explain this marked phenomenon by assuming the presence of large
amounts of dark matter.

Einstein's solution [ edit ]

The first two conflicts with observations
above were explained by Einstein's theory of
general relativity, in which gravitation is a
manifestation of curved spacetime instead of
being due to a force propagated between
bodies. In Einstein's theory, energy and
momentum distort spacetime in their vicinity,
and other particles move in trajectories
determined by the geometry of spacetime.
This allowed a description of the motions of
light and mass that was consistent with all
available observations. In general relativity,
the gravitational force is a fictitious force
resulting from the curvature of spacetime,
because the gravitational acceleration of a
body in free fall is due to its world line being
a geodesic of spacetime.

Extensions [ edit ]

In recent years, quests for non-inverse square terms in the law of gravity have been
carried out by neutron interferometry.[16]

Solutions of Newton's law of universal gravitation [ edit ]

Main article: n-body problem

The n-body problem is an ancient, classical problem[17] of predicting the individual motions
of a group of celestial objects interacting with each other gravitationally. Solving this
problem — from the time of the Greeks and on — has been motivated by the desire to
understand the motions of the Sun, planets and the visible stars. In the 20th century,
understanding the dynamics of globular cluster star systems became an important n-body
problem too. The n-body problem in general relativity is considerably more difficult to
solve.

The classical physical problem can be informally stated as: given the quasi-steady orbital
properties (instantaneous position, velocity and time)[18] of a group of celestial bodies,
predict their interactive forces; and consequently, predict their true orbital motions for all
future times.[19]

The two-body problem has been completely solved, as has the restricted three-body
problem.[20]

See also [ edit ]

Bentley's paradox – Cosmological paradox involving gravity
Gauss's law for gravity – Restatement of Newton's law of
universal gravitation
Jordan and Einstein frames – different conventions for the metric tensor, in a theory of
a dilaton coupled to gravity
Kepler orbit – Celestial orbit whose trajectory is a conic section in the orbital plane
Newton's cannonball – Thought experiment about gravity
Newton's laws of motion – Laws in physics about force and motion
Social gravity – Social theory
Static forces and virtual-particle exchange – Physical interaction in post-classical
physics
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Newton's law of universal gravitation says
that every particle attracts every other
particle in the universe with a force that is
proportional to the product of their masses
and inversely proportional to the square of
the distance between their centers.
Separated objects attract and are attracted
as if all their mass were concentrated at their
centers. The publication of the law has
become known as the "first great unification",
as it marked the unification of the previously
described phenomena of gravity on Earth
with known astronomical behaviors.[1][2][3]

This is a general physical law derived from
empirical observations by what Isaac
Newton called inductive reasoning.[4] It is a
part of classical mechanics and was
formulated in Newton's work Philosophiæ
Naturalis Principia Mathematica ("the
Principia"), first published on 5 July 1687.

The equation for universal gravitation thus
takes the form:

where F is the gravitational force acting between two objects, m1 and m2 are the masses
of the objects, r is the distance between the centers of their masses, and G is the
gravitational constant.

The first test of Newton's law of gravitation between masses in the laboratory was the
Cavendish experiment conducted by the British scientist Henry Cavendish in 1798.[5] It
took place 111 years after the publication of Newton's Principia and approximately 71
years after his death.

Newton's law of gravitation resembles Coulomb's law of electrical forces, which is used to
calculate the magnitude of the electrical force arising between two charged bodies. Both
are inverse-square laws, where force is inversely proportional to the square of the distance
between the bodies. Coulomb's law has charge in place of mass and a different constant.

Newton's law has later been superseded by Albert Einstein's theory of general relativity,
but the universality of the gravitational constant is intact and the law still continues to be
used as an excellent approximation of the effects of gravity in most applications. Relativity
is required only when there is a need for extreme accuracy, or when dealing with very
strong gravitational fields, such as those found near extremely massive and dense objects,
or at small distances (such as Mercury's orbit around the Sun).

History [ edit ]

Main article: History of gravitational theory

Around 1600, the scientific method began to take root. René Descartes started over with a
more fundamental view, developing ideas of matter and action independent of theology.
Galileo Galilei wrote about experimental measurements of falling and rolling objects.
Johannes Kepler's laws of planetary motion summarized Tycho Brahe's astronomical
observations.[6]: 132 

Around 1666 Isaac Newton developed the idea that Kepler's laws must also apply to the
orbit of the Moon around the Earth and then to all objects on Earth. The analysis required
assuming that the gravitation force acted as if all of the mass of the Earth were
concentrated at its center, an unproven conjecture at that time. His calculations of the
Moon orbit time was within 16% of the known value. By 1680, new values for the diameter
of the Earth improved his orbit time to within 1.6%, but more importantly Newton had found
a proof of his earlier conjecture.[7]: 201 

In 1687 Newton published his Principia which combined his laws of motion with new
mathematical analysis to explain Kepler's empirical results.[6]: 134  His explanation was in
the form of a law of universal gravitation: any two bodies are attracted by a force
proportional to their mass and inversely proportional to their separation squared.[8]: 28 

Newton's original formula was:

where the symbol  means "is proportional to". To make this into an equal-sided formula
or equation, there needed to be a multiplying factor or constant that would give the correct
force of gravity no matter the value of the masses or distance between them (the
gravitational constant). Newton would need an accurate measure of this constant to prove
his inverse-square law. When Newton presented Book 1 of the unpublished text in April
1686 to the Royal Society, Robert Hooke made a claim that Newton had obtained the
inverse square law from him, ultimately a frivolous accusation.[7]: 204 

Newton's "causes hitherto unknown" [ edit ]

Main article: Action at a distance

While Newton was able to formulate his law of gravity in his monumental work, he was
deeply uncomfortable with the notion of "action at a distance" that his equations implied. In
1692, in his third letter to Bentley, he wrote: "That one body may act upon another at a
distance through a vacuum without the mediation of anything else, by and through which
their action and force may be conveyed from one another, is to me so great an absurdity
that, I believe, no man who has in philosophic matters a competent faculty of thinking
could ever fall into it."

He never, in his words, "assigned the cause of this power". In all other cases, he used the
phenomenon of motion to explain the origin of various forces acting on bodies, but in the
case of gravity, he was unable to experimentally identify the motion that produces the force
of gravity (although he invented two mechanical hypotheses in 1675 and 1717). Moreover,
he refused to even offer a hypothesis as to the cause of this force on grounds that to do so
was contrary to sound science. He lamented that "philosophers have hitherto attempted
the search of nature in vain" for the source of the gravitational force, as he was convinced
"by many reasons" that there were "causes hitherto unknown" that were fundamental to all
the "phenomena of nature". These fundamental phenomena are still under investigation
and, though hypotheses abound, the definitive answer has yet to be found. And in
Newton's 1713 General Scholium in the second edition of Principia: "I have not yet been
able to discover the cause of these properties of gravity from phenomena and I feign no
hypotheses.... It is enough that gravity does really exist and acts according to the laws I
have explained, and that it abundantly serves to account for all the motions of celestial
bodies."[9]

Modern form [ edit ]

In modern language, the law states the following:

Every point mass attracts every single other point mass by a force acting along
the line intersecting both points. The force is proportional to the product of the
two masses and inversely proportional to the square of the distance between
them:[10]

where

F is the force between the masses;
G is the Newtonian constant of gravitation (6.674 ×10−11 m3⋅kg−1⋅s−2);
m1 is the first mass;
m2 is the second mass;
r is the distance between the centers of the masses.

Assuming SI units, F is
measured in newtons
(N), m1 and m2 in
kilograms (kg), r in
meters (m), and the
constant G is

6.674 30(15) ×10−11 m3⋅kg−1⋅s−2. [11] The value of the constant G was first accurately
determined from the results of the Cavendish experiment conducted by the British scientist
Henry Cavendish in 1798, although Cavendish did not himself calculate a numerical value
for G.[5] This experiment was also the first test of Newton's theory of gravitation between
masses in the laboratory. It took place 111 years after the publication of Newton's Principia
and 71 years after Newton's death, so none of Newton's calculations could use the value
of G; instead he could only calculate a force relative to another force.

