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@ Photorefractive (PR) materials are lightly doped electro-optic crystals.
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Introduction Photorefractive model

Beam propagation in biased photorefractive media

@ Photorefractive (PR) materials are lightly doped electro-optic crystals.

@ PR media exhibit a reversible change of refractive index induced by
spatial variation of an optical field.
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Introduction Photorefractive model

Beam propagation in biased photorefractive media

@ Photorefractive (PR) materials are lightly doped electro-optic crystals.

@ PR media exhibit a reversible change of refractive index induced by
spatial variation of an optical field.

@ Photorefractive solitons happen whenever the variations in refractive
index produced by a beam is sufficient to compensate for its
diffraction.

@ Screening solitons are PR solitons on PR media under an external
electric field.
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Optical field of the polarized beam:

E = x¢(x, z) exp[i(kz — wt)], k = wne/c



Optical field of the polarized beam:

E = x¢(x, z) exp[i(kz — wt)], k = wne/c

, 1 k
iz + ﬁsbxx = E(ngreffEsc)fﬁ =0




Introduction Photorefractive model

Evolution Equation
Optical field of the polarized beam:
E = x¢(x, z) expli(kz — wt)], k = wne/c

The slowly varying envelope ¢ propagates according to:

, 1 k
Iz + ﬂ¢xx - E(ngreffEsc)qj =0

@ Propagation along z,
@ Diffraction only allowed in the x direction (optical ¢ axis);
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Introduction Photorefractive model

Evolution Equation

Optical field of the polarized beam:
E = x¢(x, z) expli(kz — wt)], k = wne/c

The slowly varying envelope ¢ propagates according to:

, 1 k
Iz + ﬂ¢xx - E(ngreffEsc)qj =0

@ Propagation along z,
@ Diffraction only allowed in the x direction (optical ¢ axis);
The space charge field due to external field and redistribution of charge:

loo + lg
I+ Iy

Esc = Eo , neglecting charge diffusion

lo = I(X = £0), Iy -darkirradiance Eg = E(x — )

(thermal ionization)

M. Facéo, M. |. Carvalho (U. Aveiro, U. Porto) Unstable modes of dark photorefractive solitons NLP.TE-V 3/33



Normalization:
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Normalization
1/2
9= (2Tlo/d) 4

z = (knarelEol/2)z, X = kne(reil Eol/2)"/?x
iz + Gz — sgn(Eo)(1 + )7 +|q|2 =0

loo
5 P =7
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Introduction Photorefractive model

Evolution equation

Normalization:

1/2
n = ~
9= (277:Id) ¢, z=(knlrelEol/2)z, X = kne(renilEol/2)"/?x

Adimensional evolution equation

, loo
@+ g~ SO(E)(1 +p) 7z =0 p=T

The above equation admits bright and dark solitary wave solutions.
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1+1ql?

qg—0 X — +00

9z + Qxx —

@ Solutions parameterized by the
peak value or power.

s (Christodoulides and Carvalho 1995) J




Introduction Bright solitons

Bright solitons
lo =0—-p=0 & sgn(Ep) > 0

Evolution equation for bright solitons

iQZ‘FQXX—ﬁ—O q—0 X — +00
@ Solutions parameterized by the
peak value or power.

s (Christodoulides and Carvalho 1995) J

@ Experimentally observed.

(Shih 1995/96) |
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Introduction Bright solitons

Bright solitons
lo =0—-p=0 & sgn(Ep) > 0

Evolution equation for bright solitons

iQZ‘FQXX—ﬁ—O q—0 X — +00
@ Solutions parameterized by the
peak value or power.

s (Christodoulides and Carvalho 1995) J

@ Experimentally observed.
(Shih 1995/96) J

@ Stable for any peak value.

