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MOTIVATION and DEFINITIONS:

Differential sequence of m ODEs,

{E1, E2, . . . , Em},

in the form:

E1 := F (u, ux, uxx, . . . , unx) = 0

E2 := R[k][u] F (u, ux, uxx, . . . , unx) = 0

E3 := (R[k][u])2 F (u, ux, uxx, . . . , unx) = 0

...

Em := (R[k][u])m−1 F (u, ux, uxx, . . . , unx) = 0,

where R[k][u] is a kth-order integrodifferential oper-

ator of the form

R[k][u] = GkD
k
x + Gk−1D

k−1
x + · · · + G0 + QD−1

x ◦ J.

E1 is the seed equation of the differential sequence.
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Z i(Ei) the vertical symmetry generator of the equa-

tion Ei in the sequence, namely

Z i(Ei) = Q(x, u, ux, uxx, u3x, . . . , ujx)∂u

where the necessary and sufficient invariance con-

dition for equation Ei is

LEi
Q

∣∣∣∣
Ei=0

= 0.

Definition 1:

The sequence admits a p-dimensional Lie point sym-

metry algebra, L, spanned by the linearly indepen-

dent symmetry generators

{Z i
1(Ei), Z i

2(Ei), . . . , Z i
p(Ei)}

if each equation in the sequence, {E1, E2, . . . , Em},
admits a p-dimensional Lie point symmetry alge-

bra, L′, isomorphic to L.

Definition 2:

J = J(x, u, ux, uxx, . . .) is an integrating factor for the

differential sequence if J is an integrating factor for

each equation in the sequence.
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Definition 3:

R[k][u] is defined as a kth-order recursion operator

of the differential sequence under the following con-

ditions:

[
LEi

[u], R[k][u]
]

= 0, i = 1, 2, . . . , m,

(R[k])∗[u]Jk = αJl ∀ k, l = 1, 2, . . . , p,

where α is a nonzero constant, i = 1, 2, . . .m and p

is the total number of integrating factors, Jl, valid

for all members of the sequence. For some values

of l, Jl may be zero.

Definition 4:

A proper differential sequence of ODEs is a differ-

ential sequence which admits at least one recursion

operator.

Definition 5:

An integrable differential sequence is defined as a

proper differential sequence of ODEs for which each

equation in the sequence is integrable.
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Let

Ei := uqx − fi(x, u, ux, uxx, . . . , u(q−1)x) = 0,

where

q = n + (m− 1)k.

We introduce the following total derivative opera-

tor

DEi
= Dx

∣∣∣∣
Ei=0

=
∂

∂x
+

q−1∑
j=0

ujx
∂

∂u(j−1)x
+ fi

(
x, u, ux, . . . , u(q−1)x

) ∂

∂u(q−1)x
.

Proposition 1: [Bluman and Anco]

Js is an integrating factor for the proper differential

sequence if and only if the following conditions are

satisfied:

L∗Ei[u]Js(x, u, ux, . . .)

∣∣∣∣
Ei=0

= 0, i = 1, 2, . . . , m,

∂Js

∂u(q−2r)x
+

2r−1∑
j=1

(−1)j−1 ∂

∂u(q−1)x

{
Dj−1

Ei

(
∂fi

∂u(j+q−2r)x
Js

)}

+
∂

∂u(q−1)x

(
D2r−1

Ei
Js

)
= 0, s = 1, 2, . . . , p, r = 1, 2, . . . ,

[q

2

]
.

Here
[

q
2

]
is the largest natural number less than or

equal to the number q
2, i = 1, 2, . . .m, and p is the

total number of integrating factors, Js, valid for all

members of the sequence, i.e. s = 1, 2, . . . , p.
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Example 1: The seed equation

uxx + u2
x = 0

admits the recursion operator

R[u] = Dx + ux.

This gives a proper differential sequence

Ej := Rj−1[u]
(
uxx + u2

x

)
= 0.

That is

E1 := F (u, uxuxx) = uxx + u2
x = 0

E2 := R[u]F (u, uxuxx) = u3x + 3uxuxx + u3
x = 0

E3 := R2[u]F (u, uxuxx) = u4x + 4uxu3x + 3u2
xx + 6u2

xuxx + u4
x = 0

...

