
�����������	
��
� 
 ����	������ ������
�� �������� ��� ��������� ���! "#$�%&  & %�&''(

)*+,-./012034,5 ./-04601*1.789:1+ 4;+<=> ,:./012?/.@701A :1/2 @/1B C0 ,1+ :DEGF01+ /./012

HIJ IKLMNOQPRSTUWVIX IYSZ[STUW\I] IH^_`aLT � $b��� #��c�d�#� �� �d��b� �d�e�$f�#� �� �d�$� dg� h# �g �d� �$���f�i��c
��� $��b %j (k
 �l��h# �g �d� �

mnpoqrstuvswxyuz{

n}|z~��s | qz�zrur�}�tz|s�o�nr wottr��s |�s |s�|r ws |r ~z|�s | �vzynrustru�� �s xr w� ��ns |ur qrnsur zw

nzyyr�to�
����



��� ��������

�V�J^�N�YNHL�ZIS �Z�Q��L[MP`Z� ^` LZ�¡ ¢

£�V�JL�ZS �¤¥I]  Z�Q��L[MP`Z� ^` LZ�¡ ¦

§��YNHL�ZS �¤¥I]  Z�Q��L[MP`Z� ^` LZ�¡ �§

¢]J � KL�LM^_P¨LN©Sª MP LM\ M^�Z«S M��¡ £� ¬­®¯°±�²³´µ¶ ³´¶·Q(x)­­­­­­­­­­­­­­­­­­­­­­���¸ ® ¬­¸¯°±�²³´µ¶ ³´¶·²¹
−1
JδQ(x)­­­­­­­­­­­­­­­­­­­���¸¸ ¬­º»¼½¾½ ³½¿²Àµ ³¾¶±½¿²À¶¿´­­­­­­­­­­­­­­­­­­���¸º

Á�V�JÂP [aÃS �Z[^�[¤Sª �N ^ M�ÃS �NP [PS �Z�¡ £Ä Å ­®Æ±½Ç À¿²È±¿¶±½¿ Àµ½´¶·sp(4) ÉÊËÌÆÍµ À¼ÎÏÎ­­­­­­­���º� Å ­¸Æ±½Ç À¿²È±¿¶±½¿ Àµ½´¶·so(8)�ÊËÌÆÍµ À¼ÎÏÎ­­­­­­­���º¸ Å ­ºÆ±½Ç À¿²È±¿¶±½¿ Àµ½´¶·¤¥I] �ÊËÌÆÍµ À¼ÎÏÎ­­­­­­­���ºº

ÄÐ^�P _[S �P ^�� MS� LM[P LZ�¡ §¢

���®



Ñ¥PZ` ªZZPS ��¡ ¢� ¤^ZLNS �Ò
•Ó­Æ­Ô½¿ ¹Õ¼µÖ¶×ØWÙ­Ù­ÚÛ Èµ´¼­ÜÝÞßàáâãäâåæåßåâåÞ àåæçèé áêèìëâí àåî æè æïÝ çßàâåàåßê æáçð æâñåâåòæèâóâÝåí çèô áâåí àßàâåðõ ö¶Û¿ ³²È¶·Ê²À¼½÷²ÀµÇ²ÈÆÇµ½ ³Ç½´§�Ø Ë¶¬Ø¸¸ø ®�¸¸øùú ®ùûÅü ­

•ËµÖ¶ È²ý Ú¶´ À¶×ØÓ È²¹µ÷µ¿Ô½¿ ¹þ µÖ¶×­ÿ æíÝ áßàâåðâñãÝÞßàáâãäâåæåß ã�í�æïÝ çßàâåðâåðôããæßè àáðä çáæðâñ¥]]]��ßôä æ­Æ�ÔÊ�¢

ú¸�� ûüØ±�²±½¿�¸ ùØº�±�²¾½´�X M�PTÒ���§ I�ÄÁ�­

•Ó­Æ­Ô½¿ ¹þ µÖ¶×ØÔ­Ô­Ô¿²¼¶×´ ÖµØ Ë­�­Ú¶´ À¶×­ÿ æíÝ áßàâåðâñN�

	 ç
 æàåßæè çáßàâåðè æÞ çßæíßâÞâ	��è çå
ð àãäÞ æ� àæçÞî æóè çðõ��Z2�

è æíÝ áßàâåðõö­Ù¼ý´ ­��Ê²À¼�Ô½ ³­§¢Øù¬¸Å �ù¬ø ®ú¸�� ®ü ­

•Ó­Æ­Ô½¿ ¹þ µÖ¶×­é æÞ æáßæí�ðä æáßðâñéâ Þ àßâå�ê æâèôõ�âåð ß çåßóâÝåí çèô áâåí àßàâåðõ� ³�Ù¿¶·­Ô­Ê²³½ ×�´Ì½¾ ²Çýµ ³Î¶ ³À½÷±¶¿²¿ý �´±½Ç À´ ¶·�´ À¿¶ ³¶÷ýØÔ¿²×µ À²Àµ¶ ³²È²³¹»¼½¶¿½ ÀµÇ²ÈÙ¼ý´µÇ´¯ ¹´ ­�Ó­Ô½¿ ¹þ µÖ¶×Ø Ê­ »´ ×½ ÀÖ¶×Ø��½¿¶ ³Ù¿½´´Ì À¹ØÆ¶�²Ø¸��Å ­±±­¸�� �¸ ù� ­ �_P �IJ]��Ä�¢��¢
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•Ô­Ô­Ô¿²¼¶×´ ÖµØÓ­Æ­Ô½¿ ¹þ µÖ¶×Ø Ë­�­Ú¶´ À¶×ØÓ­�­�À²³²´¶×­ � æ	 àåßæîè çóÞ æãÝÞßà� áâãäâåæåß��éßôä ææïÝ çßàâåðâåðôããæßè àá ðä çáæð�Z4 çåíZ6è æíÝ áßàâåð ­� ³À¼½±¿¶Ç½½ ¹µ ³¾´¶·Æ½ ×½ ³À¼� ³À½¿ ³²Àµ¶ ³²È Ç¶ ³·½¿½ ³Ç½¶ ³Ô½¶÷½ À¿ýØ� ³À½¾¿²�µ Èµ Àý²³¹�Û ²³ÀµÕ ²Àµ¶ ³ØöÛ ³½¸ É

