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The ¢*-theory (since 1960s):

1 1
5%~ 5% — ¢+ ¢° =0,
with its kink solution:

¢(x,t) = tanh z.

When the amplitude of the kink’s internal mode becomes |aie
wobbling kink has to be regarded as a fundamental nonlineatagon
of the ¢* theory; hence the need for a fully-nonlinear description.
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Freely wobbling kink

Transforming to the moving frame,

t
=1 / v(th)dt',
0
the equation becomes

1 — o?
2
Setv = €V; expand in powers of:

1 !
§€btt — Vgt — %% - Gec — &+ ¢° = 0.

¢ = o+ epr+ P+ ...
and introduce a hirerarchy of space and time scales:
X,=¢€¢, 1T,=€1t, n=0,12, ...
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L inear corrections

1
§D8¢1 + Lo =0,

where the Schrodinger operator
1 1
L= —508 — 1+ 3¢5 = —533 + 2 — 3sech” Xj,.
We keep just the wobbling mode:
gbl — A@inTOyl (XO) == C.C.,

where
wo = V3, yi(Xy) = sech X; tanh X,.

and
A=AX, X, ..., T, T, ...).
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Quadratic corrections

%DS@ —+ Lng — (a()al e DODl)le — 3§bo¢% =F VDOaQle
+2D1Vypo — 2V 7?05 6bo,

whence ¢, = ( )+ gp< JelwTo 4 ¢ + gpg)e%w% + c.c.

SO;O — 2| AJ? sech® X tanh X + ;

90;1) = — (014 + 1wyV A) X sech X tanh Xj;

g02 A2f1 (XO) — A% [6 tanh XO SeCh2 XO -+ (3 — tanh2 XO
+iko tanh Xo)(J3 — J;O)eZkOXO + (3 — tanh® X — iko tanh Xo) Joe "0
Xo
=8, Jp= / e'™ sech™ € d¢

To avoid infinite velocities, replacé® with B(X;, Xy, ...; T}, T5, ...),
WhereB(O, O, ey le TQ, ) — A2<T1, TQ, )
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Theamplitude equation

1
§D8gb3 + Loz = (0o01 — DoD1)d2 + (0002 — DoDa)r

1
+5(0f = D)1 — ¢} — 6dodrda + V Dodods
1 1
+ VDodié1 + VD10oér + 5 DoV oo — SV0561.

The solvability condition for the first harmonic

27:&)0

3 Dy A+ C|APPA—VZA =0,

where

> 5
¢ = 6/ sech” X, tanh” X, [5 sech”® X, tanh X,

— 3X,sech? Xy + fi (Xo)} dXo
= —0.8509 + 20.04636
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All amplitude equations can be assembled into one mastatiequ

iy = —%C lal?a + %UQCL +0(Jal*), a=¢€A

Decay of the wobbling amplitude:

I () a(0)
1 +woIm € |a(0)2t 1+ 0.08030 x |a(0)2¢

a(t)[*

02 | | | |

0.16- -
—0.12- :
=0.08- -

0.04- -

O | | | |
0 2 Z 6 38 10<10°
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Wobbling kink

Frequency of the wobbling:

w=wy [l — 22+ LRe(lal? + O (|af!)]

The wobbling kink to the ordes:

. 1 — 3|al?
o(x,t) = ta h(\/l——U2€>

+ asech € tanh £e™0(=v8) 4 ¢ ¢
+ 2|a|? sech? € tanh & 4 by (€)e* 0= 4 cc. + O (\alg) :

whereb = ¢2B and¢ = x — ot.
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Parametrically driven ¢* (1 : 1 resonance)

1 1
§¢tt - §§bm+V¢t — [14+hcos(Qt)] ¢ + ¢° = 0,
v= €T, h=¢eH, Q= wy(l+eR).