Bodies with spatial extent [ edit ]

If the bodies in question have spatial extent (as opposed
to being point masses), then the gravitational force
between them is calculated by summing the contributions
of the notional point masses that constitute the bodies. In
the limit, as the component point masses become
"infinitely small", this entails integrating the force (in
vector form, see below) over the extents of the two
bodies.

In this way, it can be shown that an object with a
spherically symmetric distribution of mass exerts the
same gravitational attraction on external bodies as if all
the object's mass were concentrated at a point at its
center.[10] (This is not generally true for non-spherically
symmetrical bodies.)

For points inside a spherically symmetric distribution of
matter, Newton's shell theorem can be used to find the
gravitational force. The theorem tells us how different
parts of the mass distribution affect the gravitational
force measured at a point located a distance r0 from
the center of the mass distribution:[12]

The portion of the mass that is located at radii r < r0
causes the same force at the radius r0 as if all of
the mass enclosed within a sphere of radius r0 was
concentrated at the center of the mass distribution (as noted above).
The portion of the mass that is located at radii r > r0 exerts no net gravitational force at
the radius r0 from the center. That is, the individual gravitational forces exerted on a
point at radius r0 by the elements of the mass outside the radius r0 cancel each other.

As a consequence, for example, within a shell of uniform thickness and density there is no
net gravitational acceleration anywhere within the hollow sphere.

Vector form [ edit ]

Newton's law of universal gravitation can be written as a
vector equation to account for the direction of the
gravitational force as well as its magnitude. In this
formula, quantities in bold represent vectors.

where

F21 is the force applied on body 2 exerted by body 1,
G is the gravitational constant,
m1 and m2 are respectively the masses of bodies 1
and 2,
r21 = r2 − r1 is the displacement vector between bodies 1 and 2, and

 is the unit vector from body 1 to body 2.[13]

It can be seen that the vector form of the equation is the same as the scalar form given
earlier, except that F is now a vector quantity, and the right hand side is multiplied by the
appropriate unit vector. Also, it can be seen that F12 = −F21.

Gravity field [ edit ]

Main article: Gravitational field

The gravitational field is a vector field that describes the gravitational force that would be
applied on an object in any given point in space, per unit mass. It is actually equal to the
gravitational acceleration at that point.

It is a generalisation of the vector form, which becomes particularly useful if more than two
objects are involved (such as a rocket between the Earth and the Moon). For two objects
(e.g. object 2 is a rocket, object 1 the Earth), we simply write r instead of r12 and m instead
of m2 and define the gravitational field g(r) as:

so that we can write:

This formulation is dependent on the objects causing the field. The field has units of
acceleration; in SI, this is m/s2.

Gravitational fields are also conservative; that is, the work done by gravity from one
position to another is path-independent. This has the consequence that there exists a
gravitational potential field V(r) such that

If m1 is a point mass or the mass of a sphere with homogeneous mass distribution, the
force field g(r) outside the sphere is isotropic, i.e., depends only on the distance r from the
center of the sphere. In that case

As per Gauss's law, field in a symmetric body can be found by the mathematical equation:

 

where  is a closed surface and  is the mass enclosed by the surface.

Hence, for a hollow sphere of radius  and total mass ,

For a uniform solid sphere of radius  and total mass ,

Limitations [ edit ]

Newton's description of gravity is sufficiently accurate for many practical purposes and is
therefore widely used. Deviations from it are small when the dimensionless quantities 

 and  are both much less than one, where  is the gravitational potential,  is
the velocity of the objects being studied, and  is the speed of light in vacuum.[14] For
example, Newtonian gravity provides an accurate description of the Earth/Sun system,
since

where  is the radius of the Earth's orbit around the Sun.

In situations where either dimensionless parameter is large, then general relativity must be
used to describe the system. General relativity reduces to Newtonian gravity in the limit of
small potential and low velocities, so Newton's law of gravitation is often said to be the low-
gravity limit of general relativity.

Observations conflicting with Newton's formula [ edit ]

Newton's theory does not fully explain the precession of the perihelion of the orbits of
the planets, especially that of Mercury, which was detected long after the life of
Newton.[15] There is a 43 arcsecond per century discrepancy between the Newtonian
calculation, which arises only from the gravitational attractions from the other planets,
and the observed precession, made with advanced telescopes during the 19th century.
The predicted angular deflection of light rays by gravity (treated as particles travelling
at the expected speed) that is calculated by using Newton's theory is only one-half of
the deflection that is observed by astronomers.[citation needed] Calculations using
general relativity are in much closer agreement with the astronomical observations.
In spiral galaxies, the orbiting of stars around their centers seems to strongly disobey
both Newton's law of universal gravitation and general relativity. Astrophysicists,
however, explain this marked phenomenon by assuming the presence of large
amounts of dark matter.

Einstein's solution [ edit ]

The first two conflicts with observations
above were explained by Einstein's theory of
general relativity, in which gravitation is a
manifestation of curved spacetime instead of
being due to a force propagated between
bodies. In Einstein's theory, energy and
momentum distort spacetime in their vicinity,
and other particles move in trajectories
determined by the geometry of spacetime.
This allowed a description of the motions of
light and mass that was consistent with all
available observations. In general relativity,
the gravitational force is a fictitious force
resulting from the curvature of spacetime,
because the gravitational acceleration of a
body in free fall is due to its world line being
a geodesic of spacetime.

Extensions [ edit ]

In recent years, quests for non-inverse square terms in the law of gravity have been
carried out by neutron interferometry.[16]

Solutions of Newton's law of universal gravitation [ edit ]

Main article: n-body problem

The n-body problem is an ancient, classical problem[17] of predicting the individual motions
of a group of celestial objects interacting with each other gravitationally. Solving this
problem — from the time of the Greeks and on — has been motivated by the desire to
understand the motions of the Sun, planets and the visible stars. In the 20th century,
understanding the dynamics of globular cluster star systems became an important n-body
problem too. The n-body problem in general relativity is considerably more difficult to
solve.

The classical physical problem can be informally stated as: given the quasi-steady orbital
properties (instantaneous position, velocity and time)[18] of a group of celestial bodies,
predict their interactive forces; and consequently, predict their true orbital motions for all
future times.[19]

The two-body problem has been completely solved, as has the restricted three-body
problem.[20]

See also [ edit ]

Bentley's paradox – Cosmological paradox involving gravity
Gauss's law for gravity – Restatement of Newton's law of
universal gravitation
Jordan and Einstein frames – different conventions for the metric tensor, in a theory of
a dilaton coupled to gravity
Kepler orbit – Celestial orbit whose trajectory is a conic section in the orbital plane
Newton's cannonball – Thought experiment about gravity
Newton's laws of motion – Laws in physics about force and motion
Social gravity – Social theory
Static forces and virtual-particle exchange – Physical interaction in post-classical
physics
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1) La forza che agisce tra i corpi celesti ha la stessa natura di quella che determina 
il moto dei gravi sulla Terra

2) Le masse «gravitazionali» puntiformi m1 e m2  (>0) esercitano tra di loro la forza

dove F21 è la forza esercitata da  1 su 2 

G è la Costante di Gravitazione Universale

3) Vale il III Principio della Dinamica

4) Vale il principio di Sovrapposizione:  

G = 6, 67 • 10-11 N m2/kg2

𝐅3 = 𝐅31+ 𝐅32



Es1

g′ = G M/ Rh
2           ad altezza h  , Rh= R + h

Campo : Funzione definita sullo Spazio –(Tempo), che descrive una qualche grandezza   fisica a prescindere da 
dettagli su come sia misurata   
                   Se  Vettoriale in ogni punto è definita la direzione, il verso e l’intensità.

Supposta la Terra Sferica (!), il capo gravitazionale è radiale e attrattivo  

campo gravitazionale:  Forza esercitata da M su  /m)   = - G!
"!
	 𝑟̂ 

g = G M/ R 2             alla Superficie

𝑔# =
𝑔
2

Digitare	l'equazione	qui.

G M/ (Rh)2 =G M/ ( 2 R2 ) ⟹ 	 Rh= 2𝑅	 ⟺ ℎ = 2	− 	1	 𝑅 = 2639	𝑘𝑚	



Es. 2
𝜔



Domande 1
Da dove Newton ha desunto questa espressione della forza?

Qual è la relazione tra masse  gravitazionali e masse inerziali? 

Come scrivere le equazioni del moto per sistemi gravitanti?