®�Ø¸��ÅØÓ²¿ ³²Ø ÏÛ È¾ ²¿µ²­¯ ¹´ ­�×²µ È¶Ê È²¹½ ³¶×ØÊ²³Û½ È¹½Ì½¶ ³Ø Æ¶· À½ °ØÆ¶�²ú¸��øü�±±­®Å¬�®�Å ­�_P �IJ]��Ä�§�ÄÄ

•Ó È²¹µ÷µ¿Æ­Ô½¿ ¹þ µÖ¶×Ø��²×µ ¹ö­Ú²Û±­ â	ã çåôßôä æðâñðâ Þ àßâå ðâ ÞÝ ßàâåðíâ	 æ
 åâ	! � ³À¼½±¿¶Ç½½ ¹µ ³¾´¶·Æ½ ×½ ³À¼� ³À½¿ ³²Àµ¶ ³²ÈÇ¶ ³·½¿½ ³Ç½¶ ³Ô½¶÷½ À¿ýØ � ³À½¾¿²�µ Èµ Àý²³¹�Û ²³ÀµÕ ²Àµ¶ ³ØöÛ ³½¸ É®�Ø¸��ÅØÓ²¿ ³²Ø ÏÛ È¾ ²¿µ²­ ¯ ¹´ ­�×²µ È¶Ê È²¹½ ³¶×ØÊ²³Û½ È¹½Ì½¶ ³ØÆ¶· À½ °ØÆ¶�²ú¸��øü�±±­ ®®�º¬­
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ËÌÆ²³¹Ê Ú¹Ó
iqt+qxx+2ε|q|

2
q(x,t)=0,ε=±1,

qt+qxxx+6εqxq
2
(x,t)=0,ε=±1,

¼ ²×½ ³²ÀÛ¿²È÷Û ÈÀµÇ¶÷±¶ ³½ ³À¾½ ³½¿²ÈµÕ ²Àµ¶ ³´¿½ È²À½ ¹À¶ À¼½´ý÷÷½ À¿µÇ ´±�²Ç½´$¶¿ ¹ýØ ÚÛ Èµ´¼ú ®ùûºü ­Ì²°¿½±¿½´½ ³À²Àµ¶ ³�

Lψ≡
(

i
d

dx
+Q(x,t)−λJ

)

ψ(x,t,λ)=0,

Q(x,t)=

(

0q
p0

)

,J=

(

% ®0
0−% ®

)

,

MMNLSψ≡
(

i
d

dt
+V1(x,t)+λV2(x,t)−2λ

2
J

)

ψ(x,t,λ)=ψ(x,t,λ)λ
2
J,

MMMKdVψ≡
(

i
d

dt
+V0(x,t)+λV1(x,t)+λ

2
V2(x,t)−4λ

3
J

)

ψ(x,t,λ)

���¬



=ψ(x,t,λ)C(λ),

V2(x,t)=4Q(x,t),V1(x,t)=2iJQx+2JQ
2
,V0(x,t)=−Qxx−2Q

3
.

ÊËÌÆ½&´ ­�
i
∂Q

∂t
+
∂

2
Q

∂x2+2Q
3
(x,t)=0.

ÊÊ Ú¹Ó½&´ ­�
∂Q

∂t
+
∂

3
Q

∂x3+3
(

QxQ
2

+Q
2
Qx

)

=0.

Ì¶Ç²ÈÇ¶¶¿ ¹µ ³²À½´¶ ³´ý÷÷½ À¿µÇ´±�²Ç½´� X I]]] � Àý±½SU(n+p)/S(U(n)×U(p))

Q(x,t)=[J,X(x,t)]=

(

0q

p0

)

,J=

(

% ®n0
0−% ®p

)

¥I]]] � Àý±½SO(2n)/S(O(n)×O(n))

Q(x,t)=[J,X(x,t)]=

(

0q

p0

)

,J=

(

% ®n0
0−% ®n

)

,Q+S0Q
T
S0=0
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¤¥I] � Àý±½SO(n+2)/(SO(n)×SO(2))

Q(x,t)=[J,X(x,t)]=





0~q
T

0
~p0s0~q
0~p

T
s00





,J=





100
000
00−1





,Q+S0Q
T
S0=0

S
(k)
0=







∑

k
s=0(−1)

k+1
E

(k)
s,k+1−s·¶¿k=2r+1

∑

(k−1)/2
s=0(−1)

k+1
(E

(k)
s,k+1−s+E

(k)
k+1−s,s)·¶¿k=2r

Ã I] � Àý±½SP(2n)/SU(n)

Q(x,t)=[J,X(x,t)]=

(

0q

p0

)

,J=

(

% ®n0
0−% ®n

)

,Q+S1Q
T
S1=0

S
(k)
1=

(k−1)/2
∑

s=0

(−1)
k+1

(E
(k)
s,k+1−s−E

(k)
k+1−s,s).

ÊµÖ¼ ²µ È¶×�´¿½ ¹ÛÇ Àµ¶ ³¾¿¶Û±GRú ®ùû®ü GRµ´²�³µ À½¾¿¶Û±Í¼µÇ¼±¿½´½¿×½´ À¼½Ì²°¿½±¿½´½ ³À²Àµ¶ ³­
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µüGR⊂Autg²³¹ µµüGR⊂ConfC­
gk=⇒Ck(L(Γk(λ)))=ηkL(λ),gk=⇒Ck(M(Γk(λ)))=ηkM(λ),

