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Theφ4-theory (since 1960s):
1

2
φtt −

1

2
φxx − φ + φ3 = 0,

with its kink solution:
φ(x, t) = tanh x.
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When the amplitude of the kink’s internal mode becomes large, the

wobbling kink has to be regarded as a fundamental nonlinear excitation

of theφ4 theory; hence the need for a fully-nonlinear description.
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Outline of this talk:

• Freely wobbling kink

• Parametrically driven damped wobbler (1 : 1 resonance)

• Parametrically driven damped wobbler (2 : 1 resonance)

• Directly driven damped wobbler (1 : 1 resonance)

• Directly driven damped wobbler (1 : 2 resonance)
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Theoretical work so far

• Numerical simulations:Boris Getmanov, JETP Letters (1975)

• Collective coordinates (free kink):M J Rice and E J Mele, Solid

State Commun35 487 (1980)

• Regular asymptotic expansion (free kink):H Segur, J Math Phys24,

1439 (1983)

• Parametrically driven kink (averaging over large frequency): Yu S

Kivshar, A Sánchez, and L Vázquez, Phys Rev A45 1207 (1992)

• Damped-driven kink away from resonances:A L Sukstanskii and K I

Primak, Phys Rev Lett75 3029 (1995)

• Collective coordinates (directly driven kink):N Quintero, A

Sánchez, and F Mertens, Phys Rev Lett84, 871 (2000)

• Collective coordinates (parametrically driven kink):N Quintero, A

Sánchez, and F Mertens, Phys Rev E64, 046601 (2001)
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Freely wobbling kink

Transforming to the moving frame,

ξ = x −
∫ t

0

v(t′)dt′,

the equation becomes

1

2
φtt − vφξt −

vt

2
φξ −

1 − v2

2
φξξ − φ + φ3 = 0.

Setv = εV ; expand in powers ofε:

φ = φ0 + εφ1 + ε2φ2 + . . . .

and introduce a hirerarchy of space and time scales:

Xn ≡ εnξ, Tn ≡ εnt, n = 0, 1, 2, ....
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Linear corrections

1

2
D2

0φ1 + Lφ1 = 0,

where the Schrödinger operator

L = −1

2
∂2

0 − 1 + 3φ2
0 = −1

2
∂2

0 + 2 − 3 sech2 X0.

We keep just the wobbling mode:

φ1 = Aeiω0T0y1(X0) + c.c.,

where

ω0 =
√

3, y1(X0) = sech X0 tanh X0.

and

A = A(X1, X2, ..., T1, T2, ...).

Wobbling kinks inφ4 theory – p. 6/20



Quadratic corrections
1
2
D2

0φ2 + Lφ2 = (∂0∂1 − D0D1)φ1 − 3φ0φ
2
1 + V D0∂0φ1

+1
2
D1V ∂0φ0 − 1

2
V 2∂2

0φ0,

whence φ2 = ϕ
(0)
2 + ϕ

(1)
2 eiωT0 + c.c. + ϕ

(2)
2 e2iωT0 + c.c.

ϕ
(0)
2 = 2|A|2 sech2 X0 tanh X0 +

(

V 2

2
− 3|A|2

)

X0 sech2 X0;

ϕ
(1)
2 = −(∂1A + iω0V A)X0 sech X0 tanh X0;

ϕ
(2)
2 = A2f1(X0) = A2

8

[

6 tanh X0 sech2 X0 + (3 − tanh2 X0

+ik0 tanh X0)(J
∗

2 − J∞

2 )eik0X0 + (3 − tanh2 X0 − ik0 tanh X0)J2e
−ik0X

k0 =
√

8, J2 =

∫ X0

−∞

eikξ sechn ξ dξ

To avoid infinite velocities, replaceA2 with B(X1, X2, ...;T1, T2, ...),

whereB(0, 0, ..., T1, T2, ...) = A2(T1, T2, ...).
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The amplitude equation
1

2
D2

0φ3 + Lφ3 = (∂0∂1 − D0D1)φ2 + (∂0∂2 − D0D2)φ1

+
1

2
(∂2

1 − D2
1)φ1 − φ3

1 − 6φ0φ1φ2 + V D0∂0φ2

+ V D0∂1φ1 + V D1∂0φ1 +
1

2
D2V ∂0φ0 −

1

2
V 2∂2

0φ1.