%% dis AP 5 6 b ™ A5 (Facao and Parker 2003) J
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iq; + cIxx +(1+p)

1 +| z = q— Vpe'®*9/D as x — oo
q

S - phase jump across x



Introduction Dark solitons

Dark solitons lo #0 = p#0 & sgn(Ep) <0

Evolution equation for dark solitons

. 1 q i
— 1 =0, e(%0=5/2) g +
’qz+ZQXx+( +p)1+|CI|2 qa- \p X =+

S - phase jump across x

Let g(z,x) = py(n)e"=",

where n = x —wz + 1o
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Introduction Dark solitons

Dark solitons lo #0 = p#0 & sgn(Ep) <0

Evolution equation for dark solitons

. 1 q i
— 1 =0, e(%0=5/2) g +
’qz+2qxx+( +p)1+|CI|2 qa- \p X =+

S - phase jump across x

Phase

T dny’
. 0(z,n)=z-w > +wn + 6.
Let g(z, x) = vpy(n)e®, oy

where n = x —wz + 1o
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Introduction Dark solitons

Dark solitons lo #0 = p#0 & sgn(Ep) <0

Evolution equation for dark solitons

. 1 q .
— 1 =0, e(%0=5/2) g +
’qz+2qxx+( +p)1+|CI|2 qa- \p X =+

S - phase jump across x

Phase

1 dn’
G(Z,U):z—wf 1 + wn + 6.
0

. 2
Let g(z.x) = +py(n)e™=m, g
where n = x — wz + 1o Profile J[y| <1, |yl = 1asn — +oo
@ =2y -+ (1) = 0
w — —_—— —
y Y= s RS-
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@ Solutions parameterized by p and w, w? < p/(1 + p)
@ The minimum of ymin = Vm is related with the velocity w:

o 2m ’ 1 1+p
W =
1-m

1-m

1
n( tp ) -1 ‘ !
0 14+ pm
@ Their phase is not constant across x - phase jump.

(Christodoulides and Carvalho 1995, Grandpierre et al. 2001)
@ Experimentally observed.

(Duree et al. 1995)

@ Instability limited to a region of the parameter space which was not
yet rigourously determined.
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@ Solutions parameterized by p and w, w? < p/(1 + p)

@ The minimum of ymin = vm is related with the velocity w:

2
W? = m ! 1Jr'OIn 1+p -1].
1-m 1+pm

1-m p
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Introduction Dark solitons

Dark solitons

@ Solutions parameterized by p and w, w? < p/(1 + p)
@ The minimum of ymin = Vm is related with the velocity w:

> 2m 1 1+p 1+p
W = In -11.
1-m{1-m p 1+pm

@ Their phase is not constant across x - phase jump.

(Christodoulides and Carvalho 1995, Grandpierre et al. 2001) J
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Introduction Dark solitons

Dark solitons

@ Solutions parameterized by p and w, w? < p/(1 + p)
@ The minimum of ymin = Vm is related with the velocity w:

> 2m 1 14p 1+p
W = In -11.
1-m{1-m p 1+pm

@ Their phase is not constant across x - phase jump.
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@ Experimentally observed.
(Duree et al. 1995) )

@ Instability limited to a region of the parameter space which was not
yet rigourously determined.
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Characteristics of dark solitons

Profile and phase jump of gray solitons

p=02,m=0.001 ——
p=02,m=01 ——
p= 100, m=0.001 ——
08 p=100,m=0.4 ——
06
-
04
02 p=02.m=0.001 ——
p=02,m=01 ——
p=100,m=0.001 ——
=100, m=01 —— 2
-10 5 0 5 10 -10 5 0 5 10

There are solitons whose phase jump is higher ti1en TT.
Solitons darker then black
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Considering the above dark solution plus a small perturbation term:

a(z.x) = Ve [y(n) + A(z,n)].

«40)>» 4F>r «=)» « =) =3 Q>



Stability of dark solitons Linear stability equations

Linear stability equations

Considering the above dark solution plus a small perturbation term:

q(z.x) = vpe" = [y(n) + A(z,7)].

Demanding that A and A* have exponential dependence on z (study
of spectral stability):

A(z,n) = u(n)e"? + v*(n)e "2

A*(z.m) = u"(m)e™ % + v(n)e™
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Stability of dark solitons Linear stability equations

Linear stability equations
Considering the above dark solution plus a small perturbation term:

q(z.x) = vpe" [y(n) + A(z.7)].