Í¼½¿½Ck∈�Û Àg²³¹Γk(λ)∈Î¶ ³·C­$¶¿½ ²Ç¼gkÀ¼½¿½½ °µ´ À²³µ ³À½¾½¿ Nk´ÛÇ¼ À¼ ²Àg
Nk

k=% ®­�·Nk=2À¼½ ³GR'Z2­

[L,M]=0,L≡i
d

dx
+U(x,t,λ),M≡i

d

dt
+V(x,t,λ),

U(x,t,λ)=Q(x,t)−λJ,V(x,t,λ)=V1(x,t)+λV2(x,t)−2λ
2
J,

'½ ¹ÛÇ Àµ¶ ³´�

®üC1(U
†
(κ1(λ)))=U(λ),C1(V

†
(κ1(λ)))=V(λ),

¸üC2(U
T
(κ2(λ)))=−U(λ),C2(V

T
(κ2(λ)))=−V(λ),

ºüC3(U
∗
(κ1(λ)))=−U(λ),C3(V

∗
(κ1(λ)))=−V(λ),

¬üC4(U(κ2(λ)))=U(λ),C4(V(κ2(λ)))=V(λ),

����



Î¼¶µÇ½´�²üCk∈H�Î²¿ À²³´Û�¾¿¶Û±��üCk∈W�(½ý È¾¿¶Û±­ '½ ¹ÛÇ Àµ¶ ³´ ®²ü�Í½ ÈÈÖ³¶ Í³Ø Àý±µÇ²È­ '½ ¹ÛÇ Àµ¶ ³´÷Û´ À�½Ç¶÷±�²Àµ� È½ Íµ À¼ À¼½ ¹µ´±½¿´µ¶ ³È²Í�

C1(f(κ1(λ)))=f(λ)

fMNLS=−2λ
2
J←→Ck(J)=J,κk(λ)=λ

∗
;

fMMKdV=−4λ
3
J←→

{

C1(J)=J,κ1(λ)=λ
∗

C2(J)=−J,κ2(λ)=−λ
;

'½ ¹ÛÇ Àµ¶ ³´²Ç Àµ ³¾¶ ³λÀ¿µ×µ²ÈÈý� À¼½ý¿½´ À¿µÇ ÀU(x,t,λ)²³¹V(x,t,λ)

¶ ³À¼½´Û�²È¾½�¿²g0Í¼µÇ¼µ´´ À²� È½ Íµ À¼¿½´±½Ç ÀÀ¶Ck­ )*^�� _LÒÇ¼¶¶´½X I]]]¶·À¼½·¶¿÷SU(2n)/S(U(n)×U(n))²³¹À²Ö½ ¿½ ¹ÛÇ Àµ¶ ³¸�ü Íµ À¼C2=S0­ »¼½ ³Í½¾½ ÀL²³¹MÍ¼µÇ¼²¿½¿½ È²À½ ¹À¶ ¥I]]]´ý÷÷½ À¿µÇ´±�²Ç½ ­
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»¼½´½´ý÷÷½ À¿µÇ´±�²Ç½´²¿½SO(n+2)/SO(n)×SO(2)­

Lψ=

(

i
dψ

dx
+U(x,t,λ)

)

ψ(x,t,λ)=0,

U(x,λ)=q(x,t)−λJ,q=





0~q
T

0
~p0s0~q
0~p

T
s00





,J=





100
000
00−1





,

i∂t~q+∂
2
xx~q+2(~p,~q)~q−(~qs0~q)s0~p=0,

i∂t~q−∂
2
xx~q−2(~p,~q)~q+(~qs0~q)s0~p=0,

»ý±µÇ²È¿½ ¹ÛÇ Àµ¶ ³·¶¿n=3Íµ À¼K1=¹µ²¾(ε1,ε2,1,ε2,ε1)Øε
2
1,2=1�

p2=ε1ε2q
∗
2,p3=ε1q

∗
3,p4=ε1ε2q

∗
4;

¾µ×½´²º��Ç¶÷±¶ ³½ ³À´ý´ À½÷¶·ËÌÆ½&Û ²Àµ¶ ³

iq2,t+q2,xx+2ε1(ε2|q2|
2

+|q3|
2
)q2+ε1ε2q

2
3q

∗
4=0,

���ù



iq3,t+q3,xx+2ε1q2q4q
∗
3+ε1(2ε2|q2|

2
+2ε2|q4|

2
+|q3|

2
)q3=0,

iq4,t+q4,xx+2ε1(ε2|q4|
2

+|q3|
2
)q4+ε1ε2q

2
3q

∗
2=0,

� À´´¶ Èµ À¶ ³´¶ ÈÛ Àµ¶ ³µ´¾µ×½ ³�ý

q2=−2iν

∆
e
−iµ(x−vt)

(

ε2e
ν(x−ut)

n0,1n
∗
0,2+ε1e

−ν(x−ut)
n0,4n

∗
0,5

)

,

q3=−2iν

∆
e
−iµ(x−vt)

(

e
ν(x−ut)

n0,1n
∗
0,3−ε1e

−ν(x−ut)
n0,3n

∗
0,5

)

,

q4=−2iν

∆
e
−iµ(x−vt)

(

ε2e
ν(x−ut)

n0,1n
∗
0,4+ε1e

−ν(x−ut)
n0,2n

∗
0,5

)

,

∆=ε1e
2ν(x−ut)

|n0,1|
2

+ε2
(

|n0,2|
2

+|n0,4|
2
)

+|n0,3|
2

+ε1e
−2ν(x−ut)

|n0,5|
2
,

v=
ν

2
−µ

2

µ
,u=−2µ,.

���®�



�´½Ç¶ ³¹¿½ ¹ÛÇ Àµ¶ ³×µ²²(½ý È¿½/½Ç Àµ¶ ³Se2�

K2=













10000
00010
00−100
01000
00001













,p2=q
∗
4,p3=−q

∗
3,p4=q

∗
2.

¾µ×½´¿µ´½ À¶²³¶ À¼½¿µ ³½&Ûµ×²È½ ³À´ý´ À½÷¶·º ËÌÆ½&Û ²Àµ¶ ³´

iq2,t+q2,xx+2(q2q
∗
4−|q3|

2
)q2+q

2
3q

∗
2=0,

iq3,t+q3,xx−2q2q4q
∗
3+(2q2q

∗
4+2q4q

∗
2−|q3|

2
)q3=0,

iq4,t+q4,xx+2(q4q
∗
2−|q3|

2
)q4+q

2
3q

∗
4=0.