Come interviene l’energia potenziale?

Cosa fare quando i corpi sono estesi ? *

Quali Verifiche Sperimentali ? *

Quali i Limiti di validità ? *



Cosa sapeva Newton ?
I Legge di Keplero
L'orbita descritta da un pianeta è un'ellisse, 
di cui il Sole occupa uno dei due fuochi.

II Legge di Keplero
Il raggio vettore dal Sole al pianeta
spazza aree uguali in tempi uguali

III  Legge di Keplero
Il quadrato del periodo di rivoluzione (T)
 di un pianeta attorno al Sole è proporzionale 
al cubo del semiasse maggiore dell’orbita (a): 
          

  𝒂𝟑/T2 = costante = 𝑮𝑴/4𝝅𝟐 

Come si possono combinare questi fatti?
Qual è la loro relazione con F12 ? 

tg  w  = 2/3

w

ΔA



Le Equazioni del Moto per due masse  
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Models expressed by conservation laws and nonlinear partial di↵erential equations (PDEs) play a crucial
role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to population
dynamics [25] and social sciences [4]. Paradigmatic examples are provided by pivotal nonlinear (PDEs)
with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers equation
@tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model renowned
for its complete integrability, due to its remarkable property of being linearisable by means of a Cole-
Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-Piskounov
reactive-di↵usive equation [8] and the nonlinear Fokker-Planck models [9], @tv+D@xxv = f(v) and @tv+
D@xxv = @x(F (v)v) respectively, being D the constant di↵usion coe�cient. Indeed, these models very
naturally arise while dealing with with mean field approximation of many-body system [10], incorporating
various significant phenomena, such as phase transitions, travelling-wave solutions, shock waves, and
anomalous di↵usion.

In this paper, we address the study of a nonlinear partial di↵erential equation that can be considered
a generalisation of the aforementioned models, that is:

@tv(x, t) + @x

⇢
⌘� [c1@tv(x, t) + c2@xv(x, t)] + c2v(x, t)2 + c4�

2

(c1v(x, t) + c3�)

�
= 0 (1.2)
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role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to population
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with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers equation
@tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model renowned
for its complete integrability, due to its remarkable property of being linearisable by means of a Cole-
Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-Piskounov
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c
INFN, Sezione di Lecce, via Arnesano I-73100 Lecce, Italy

⇤
Corresponding author: first name, initials, surname; email.address

September 4, 2024

Abstract

A generalised Fokker-Planck equation recently introduced has been analysed by making essential

use of its linearisability through a Cole-Hopf transformation. Features of travelling wave solutions

have been argued. Multi-kink solutions have been next devised by resorting to a geometric con-

struction in the regime of small viscosity. The resulting asymptotic solutions are time-dependent

Heaviside step functions representing classical (viscous) shock waves. As a result, line segments in

the space of independent variables arise as resonance conditions of exponentials and represent shock

trajectories. Fusion/fission dynamics and phase shifts exhibited by the multi-kinks have been dis-

cussed accordingly by drawing parallels in terms of shock collisions and scattering processes between

particles, which preserve total mass and momentum. To better comprehend the integrability prop-

erties possessed by the PDE under investigation, Bäcklund transformations have been contrived and
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Models expressed by conservation laws and nonlinear partial di↵erential equations (PDEs) play a
crucial role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to
population dynamics [25] and social sciences [4]. Paradigmatic examples are provided by pivotal nonlinear
(PDEs) with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers
equation @tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model
renowned for its complete integrability, due to its remarkable property of being linearisable by means of
a Cole-Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-
Piskounov reactive-di↵usive equation [8] and the nonlinear Fokker-Planck models [9], @tv+D@xxv = f(v)
and @tv + D@xxv = @x(F (v)v) respectively, being D the constant di↵usion coe�cient. Indeed, these
models very naturally arise while dealing with with mean field approximation of many-body system [10],
incorporating various significant phenomena, such as phase transitions, travelling-wave solutions, shock
waves, and anomalous di↵usion.

In this paper, we address the study of a nonlinear partial di↵erential equation that can be considered
a generalisation of the aforementioned models, that is:

@tv(x, t) + @x

⇢
⌘� [c1@tv(x, t) + c2@xv(x, t)] + c2v(x, t)2 + c4�

2

(c1v(x, t) + c3�)

�
= 0 (1.5)

where v = v(x, t) is a real function of the two real independent variables x and t, and ⌘, � and the cj ’s
are real constants. This equation has been introduced recently in [1] in connection with the problem
of describing a fluid systems at pressure P = x/t, temperature T = 1/t and specific volume v (or the
probability density in the language of the nonlinear Fokker-Plank equations), the behaviour of which
deviates from the van der Waals equations of state. The parameter ⌘ being a characteristic finite size
scale of the fluid. However, its potential applicability is far more general, in principle. Indeed, albeit
not in a familiar evolutionary form @tv = F (x, t, v, @xv, @xxv, . . . ), Eq. (

GLMeq
1.5) is basically a conservation

law, for which many general results are available in the literature (see e.g. [11, 12, 14, 15, 42]). In fact,
the equation is a continuity equation, where the flux contains additional terms to the standard drift and
di↵usion contributions, ruling the evolution of the function v. Specifically, the new terms in the current
depend on both x- and t- first derivatives of the density v. Therefore, di↵erently as usual the considered
equation is related to a mean field approximation of many-body systems, in which the large number limit
introduces non local in x � t dissipative mechanism, which are distinct from those x � x leading, for
instance, to the Burgers equation, corresponding to the choice c1 = 0. The Equation (1.1) is a sort of
variation of the Burgers one, similar to in the dissipative variant of the Benjamin-Bona-Mohoney [16]
and Camassa-Holm equations [17].

There are several ways to approach the study of solutions to (
GLMeq
1.5), and their classification based

on their properties. For instance, one may consider what happens in the ”inviscid” case ⌘ ! 0 as
in [1, 18], where by the hodograph mapping multivalued solutions were evidenced, giving rise to shock-
type discontinuities and their sensitive dependance on small variation of the initial data. Moreover, one
may investigate the symmetries of the equation within a Lie-group approach framework [19], in order
to characterize analytically the similarity solutions on symmetry group orbits. By resorting to standard
procedures first in [1,18], then more recently in [19] several special classes of solutions have been therefore
considered that show rich dynamics and phenomenology and also their polar dynamics in the complex
plane, accordingly to [26,27].

continuazione da rivedere Continuing the exploration of Equation (
GLMeq
1.5), we now delve deeper into its

analysis to unveiling novel features for solutions it encompasses. During this examination, we will focus
on a pivotal aspect that, while being strongly motivating in the original derivation of the equation, has
received limited attention thus far in respect to potential implications and applications to the construction

2

Il Principio di conservazione 
della quantità di moto

Simmetria per traslazioni spaziali
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use of its linearisability through a Cole-Hopf transformation. Features of travelling wave solutions

have been argued. Multi-kink solutions have been next devised by resorting to a geometric con-

struction in the regime of small viscosity. The resulting asymptotic solutions are time-dependent

Heaviside step functions representing classical (viscous) shock waves. As a result, line segments in

the space of independent variables arise as resonance conditions of exponentials and represent shock

trajectories. Fusion/fission dynamics and phase shifts exhibited by the multi-kinks have been dis-

cussed accordingly by drawing parallels in terms of shock collisions and scattering processes between

particles, which preserve total mass and momentum. To better comprehend the integrability prop-

erties possessed by the PDE under investigation, Bäcklund transformations have been contrived and

their action argued. Underlying Lax pairs have been pinpointed. Moreover, it has been shown that

the PDE is equivalent to the vanishing of a Hirota derivative acting on two arguments, individually

settled by the action of two linear operators. The possibility to construct solutions to the PDE in

terms of linear superposition of solutions of only one of them without loosing in generality has been

proved. Finally, connections have been clarified between the di↵erent basic linear problems that can

be associated to the PDE.