Em := Rm−1[u]F (u, uxuxx) = u(m+1)x + · · · = 0.

with zeroth-order integrating factors

J1(x, u) = eu, J2(x, u) = xeu.

Here

R∗[u]eu = 0, R∗[u](xeu) = −eu.
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More details: Consider the RO Ansatz

R[u] = G1(u, ux)Dx + G0(u, ux)

for

E1 := uxx + u2
x = 0

where

L[u] =
∂E1

∂u
+

∂E1

∂ux
Dx +

∂E1

∂uxx
D2

x,

under the condition

[L[u], R[u]] = 0.

This leads to

R[u] = Dx + ux + f (ω), ω := ux eu

so that

E2 := R[u]E1 = u3x + 3uxuxx + u3
x + (uxx + u2

x)f (ω) = 0.

Note that

J1 = eu, J2 = xeu

are integrating factors of E1 and E2. But

R∗[u]eu = eu f (ω)

is NOT an integrating factor of E2! We find that

f (ω) = 0.

and therefore the most general RO for this se-

quence is

R[u] = Dx + ux.
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An alternative description: Integration of sequences

Consider a proper differential sequence:

{E1, E2, . . . , Em}.

Idea:

Construct an alternative sequence (AS),

{Ẽ1, Ẽ2, . . . , Ẽm},

such that

• Ẽ1 ≡ E1

• Order(Ẽj) = Order(Ẽ1) for all j.

• Compatibility (at least one solution) or

Complete Compatibility (all solutions)

Thus:

The alternative sequence define integrals of the

proper differential sequence.
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Proposition 2:

Consider a proper differential sequence {E1, E2, . . . , Em}
with recursion operator R[k][u]. An alternative se-

quence, {Ẽ1, Ẽ2, . . . , Ẽm}, of the form

Ẽ1 := F (u, uxuxx, . . . , unx) = 0

Ẽj+1 := F (u, uxuxx, . . . , unx) = Qj(x, u, ux, . . . , ω
1, ω2, . . . ; c1, c2, ...)

j = 1, 2, . . . , m− 1,

is compatible with the proper differential sequence

if

R[k]Q1 = 0

R[k]Qi = Qi−1, i = 2, 3, . . . , m.

Here ω1, ω2 . . . , ω` are nonlocal coordinates defined

by

dω1

dx
= g1(u),

dω2

dx
= g2(ω

1),
dω3

dx
= g3(ω

2), . . . ,
dω`

dx
= g`(ω

`−1)

for some differentiable functions gk.
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Example: Consider again the proper differential

sequence, already introduced in Example 1, where

R[u] = Dx + ux.

That is

E1 := F (u, ux, uxx) = uxx + u2
x = 0

E2 := R[u]F (u, ux, uxx) = u3x + 3uxuxx + u3
x = 0

E3 := R2[u]F (u, ux, uxx) = u4x + 4uxu3x + 3u2
xx + 6u2

xuxx + u4
x = 0

...

Em := Rm−1[u]F (u, ux, uxx) = u(m+1)x + · · · = 0.

We apply Proposition 2: The second member in

the alternative sequence is

uxx + u2
x = Q1(x, u, ux, . . .)

under the condition

R[u]Q1(x, u, ux, . . .) = 0.

Condition () is of the form

Dx(Q1) = −uxQ1

with general solution

Q1(u, c1) = c1e
−u,

where c1 is an arbitrary constant of integration.

The second member in the alternative sequence is

uxx + u2
x = c1e

−u.
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The third member:

uxx + u2
x = Q2(x, u, ux, . . .)

under the condition

R[u]Q2(x, u; c1, c2) = Q1(u; c1),

which admits the general solution

Q2(x, u; c1, c2) = c1xe−u + c2e
−u

with c2 another constant of integration. The third

member in the alternative sequence is

uxx + u2
x = e−u (c1x + c2)

which can be presented in the form

uxx + u2
x = e−uD−1

x c1.
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In explicit form the alternative sequence is

Ẽ1 := uxx + u2
x = 0

Ẽ2 := uxx + u2
x = Q1 with Q1 = e−uc1

Ẽ3 := uxx + u2
x = Q2 with Q2 = e−u (c1x + c2)

Ẽ4 := uxx + u2
x = Q3, with Q3 = e−u

(
1

2
c1x

2 + c2x + c3

)

...