Demanding that A and A* have exponential dependence on Zz (study
of spectral stability):

A(z,7) = u(m)e™ + v (n)e™*
A*(z.m) = u*(m)e™™ % + v(n)e™
Stability eigenvalue problem Lw = Aw

1 , , (wy w
L = 03 58,,,, + F(i]) - G(l]))— IO'QG(T]) +II2 (y—}; — }78,,)

w=(u v)T
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Stability of dark solitons
Linear stability equations

Linear stability equations

@ L — 2x2identity matrix
@ 0o and o3 — Pauli matrices:

(0 i
7271 o
@ Fand G:

b2

14
o Ty

1+ py?
(1 +p)oy?
(n) =

w2 w2
F(n) = — —1-—
() 5

(1 +py?)?

[m]

=

NLP.TE-V
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wy’

w

‘Stability eigenvalue problem Lw =aw
L = oo 30m + Fln) - G(n) - 2(n) + e

v

w

y2

2o



As for Lo, (L as n — ):
1

p .
— ibwd..
1+p ’20)n

«O0>» «Fr « > <« .

i
v



Ais an eigenvalue — -1, 1* and —A* are also eigenvalues
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Ais an eigenvalue — -1, 1* and —A* are also eigenvalues
The existence of any discrete eigenvalues — instability

«O0>» «Fr « =)» < P NEd
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Stability of dark solitons Linear stability equations

Discrete eigenvalues

Due to the symmetry of L:
Ais an eigenvalue — -4, 4* and —A* are also eigenvalues

Hence:
The existence of any discrete eigenvalues — instability

Discrete eigenvalues are searched
using the Evans function method.
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Stability of dark solitons Stability criterion

Stability criterion for dark solitons

Dark solitons are stable for w > w. such that
o
ow

(Barashenkov 1996, Lin 2002)

<0

I (o)
=3 | (9xq — 9xq*)dx — pArg qI*S
’ o0
—3 [ @a-aa)(1- L) ox
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Stability of dark solitons Stability criterion

Limitations of the above criterion

@ Not applicable to black solitons —» 9P/dw does not exist.

1 2
! (v-3) -
dy diverges
0 \/2(y2 1)+ @ln(%)

(Menza and Gallo 2007 - the sign of limit of the Vakhitov-Kolokolov
function at 0 must be determined)
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Stability of dark solitons Stability criterion

Limitations of the above criterion

@ Not applicable to black solitons —» 9P/dw does not exist.

1 2
! (v-3) -
dy diverges
0
\/2(y2 ~1) 4 20 |n(11+%)

(Menza and Gallo 2007 - the sign of limit of the Vakhitov-Kolokolov
function at 0 must be determined)

@ It does not give the strength of the instability — unstable eigenvalue
not known.

M. Facéo, M. |. Carvalho (U. Aveiro, U. Porto) Unstable modes of dark photorefractive solitons NLP.TE-V 14/33



Stability of dark solitons Stability criterion

Limitations of the above criterion

@ Not applicable to black solitons —» 9P/dw does not exist.

1 2
! (v-3) -
dy diverges
0
\/2(y2 ~1) 4 20 |n(11+%)

(Menza and Gallo 2007 - the sign of limit of the Vakhitov-Kolokolov
function at 0 must be determined)

@ It does not give the strength of the instability — unstable eigenvalue
not known.

@ Unstable modes unknown.
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ODE for the black soliton

y' =2y +(1+p)2

THpy2 — 0
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons - stability EV problem

ODE for the black soliton  y” — 2y + (1 + p)—%; 1+py =0

Using: | |
(A + A*)(z,m) = U(n)e"? + U*(n)e™™2,
(A - A%)(z,n) = V(n)e"? - V*(n)e ™=

we may rewrite the stability eigenvalue problem:
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons - stability EV problem

ODE for the black soliton  y” — 2y + (1 + p) 1247 = 0

Using:
(A+A%)(z.n)

U(n)ei/lz + U* (n)e—i/l*z’
(A - A")(z,m) = V(n)e™ - V*(n)e™?
we may rewrite the stability eigenvalue problem:

LoV =2aU, LiU=21V

2(1+p)

Lo= =2+

=g _o, 20+p) 4py?(1 + p)
1=0Op—-2+ 2 212
T+py2  (1+py?)
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons - stability EV problem

ODE for the black soliton  y”’ — 2y + (1 + p) 1fgy2 =0

LoV =2aU, LiU=21V
2(1+p)
1+py?
2(1+p)  4py*(1 +p)
T+py2  (1+py2)?