Keywords: Nonlinear Fokker-Planck equations, di↵usive/dissipative1+1-PDE models, integrable
PDE’s, Hirota Method, Lax pair, Bäcklund transformations, Conservation Laws
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Models expressed by conservation laws and nonlinear partial di↵erential equations (PDEs) play a
crucial role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to
population dynamics [25] and social sciences [4]. Paradigmatic examples are provided by pivotal nonlinear
(PDEs) with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers
equation @tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model
renowned for its complete integrability, due to its remarkable property of being linearisable by means of
a Cole-Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-
Piskounov reactive-di↵usive equation [8] and the nonlinear Fokker-Planck models [9], @tv+D@xxv = f(v)
and @tv + D@xxv = @x(F (v)v) respectively, being D the constant di↵usion coe�cient. Indeed, these
models very naturally arise while dealing with with mean field approximation of many-body system [10],
incorporating various significant phenomena, such as phase transitions, travelling-wave solutions, shock
waves, and anomalous di↵usion.

In this paper, we address the study of a nonlinear partial di↵erential equation that can be considered
a generalisation of the aforementioned models, that is:

@tv(x, t) + @x

⇢
⌘� [c1@tv(x, t) + c2@xv(x, t)] + c2v(x, t)2 + c4�

2

(c1v(x, t) + c3�)

�
= 0 (1.5)

where v = v(x, t) is a real function of the two real independent variables x and t, and ⌘, � and the cj ’s
are real constants. This equation has been introduced recently in [1] in connection with the problem
of describing a fluid systems at pressure P = x/t, temperature T = 1/t and specific volume v (or the
probability density in the language of the nonlinear Fokker-Plank equations), the behaviour of which
deviates from the van der Waals equations of state. The parameter ⌘ being a characteristic finite size
scale of the fluid. However, its potential applicability is far more general, in principle. Indeed, albeit
not in a familiar evolutionary form @tv = F (x, t, v, @xv, @xxv, . . . ), Eq. (

GLMeq
1.5) is basically a conservation

law, for which many general results are available in the literature (see e.g. [11, 12, 14, 15, 42]). In fact,
the equation is a continuity equation, where the flux contains additional terms to the standard drift and
di↵usion contributions, ruling the evolution of the function v. Specifically, the new terms in the current
depend on both x- and t- first derivatives of the density v. Therefore, di↵erently as usual the considered
equation is related to a mean field approximation of many-body systems, in which the large number limit
introduces non local in x � t dissipative mechanism, which are distinct from those x � x leading, for
instance, to the Burgers equation, corresponding to the choice c1 = 0. The Equation (1.1) is a sort of
variation of the Burgers one, similar to in the dissipative variant of the Benjamin-Bona-Mohoney [16]
and Camassa-Holm equations [17].

There are several ways to approach the study of solutions to (
GLMeq
1.5), and their classification based

on their properties. For instance, one may consider what happens in the ”inviscid” case ⌘ ! 0 as
in [1, 18], where by the hodograph mapping multivalued solutions were evidenced, giving rise to shock-
type discontinuities and their sensitive dependance on small variation of the initial data. Moreover, one
may investigate the symmetries of the equation within a Lie-group approach framework [19], in order
to characterize analytically the similarity solutions on symmetry group orbits. By resorting to standard
procedures first in [1,18], then more recently in [19] several special classes of solutions have been therefore
considered that show rich dynamics and phenomenology and also their polar dynamics in the complex
plane, accordingly to [26,27].

continuazione da rivedere Continuing the exploration of Equation (
GLMeq
1.5), we now delve deeper into its

analysis to unveiling novel features for solutions it encompasses. During this examination, we will focus
on a pivotal aspect that, while being strongly motivating in the original derivation of the equation, has
received limited attention thus far in respect to potential implications and applications to the construction
of solutions. The key property of Equation (

GLMeq
1.5) is its linearizability via a Cole-Hopf like transformation

[28,29], as proved in [1]. From the angle of the theory of integrable systems and NLPDEs, this means that
it is an analogous of the Bateman-Burgers equation. One therefore expects for the problem (

GLMeq
1.5) the entire

plethora of integrability properties [31]. To enhance our understanding and analysis of Equation (
GLMeq
1.5), it

is thus helpful to leverage insights and techniques commonly resorted while discussing the characteristics
and behaviors of special classes of solutions to the Bateman-Burgers or other di↵usive equations. So, the
purpose of the present paper is to make use of a systematic procedure in solving the equation (

GLMeq
1.5) that

exploits the linearisability of Equation (
GLMeq
1.5). Specifically, we will analyze the equation by the renewed
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Models expressed by conservation laws and nonlinear partial di↵erential equations (PDEs) play a
crucial role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to
population dynamics [25] and social sciences [4]. Paradigmatic examples are provided by pivotal nonlinear
(PDEs) with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers
equation @tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model
renowned for its complete integrability, due to its remarkable property of being linearisable by means of
a Cole-Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-
Piskounov reactive-di↵usive equation [8] and the nonlinear Fokker-Planck models [9], @tv+D@xxv = f(v)
and @tv + D@xxv = @x(F (v)v) respectively, being D the constant di↵usion coe�cient. Indeed, these
models very naturally arise while dealing with with mean field approximation of many-body system [10],
incorporating various significant phenomena, such as phase transitions, travelling-wave solutions, shock
waves, and anomalous di↵usion.

In this paper, we address the study of a nonlinear partial di↵erential equation that can be considered
a generalisation of the aforementioned models, that is:

@tv(x, t) + @x

⇢
⌘� [c1@tv(x, t) + c2@xv(x, t)] + c2v(x, t)2 + c4�

2

(c1v(x, t) + c3�)

�
= 0 (1.5)

where v = v(x, t) is a real function of the two real independent variables x and t, and ⌘, � and the cj ’s
are real constants. This equation has been introduced recently in [1] in connection with the problem
of describing a fluid systems at pressure P = x/t, temperature T = 1/t and specific volume v (or the
probability density in the language of the nonlinear Fokker-Plank equations), the behaviour of which
deviates from the van der Waals equations of state. The parameter ⌘ being a characteristic finite size
scale of the fluid. However, its potential applicability is far more general, in principle. Indeed, albeit
not in a familiar evolutionary form @tv = F (x, t, v, @xv, @xxv, . . . ), Eq. (

GLMeq
1.5) is basically a conservation

law, for which many general results are available in the literature (see e.g. [11, 12, 14, 15, 42]). In fact,
the equation is a continuity equation, where the flux contains additional terms to the standard drift and
di↵usion contributions, ruling the evolution of the function v. Specifically, the new terms in the current
depend on both x- and t- first derivatives of the density v. Therefore, di↵erently as usual the considered
equation is related to a mean field approximation of many-body systems, in which the large number limit
introduces non local in x � t dissipative mechanism, which are distinct from those x � x leading, for
instance, to the Burgers equation, corresponding to the choice c1 = 0. The Equation (1.1) is a sort of
variation of the Burgers one, similar to in the dissipative variant of the Benjamin-Bona-Mohoney [16]
and Camassa-Holm equations [17].

There are several ways to approach the study of solutions to (
GLMeq
1.5), and their classification based

on their properties. For instance, one may consider what happens in the ”inviscid” case ⌘ ! 0 as
in [1, 18], where by the hodograph mapping multivalued solutions were evidenced, giving rise to shock-
type discontinuities and their sensitive dependance on small variation of the initial data. Moreover, one
may investigate the symmetries of the equation within a Lie-group approach framework [19], in order
to characterize analytically the similarity solutions on symmetry group orbits. By resorting to standard
procedures first in [1,18], then more recently in [19] several special classes of solutions have been therefore
considered that show rich dynamics and phenomenology and also their polar dynamics in the complex
plane, accordingly to [26,27].

continuazione da rivedere Continuing the exploration of Equation (
GLMeq
1.5), we now delve deeper into its

analysis to unveiling novel features for solutions it encompasses. During this examination, we will focus
on a pivotal aspect that, while being strongly motivating in the original derivation of the equation, has
received limited attention thus far in respect to potential implications and applications to the construction
of solutions. The key property of Equation (

GLMeq
1.5) is its linearizability via a Cole-Hopf like transformation

[28,29], as proved in [1]. From the angle of the theory of integrable systems and NLPDEs, this means that
it is an analogous of the Bateman-Burgers equation. One therefore expects for the problem (

GLMeq
1.5) the entire

plethora of integrability properties [31]. To enhance our understanding and analysis of Equation (
GLMeq
1.5), it

is thus helpful to leverage insights and techniques commonly resorted while discussing the characteristics
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Il problema delle due masse in attrazione gravitazionale  è ridotto a quello del moto di una sola particella,
 di Massa ridotta, sottoposta all’azione di un centro di forze centrali,  posto nel Centro di Massa del sistema originario.