»¼½ ³Í½¼ ²×½ À¼½·¶ ÈÈ¶ Íµ ³¾¶ ³½´¶ Èµ À¶ ³´¶ ÈÛ Àµ¶ ³
q2=−2iν

∆
e
−iµ(x−vt)

(

e
ν(x−ut)

n0,1n
∗
0,4+e

−ν(x−ut)
n0,4n

∗
0,5

)

,

q3=
2iν

∆
e
−iµ(x−vt)

(

e
ν(x−ut)

n0,1n
∗
0,3+e

−ν(x−ut)
n0,3n

∗
0,5

)

,

���®®



q4=−2iν

∆
e
−iµ(x−vt)

(

e
ν(x−ut)

n0,1n
∗
0,2+e

−ν(x−ut)
n0,2n

∗
0,5

)

,

∆=e
2ν(x−ut)

|n0,1|
2

+
(

n0,2n
∗
0,4+n

∗
0,2n0,4

)

−|n0,3|
2

+e
−2ν(x−ut)

|n0,5|
2
.

Ë½ °ÀÍ½Ç¶ ³´µ ¹½¿²Z2×Z2¿½ ¹ÛÇ Àµ¶ ³Ø Í¼µÇ¼µ´²Ç¶÷�µ ³²Àµ¶ ³¶·¿½ ¹ÛÇ Àµ¶ ³´ Íµ À¼K1²³¹K2­ »¼µ´µ´±¶´´µ� È½¶ ³Èý·¶¿ε1=−1­ »¼½ ³

p2,4=−ε2q
∗
2,4,q2=−ε2q4,p3=−q

∗
3.ú ®ü

²³¹Í½¶� À²µ ³À¼½·¶ ÈÈ¶ Íµ ³¾´ý´ À½÷¶·ÀÍ¶½&Û ²Àµ¶ ³´

iq2,t+q2,xx−2(ε2|q2|
2

+|q3|
2
)q2+q

2
3q

∗
2=0,ú¸ü iq3,t+q3,xx−(4ε2|q2|

∗
+|q3|

2
)q3+2ε2(q2)

2
q
∗
3=0.úºü

²³¹µ À´¶ ³½´¶ Èµ À¶ ³´¶ ÈÛ Àµ¶ ³À²Ö½´ À¼½·¶¿÷
q2=

2iν

∆
e
−iµ(x−vt)

ε2

(

e
ν(x−ut)

n0,1n
∗
0,2+e

−ν(x−ut)
n0,2n

∗
0,5

)

,ú¬ü

q3=
2iν

∆
e
−iµ(x−vt)

(

e
ν(x−ut)

n0,1n
∗
0,3+e

−ν(x−ut)
n0,3n

∗
0,5

)

,úÅü

∆=e
2ν(x−ut)

|n0,1|
2
−2ε2|n0,2|

2
−|n0,3|

2
+e

−2ν(x−ut)
|n0,5|

2
,úøü

���®¸



v=
ν

2
−µ

2

µ
,u=−2µ.ú�ü
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»¼½M�¶±½¿²À¶¿·¶¿À¼½ÊÊ Ú¹Ó½&Û ²Àµ¶ ³´ À²Ö½´ À¼½·¶¿÷

Mψ(x,t,λ)≡i∂tψ+(V0(x,t)+λV1(x,t)+λ
2
V2(x,t)−λ

3
J)ψ(x,t,λ),

V2(x,t)=q(x,t),V1(x,t)=i²¹

−1
J∂xq+

1

2

[

²¹

−1
Jq,q(x,t)

]

,ú ûü

V0(x,t)=−∂
2
xxq+

1

2

[

²¹
−1
Jq,

[

²¹
−1
Jq,q(x,t)

]]

+i[∂xq,q],

� ÀÍµ ÈÈ�½Ç¶ ³×½ ³µ½ ³ÀÀ¶µ ³À¿¶ ¹ÛÇ½ À¼½·¶ ÈÈ¶ Íµ ³¾ ³¶ À²Àµ¶ ³´·¶¿À¼½n�

Ç¶÷±¶ ³½ ³À×½Ç À¶¿´

~q=(q1,...,qn)
T
,~p=(p1,...,pn)

T
,

���®º



²³¹²È´¶ À¼½÷²À¿µÇ½´S0²³¹s0

S0=
n+2 ∑

k=1

(−1)
k+1

Ek,2r+2−k=





001
0−s00
100





,ú ùü

»¼½ÊÊ Ú¹Ó½&Û ²Àµ¶ ³´Ç²³�½ Í¿µ ÀÀ½ ³¹¶ Í³µ ³Ç¶÷±�²Ç À·¶¿÷²´

∂t~q+∂
3
xxx~q+3(~p,~q)∂x~q+3(∂x~q,~p)~q−3(∂x~qs0~q)s0~p=0,ú ®�ü ∂t~p+∂
3
xxx~p+3(~p,~q)∂x~p+3(∂x~p,~q)~p−3(∂x~ps0~p)s0~q=0,ú ®®ü

�³²È¶¾¶Û´ Èý À¼½ÊËÌÆ½&´ ­¾½ ³½¿²ÈµÕµ ³¾ À¼½×½Ç À¶¿ËÌÆ²¿½�

i~qt+~qxx+2(~q,~p)~q−(~q,s0~q)s0~p=0,

i~pt−~pxx−2(~q,~p)~p+(~p,s0~p)s0~q=0,

Î¶ ³´µ ¹½¿²Z2¿½ ¹ÛÇ Àµ¶ ³¶·À¼½ Àý±½
U

†
(λ

∗
)=U(λ),⇒~p=~q

∗
.ú ®¸ü

»¼½ ³Í½¶� À²µ ³À¼½·¶ ÈÈ¶ Íµ ³¾¿½ ¹ÛÇ½ ¹´ý´ À½÷´¶·ÊÊ Ú¹Ó
∂t~q+∂

3
xxx~q+3|~q|

2
∂x~q+3(∂x~q,~q

∗
)~q−3(∂x~qs0~q)s0~q

∗
=0.

���®¬



²³¹ÊËÌÆi~qt+~qxx+2(~q
†
,~q)~q−(~q,s0~q)s0~q

∗
=0,

�±± ÈµÇ²Àµ¶ ³´�·¶¿n=2²³¹n=3¹½´ Ç¿µ�½F=1²³¹F=2Ï¯Î

ú(²¹²Àµú¸��øüü ­ »¼½®�´¶ Èµ À¶ ³´¶ ÈÛ Àµ¶ ³¶·À¼½ÊÊ Ú¹Ó¿½ ²¹´

qk=−iνe
−iµ(x−ut−δ0)

cosh(2ν(x−vt−ξ0))+C

(

e
ν(x−vt−ξ0)

c
∗
k+(−1)

k
e
−ν(x−vt−ξ0)

cn+3−k

)

,

ck=
n0,k

√

|n0,1||n0,n+2|
,k=2,...,2rC=

2r ∑

k=2

|n0,k|
2
/2|n0,1||n0,n+2|,

v=ν
2
−3µ

2
,u=3ν

2
−µ

2
,δ0=

argn0,1

µ
,ξ0=

1

2ν
ln|n0,n+2|
|n0,1|

.