Lo =0y -2+

L4 :6,7,7—24—
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons - stability EV problem

ODE for the black soliton  y” —2y + (1 + p) 1fgy2 =0

LoV = 24U, LU =24V
2(1+p)

1+ py?
2(1+p)  4py*(1 +p)
T+py2  (1+py2)?
Continuous spectrum of Lg is (—c0, 0]

Loza,m—2+

Ly =0y —2+
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons - stability EV problem

ODE for the black soliton  y” — 2y + (1 + p)—25 =0

1+,oy2

LV =2U, LiU=21V

2(1 +p)

LO:ann_2+1+py2

Lo o, 20+p) 4oy*(1+p)

1= %m +1 2 1 2)2
+py2 (1+py%)

Continuous spectrum of Lg is (—co, 0]

Continuos spectrum of Ly is (—co, 1er]
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons - VK procedure

Sturm-Liouville theory gives:
@ Loy = 0, y possesses one zero — Ly has one positive eigenvalue, «j.
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons - VK procedure

Sturm-Liouville theory gives:
@ Loy = 0, y possesses one zero — Ly has one positive eigenvalue, «j.
@ L1y’ =0, y’ has no zero — L4 is non-positive
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons - VK procedure

Sturm-Liouville theory gives:
@ Loy = 0, y possesses one zero — Ly has one positive eigenvalue, «j.
@ L1y’ =0, y’ has no zero — L4 is non-positive

In the subspace orthogonal to y’:

1 (VLW

2
! 4(v.L;1V)
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons - VK procedure

Sturm-Liouville theory gives:
@ Loy = 0, y possesses one zero — Ly has one positive eigenvalue, «j.
@ L1y’ =0, y’ has no zero — L4 is non-positive

In the subspace orthogonal to y’:

1 (VLW

2
! 4(v.L;1V)

o (V.L;'V)is negative
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons - VK procedure

Sturm-Liouville theory gives:
@ Loy = 0, y possesses one zero — Ly has one positive eigenvalue, «j.
@ L1y’ =0, y’ has no zero — L4 is non-positive

In the subspace orthogonal to y’:

1 (VLW

2
! 4(v.L;1V)

° (V, L V> is negative
@ If max((V, Ly V)) is positive = Ypiack i unstable.
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons - VK procedure

Sturm-Liouville theory gives:
@ Loy = 0, y possesses one zero — Ly has one positive eigenvalue, «j.
@ L1y’ =0, y’ has no zero — L4 is non-positive

In the subspace orthogonal to y’:

1 (VLW

2
! 4(v.L;1V)

° (V, L V> is negative
@ If max((V, Ly V)) is positive = Ypiack i unstable.
@ If max((V, LoV)) is negative — ypiack is stable.
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons -VK procedure

Following standard Vakhitov-Kolokolov procedure, maximization of
(V, Ly V) gives:

9&) = (v, (Lo-8)'y')=0
where ¢ = max(V, LyV) and ¢ € (0, ap).
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons -VK procedure

Following standard Vakhitov-Kolokolov procedure, maximization of
(V, Ly V) gives:
9&) = (v, (Lo-8)'y')=0
where ¢ = max(V, LyV) and ¢ € (0, ap).
@ g(¢) has an asymptote to oo at & = ayg
°
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons -VK procedure

Following standard Vakhitov-Kolokolov procedure, maximization of
(V, Ly V) gives:
9&) = (v, (Lo-8)'y')=0
where ¢ = max(V, LyV) and ¢ € (0, ap).
@ g(¢) has an asymptote to oo at & = ayg

@ If g(¢) < 0 as ¢ — 0 there is one positive ¢ satisfying the above
equation — ypack is unstable.
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Stability of dark solitons Stability criterion for black solitons

Stability criterion for black solitons -VK procedure

Following standard Vakhitov-Kolokolov procedure, maximization of
(V, Ly V) gives:

9€) =(y' . (Le-&)'y')=0
where ¢ = max(V, LyV) and ¢ € (0, ap).
@ g(¢) has an asymptote to oo at & = ayg

@ If g(¢) < 0 as ¢ — 0 there is one positive ¢ satisfying the above
equation — ypack is unstable.

