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MOTIVATION and DEFINITIONS:

Differential sequence of m ODEs,
{Ela E27 ceey Em}7
in the form:

Ey = F(u, Uy, gy« -y Upg) =0
Ey = R[k][u] F (U, Uy, Uy + - oy Upg) = 0

by = (R[k] [u])2 F(u, Ugy Uggy -+ 5 Upg) =0

By = (RM[u))™ " F(u, g, g, - - -, Ung) = 0,

where R¥[u] is a kth-order integrodifferential oper-
ator of the form

RMu) = G.D" + Gy \DF 1 - + Go+ QDo T,

E4 is the seed equation of the differential sequence.
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Z'(E;) the vertical symmetry generator of the equa-
tion F; in the sequence, namely

ZZ(EZ) — Q(CC, Uy Ugy Ugqy U3y - - - 7ujx)au

where the necessary and sufficient invariance con-
dition for equation FE; is

LpQ = 0.
E=0

Definition 1:

The sequence admits a p-dimensional Lie point sym-
metry algebra, £, spanned by the linearly indepen-
dent symmetry generators

{ZI(E), Zy(Ey), ..., Z(E;)}

if each equation in the sequence, {F, Es,..., E,},
admits a p-dimensional Lie point symmetry alge-
bra, £’, isomorphic to L.

Definition 2:

J = J(x,u, Uy, Uy, .. .) is an integrating factor for the
differential sequence if J is an integrating factor for
each equation in the sequence.




Definition 3:

R¥[u] is defined as a kth-order recursion operator
of the differential sequence under the following con-

ditions:

Z%WLRWM]:Q i=1.2.....m,

(R"™Y* ]y =ad; ¥ k1=1,2,...,p,

where o is a nonzero constant, ¢ = 1,2,...m and p
is the total number of integrating factors, J;, valid
for all members of the sequence. For some values
of [, J, may be zero.

Definition 4:

A proper differential sequence of ODEs is a differ-
ential sequence which admits at least one recursion
operator.

Definition 5:

An integrable differential sequence is defined as a
proper differential sequence of ODEs for which each
equation in the sequence is integrable.
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Let

Ei = Ugy — fl(xa Uy Ugs Uggy - - - 7u(q—1)x) - 07
where
q=n-+(m—1)k.

We introduce the following total derivative opera-
tor

0
8u(q_1)x'

o )
=+ u$—+fl TyU, Ugy o ooy U(g—1)z
. O jz; j A1) ( (¢—1) )

Proposition 1: [Bluman and Anco]

Js is an integrating factor for the proper differential
sequence if and only if the following conditions are
satisfied:

LE_[U]JS(SI}, U, Uy, - - ) =0, i=1,2,...,m,
Z =0

oJ . - f,
o B 0 (o)
O (g—2r) i1 (g-1)a © N\ Ot g-2r)e

0 q

+ (D27"__1J5):0, s=1.2.....p. r:1,2,...,H.

Qg \ 2

Here [%] is the largest natural number less than or
equal to the number £, i = 1,2,...m, and p is the

total number of integrating factors, .J;, valid for all
members of the sequence, i.e. s=1,2,...,p.



Example 1: The seed equation
Uy + ui =0
admits the recursion operator
Rlu| = D, + u,.
This gives a proper differential sequence
Ej = R u] (uyy + ul) = 0.
That is
Fy = F(u, uptyy) = Ugpy + ui =0

Ey = R[u]F (u, uptlyy) = Usy + Sptiyy + u> =0

r =

E; = R? (U] B (U, Uty ) = Uge + AUz, + BUix + 6uium + ui =0

E, = R" ulF(u, uyt,,) = U1y + 0 = 0.
with zeroth-order integrating factors
Ji(z,u) =e", Jo(x,u) = xe.

Here
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More details: Consider the RO Ansatz

Rlu] = G1(u, uy) Dy + Go(u, uy)

for
E = um—l—ui =0

where

Liu| = D —D
] ou + Ou, + OUyy

under the condition

[L{u], R[u]] = 0.
This leads to

Rlu] =D, + u, + f(w), w = u,e"
so that

By = Rlu)E1 = usy + 3uptyy + u> + (Uypy +u?) f(w) = 0.
Note that
Ji = e, Jo = xe"
are integrating factors of £; and E>. But
R*ule" =" f(w)
is NOT an integrating factor of E£;! We find that
Flw) =0.

and therefore the most general RO for this se-
quence is

Rlul = D, + u,.
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An alternative description: Integration of sequences

Consider a proper differential sequence:

{Ey, Es, ..., E,.}.