±¿¶×µ ¹½ ¹Í½¼ ²×½�°½ ¹argn0,1=−argn0,n+2�ýÛ´µ ³¾ À¼½ ³²ÀÛ¿²ÈU(1)

´ý÷÷½ À¿ý¶·À¼½´¶ ÈÛ Àµ¶ ³­ Î¶ ³´µ ¹½¿Z2¿½ ¹ÛÇ Àµ¶ ³¶·Ê Ú¹Ó¿½ È²À½ ¹À¶so(5)Íµ À¼
KU

†
(−λ

∗
)K

−1
=U(λ),⇒Kq

†
K

−1
=q,KJK

−1
=−J

���®Å



We1=













0000−1
01000
00−100
00010
−10000













,⇒K=













0000−ε1
0ε2000
00−100
000ε20
−ε10000













.

µ´ À¼½(½ý È¿½/½Ç Àµ¶ ³Íµ À¼¿½´±½Ç ÀÀ¶ À¼½¼ý±½¿± È²³½¶¿ À¼¶¾¶ ³²ÈÀ¶e1­ »¼½·¶ ÈÈ¶ Íµ ³¾µ ³À½¿¿½ È²Àµ¶ ³´¼¶ È¹À¿Û½

q3=−ε1ε2q
∗
1,q2=−ε1q

∗
2,

p3=−ε1ε2p
∗
1,p2=−ε1p

∗
2.

�´²Ç¶ ³´½&Û½ ³Ç½¶·À¼½¿½ ¹ÛÇ Àµ¶ ³Í½¼ ²×½
λ

+
=−(λ

−
)
∗
,|m〉=K|n〉

∗
,ú ®ºü

¶¿

(λ
±

)
∗

=−λ
±
,|n〉=SK|n〉

∗
,〈m|=〈m|

∗
(SK)

−1
.ú ®¬ü

�±± Èýµ ³¾²³¶ À¼½¿Z2¿½ ¹ÛÇ Àµ¶ ³¶·À¼½ Àý±½
U

T
(−λ)=−U(λ),⇒q

T
=−q,ú ®Åü

���®ø



Í½¶� À²µ ³À¼ ²Àλ
+

=−λ
−
,|m〉=|n〉.ú ®øü

»¼½Ç¶¿¿½´±¶ ³¹µ ³¾´ý´ À½÷¶·Ê Ú¹Óµ´

q2,t+q2,xxx−3(q2q3)xq3+3ε1ε2q3q
∗
2q3,x−6q

2
2q2,x=0,

q3,t+q3,xxx+3ε1ε2|q2|
2
xq3−3(q2q3)xq2−3(q

∗
2q3)xq

∗
2−3q

2
3q3,x=0.

²³¹µ´ ³½ ÍÀ¶ À¼½�½´ À¶·¶Û¿Ö³¶ ÍÈ½ ¹¾½ ­�¾ ²µ ³ÀÍ¶ Àý±½´¶·´¶ Èµ À¶ ³´ ­ »¼½NSª1_L[ZS _P [S �→λ
±

=±iν²³¹|n〉=SK|n〉
∗

²³¹µ´¾µ×½ ³�ý

q2=
iνe

iδ0

ε1cosh2ν(x−vt−ξ0)+C

(

e
ν(x−vt−ξ0)

c2+e
−ν(x−vt−ξ0)

c4

)

,

q3=
2iνc3e

iδ0
sinhν(x−vt−ξ0)

ε1cosh2ν(x−vt−ξ0)+C
,δ0=argn0,1=argn0,5=

lπ

2
,l∈Z

C=(2ε2'½(n0,2n0,4)+|n0,3|
2
)/2|n0,1||n0,5|,

c
∗
1=−ε1c1,c

∗
2=−ε2c4,c

∗
3=−c3,c

∗
5=−ε1c5,ck=

n0,k
√

|n0,1||n0,n+2|
,

q3µ´½µ À¼½¿¿½ ²È¶¿±Û¿½ Èýµ÷²¾µ ³²¿ý×²ÈÛ½ ¹·Û ³Ç Àµ¶ ³­

���®�



\aL�ª^N Mª� _L[ZS _P [S �ZS _ª[PS �Ò

u(x,t,λ)=% ®+
A(x,t)

λ−λ0
−
KSA

∗
(x,t)SK

λ+λ∗
0

−
SA(x,t)S

λ+λ0
+
KA

∗
(x,t)K

λ−λ∗0.

ú ®�ü q(x,t)=[J,A−KSA
∗
SK−SAS+KA

∗
K](x,t).ú ®ûü

$µ ³¹À¼½÷²À¿µ °A(x,t)=XF
TÉ²È¾½�¿²µÇ´½ À¶·½&Û ²Àµ¶ ³´ ­�½¿½X²³¹ F²¿½¿½Ç À²³¾Û È²¿÷²À¿µÇ½´¶·¿²³Ös≤r²³¹λ0=µ+iν­� ÀÇ²³�½ Ç¼½ÇÖ½ ¹À¼ ²À

F(x,t)=e
i(λ0x+λ

3
0t)J

F0,F0=const.