@ If g(¢) > 0 as & — 0 there is no positive ¢ satisfying the above
equation — yyack is stable.
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@ To find y(n; &) such that ¥(n, &)

(Lo—&)7"y’, we solve:
2y /
(2+§)¢'+(1+p)1+ oy Y

DA

a
u]
v
a
8]
-
a
i
v
a
i
v
it



Stability of dark solitons Stability criterion for black solitons

Range of p for stable black solitons

e To find y(n; &) such that y(n, &) = (Lo — &)™ y’, we solve:

2y ,
1102 7
+ py

y’ =2+ 8y + (1 +p)
@ Then, determining the sign of the limit of the following integral

[ Yy &)dn as -0

(o)
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Stability of dark solitons Stability criterion for black solitons

Range of p for stable black solitons

e To find y(n; &) such that y(n, &) = (Lo — &)™ y’, we solve:

2y ,
1102 7
+ py

p’ =2+ &y +(1+p)

@ Then, determining the sign of the limit of the following integral
[ vowmad as ¢-o

we arrive to:
Yolack IS stable for p < 29.3

Yolack iS unstable for p > 29.4
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Stability of dark solitons Evans function method

Evans function method applied to dark PR solitons

T
Defining Y = (u u, Vv v,]) , the
eigenvalue problem Lw = Aw
transforms to:

dy

LAY
o (7, 2)
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Stability of dark solitons Evans function method

Evans function method applied to dark PR solitons

T
Defining Y = (u u, Vv v,]) , the

eigenvalue problem Lw = Aw Forn — +oo:
transforms to: y
ay = Ax(1)Y
ay dn

LAY
o (7, 2)
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Stability of dark solitons Evans function method

Evans function method applied to dark PR solitons

T
Defining Y = (u u, Vv v,]) , the

eigenvalue problem Lw = iw Forn — +oo:
transforms to: y
n
— =A(n, )Y
gy ~ A
@ The asymptotic system is a constant coefficient system of differential
equations.
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Stability of dark solitons Evans function method

Evans function method applied to dark PR solitons

T
Defining Y = (u u, Vv v,]) , the

eigenvalue problem Lw = iw Forn — +oo:
transforms to: y
n
— =A(n, )Y
gy ~ A
@ The asymptotic system is a constant coefficient system of differential
equations.

@ It has solutions of the form Y;°(1, 1) = y, (1) exp[r(2)7n].

r(2) is one of the eigenvalues of A ().
yr(Q) is the corresponding eigenvector
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Stability of dark solitons Evans function method

Evans function method applied to dark PR solitons

T
Defining Y = (u u, Vv v,]) , the

eigenvalue problem Lw = iw Forn — +oo:
transforms to: y
n
— =A(n, )Y
gy ~ A
@ The asymptotic system is a constant coefficient system of differential
equations.

@ It has solutions of the form Y;°(1, 1) = y, (1) exp[r(2)7n].

r(2) is one of the eigenvalues of A ().
yr(Q) is the corresponding eigenvector

@ For A€ C\ R, r are such that:

Re(ri2) >0 Re(rs4) <0
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Stability of dark solitons Evans function method

Evans function method applied to dark PR solitons

dy
The full system o A(n,A)Y  has:
n

@ Bounded solutions as  — —co satisfying

ngz(n, A ~Y2 as n — —co,

ne
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Stability of dark solitons Evans function method

Evans function method applied to dark PR solitons

dy
The full system o A(n,A)Y  has:
n

@ Bounded solutions as  — —co satisfying

ngz(n, A ~Y2 as n — —co,

ne

@ Bounded solutions as  — +oo satisfying:

Yi(n,A) ~ Y as n— +oo.