The solvability condition for the first harmonic

2iω0

3
D2A + ζ|A|2A − V 2A = 0,

where

ζ = 6

∫

∞

−∞

sech2 X0 tanh3 X0

[5

2
sech2 X0 tanh X0

− 3X0 sech2 X0 + f1(X0)
]

dX0

= −0.8509 + i0.04636
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All amplitude equations can be assembled into one master equation:

iat = −ω0

2
ζ |a|2a +

ω0

2
v2a + O

(

|a|4
)

, a = εA

Decay of the wobbling amplitude:

|a(t)|2 =
|a(0)|2

1 + ω0 Im ζ |a(0)|2t =
|a(0)|2

1 + 0.08030 × |a(0)|2t .

×103

t

|a
(t

)|

1086420

0.2

0.16

0.12

0.08

0.04

0
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Wobbling kink

Frequency of the wobbling:

ω = ω0

[

1 − 1
2
v2 + 1

2
Re ζ |a|2 + O

(

|a|4
)]

The wobbling kink to the orderε2:

φ(x, t) = tanh

(

1 − 3|a|2√
1 − v2

ξ

)

+ a sech ξ tanh ξeiω0(t−vξ) + c.c.

+ 2|a|2 sech2 ξ tanh ξ + bf1(ξ)e
2iω0(t−vξ) + c.c. + O

(

|a|3
)

,

whereb = ε2B andξ = x − vt.
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Parametrically driven φ4 (1 : 1 resonance)

1

2
φtt −

1

2
φxx+γφt − [1+hcos(Ωt)]φ + φ3 = 0,

γ= ε2Γ, h= ε3H, Ω= ω0(1 + ε2R).

The “free" amplitude equations are replaced with

D2V = −2ΓV,

iD2A +
ω0

2
ζ|A|2A − ω0(R +

V 2

2
)A =

πω0

8
H − iΓA.

In terms of the unscaled variables,

ȧ = −γa− iω0ρa +
1

2
iω0ζ|a|2a−

1

2
iω0v

2a− iω0
π

8
h + O

(

|a|5
)

,

v̇ = −2γv + O
(

|a|5
)

.
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1 : 1 parametric resonance: results

• Wobbling frequency locked to the frequency of the driver

• No threshold for the driving strength to sustain the wobbling

• Bistability and hysteresis for the intermediate driving strengths

h

|a|

0.0140.0120.010.0080.0060.0040.0020

0.35

0.3

0.25

0.2

0.15

0.1

0.05

0

• The strongest resonance is at a negative detuning:

Ω

ω0

− 1 =
Re ζ

2
|ares|2 < 0,

64

π2
|ares|2

(

γ

ω0

+
Im ζ

2
|ares|2

)2

= h2
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Parametric driving (2 : 1 resonance)

1

2
φtt −

1

2
φxx+γφt − [1+hcos(2Ωt)]φ + φ3 = 0,

γ= ε2Γ, h= ε2H, Ω= ω0(1 + ε2R).

Master equations:

ȧ = −γa − iω0ρa +
1

2
iω0ζ|a|2a − 1

2
iω0v

2a − 1

2
iω0σha∗ + O

(

|a|5
)

,

v̇ = −2γv + O
(

|a|5
)

Summary:
• Weaker resonance than in the case of driving nearω0

• Threshold driving strength:

1

4
|σ|2h2 ≥ γ2

ω2
0

+

(

Ω

ω0

− 1

)

, σ = 0.5958 + i0.003863

• No bistability or hysteresis
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Direct driving (1 : 2 resonance)

1

2
φtt −

1

2
φxx+γφt − φ + φ3 =hcos(

Ω

2
t ) ,

γ= ε2Γ, h= ε2H, Ω= ω0(1 + ε2R).

The master amplitude equations:

ȧ = −γa−iω0ρa+
i

2
ω0ζ|a|2a−

i

2
ω0v

2a+
60

169
iπω0h

2+O
(

|a|5
)

,

v̇ = −2γv + O
(

|a|5
)

.