Ẽm := uxx + u2
x = Qm−1 with Qm−1 = e−u




m−1∑
j=1

cj

(m− j − 1)!
xm−j−1


 .
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Compatibility or complete compatibility:

• Compare E2 and Ẽ2:

A first integral for E2 is given by Ẽ2, namely

c1 = eu
(
uxx + u2

x

)
. (9)

Therefore the general solution of Ẽ2 gives the

general solution of E2 with c1 as one of the con-

stants of integration for E2. Hence the two

equations, E2 and Ẽ2, are completely compat-

ible.

• Compare E3 and Ẽ3:

A second integral for E3 is given by Ẽ3, namely

c1x + c2 = eu
(
uxx + u2

x

)
. (10)

Therefore the general solution of Ẽ3 gives the

general solution of E3 (with c1 and c2 as two of

the constants of integration for E3) and the two

equations E3 and Ẽ3 are completely compatible.

A similar argumant follows for all equations in

the proper differential sequence.

Conclusion: The two sequences are completely com-

patible.
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Linearisation:

The proper differential sequence is linearisable by

w(X) = uxe
u, X = x.

Also the alternative sequence is linearisable by

w(X) = eu, X = x.

Conclusion: The proper differential sequence is in-

tegrable.

Symmetry properties:

The symmetry characteristic, ηj, for the symmetry

generator

Γs
j = ηj(x, u)∂u,

of the solution symmetry for Ej is given by Qj+1

of the equation Ẽj+2 in {Ẽ1, Ẽ2, . . . Ẽm} for all j =

1, 2, . . . , m.

Example: E1 := uxx + u2
x = 0 admits the solution

symmetry

Γs
1 = Q2∂u,

where Q2 = e−u(c1x + c2) corresponds to Ẽ3.
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Example: Recall the Harry-Dym Equation:

ut = u3uxxx

with recursion operator

R[u] = u2D2
x − uuxDx + uuxx + u3uxxxD

−1
x ◦ u−2.

Proper differential sequence of ODEs:

E1 := u3u3x = 0

E2 := u5u5x + 5u4uxu4x + 5u4uxxu3x +
5

2
u3u2

xu3x = 0

E3 := u7u7x + 14u6uxu6x + · · · = 0 ...

Alternative sequence:

Ẽ1 := u3u3x = 0

Ẽ2 := u3u3x = Q1

Ẽ3 := u3u3x = Q2

...

where

R[u]Q1 = 0, R[u]Q2 = Q1, R[u]Q3 = Q2, . . .

We obtain

Ẽ2 := u3u3x = u2

(
a0 + a1x + a2x

2

u

)

x

or, after integration,

uuxx − 1

2
u2

x =
P1(x)

u
+ C1, P1(x) = a0 + a1x + a2x

2,

(11)



17

which is a third integral of E2. NOTE: With u = v2,

(11) is a generalized Ermakov-Pinney equation:

vxx =
C1

2v3
+

P1(x)

2v5
.

Reference:

N. Euler and P.G.L. Leach, Aspects of proper differ-

ential sequences of ordinary differential equations, nlin

arXiv:0802.1459 (2008).
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Example: Burgers’ equation

uxx + uux = ut

we associate

uxx + uux = 0

which shares the same integrodifferential recursion

operator,

R[u] = Dx + 1
2u + 1

2uxD
−1
x ◦ 1.

The Burgers Sequence, is

E1 := uxx + uux = 0

Ej+1 := Rj[u] (uxx + uux) = 0, j = 1, 2, . . . , m.