34 34
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Stability of dark solitons Evans function method

Evans function method applied to dark PR solitons

The localized eigenfunction corresponding to discrete eigenvalues should
be a linear combination of:
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Evans function method applied to dark PR solitons

The localized eigenfunction corresponding to discrete eigenvalues should
be a linear combination of:

@ Y. (n,4)and Y, (n,4) (they span the unstable manifold) and
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Stability of dark solitons Evans function method

Evans function method applied to dark PR solitons

The localized eigenfunction corresponding to discrete eigenvalues should
be a linear combination of:

@ Y. (n,4)and Y, (n,4) (they span the unstable manifold) and
@ Y,/ (n, 1) and Y,/ (n, 1) (they span the stable manifold)

Following Alexander et al we work on the exterior space A?(C*) where the
2-vectors:

® U (n,4) = Y, (n.1) A Y,,(n, ) represents the unstable manifold
® U™ (n,4) = Y,{(n.2) A Y, (n, 2) represents the stable manifold.
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Stability of dark solitons Evans function method

Evans function method applied to dark PR solitons

The localized eigenfunction corresponding to discrete eigenvalues should
be a linear combination of:

@ Y. (n,4)and Y, (n,4) (they span the unstable manifold) and
@ Y,/ (n, 1) and Y,/ (n, 1) (they span the stable manifold)

Following Alexander et al we work on the exterior space A?(C*) where the
2-vectors:

® U (n,4) = Y, (n.1) A Y,,(n, ) represents the unstable manifold
® U™ (n,4) = Y,{(n.2) A Y, (n, 2) represents the stable manifold.
In A2(C*):

A isaneigenvalue © U (4,n)AUT(4n)=0
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D(A,n) = U (4,n) AU (A,5) isindependentof 7

D(1) =

U (1,0) AU (2,0) isanalyticond1eC\R

D(1) =0 2

is an eigenvalue
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D(A,n) = U (4,n) AU (A,5) isindependentof 7
D(2) = U™ (1,0) A UT(2,0) isanalyticon1eC\R
«O>» «Fr «=» «EF>» E HACG
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D(A,n) = U (4,n) AU (A,5) isindependentof 7
D(2) = U™ (1,0) A UT(2,0) isanalyticon1eC\R

D(1) =0 & A is an eigenvalue
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Graphically...

D(A) is analytic and has no zeros on the curve

«O0)>» «F»r « =» Q>

fl:A=1t+4+1i0",teR}

v



Stability of dark solitons Evans function method

Search for unstable eigenvalues using the argument
principle

Graphically...

D(A) is analytic and has no zeros on the curve
{:A=1t4+1i0",teR}

U

Number of zeros within that curve (unstable
eigenvalues) = number of times the image graph wraps
around the origin.
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instability.

@ Discrete eigenvalues are found for p and w inside the region of
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Evans function results

Discrete eigenvalues

@ Discrete eigenvalues are found for p and w inside the region of
instability.

@ In this parameter region, there is only one pair of eigenvalues
symmetrically located in the imaginary axis.

Q

Re
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Evans function results

Discrete eigenvalues

@ Discrete eigenvalues are found for p and w inside the region of
instability.

@ In this parameter region, there is only one pair of eigenvalues
symmetrically located in the imaginary axis.

@ For fixed p, they start at some +A4yi and travel toward the origin as w
increases.
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Evans function results

Strength of the instability |4|

stable
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Evans function results

Unstable eigenmodes

Once the eigenvalues are known, the eigenmodes may be determined.

0.16

Re(a)
Im(a)

p =100 w = 0.0845

0.1

-0.1

Re(a)
Im(a)

p=100 w=0.1432
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PDE numerical simulations

PDE simulations - Unstable soliton

growh rate = 150 /

()0

uniunvnﬂlm"'ﬂwm :

020

p=100 w=0.1182

Growth rate of perturbation agrees reasonably with the estimated
|/lunstable| =1.35
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p=80 w=0.1034
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We have determined parameter region for stability of PR solitons.

For small p (o < 29.3), all the dark solitons are stable. Note that in the
limit of small p the model resembles the defocusing NLS for which all
the dark solitons are stable.

e

@ For p > 29.4, there are always stable solitons for w > we.

@ Using Evans function method, we have determined unstable
eigenvalues and eigenmodes of the linear stability eigenvalue
problem.

@ The absolute value of the unstable eigenvalue (strength of the
instability) decreases with w for fixed p.

@ Growth rates and eigenmodes agree reasonably with the initial
instability evolution as observed by direct simulation of the full
equation.

«0O0>» «Fr «E»r < 3 E DA



Conclusions
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