 

Questa procedura è valida per qualunque forza di interazione che dipenda dalla posizione relativa dei due corpi e newtoiana
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Models expressed by conservation laws and nonlinear partial di↵erential equations (PDEs) play a
crucial role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to
population dynamics [25] and social sciences [4]. Paradigmatic examples are provided by pivotal nonlinear
(PDEs) with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers
equation @tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model
renowned for its complete integrability, due to its remarkable property of being linearisable by means of
a Cole-Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-
Piskounov reactive-di↵usive equation [8] and the nonlinear Fokker-Planck models [9], @tv+D@xxv = f(v)
and @tv + D@xxv = @x(F (v)v) respectively, being D the constant di↵usion coe�cient. Indeed, these
models very naturally arise while dealing with with mean field approximation of many-body system [10],
incorporating various significant phenomena, such as phase transitions, travelling-wave solutions, shock
waves, and anomalous di↵usion.

In this paper, we address the study of a nonlinear partial di↵erential equation that can be considered
a generalisation of the aforementioned models, that is:

@tv(x, t) + @x

⇢
⌘� [c1@tv(x, t) + c2@xv(x, t)] + c2v(x, t)2 + c4�

2

(c1v(x, t) + c3�)

�
= 0 (1.5)

where v = v(x, t) is a real function of the two real independent variables x and t, and ⌘, � and the cj ’s
are real constants. This equation has been introduced recently in [1] in connection with the problem
of describing a fluid systems at pressure P = x/t, temperature T = 1/t and specific volume v (or the
probability density in the language of the nonlinear Fokker-Plank equations), the behaviour of which
deviates from the van der Waals equations of state. The parameter ⌘ being a characteristic finite size
scale of the fluid. However, its potential applicability is far more general, in principle. Indeed, albeit
not in a familiar evolutionary form @tv = F (x, t, v, @xv, @xxv, . . . ), Eq. (

GLMeq
1.5) is basically a conservation

law, for which many general results are available in the literature (see e.g. [11, 12, 14, 15, 42]). In fact,
the equation is a continuity equation, where the flux contains additional terms to the standard drift and
di↵usion contributions, ruling the evolution of the function v. Specifically, the new terms in the current
depend on both x- and t- first derivatives of the density v. Therefore, di↵erently as usual the considered
equation is related to a mean field approximation of many-body systems, in which the large number limit
introduces non local in x � t dissipative mechanism, which are distinct from those x � x leading, for
instance, to the Burgers equation, corresponding to the choice c1 = 0. The Equation (1.1) is a sort of
variation of the Burgers one, similar to in the dissipative variant of the Benjamin-Bona-Mohoney [16]
and Camassa-Holm equations [17].

There are several ways to approach the study of solutions to (
GLMeq
1.5), and their classification based

on their properties. For instance, one may consider what happens in the ”inviscid” case ⌘ ! 0 as
in [1, 18], where by the hodograph mapping multivalued solutions were evidenced, giving rise to shock-
type discontinuities and their sensitive dependance on small variation of the initial data. Moreover, one
may investigate the symmetries of the equation within a Lie-group approach framework [19], in order
to characterize analytically the similarity solutions on symmetry group orbits. By resorting to standard
procedures first in [1,18], then more recently in [19] several special classes of solutions have been therefore
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Models expressed by conservation laws and nonlinear partial di↵erential equations (PDEs) play a
crucial role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to
population dynamics [25] and social sciences [4]. Paradigmatic examples are provided by pivotal nonlinear
(PDEs) with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers
equation @tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model
renowned for its complete integrability, due to its remarkable property of being linearisable by means of
a Cole-Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-
Piskounov reactive-di↵usive equation [8] and the nonlinear Fokker-Planck models [9], @tv+D@xxv = f(v)
and @tv + D@xxv = @x(F (v)v) respectively, being D the constant di↵usion coe�cient. Indeed, these
models very naturally arise while dealing with with mean field approximation of many-body system [10],
incorporating various significant phenomena, such as phase transitions, travelling-wave solutions, shock
waves, and anomalous di↵usion.

In this paper, we address the study of a nonlinear partial di↵erential equation that can be considered
a generalisation of the aforementioned models, that is:

@tv(x, t) + @x
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⌘� [c1@tv(x, t) + c2@xv(x, t)] + c2v(x, t)2 + c4�

2

(c1v(x, t) + c3�)

�
= 0 (1.5)

where v = v(x, t) is a real function of the two real independent variables x and t, and ⌘, � and the cj ’s
are real constants. This equation has been introduced recently in [1] in connection with the problem
of describing a fluid systems at pressure P = x/t, temperature T = 1/t and specific volume v (or the
probability density in the language of the nonlinear Fokker-Plank equations), the behaviour of which
deviates from the van der Waals equations of state. The parameter ⌘ being a characteristic finite size
scale of the fluid. However, its potential applicability is far more general, in principle. Indeed, albeit
not in a familiar evolutionary form @tv = F (x, t, v, @xv, @xxv, . . . ), Eq. (

GLMeq
1.5) is basically a conservation

law, for which many general results are available in the literature (see e.g. [11, 12, 14, 15, 42]). In fact,
the equation is a continuity equation, where the flux contains additional terms to the standard drift and
di↵usion contributions, ruling the evolution of the function v. Specifically, the new terms in the current
depend on both x- and t- first derivatives of the density v. Therefore, di↵erently as usual the considered
equation is related to a mean field approximation of many-body systems, in which the large number limit
introduces non local in x � t dissipative mechanism, which are distinct from those x � x leading, for
instance, to the Burgers equation, corresponding to the choice c1 = 0. The Equation (1.1) is a sort of
variation of the Burgers one, similar to in the dissipative variant of the Benjamin-Bona-Mohoney [16]
and Camassa-Holm equations [17].

There are several ways to approach the study of solutions to (
GLMeq
1.5), and their classification based

on their properties. For instance, one may consider what happens in the ”inviscid” case ⌘ ! 0 as
in [1, 18], where by the hodograph mapping multivalued solutions were evidenced, giving rise to shock-
type discontinuities and their sensitive dependance on small variation of the initial data. Moreover, one
may investigate the symmetries of the equation within a Lie-group approach framework [19], in order
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Models expressed by conservation laws and nonlinear partial di↵erential equations (PDEs) play a
crucial role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to
population dynamics [25] and social sciences [4]. Paradigmatic examples are provided by pivotal nonlinear
(PDEs) with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers
equation @tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model
renowned for its complete integrability, due to its remarkable property of being linearisable by means of
a Cole-Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-
Piskounov reactive-di↵usive equation [8] and the nonlinear Fokker-Planck models [9], @tv+D@xxv = f(v)
and @tv + D@xxv = @x(F (v)v) respectively, being D the constant di↵usion coe�cient. Indeed, these
models very naturally arise while dealing with with mean field approximation of many-body system [10],
incorporating various significant phenomena, such as phase transitions, travelling-wave solutions, shock
waves, and anomalous di↵usion.

In this paper, we address the study of a nonlinear partial di↵erential equation that can be considered
a generalisation of the aforementioned models, that is:

@tv(x, t) + @x

⇢
⌘� [c1@tv(x, t) + c2@xv(x, t)] + c2v(x, t)2 + c4�

2

(c1v(x, t) + c3�)

�
= 0 (1.5)

where v = v(x, t) is a real function of the two real independent variables x and t, and ⌘, � and the cj ’s
are real constants. This equation has been introduced recently in [1] in connection with the problem
of describing a fluid systems at pressure P = x/t, temperature T = 1/t and specific volume v (or the
probability density in the language of the nonlinear Fokker-Plank equations), the behaviour of which
deviates from the van der Waals equations of state. The parameter ⌘ being a characteristic finite size
scale of the fluid. However, its potential applicability is far more general, in principle. Indeed, albeit
not in a familiar evolutionary form @tv = F (x, t, v, @xv, @xxv, . . . ), Eq. (

GLMeq
1.5) is basically a conservation

law, for which many general results are available in the literature (see e.g. [11, 12, 14, 15, 42]). In fact,
the equation is a continuity equation, where the flux contains additional terms to the standard drift and
di↵usion contributions, ruling the evolution of the function v. Specifically, the new terms in the current
depend on both x- and t- first derivatives of the density v. Therefore, di↵erently as usual the considered
equation is related to a mean field approximation of many-body systems, in which the large number limit
introduces non local in x � t dissipative mechanism, which are distinct from those x � x leading, for
instance, to the Burgers equation, corresponding to the choice c1 = 0. The Equation (1.1) is a sort of
variation of the Burgers one, similar to in the dissipative variant of the Benjamin-Bona-Mohoney [16]
and Camassa-Holm equations [17].