The “free" amplitude equations are replaced with
D)V = =2I'V,

V2 TTWo

iDy A + %g‘\APA —w(R+ ) A= ZUH — il A

In terms of the unscaled variables,

1 1

0= =2y~ 0 (|a]’).
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1 : 1 parametric resonance: results

Wobbling frequency locked to the frequency of the driver
No threshold for the driving strength to sustain the wolaplin

Bistability and hysteresis for the intermediate drivingeagths
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Parametricdriving (2 : 1 resonance)

%Cbtt - %¢xaz+7¢t — [1+hecos(2Qt)] ¢ + ¢° = 0,
v=¢eT, h=¢H, Q= wy(l+eR).
Master equations:
a4 = —ya — iwgpa + %iwoﬂa\% — %iwo?ﬂa — %iwoaha,* + 0 (lal’),
0= —=2vv+ 0 (|a]’)
Summary:

Weaker resonance than in the case of driving ngar
Threshold driving strength:

1, 9,9 () .
—lo|*h* > 5+ (——1), o =0.5958+140.003863
1 Wy Wo

No bistability or hysteresis
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Direct driving (1 : 2 resonance)

1 1
§¢tt i 5¢xm+7¢t i ¢ T ¢3 :hCOS< at ) )
v=¢€’T', h=e’H, Q= wy(l+R).

The master amplitude equations:
7 1 60

0 = —ya—iwopa%—?w()da]za—§w0v2a+ @mwohz%—() (Ja]’),

0= —-2vv+0O (\a!5) .

The amplitude equations have the same form as in the case
parametric driving near the frequenocy where one only needs
to replaceh — h?
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Direct driving (1 : 1 resonance)
1 1
§¢tt - §¢x:p+7¢t — ¢ + ¢° =hcos(Q1),
v= €', h=¢e*H, Q= uwy(l+€eR).
Prior toO (¢%), expansion is as in the undamped, undriven ca

¢() — tanh XO
»1 = Asech X, tanh Xoeto 4 cc.

At O (¢?), we have, as before,

2

.
0y = 2|A|* sech® X, tanh X, + (7 - S\A\2> X, sech? X,

gpg) = Bfl(XO)a B(O, ...,O;Tl, ) = A2(T1,T2, ),

but the first harmonic Is altered:

(1) _ 2
902 o H (1 i 2 SeCh XO) ’ Wobbling kinks in¢4 theory — p. 15,
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At O (¢€’), the solvability conditions givé®,V = —2I'V and

' | 3
DyA + TA + iwgRA — %wogyA\QA + SiwgV?A — fVH _0,

and the Oth and 1st harmonic components are
gpéo) = —4H (A + A*)(sech X, + sech® Xj),

gpgl) — — 0y AXysech Xy tanh Xg + !A\QAM(XO)
+1V?AXsech Xo(2sech? Xo — 1) + iwoV Hua(Xo),

whereu; (X,) andus(X,) are the bounded solutions of

3
(L — 3/2)U1 (X()) — §Csech XO tanh X()

5
+6 sech X, tanh? X, |3 X, sech? XO—5 sech” X tanh Xo— f1(Xo) |,

37

(L —3/2)us(Xy) = —4sech® X tanh X, + = sech Xy tanh Xj.
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For the second harmonic component we must solve

(L — 6)903 = (01 B + 2iwgV B) 0y f1(Xo)
—2iwy D1 B f1(Xo)—6H A sech X, tanh® Xo(1 — 2 sech” Xj),

where

)
e~ "oXo  for Xy > 0,
f1(Xo) ~ <

etkoXo  for X, < 0.

N

The secular terms will be suppressed if

y

—i—g(ﬁlB + QZWOVB) for X1 > ()

B =«
% (91 B + 2iweVB)  for X; <0,

N

or, writing as a single equation,

k2 zk2V
DiB=-—"0{B+ ——&B — kjV*B.
4w0 CUO Wobbling kinks ingb4 theory — p. 17



At O (¢°), the solvability condition is

D,V = —2Hn|APPA+ c.c. + 2T'V?
+ LjwoHT' (A — A*) + ZRH(A+ A*) + 2T'RV,

where
n = —2.005 — 0.3823:.

The master amplitude equations:

a = —ya—iwppa+iwelal’a—twovia+2Zhv—Sivh*a—iEh’a*4+0 (|al’

— —2fyv—|— zwoh’y(a a )-|—( 7 P 5h2 — —nh!a\2) (CH‘CL*)_'_O (’a‘fj)
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Conclusions

Free wobbling kink a long-lived object: the wobbling amydie
decays only ag~!/?

Both direct and parametric driving can sustain the wobblifoe
wobbling locks on to a harmonic of the driving frequency
Parametrically driven wobbling kinkt: : 1 is the strongest resonanc

1 : 1 direct driving: wobbling sustained only if the kink perfasm
translation motion. Radiation important
Complicated dynamics (bistability and hysteresis) but im@os

'l-";;i:i-:l
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