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Introduction

Evolution equation
E =wu — F(u, Uy, Uggy -« -y Upg) =0

Lie-Backlund Symmetry (enerator:

0
Z = Ty Wsy) 5
n(u, u Usy) 5
Invariance Condition:
7 E =0 or Lglun =0
EU)=0 EU)=0
where
OF OF OF OF 8E
L — 4+ ——=D,+—D, D? D"
plu] = ou 8ut e ou,, i OUpy * - 8um

The Infinitesimal symmetry transformation
U=1u-+en

keeps the equation invariant to order e.
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Symmetry Integrable Evolution Equations:

Equation admits oo number of nontrivial commut-
ing Lie-Backlund symmetries.

Recursion operators generate Lie-Backlund sym-
metries:

Assume the form

=Go+ Y G;DI+> LD oA
J 1

such that
nie1 = Rum,  j=1,2,3,...
where
0
Z=mz=  Lpluln =0, k=123
du EU)—0
IFF
[Lr[u], Rlu]]® = (D;R[u]) ®
where
P OF F r
Lef) = 9E L OF L OF pe o




Adjoint symmetries (Cosymmetries): .J
IFF

Ly[u]J =0
EU) =0

L* is the adjoint of the operator L

A is an integrating factor for the conservation law
of £

A, t, u, Uy, Uy, . ) E = Dy(O) + D, (") =0
IFF

LplulA =0

LalulE = L)\ |[u]E

A is a variational expression, i.e self-adjoint

Note: [S Anco and G Bluman, J Appl. Math. Vol. 183,
20072).

Every integrating factor is an Adjoint Symmetry.
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Recall the Recursion Operator:

J {

here

I;: Lie Symmetries of F
A;: Integrating Factors (Adjoint Symmetries) of F.

Ajs = (R'fulYAs

R'u] =Go+ Y (-1)DjoG;— > AD, ol



Let, for example,

q)t - q)t(ua Ugy U2y u3x)

then
A= E,®
oDt Ot Od!
" = —DTUAFY — F— D,F) — D*F
CAFY = SEF = S (Do) = o (DY)

Ot Ot Ot
FD, FD? D,.F)D,
i (au2x> (aui%x) i ( ) (au3$>

where E is the Euler operator

. 0 0 0 0
E=——D, D? — D3
ou ° Ou, T OUs z© Uz,

and recall F = w; — F(u, ug, ugy, - . .).

Example: Harry Dym Equation

Uy = Uus,

1
Integrating factor: A, = - §u_2u2.

1
Conserved density: ¢’ = §u_1u§

1 1 1
Flux: & = —uu,us, — 2uu Uy + 8% + 2u u2

Recursion Operator: Ru] = u>D? — wu,D, + wy, + v us, D, ou

-2



Hierarchy of Symmetry Integrable Evolution Equa-
tions:

IFF
R[u] is Hereditary:

[R'[u], R|u]] symmetric bilinear operator,
i.e

R'|Rvjlw — RR'v]Jw = R'|Rw]v — RR'|[wv
(prime is the Fréchet derivative).

Symmetry Integrable Hierarchy FE,:
E, =u;, — R"ulF =0, n=0,1,2,...

Each equation in the hierarchy, £y, E,, E-, ..., ad-
mits

e oo number of commuting Lie-Backlund symme-
tries

e oo number of higher-order conservation laws

e Conserved quantities in involution:



Transformations between evolution equations:

e Reciprocal Backlund Transformation
[J.G. Kingston and C Rogers, Phys. Lett. 1982]:

dz = O (u, Uy, Uy, . . .)dx — D" (U, Uy, Uy, . . )t

u(x,t) = g, Uy, Ugg, - - -)

e r-Generalized Hodograph Transformation
[N. Euler and M. Euler, JNMP 2001]:

dz = ' (x,u)dx — O (x,u, Uy, Uy, . . .)dt

Above D,d' + D, d* = (.
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Example 1: Harry Dym Equation u; = u’us,

Adjoint Symmetries:

J| = u_z, Jo = u_3, J3 = xu_3, Jy = 2’u3
T —ulu. — 159
E= U Uy 2u u;
2 3 3
2 —1, 2 —2.4
Jo = utg, + 2u,uz, + gum — §u U Uy + éu u,

Recursion Operator: R[u] = u>D? — wu, D, + utiy, + v us, D' ou™?