The amplitude equations have the same form as in the case of the

parametric driving near the frequencyω0 where one only needs

to replaceh → h2
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Direct driving (1 : 1 resonance)
1

2
φtt −

1

2
φxx+γφt − φ + φ3 =hcos(Ωt),

γ= ε2Γ, h= ε2H, Ω= ω0(1 + ε2R).

Prior toO (ε2), expansion is as in the undamped, undriven case:

φ0 = tanh X0

φ1 = A sech X0 tanh X0e
iωT0 + c.c.

At O (ε2), we have, as before,

ϕ
(0)
2 = 2|A|2 sech2 X0 tanh X0 +

(

V 2

2
− 3|A|2

)

X0 sech2 X0,

ϕ
(2)
2 = Bf1(X0), B(0, ..., 0;T1, ...) = A2(T1, T2, ...),

but the first harmonic is altered:

ϕ
(1)
2 = H(1 − 2 sech2 X0). Wobbling kinks inφ4 theory – p. 15/20



At O (ε3), the solvability conditions giveD2V = −2ΓV and

D2A + ΓA + iω0RA − i

2
ω0ζ|A|2A +

1

2
iω0V

2A − 3π

4
V H = 0,

and the 0th and 1st harmonic components are

ϕ
(0)
3 = −4H(A + A∗)(sechX0 + sech3 X0),

ϕ
(1)
3 = −∂2AX0 sech X0 tanh X0 + |A|2Au1(X0)

+1
2
V 2AX0 sech X0(2 sech2 X0 − 1) + iω0V Hu2(X0),

whereu1(X0) andu2(X0) are the bounded solutions of

(L − 3/2)u1(X0) =
3

2
ζ sech X0 tanh X0

+6 sech X0 tanh2 X0

[

3X0 sech2 X0−
5

2
sech2 X0 tanh X0−f1(X0)

]

,

(L−3/2)u2(X0) = −4 sech2 X0 tanh X0 +
3π

4
sech X0 tanh X0.
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For the second harmonic component we must solve

(L − 6)ϕ
(2)
3 = (∂1B + 2iω0V B) ∂0f1(X0)

−2iω0D1Bf1(X0)−6HA sechX0 tanh2 X0(1 − 2 sech2 X0),

where

f1(X0) ∼







e−ik0X0 for X0 � 0,

eik0X0 for X0 � 0.

The secular terms will be suppressed if

D1B =







− k0

ω0

(∂1B + 2iω0V B) for X1 > 0

k0

ω0

(∂1B + 2iω0V B) for X1 < 0,

or, writing as a single equation,

D2
1B =

k2
0

4ω2
0

∂2
1B +

ik2
0V

ω0

∂1B − k2
0V

2B.
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At O (ε5), the solvability condition is

D4V = −3
2
Hη|A|2A + c.c. + 2ΓV 3

+ 3π
4

iω0HΓ(A − A∗) + 9π
4

RH(A + A∗) + 2ΓRV,

where

η = −2.005 − 0.3823i.

The master amplitude equations:

ȧ = −γa−iω0ρa+ i
2
ω0ζ|a|2a− i

2
ω0v

2a+3π
4

hv−3
2
iνh2a−i87

35
h2a∗+O

(

|a|5
)

v̇ = −2γv+3π
4

iω0hγ(a−a∗)+
(

9π
4

ρ − 3
2
δh2 − 3

2
ηh|a|2

)

(a+a∗)+O
(

|a|6
)
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Hysteresis

γ =
2×10

−
3

γ =
1×

10
−
3

h

|a|
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0.02

0

γ
=

2×
10

−
3

γ
=

1×
10
−
3

h

v

0.0180.0160.0140.0120.010.008

0.02

0.015

0.01

0.005

0
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Conclusions

• Free wobbling kink a long-lived object: the wobbling amplitude

decays only ast−1/2

• Both direct and parametric driving can sustain the wobbling. The

wobbling locks on to a harmonic of the driving frequency

• Parametrically driven wobbling kink:1 : 1 is the strongest resonance

• 1 : 1 direct driving: wobbling sustained only if the kink performs

translation motion. Radiation important

• Complicated dynamics (bistability and hysteresis) but no chaos
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