An alternative Burger’s Sequence following Propo-

sition 2:

The solution of R[u]Q1 = 0 is

Q1 =

(
−2A exp

[
−1

2

∫
udx

]
+ 2B exp

[
−1

2

∫
udx

] ∫
exp

[
1
2

∫
udx

]
dx

)

x

,

where A and B are constants of integration. Con-

sider

w =

∫
exp

[
1
2

∫
udx

]
dx

so that

uxx+uux =

(
−2A exp

[
−1

2

∫
udx

]
+ 2B exp

[
−1

2

∫
udx

] ∫
exp

[
1
2

∫
udx

]
dx

)

x

becomes
w4x

wx
− wxxw3x

wx
2

=
Awxx

wx
2

+ B

(
1− wwxx

wx
2

)
.
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In a similar fashion the equation R[u]Q2 = Q1 has

the solution

Q2 =

{
2C exp

[
−1

2

∫
udx

] ∫
exp

[
1
2

∫
udx

]
dx− 2Ax exp

[
−1

2

∫
udx

]

+2B exp

[
−1

2

∫
udx

] ∫ (∫
exp

[
1
2

∫
udx

]
dx

)
dx

}

x

,

where C is also a constant of integration, and the

integrodifferential equation is

uxx + uux =

{
2C exp

[
−1

2

∫
udx

] ∫
exp

[
1
2

∫
udx

]
dx− 2Ax exp

[
−1

2

∫
udx

]

+2B exp

[
−1

2

∫
udx

] ∫ (∫
exp

[
1
2

∫
udx

]
dx

)
dx

}

x

.

The corresponding higher-order ordinary differen-

tial equation is

w5x

wxx
−w3xw4x

wxx
2

= C

(
1− wxw3x

wxx
2

)
+A

(
xw3x

wxx
2
− 1

wxx

)
+B

(
wx

wxx
− ww3x

wxx
2

)
,

where now

w =

∫ (∫
exp

[
1
2

∫
udx

]
dx

)
dx

or equivalently

u = 2
w3x

wxx
.
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We thus conclude that the first three terms in the

alternative sequence take the following forms

Ẽ1(w) :=
w5x

wxx
− w3xw4x

wxx
2

= 0

⇔
(

w4x

wxx

)

x

= 0

⇔ w4x = k1w2x

Ẽ2(w) :=
w5x

wxx
− w3xw4x

wxx
2

=
Aw3x

wxx
2

+ B

(
1− wxw3x

wxx
2

)

⇔
(

w4x

wxx

)

x

= −
(

A

wxx

)

x

+ B

(
wx

wxx

)

x

⇔ w4x = a1wxx + Bwx − A

Ẽ3(w) :=
w5x

wxx
− w3xw4x

wxx
2

= C

(
1− wxw3x

wxx
2

)
+ A

(
xw3x

wxx
2
− 1

wxx

)

+B

(
wx

wxx
− ww3x

wxx
2

)

⇔
(

w4x

wxx

)

x

= C

(
wx

wxx

)

x

− A

(
x

wxx

)

x

+ B

(
w

wxx

)

x

⇔ w4x = a2wxx + Cwx + Bw − Ax.
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The proper differential sequence in the same vari-

able w:

E1(w) :=
w5x

wxx
− w3xw4x

wxx
2

= 0 ⇔
(

w4x

wxx

)

x

= 0 ⇔ w3x = k1wx + k11

E2(w) :=
w6x

wxx
− w3xw5x

wxx
2

= 0 ⇔
(

w5x

wxx

)

x

= 0 ⇔ w4x = k2wx + k21

E3(w) :=
w7x

wxx
− w3xw6x

wxx
2

= 0 ⇔
(

w6x

wxx

)

x

= 0 ⇔ w5x = k3wx + k31

Compatible but not completely compatible.
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Linealisation:

The nth element of the Burgers Differential Sequence

Rn−1[u] (uxx + uux) = 0,

where

R[u] = Dx + 1
2u + 1

2uxD
−1
x ,

is linearised to

v(n+1) = Ωn+1
n v,

where u = 2vx/v and Ω are arbitrary constants.

The nth element of the alternative Burgers Differ-

ential Sequence written in the integrodifferential

form

uxx+uux = exp

[
−1

2

∫
udx

] (
n−1∑
i=1

BiD
−i
x exp

[
1
2

∫
udx

])

is linearised to

W(n+1)x = Bn−2 + Bn−1W,

where W = D
−(n−1)
x exp

[
1
2

∫
udx

]
.
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Conclusion:

The alternative sequence is in general only a com-

patible and not completely compatible sequence.

All integrals do not in general follow from the al-

ternative sequence, even for integrable proper dif-

ferential sequences.