� ³À¼½´µ÷± È½´ Às=1Ç²´½·¶¿À¼½·²Ç À¶¿X¶ ³½Ç²³¶� À²µ ³À¼½·¶ ÈÈ¶ Íµ ³¾

X=
a
∗
F+bSKF

∗
−cKF

∗

|a|2+b2−c2,

���®û



Í¼½¿½φ
±
R=φR±

1
2ln

|F0,2|
|F0,4|,φ

±
I=φI±argF0,4²³¹

a(x,t)=|F0,1F0,5|
λ0

(cosh2(φR−iφI)+Ca),Ca=
F

2
0,2+F

2
0,3+F

2
0,4

2|F0,1F0,5|
,

b(x,t)=
i|F0,1F0,5|

ν
(cosh2φR+Cb),Cb=

2'½(F
∗
0,2F0,4)+|F0,3|

2

2|F0,1F0,5|
,

c(x,t)=|F0,1F0,5|
µ

(cos2φI+Cc),Cc=|F0,2|
2
−|F0,3|

2
+|F0,4|

2

2|F0,1F0,5|
,

φR=ν

(

x−vt−
1

2ν
ln|F0,1|
|F0,5|

)

,φI=µ

(

x−ut−
argF0,5

µ

)

,

²³¹argF0,1=−argF0,5­ »¼Û´·¶¿ε1=ε2=1¶ ³½ ¹½¿µ×½´

q2=
2
√

|F0,1F0,2F0,4F0,5|
|a|2+b2−c2

{

a
∗
cosh(φ

−
R−iφ

−
I)−b(cosh(φ

−
R+iφ

+
I)+cosh(φ

+
R−iφ

−
I))

−acosh(φ
+
R+iφ

+
I)+c(cosh(φ

+
R+iφ

−
I)−cosh(φ

−
R−iφ

+
I))

}

,

q3=
2i

√

|F0,1F0,5|
|a|2+b2−c2�÷{(b+c)sinh(φR+iφI)−a

∗
sinh(φR−iφI)}F0,3,
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2-9.3*1*D :5 /4 *+50 ,D /*D6D :12 30D4

\aLS ML��7 ZLLHJK7�¦¦Ä88 I�ê æð æßð{Ψ} çåí{Φ}ñâè ãáâãäÞ æßæ ð æßðâññÝå áßàâåð àåMJõ�ê æáâèè æðäâåí àåî áâãäÞ æßæåæððè æÞ çßàâåê çð ßê æ ñâè ã�

δ(x−y)Π0J=
1

π

∫

∞

−∞

dλ(G
+
(x,y,λ)−G

−
(x,y,λ))−2i

N∑

j=1

(G
+
j(x,y)+G

−
j(x,y)),

	ê æè æΠ0J=
∑

i<r

(Eir⊗Eri−Eri⊗Eir),

G
+

(x,y,λ)=
∑

i<r

e
+
ir(x,λ)⊗e

+
ri(y,λ),G

−
(x,y,λ)=

∑

i<r

e
−
ri(x,λ)⊗e

−
ir(y,λ),

G
+
j(x,y)=

∑

i<r

(e
+
ir;j(x)⊗ė

+
ri;j(y)+ė

+
ir;j(x)⊗e

+
ri;j(y)),

G
−
j(x,y)=

∑

i<r

(ė
−
ri;j(x)⊗e

−
ir;j(y)+e

−
ri;j(x)⊗ė

−
ir;j(y)),
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9�:;<nswyr zwyz~Q(x)�

Æ Öµ±±µ ³¾ À¼½Ç²ÈÇÛ È²Àµ¶ ³²È¹½ À²µ È´ Í½¾½ ÀÀ¼½·¶ ÈÈ¶ Íµ ³¾½ °±�²³´µ¶ ³¶·Q(x)

¶×½¿À¼½´ý´ À½÷´{Φ
±
}²³¹{Ψ

±
}�

Q(x)=
i

π

∫

∞

−∞

dλ
∑

i<r

(

τ
+
ir(λ)Φ

+
ir(x,λ)−τ

−
ri(λ)Φ

−
ri(x,λ)

)

+2
N∑

k=1

∑

i<r

(

τ
+
ir;jΦ

+
ir;j(x)+τ

−
ri;jΦ

−
ri;j(x)

)

,ú ®ùü

Q(x)=−
i

π

∫

∞

−∞

dλ
∑

i<r

(

ρ
+
ri(λ)Ψ

+
ri(x,λ)−ρ

−
ir(λ)Ψ

−
ir(x,λ)

)

−2
N∑

k=1

∑

i<r

(

ρ
+
ri;jΨ

+
ri;j(x)+ρ

−
ir;jΨ

−
ir;j(x)

)

,ú¸�ü
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9�=;<nswyr zwyz~s>

−1

JδQ(x)�

Ë½ °ÀÍ½¾½ ÀÀ¼½·¶ ÈÈ¶ Íµ ³¾½ °±�²³´µ¶ ³¶·²¹

−1
JδQ(x)¶×½¿À¼½´ý´ À½÷´ {Φ

±
}²³¹{Ψ

±
}�

²¹

−1
JδQ(x)=

i

2π

∫

∞

−∞

dλ
∑

i<r

(

δτ
+
ir(λ)Φ

+
ir(x,λ)+δτ

−
ri(λ)Φ

−
ri(x,λ)

)

+
N∑

k=1

∑

i<r

(

δ
′
W

+
ir;j(x)−δ

′
W

−
ri;j(x)

)

,ú¸ ®ü

²¹

−1
JδQ(x)=

i

2π

∫

∞

−∞

dλ
∑

i<r

(

δρ
+
ri(λ)Ψ

+
ri(x,λ)+δρ

−
ir(λ)Ψ

−
ir(x,λ)

)

+

N∑

k=1

∑

i<r

(

δ
′
W̃

+
ir;j(x)−δ

′
W̃

−
ri;j(x)

)

,ú¸¸ü

Í¼½¿½

δ
′
W

±
ab;j(x)=δλ

±
jτ

±
ab;jΦ̇

±

ab;j(x)+δτ
±
ab;jΦ

±
ab;j(x),ú¸ºü
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δ
′
W̃

±
ab;j(x)=δλ

±
jρ

±
ab;jΨ̇

±

ab;j(x)+δρ
±
ab;jΨ

±
ab;j(x)ú¸¬ü

»¼½´½½ °±�²³´µ¶ ³´½´ À²� Èµ´¼ À¼½¶ ³½ � À¶�¶ ³½Ç¶¿¿½´±¶ ³¹½ ³Ç½�½ ÀÍ½½ ³ Q(x)²³¹½ ²Ç¼¶·À¼½÷µ ³µ÷²È´½ À´¶·´ Ç²ÀÀ½¿µ ³¾ ¹²À²T1²³¹T2²´ Í½ ÈÈ²´ ¶ ³½ � À¶�¶ ³½Ç¶¿¿½´±¶ ³¹½ ³Ç½�½ ÀÍ½½ ³À¼½×²¿µ²Àµ¶ ³¶·À¼½±¶ À½ ³Àµ²ÈδQ(x)