There are several ways to approach the study of solutions to (
GLMeq
1.5), and their classification based

on their properties. For instance, one may consider what happens in the ”inviscid” case ⌘ ! 0 as
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Models expressed by conservation laws and nonlinear partial di↵erential equations (PDEs) play a
crucial role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to
population dynamics [25] and social sciences [4]. Paradigmatic examples are provided by pivotal nonlinear
(PDEs) with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers
equation @tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model
renowned for its complete integrability, due to its remarkable property of being linearisable by means of
a Cole-Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-
Piskounov reactive-di↵usive equation [8] and the nonlinear Fokker-Planck models [9], @tv+D@xxv = f(v)
and @tv + D@xxv = @x(F (v)v) respectively, being D the constant di↵usion coe�cient. Indeed, these
models very naturally arise while dealing with with mean field approximation of many-body system [10],
incorporating various significant phenomena, such as phase transitions, travelling-wave solutions, shock
waves, and anomalous di↵usion.

In this paper, we address the study of a nonlinear partial di↵erential equation that can be considered
a generalisation of the aforementioned models, that is:

@tv(x, t) + @x

⇢
⌘� [c1@tv(x, t) + c2@xv(x, t)] + c2v(x, t)2 + c4�

2

(c1v(x, t) + c3�)

�
= 0 (1.5)

where v = v(x, t) is a real function of the two real independent variables x and t, and ⌘, � and the cj ’s
are real constants. This equation has been introduced recently in [1] in connection with the problem
of describing a fluid systems at pressure P = x/t, temperature T = 1/t and specific volume v (or the
probability density in the language of the nonlinear Fokker-Plank equations), the behaviour of which
deviates from the van der Waals equations of state. The parameter ⌘ being a characteristic finite size
scale of the fluid. However, its potential applicability is far more general, in principle. Indeed, albeit
not in a familiar evolutionary form @tv = F (x, t, v, @xv, @xxv, . . . ), Eq. (

GLMeq
1.5) is basically a conservation

law, for which many general results are available in the literature (see e.g. [11, 12, 14, 15, 42]). In fact,
the equation is a continuity equation, where the flux contains additional terms to the standard drift and
di↵usion contributions, ruling the evolution of the function v. Specifically, the new terms in the current
depend on both x- and t- first derivatives of the density v. Therefore, di↵erently as usual the considered
equation is related to a mean field approximation of many-body systems, in which the large number limit
introduces non local in x � t dissipative mechanism, which are distinct from those x � x leading, for
instance, to the Burgers equation, corresponding to the choice c1 = 0. The Equation (1.1) is a sort of
variation of the Burgers one, similar to in the dissipative variant of the Benjamin-Bona-Mohoney [16]
and Camassa-Holm equations [17].

There are several ways to approach the study of solutions to (
GLMeq
1.5), and their classification based

on their properties. For instance, one may consider what happens in the ”inviscid” case ⌘ ! 0 as
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Models expressed by conservation laws and nonlinear partial di↵erential equations (PDEs) play a crucial
role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to population
dynamics [25] and social sciences [4]. Paradigmatic examples are provided by pivotal nonlinear (PDEs)
with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers equation
@tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model renowned
for its complete integrability, due to its remarkable property of being linearisable by means of a Cole-
Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-Piskounov
reactive-di↵usive equation [8] and the nonlinear Fokker-Planck models [9], @tv+D@xxv = f(v) and @tv+
D@xxv = @x(F (v)v) respectively, being D the constant di↵usion coe�cient. Indeed, these models very
naturally arise while dealing with with mean field approximation of many-body system [10], incorporating
various significant phenomena, such as phase transitions, travelling-wave solutions, shock waves, and
anomalous di↵usion.

In this paper, we address the study of a nonlinear partial di↵erential equation that can be considered
a generalisation of the aforementioned models, that is:

@tv(x, t) + @x

⇢
⌘� [c1@tv(x, t) + c2@xv(x, t)] + c2v(x, t)2 + c4�

2

(c1v(x, t) + c3�)

�
= 0 (1.5)

where v = v(x, t) is a real function of the two real independent variables x and t, and ⌘, � and the cj ’s
are real constants. This equation has been introduced recently in [1] in connection with the problem
of describing a fluid systems at pressure P = x/t, temperature T = 1/t and specific volume v (or the
probability density in the language of the nonlinear Fokker-Plank equations), the behaviour of which
deviates from the van der Waals equations of state. The parameter ⌘ being a characteristic finite size
scale of the fluid. However, its potential applicability is far more general, in principle. Indeed, albeit
not in a familiar evolutionary form @tv = F (x, t, v, @xv, @xxv, . . . ), Eq. (

GLMeq
1.5) is basically a conservation

law, for which many general results are available in the literature (see e.g. [11, 12, 14, 15, 42]). In fact,
the equation is a continuity equation, where the flux contains additional terms to the standard drift and
di↵usion contributions, ruling the evolution of the function v. Specifically, the new terms in the current
depend on both x- and t- first derivatives of the density v. Therefore, di↵erently as usual the considered
equation is related to a mean field approximation of many-body systems, in which the large number limit
introduces non local in x � t dissipative mechanism, which are distinct from those x � x leading, for
instance, to the Burgers equation, corresponding to the choice c1 = 0. The Equation (1.1) is a sort of
variation of the Burgers one, similar to in the dissipative variant of the Benjamin-Bona-Mohoney [16]
and Camassa-Holm equations [17].
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Models expressed by conservation laws and nonlinear partial di↵erential equations (PDEs) play a
crucial role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to
population dynamics [25] and social sciences [4]. Paradigmatic examples are provided by pivotal nonlinear
(PDEs) with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers
equation @tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model
renowned for its complete integrability, due to its remarkable property of being linearisable by means of
a Cole-Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-
Piskounov reactive-di↵usive equation [8] and the nonlinear Fokker-Planck models [9], @tv+D@xxv = f(v)
and @tv + D@xxv = @x(F (v)v) respectively, being D the constant di↵usion coe�cient. Indeed, these
models very naturally arise while dealing with with mean field approximation of many-body system [10],
incorporating various significant phenomena, such as phase transitions, travelling-wave solutions, shock
waves, and anomalous di↵usion.

In this paper, we address the study of a nonlinear partial di↵erential equation that can be considered
a generalisation of the aforementioned models, that is:

@tv(x, t) + @x

⇢
⌘� [c1@tv(x, t) + c2@xv(x, t)] + c2v(x, t)2 + c4�

2

(c1v(x, t) + c3�)

�
= 0 (1.5)

where v = v(x, t) is a real function of the two real independent variables x and t, and ⌘, � and the cj ’s
are real constants. This equation has been introduced recently in [1] in connection with the problem
of describing a fluid systems at pressure P = x/t, temperature T = 1/t and specific volume v (or the
probability density in the language of the nonlinear Fokker-Plank equations), the behaviour of which
deviates from the van der Waals equations of state. The parameter ⌘ being a characteristic finite size
scale of the fluid. However, its potential applicability is far more general, in principle. Indeed, albeit
not in a familiar evolutionary form @tv = F (x, t, v, @xv, @xxv, . . . ), Eq. (

GLMeq
1.5) is basically a conservation

law, for which many general results are available in the literature (see e.g. [11, 12, 14, 15, 42]). In fact,
the equation is a continuity equation, where the flux contains additional terms to the standard drift and
di↵usion contributions, ruling the evolution of the function v. Specifically, the new terms in the current
depend on both x- and t- first derivatives of the density v. Therefore, di↵erently as usual the considered
equation is related to a mean field approximation of many-body systems, in which the large number limit
introduces non local in x � t dissipative mechanism, which are distinct from those x � x leading, for
instance, to the Burgers equation, corresponding to the choice c1 = 0. The Equation (1.1) is a sort of
variation of the Burgers one, similar to in the dissipative variant of the Benjamin-Bona-Mohoney [16]
and Camassa-Holm equations [17].