Consider J; = u 2

r-Generalized Hodograph Transformation:
1
di = u tdr — (uum — iui) dt

(T, t) =x
leads to the Schwarzian-KdV

Reciprocal Backlund Transformation with g(u) = u:
1
di = u tdr — (uum — §u§) dt
W(T,t) =u
leads to

. . 3 . LU
Uy = U3z + §u ui — 3u 1u5;;u5;;5;
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Reciprocal Backlund Transformation with g(u) =
In(ou)/a:

1
di = u tdr — (uum — §u§) dt

1
w(z,t) = —In(au), of = =2\
o)

leads to the potential MKdV equation

. . 3
Uy = Usz + A\Qu;

Consider J, = v

r-Generalized Hodograph Transformation:
di = u2dx — 2u,,dt
w(zT,t) ==

leads to Cavalcante-Tenenblat equation

_ 3 __
U = ;s — U,
Reciprocal Backlund Transformation with g(u) =

u L

di = u2dx — 2u,,dt
a(z,t) = u ™t

leads to a Auto-Backlund transformation (J.G. Kingston,
C. Rogers and D. Woodall, J Phys A, 1984), i.e

Uy = W ls;



12

. -1 1, -2, 2
Consider J;5 = u™ uy, — 5u”“uy

Reciprocal Bicklund Transformation with ®' = u1u2/2

g(u) = u:
1 1 1 1
dT = §u_1 ur dz + (v uyus, + 2uu2um — éui — §u2uix) dt
w(Z,t) = u
leads to
iy = 800 Yigy — 24000 s, + 240°0; gy — 6 ;0

Reciprocal Backlund Transformation with ' = 2u,,—

u s

g(u, @t) = aud’ :

(AT =« (—u‘lufj + 2um) dx

N\

4
W&, t) = a (—ul + 2uuy,),

1
+ o <—uumu§ + ux + u? u . T AP Uy yy + 2u umm> dt

leads to

Uy = a’ U3z + 30 UzUss + 4—u Uz
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3 2
Example 2: Schwarzian KdV Equation u; = ug, — ° Yo

2 Uy
Adjoint Symmetries:
2
U lUypr  2U Ul gy 1 .
g T
us Uy us Uy us
2
U Uy  2U
Consider: J; = - — —
us Uy
We obtain
1 u?
OMu,u,) = ——.
3 Uy
Reciprocal transformation with g(u) = u*:
1 u? 1uwlus,  1uu? duu,, 4
di = ——dp + | ———% p — 1wy — —u, | dt
3 Uy 3 u? 6 ul 3 u, 3
(%, 1) = u’
leads to

-9 ~ ~9~9

UlUzp  SUTUG %ﬂ/g/Q
-3/2 9 ~5/2 ' g ¥
U U

On the other hand:

Up =

2 wdu
O (u, Uy, Upy) = ———n
(8 U ) 27 u?
with g(u,u,) = u,” leads to
L L O T S SN

T ~3/2753 9775/272 ~3/9~ ~1/2
u/uﬁ 2u/uﬁ w0z 9ul/
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Extended Schwarzian KdV Equations:

3
Ut = Uppy — iugluix + Alugl + )\2ui + A3u,; + Ao,

3 U
Up = Uppy — — (u2 i c) w?, + M(u? — 6)3/2 + Aot + Agu + Ao
x

3
Ut = Uppy — Zuglu?m + Aluiﬂ + )\gui + A3u,; + Ao,

None of the above have zero-order integrating
factors.

Reference:

A.V. Mikhailov, A.B. Shabat and V.V. Sokolov, ”What is
Integrability”, 1991

M. Euler and N. Euler, JNMP vol. 14, 2007
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Example 3: Krichever-Novikov Equation

3u?, P
Uy = U3y — g + (u)7 PV) — .
2 Uy Uy
2nd-order integrating factor:
Jl _ Pl/Q% . EP—l/QP/u—l
ud 2 !
with

P(u) = ks(u® + kyu + ky)?.

4th-order integrating factor:

Jy == % - 4“2;;;3”3 + 31;34 - i];u% + %
with PV) =0
Consider

P(u) = k3(u? + kyu + ko)
An Adjoint Symmetry is:

Jy = P22 Lp-iz2pry, 1

us 2

With the assumption ®(u,u,) we obtain

Pt — P(u)'/?

Uy

and for g(u) = u the transformed equation

U Y 2 "
b = pya e Spaliar  Apgu 11O — 12PPTN s
=P usl /2 2P @§/2+3P a2 8 P5/4 Y

T
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Example 4:

3 . 3
ut:u?):(;——( u >u§$—2—(ui—c)uxP(U),

2 _
2 \ui —c c

where c is an arbitrary but nonzero constant and
P satisfies the equation

4
(P/)2:EP3+CL1P—|—CL2

with a; and a, arbitrary constants.

2nd-order integrating factor:

f(U)ng f,(u)

2~ PR (- 1
IFF f(u) and P(u) satisfy
2cf" —3fP ' —6f'P = 0.

J) =

4th-order integrating factor:

Uy dugusuze (3u2 + c)us, N 3oy Py 3uz +c

Cwk—c (w2 —c)? (u2 — )3 c 2c

IFF P(u) satisfy

Jy = P’

4
(P/)2 = EP3—|-CL1P+CL2