²³¹À¼½×²¿µ²Àµ¶ ³´¶·À¼½´ Ç²ÀÀ½¿µ ³¾ ¹²À²δT1²³¹δT2­

9�?@vo� owo|sur w�znpo|suz|y

Æ À²³¹²¿ ¹$¶Û¿µ½¿À¿²³´ ·¶¿÷
D0=−id/dx,e

iλx
,D0e

iλx
=λe

iλx

¯°±�²³´µ¶ ³´¶×½¿À¼½BA´&Û ²¿½ ¹´¶ ÈÛ Àµ¶ ³´� ­� ³À¿¶ ¹ÛÇ½ À¼½¾½ ³½¿²Àµ ³¾ ¶±½¿²À¶¿´Λ±À¼¿¶Û¾¼�

(Λ+−λ)Ψ
+
ri(x,λ)=0,(Λ+−λ)Ψ

−
ir(x,λ)=0,

(Λ−−λ)Φ
+
ir(x,λ)=0,(Λ−−λ)Φ

−
ri(x,λ)=0.ú¸Åü

���¸º



»¼½µ¿¹½¿µ×²Àµ¶ ³´ À²¿ À´�ýµ ³À¿¶ ¹ÛÇµ ³¾ À¼½´± Èµ ÀÀµ ³¾�

e
±
ab(x,λ)=e

d,±
ab(x,λ)+e

±
ab(x,λ),e

d,±
ab(x,λ)=(% ®−P0J)e

±
ab(x,λ),

ú¸øü Í½¾½ À

i
de

d,±
ab

dx
+[Q(x),e

±
ab(x,λ)]=0,ú¸�ü

i
de

±
ab

dx
+[Q(x),e

d,±
ab(x,λ)]=λ[J,e

±
ab(x,λ)],ú¸ ûü

¯&­ú¸�üÇ²³�½µ ³À½¾¿²À½ ¹·¶¿÷²ÈÈýÍµ À¼ À¼½¿½´Û ÈÀ

e
d,±
ab(x,λ)=C

d,±
ab;ε(λ)+i

∫

x

ε∞

dy[Q(y),e
±
ab(y,λ)],ú¸ ùü

C
d,±
ab;ε(λ)=lim

y→ε∞
e
d,±
ab(y,λ),ε=±1.úº�ü

Ë½ °Àµ ³´½¿ Àú¸ ùüµ ³À¶ú¸ ûü²³¹²Ç À¶ ³�¶ À¼´µ ¹½´�ý²¹
−1
J­ »¼µ´¾µ×½´Û´�

(Λ±−λ)e
±
ab(x,λ)=i[C

d,±
ab;ε(λ),²¹

−1
JQ(x)],úº ®ü

���¸¬



Í¼½¿½ À¼½¾½ ³½¿²Àµ ³¾¶±½¿²À¶¿´Λ±²¿½¾µ×½ ³�ý�

Λ±X(x)≡²¹

−1
J

(

i
dX

dx
+i

[

Q(x),

∫

x

±∞

dy[Q(y),X(y)]

])

.úº¸ü

»¼Û´e
±
ab(x,λ)Íµ ÈÈ�½²³½µ¾½ ³·Û ³Ç Àµ¶ ³¶·Λ+¶¿Λ−µ·¶ ³Èýµ·C

d,±
ab(y,λ)=

0­ »¼Û´ Í½�³¹úi<rü�
(Λ+−λ)Ψ

+
ri(x,λ)=0,(Λ+−λ)Ψ

−
ir(x,λ)=0,

(Λ+−λ
+
j)Ψ

+
ri;j(x)=0,(Λ+−λ

−
j)Ψ

−
ir;j(x)=0,úººü

(Λ−−λ)Φ
+
ir(x,λ)=0,(Λ−−λ)Φ

−
ri(x,λ)=0,

(Λ−−λ
+
j)Φ

+
ir;j(x)=0,(Λ−−λ

−
j)Φ

−
ri;j(x)=0,úº¬ü

(Λ+−λ
+
j)Ψ̇

+

ri;j(x)=Ψ
+
ri;j(x),(Λ+−λ

−
j)Ψ̇

−

ir;j(x)=Ψ
−
ir;j(x),

(Λ−−λ
+
j)Φ̇

+

ir;j(x)=Φ
+
ir;j(x),(Λ−−λ

−
j)Φ̇

−

ri;j(x)=Φ
−
ri;j(x),úºÅü

µ­½ ­ØΨ̇
+

ri;j(x)²³¹Φ̇
+

ir;j(x)²¿½^NOSP �[LPC L�«ª �` [PS �Z¶·Λ+²³¹Λ−­ »¼½¿½ ·¶¿½λ
±
jØj=1,...,N²¿½ ¹µ´ Ç¿½ À½½µ¾½ ³×²ÈÛ½´²È´¶¶·Λ±�Û ÀÀ¼½
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Ç¶¿¿½´±¶ ³¹µ ³¾½µ¾½ ³´±�²Ç½´¶·Λ±¼ ²×½ ¹µ÷½ ³´µ¶ ³¸´µ ³Ç½ À¼½ý²¿½´±�²³³½ ¹

�ý�¶ À¼Ψ
±
ab;j(x)²³¹Ψ̇

±

ab;j(x)­ »¼Û´ À¼½´½ À´{Ψ}²³¹{Φ}²¿½ À¼½ Ç¶÷± È½ À½´½ À´¶·½µ¾½ ³�²³¹²¹þ¶µ ³À·Û ³Ç Àµ¶ ³´¶·Λ+²³¹Λ−­

DEFGHIJKLMNOJPNJQMRNSPTULMNSIJI MNO

VWXZY[\W][^ \W_ Y`a \b Wcad [e Y \efg cWhe `Yg [eihfe \t→±∞j [[^ \WXZY[\Wg cagg cWhk Wlg \Ymefg cWgneaho mkgeg [lek W \age \hL±=
id/dx+U±(λ) cadWg cWha mWhk Wlg \Ym­pW \W

U(x,t,λ)=Q(x,t)−λJ,U±(λ)≡lim
x→±∞

U(x,t,λ)=Q±−λJ.qsrt^

u cWv \hg \WXZY[\WmWig la ib Whag [hv Wwbo \W_ Y`a \[x[i_g cWyz{|} [­W­ bo leidWi [Wig `oa ww[i_ `[iWa \[iqg W \mh ­u cWle \\Whkei w[i_ \W_ Y`a \[xWw yz{| cadWg cWfe \m]

iqt+qxx−2qq
†
q+qµ+µ̄q=0,qsr~^

lim
x→±∞

q(x,t)=q±,µ=q
†
+q+=q

†
−q−,µ=q+q

†
+=q−q

†
−.