There are several ways to approach the study of solutions to (
GLMeq
1.5), and their classification based

on their properties. For instance, one may consider what happens in the ”inviscid” case ⌘ ! 0 as
in [1, 18], where by the hodograph mapping multivalued solutions were evidenced, giving rise to shock-
type discontinuities and their sensitive dependance on small variation of the initial data. Moreover, one
may investigate the symmetries of the equation within a Lie-group approach framework [19], in order
to characterize analytically the similarity solutions on symmetry group orbits. By resorting to standard
procedures first in [1,18], then more recently in [19] several special classes of solutions have been therefore
considered that show rich dynamics and phenomenology and also their polar dynamics in the complex
plane, accordingly to [26,27].

continuazione da rivedere Continuing the exploration of Equation (
GLMeq
1.5), we now delve deeper into its

analysis to unveiling novel features for solutions it encompasses. During this examination, we will focus
on a pivotal aspect that, while being strongly motivating in the original derivation of the equation, has
received limited attention thus far in respect to potential implications and applications to the construction
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Models expressed by conservation laws and nonlinear partial di↵erential equations (PDEs) play a
crucial role in a number of fields, ranging from fluid dynamics [2] and condensed matter physics [3] to
population dynamics [25] and social sciences [4]. Paradigmatic examples are provided by pivotal nonlinear
(PDEs) with di↵usion that have attracted huge attention in past decades, such as the Bateman-Burgers
equation @tu + u@xu = D@xxu [5–7], which is a fundamental nonlinear continuous dissipative model
renowned for its complete integrability, due to its remarkable property of being linearisable by means of
a Cole-Hopf transformation (see e.g. [12]). Analogous models are provided the Kolmogorov-Petrovsky-
Piskounov reactive-di↵usive equation [8] and the nonlinear Fokker-Planck models [9], @tv+D@xxv = f(v)
and @tv + D@xxv = @x(F (v)v) respectively, being D the constant di↵usion coe�cient. Indeed, these
models very naturally arise while dealing with with mean field approximation of many-body system [10],
incorporating various significant phenomena, such as phase transitions, travelling-wave solutions, shock
waves, and anomalous di↵usion.

In this paper, we address the study of a nonlinear partial di↵erential equation that can be considered
a generalisation of the aforementioned models, that is:

@tv(x, t) + @x

⇢
⌘� [c1@tv(x, t) + c2@xv(x, t)] + c2v(x, t)2 + c4�

2

(c1v(x, t) + c3�)

�
= 0 (1.5)

where v = v(x, t) is a real function of the two real independent variables x and t, and ⌘, � and the cj ’s
are real constants. This equation has been introduced recently in [1] in connection with the problem
of describing a fluid systems at pressure P = x/t, temperature T = 1/t and specific volume v (or the
probability density in the language of the nonlinear Fokker-Plank equations), the behaviour of which
deviates from the van der Waals equations of state. The parameter ⌘ being a characteristic finite size
scale of the fluid. However, its potential applicability is far more general, in principle. Indeed, albeit
not in a familiar evolutionary form @tv = F (x, t, v, @xv, @xxv, . . . ), Eq. (

GLMeq
1.5) is basically a conservation

law, for which many general results are available in the literature (see e.g. [11, 12, 14, 15, 42]). In fact,
the equation is a continuity equation, where the flux contains additional terms to the standard drift and
di↵usion contributions, ruling the evolution of the function v. Specifically, the new terms in the current
depend on both x- and t- first derivatives of the density v. Therefore, di↵erently as usual the considered
equation is related to a mean field approximation of many-body systems, in which the large number limit
introduces non local in x � t dissipative mechanism, which are distinct from those x � x leading, for
instance, to the Burgers equation, corresponding to the choice c1 = 0. The Equation (1.1) is a sort of
variation of the Burgers one, similar to in the dissipative variant of the Benjamin-Bona-Mohoney [16]
and Camassa-Holm equations [17].

There are several ways to approach the study of solutions to (
GLMeq
1.5), and their classification based

on their properties. For instance, one may consider what happens in the ”inviscid” case ⌘ ! 0 as
in [1, 18], where by the hodograph mapping multivalued solutions were evidenced, giving rise to shock-
type discontinuities and their sensitive dependance on small variation of the initial data. Moreover, one
may investigate the symmetries of the equation within a Lie-group approach framework [19], in order
to characterize analytically the similarity solutions on symmetry group orbits. By resorting to standard
procedures first in [1,18], then more recently in [19] several special classes of solutions have been therefore
considered that show rich dynamics and phenomenology and also their polar dynamics in the complex
plane, accordingly to [26,27].
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Q6 Una boa sta galleggiando, ferma, in acqua.
• Quali delle seguenti affermazioni sono vere?

1 – La forza risultante sulla boa è nulla.
2 – La boa sposta un volume d’acqua minore del proprio.
3 – La boa sposta una massa d’acqua maggiore della propria.

A Tutte. B La 1 e la 2. C La 2 e la 3. D Solo la 1. E Solo la 3.

Q7 • Quale dei seguenti grafici rappresenta il potenziale gravitazionale V dovuto a una massa punti-
forme posta in x = 0, in funzione della coordinata x ?

Q8 La figura mostra un elettrone in una regione dove è
presente un campo magnetico.

• La forza magnetica agente sull’elettrone è nulla quando l’e-
lettrone si muove. . .

A . . . verso destra.

B . . . verso l’alto.

C . . . in direzione entrante nella pagina.

D . . . in direzione uscente dalla pagina.

E Nessuna delle precedenti: la forza ma-

gnetica su un elettrone in moto non è
mai nulla.

Q9 Per definizione, una “mole” è l’unità di “quantità di sostanza” e contiene un numero fissato di entità
elementari; queste possono essere atomi, molecole, elettroni o altri insiemi di particelle. Estendendo il
concetto a entità piccole ma macroscopiche, si consideri una mole di granelli di sale grosso da cucina.

• Facendo opportune stime, dare l’ordine di grandezza del numero di aule scolastiche che si potrebbero riempire
con una mole di granelli di sale grosso da cucina.

A 10 B 106 C 1010 D 1014 E 1018

Q10 In un ciclo di Carnot, in cui la sorgente calda è a 20 ◦C, il rendimento è del 20%. Si sostituisce la
sorgente calda con un’altra sorgente a 0 ◦C, lasciando inalterata la sorgente fredda.

• Qual è il nuovo rendimento del ciclo?

A 0% B 14% C 20% D 21.5% E 26%

Q11 Una sonda si muove in orbita circolare attorno a Marte a un’altezza dalla superficie pari a 4 volte
il raggio del pianeta.

• Qual è il rapporto tra vf/v dove v è la velocità orbitale della sonda e vf quella di fuga necessaria
per allontanare la sonda dal punto in cui si trova fino a grande distanza (praticamente infinita)
dal pianeta?

A 1 B
√

5

4
C

√
2 D

√
16

5
E 2
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Q7 Un blocchetto è tenuto fermo su un piano inclinato. Viene lasciato libero e quando raggiunge
la base del piano inclinato la sua velocità è di 4.3m s−1. Successivamente il blocchetto viene
riportato fermo nella stessa posizione iniziale e poi lanciato verso l’alto lungo il piano inclinato

alla velocità iniziale di 3.9m s−1; raggiunta la massima altezza, il blocchetto scende fino alla base.

• Nel secondo lancio qual è la velocità del blocchetto quando raggiunge la base del piano inclinato?

Trascurare tutti gli attriti.

Q8 Un modulo lunare di massa 1850 kg sta scendendo verticalmente sulla superficie della Luna.
Quando si trova a 2 km di altezza e ha una velocità di 87m s−1, accende i motori per frenare.

• Quale dev’essere la spinta dei motori, supposta costante, se si vuole che il modulo si posi sulla superficie
lunare con velocità nulla?

Trattare come uniforme il campo di gravità.