Idea:
Construct an alternative sequence (AS),

(B, By, ..., E,},
such that
° E1 = F;
e Order(E;) = Order(E);) for all ;.

e Compatibility (at least one solution) or

Complete Compatibility (all solutions)

Thus:
The alternative sequence define integrals of the
proper differential sequence.
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Proposition 2:

Consider a proper differential sequence {E, Es, ..., E,,}
with recursion operator R"[u]. An alternative se-
quence, {E\, Fs, ..., E,}, of the form

By = F(u, uglyg, . . ., Upg) = 0

n . _ 2 )
Ei = F(u,upUyg, - ., Upy) = Q(2, U, Uy, ... ,w ,w", .. 5C1, Co, ..

is compatible with the proper differential sequence
if

R[k]Ql —0

R[k]QZ :Qi—lv i:2,3,...,m.
Here w', w?...,w' are nonlocal coordinates defined
by

dw?

Ir g1(u),

dw? ] dw? 5 dw’ /1

T ga(w), T = g3(w”), D dr ge(w )

for some differentiable functions g;.
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Example: Consider again the proper differential
sequence, already introduced in Example 1, where

Rlu] = D, + u,.
That is
Ey = F(u, Uy, Uzy) = Ugy + ui =0
Ey = R[u]F (u, Uy, Upy) = Usy + Spllyy +u> = 0

Es = R*u|F(u, Uy, Upy) = Ugy + gz, + 3u2, + 6u iy, 4+ us = 0

Ey = R Ul F (0, Uy, Uy) = Unyr)e + - = 0.

We apply Proposition 2: The second member in
the alternative sequence is

Upy + U2 = Q1(2, U, Uy, . . .)
under the condition
Ru|Q1(z,u, uy, ...) = 0.
Condition () is of the form
Dy(Q1) = —u,
with general solution
Q1(u,c1) = cre” ",

where c¢; is an arbitrary constant of integration.
The second member in the alternative sequence is

Upr + ui = cre” .
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The third member:

Ugy + Ui — QQ(xa Uy Ugy - - )

under the condition

Rlu]Qa(, u; c1, ¢2) = Q1(u; c1),

which admits the general solution

Qa(x,u;c1,c0) = crre™ " + coe™

with ¢, another constant of integration. The third
member in the alternative sequence is

Upy + 12 = " (c17 + ¢p)

which can be presented in the form

Upy + ufc = e_“Dglcl.
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In explicit form the alternative sequence is

E, = um—l—ui =0
Es = u., + ui = Ql with Ql =e "¢

E3 = Ugpy T+ Ui = QQ with QQ —e (6133 + Cg)

. . 1
Ey =u,, + ui = (@3, with Q3=¢" <§clx2 + cox + 3

3
L

)

~ C]

Em = Ugy T Ui = Qm—l with Qm—l —e

<.
I
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Compatibility or complete compatibility:

e Compare E, and FE:
A first integral for F, is given by F,, namely

¢ =€ (ug, +u). (9)

Therefore the general solution of F, gives the
general solution of £y, with ¢; as one of the con-
stants of integration for FE5;. Hence the two

equations, F> and Eg, are completely compat-
ible.

e Compare F3 and E;:
A second integral for Ej5 is given by Fs3, namely

a1z + oo = e" (Upy + u) . (10)

Therefore the general solution of F; gives the
general solution of F3 (with ¢; and ¢, as two of
the constants of integration for F3) and the two
equations F; and E; are completely compatible.
A similar argumant follows for all equations in
the proper differential sequence.

Conclusion: The two sequences are completely com-
patible.
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Linearisation:

The proper differential sequence is linearisable by
w(X) = ue”, X ==z

Also the alternative sequence is linearisable by
w(X) = e, X =u.

Conclusion: The proper differential sequence is in-
tegrable.