Q9 Una molla di lunghezza a riposo 22 cm e costante elastica 38Nm−1, è agganciata a una seconda
molla di lunghezza a riposo 18 cm e costante elastica 57Nm−1. Le due molle hanno massa
trascurabile e sono fissate a due punti distanti D = 55 cm. Il sistema si trova in equilibrio.

• Qual è, in questa situazione, l’allungamento
della prima molla?

Q10 Un cilindro di volume 2V0 (lunghezza 2L, sezione S), disposto orizzontalmente, è separato in
due parti uguali da una parete scorrevole, a tenuta, di spessore trascurabile. In ognuna delle
due parti è presente del gas a pressione p0, e il sistema è in equilibrio.

Il cilindro è contenuto entro un termostato che garantisce sempre una temperatura costante del gas T0.

La parete viene spostata di un tratto pari a L/2 e tenuta ferma.

• Determinare la forza necessaria per mantenere la parete in questa posizione.

Materiale elaborato dal Gruppo

NOTA BENE: È possibile utilizzare, riprodurre, distribuire, comunicare al pubblico questo ma-
teriale alle due seguenti condizioni: citare la fonte; non usare il materiale, nemmeno parzialmente,
per fini commerciali.
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e il campo elettrico, per la condizione s !
√
A, può essere trattato come uniforme, per cui Vmax = Emax s .

Ne segue che l’energia massima è

Umax =
1

2
CV 2

max =
1

2

ε0εrA

s
E2

max s
2 =

1

2
ε0εr E

2
maxAs come sopra.

QUESITO n. 6

Le trasformazioni AB e CD sono delle trasformazioni isocore perché, essendo rappresentate da rette passanti per
l’origine, il rapporto p/T = nR/V è costante, dunque V è costante. Quindi LAB = LCD = 0.

Le trasformazioni BC e DA sono isobare e il lavoro è Lisob = p∆V = nR∆T . Pertanto

L = LAB + LBC + LCD + LDA = nR (TC − TB) + nR (TA − TD) = 2nRTA .

In modo alternativo: i parametri di stato (p, V, T ) sono

in A= (pA, VA, TA)

in B= (2pA, VA, 2TA)

in C= (2pA, 3VA, 6TA)

in D= (pA, 3VA, 3TA) .

Nel piano V −p il grafico è un rettangolo e il lavoro è numericamente
uguale alla sua area:

L = 2VA pA = 2nRTA .

NOTA per i correttori ⇒ Vengono attribuiti 2 punti solo nel caso di un errore algebrico nell’ultimo pas-
saggio. Non deve mai essere attribuito 1 punto.

QUESITO n. 7

Si indichi con U0 l’energia potenziale gravitazionale iniziale del blocchetto, avendo fissato U = 0 sul fondo del
piano inclinato. Sia u1 = 0 la velocità iniziale e v1 la velocità in fondo al piano inclinato nel primo lancio; sia u2

la velocità iniziale e v2 la velocità finale (da determinare) nel secondo lancio. Per la conservazione dell’energia
meccanica, nel primo caso si ha

U0 =
1

2
mv21 mentre nel secondo caso si ha U0 +

1

2
mu2

2 =
1

2
mv22 .

In definitiva
1

2
mv21 +

1

2
mu2

2 =
1

2
mv22 ⇒ v2 =

√
v21 + u2

2 = 5.81m s−1 .

RIS ⇒ 5.80 ≤ v ≤ 5.82 [m s−1 ]

QUESITO n. 8

Fissando un asse verticale, orientato verso il basso, con l’origine nel punto in cui inizia la frenata, si ha

vi = 87m s−1, vf = 0; si = 0, sf = 2km .

Le forze che agiscono sul modulo (spinta S e peso mg
L
) sono costanti nel tempo, quindi il moto è uniformemente

accelerato con accelerazione data dalla seconda legge della dinamica

mg
L
− S = ma ⇒ a = g

L
− S

m
, .

Dalle equazioni del moto uniformemente accelerato si ottengono le leggi orarie

vf = vi + at sf = si + vi t+
1

2
at2 .

Quindi, dalla prima t = −vi/a ; sostituendo nella seconda e ricordando che vf = 0 e si = 0 si ottiene

−1

2
v2i = asf =

(
g
L
− S

m

)
sf ⇒ S =

1

2sf
mv2i +mg

L
= 6500N .
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Allo stesso risultato si può arrivare, sempre per via cinematica, anche partendo dalla relazione, valida nel moto
uniformemente accelerato:

v2f − v2i = 2a∆s dalla quale si ottiene − 1

2
v2i = asf =

(
g
L
− S

m

)
sf

e si procede come sopra.

Si può anche usare la relazione tra lavoro delle forze non conservative ed energia meccanica EM. Essendo la
spinta S non conservativa e diretta in verso opposto allo spostamento ∆s = sf − si = sf si ha

−Ssf = ∆EM = 0−
(
1

2
mv2i +mg

L
sf

)
da cui si ottiene facilmente l’espressione per S.

S =
1

2sf
mv2i +mg

L
= 6500N .

RIS ⇒ 6 450 ≤ S ≤ 6 550 [N ]

QUESITO n. 9

Poiché la distanza D è maggiore della somma delle lunghezze a riposo delle due molle, entrambe le molle sono
allungate.

La molla di destra esercita sulla molla di sinistra una forza di intensità k2∆!2 diretta verso destra e analo-
gamente la molla di sinistra esercita una forza di intensità k1∆!1 su quella a destra, rivolta a sinistra.

Per il terzo principio della dinamica

k1 ∆!1 = k2 ∆!2 . (1)

La lunghezza totale delle molle è D, perciò

!0,1 +∆!1 + !0,2 +∆!2 = D . (2)

Ricavando ∆!2 dalla (1) e sostituendo nella (2) si ottiene

∆!1

(
1 +

k1
k2

)
= D − !0,1 − !0,2 ⇒ ∆!1 =

D − !0,1 − !0,2
1 + k1/k2

= 9.0 cm .

RIS ⇒ 8.8 ≤ ∆!1 ≤ 9.2 [ cm ]

QUESITO n. 10

Quando la parete è spostata di un tratto x i volumi nelle due parti del cilindro sono

V1 = V0 + Sx = S(L+ x) e V2 = V0 − Sx = S(L− x)

e le rispettive pressioni, per la legge dei gas perfetti a T costante, sono

p1 =
V0

V1
p0 =

L

L+ x
p0 e p2 =

V0

V2
p0 =

L

L− x
p0 .

La differenza di pressione sulle due facce della parete è

∆p =

[
L

L− x
− L

L+ x

]
p0 =

2Lx

L2 − x2
p0 da cui, per x = L/2, ∆p =

4

3
p0 .

La forza sulla parete è quindi

F = ∆pS =
4

3
S p0 .

In modo più immediato, il volume di una parte si dimezza e dunque la sua pressione raddoppia (legge di Boyle);
nell’altra parte il volume diventa 3/2 di quello iniziale e la pressione è (2/3) p0.

La differenza di pressione è quindi

∆p = 2p0 −
2

3
p0 =

4

3
p0 .
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Es. 3.4 Supponendo di poter trascurare la presenza dell’atmosfera fino ad una quota 
di circa 20 km dal suolo, che velocità ha l’oggetto quando incontra l’atmosfera?
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Energia Totale di due masse 
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Principio di Equivalenza
in una zona delimitata dello spazio-tempo, è sempre possibile scegliere un opportuno 
sistema di riferimento, in modo da simulare l'esistenza di un campo gravitazionale 
uniforme o, reciprocamente, in modo da eliminare l'effetto della forza di gravità costante.
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Equazione radiale
Ci poniamo nel sistema di riferimento rotante a pulsazione ω  
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Forza di attrazione gravitazionale
+ centrifuga
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Il problema è ridotto alla sola 
variabile r ( t ) !!!
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E’ possibile scrivere l’equazione del moto 
nella forma conservativa ?

Chi è Ueff ?
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Il Vettore di Runge-Lenze è
una costante del moto
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Funzione solo di L ed E
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Le equazioni del moto sono state risolte usando solo le costanti del moto !!  (Caso eccezionale, ma importante)

Orbite chiuse !!! 

La Traiettoria 

I semiassi
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III Legge di Keplero

La legge di gravitazione di Newton contiene le tre leggi di Keplero come sue conseguenze !!!