Symmetry properties:

The symmetry characteristic, 7;, for the symmetry
generator

Fj — 773'(957 u)aua

of the solution symmetry for L is given by Qi1

of the equation E]+2 in {El,Egj... mt for all j =
1,2,....m
Example: E; = u,, + ui = (0 admits the solution
symmetry

— QQaua

where () = e “(c1x + ¢2) corresponds to E;.
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Example: Recall the Harry-Dym Equation:
Ut = U gy
with recursion operator
Rlu] = u*D? — uu, Dy 4 uttyy + u gy, D, o u™,
Proper differential sequence of ODEs:

By = u’uz, =0
5 4 4 5 3 2

By = u'uz, + 1uluyug, + - =0
Alternative sequence:

E1 = u?’uz),x =0

Ez =’ Uz = Q1

By == u’us, = Qs

where

RulQ1 =0, Ru@Q:=Q:, RuQs=Qs,
We obtain

~ 3 o [ Qo+ 41T + a2x2
Ey = uus, = u
x

u

or, after integration,

1 P
Ul yy — —ui — ()
2 U

+ (1, Pi(x) =ag+ a1z + asz?,

(11)
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which is a third integral of F,. NOTE: With u = v?,
(11) is a generalized Ermakov-Pinney equation:

Cl Pl ([II)
Ve = 203 * 205
Reference:

N. Euler and P.G.L. Leach, Aspects of proper differ-
ential sequences of ordinary differential equations, nlin
arXiv:0802.1459 (2008).
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Example: Burgers’ equation
Ugy + Ully = Uy

we associate
Uy + Uty = 0

which shares the same integrodifferential recursion
operator,

Ru] =D, +tu+1lu,D " ol
The Burgers Sequence, is
Ei=ug +uu, =0
Ei = Ru] (ugy + uu,) =0, j=12,....m.

An alternative Burger’s Sequence following Propo-
sition 2:
The solution of R[u]Q; =0 is

o= (o[ ] ssmo [ f o] o] o)

where A and B are constants of integration. Con-

sider
w:/eXp [%/udx] dx
so that
Upr+UU, = <—2Aexp [—%/udaz] + 2B exp [—%/udx] /exp [%/udx]
becomes

Wiy W W3y wam 4 B (1 . wwxx) .



19

In a similar fashion the equation R[u|Q); = @)1 has
the solution

0= {acen [ 4 fut] [ [} fate] -2 [ 4 f o
oo |4 fue] [ (oot fuie] ar)as)

where (' is also a constant of integration, and the
integrodifferential equation is

Upy + ULy = {20 exp [—%/udx] /exp [%/udx] dx — 2Ax exp [—%
+2B exp [—%/udx] / (/ exp [%/udx] da:) da:} :

The corresponding higher-order ordinary differen-
tial equation is

w5x_w3xw4x . C (1 wxw3x>+A (ilﬁng 1 )—!—B <wx wax)
o o T - 3
Wyy wzmz wa::)s2 wxaxz Wyy Wyy w:w:2

where now

or equivalently

W3y

U =2 )
w$$
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We thus conclude that the first three terms in the
alternative sequence take the following forms

o () ) e ()
Wy ) Wy ) 4 Wy )

S Wy = AWey + Bw, — A

r- x x x T z z 1
Eg(w)::w5 _w3w24 C(l_ww3)+A(xw32_ )

w.]?l’ wili'l'

S Wy = AW,y + Cw, + Bw — Ax.
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The proper differential sequence in the same vari-
able w:

Compatible but not completely compatible.
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Linealisation:

The nth element of the Burgers Differential Sequence

R" ) (uyy + vu,) =0,
where

Rlu] = D, + %u + %ungjl,
is linearised to

QZHU

Unt1) = )

where u = 2v, /v and () are arbitrary constants.

The nth element of the alternative Burgers Differ-

ential Sequence written in the integrodifferential
form

Uy + Uy —expl / udx] (ZBD exp[ / uda;D

is linearised to
W(n—l—l)x =B, o+ Bn—1W7

where W = Dx_(n_l) exp [% fudx] .
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Conclusion:

The alternative sequence is in general only a com-
patible and not completely compatible sequence.

All integrals do not in general follow from the al-
ternative sequence, even for integrable proper dif-
ferential sequences.