���� t



[[^Q
2
+=Q

2
−.

g cWiU+(λ)a i wU−(λ) cadWg cWha mWh WghefW[_ Wida `YWh ­ u cWM�ek W \age \hefg cWyz{|n[g c��� leiga [iha ww[g [eia `g W \mh

V0(x,t)=−[Q,a w
−1
JQ]+2ia w

−1
JQx(x,t)+[Q±,a w

−1
JQ±].qsr�^

n[g cQ±n c[lcWih Y \Wg cW\W_ Y`a \b Wcad [e \efg cWhe `Yg [eihfe \`a \_ Wt­ u cW{a�ek W \age \la ib Wahhe l[ag Wwn[g caho mmWg \[lhka lWh [f

����g'AN−1≡sl(N)}J=H~a}n cW \Wg cWdWlge \~a[ig cW\eeghka lW

E
r

wYa `geJ[h_ [dWibo~a=
∑

s
k=1ek−

∑

N
k=s+1ekj

� ig cWiW�ggne lah Whs=ra i wN=2r[h WdWi­

� ���g'Cr≡sp(2r)}J=H~a}n cW \Wg cWdWlge \~a[ig cW\eeghka lWE
r

wYa `geJ[h_ [dWibo~a=
∑

r
k=1ekj

�����g'Dr≡so(2r)}J=H~a}n cW \Wg cWdWlge \~a[ig cW\eeghka lW E
r

wYa `geJ[h_ [dWibo~a=
∑

r
k=1ek­
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����g'Dr≡so(2r)fe \N=2ra i wg'Br≡so(2r+1)fe \ N=2r+1}J=He1­

u cWhk Wlg \Ymefg cWaho mkgeg [lek W \age \hL±[hkY \W`o leig [iYe Yh a i w[h wWg W \m[iWwbog cWg cWW[_ Wida `YWhefQ±n c[lc_ WiW \[la ``o mao b Wa \b [g \a \o le mk `W�iYmb W \h ­u cWhk Wlg \aefA�gok Who mmWg \[lhka lWh nW \WwWh l\[b WwboZ�|�}��Y`[h cq ®� �r^ ­

��νk6=±ν
∗
k�k=1,...,l1�gneb \a i lcWhefgne�fe `whk Wlg \Ymv ``[i_ Ykg cWcok W \be `aB�ha \lhVWλ� mλ=VWνk� mνkein c[lc|VWλ|≥

|VWνk|j

��νl1+k=−ν
∗
l1+k=iζk�k=1,...,l2�gneb \a i lcWhefgne�fe `whk Wlg \Ym v ``[i_Ykg cW\Wa `a� [ha i wg cWh W_ mWig|� mλ|≤|ζk|efg cW[ma_ [ia \o a� [hj

��νl1+l2+k=ν
∗
l1+l2+k=mk�k=1,...,l3=r−l1−l2+1�gneb \a i lcWh efgne�fe `whk Wlg \Ymv ``[i_Ykg cWh W_ mWigh|VWλ|≥|mk|efg cW \Wa `a� [hj
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­®¯°±Z²®]{ Wfgka iW`]g cWleig [iYe Yhhk Wlg \YmefL}_ WiW \[llah WjV [_ cg

ka iW`]g cWleig [iYe Yhhk Wlg \Ymefg cWsp(4)a i wso(8)yz{|n[g c��� fe \D<0jg cWei `o w[³W \Wi lW[hg cagn c[`Wg cWmY`g [k `[l[goefg cWhk Wlg \a efsp(4)[h�g cWeiWfe \so(8)[h¬­
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´e \C.II�a i wD.III�gok Who mmWg \[lhka lWhg cWhk Wlg \a leih [hgeffe Y \ b \a i lcWhv ``[i_Ykg cWcok W \be `aB�ha \lhVWλ� mλ=±VWν1� mν1ei n c[lc|VWλ|≥|VWν1|}h WWg cW\[_ cgka iW`efg cWv_ Y \W��|����¬­

µ¶·¸¹poqº»¼½¹»¾¹po»º¿oÀ¾Ásp(4)ÂÃÄÅ¸Æ¿ºÇÈÉÈ

Êh mWig [eiWw[i| Wlg [eir}g cWleig [iYe Yhhk Wlg \Ymefg cW�Ë|hohg Wm[h wWg W \m[iWwbog cWh WgefW[_ Wida `YWh{νj,j=1,2}efg cWmag \[lWhq+r+=
q−r−­u cWh WW[_ Wida `YWhfe \Q±n[g cr=2hag [h fog cWlca \a lg W \[hg [l WXZYag [ei ]

ν
2
−K0ν+K1=0,K0=

1

2g \Q
2
±,K1=detQ±.qsr�^

a i wwWg W \m[iWg cWWi wke [ighefg cWhk Wlg \Ym­� fnW[mkeh WeiQ(x,t)} a i wleih WXZYWig `oeiQ±g cW[ide `Yg [eiqZ2� \WwY lg [ei^ ]

B
−1
1Q

†
B1=Q,B1=w[a_(1,ε,ε,1),ε=±1.q¬�^

n c[lc[ile mkeiWighgaÌWhg cWfe \m]

r1=εq
∗
1,r2=q

∗
2,r3=q

∗
3.q¬ ®^

���r�



u cWig cWle WÍl[WighK0a i wK1WXZYa `]

K0=2ε|q
±
1|

2
+|q

±
2|

2
+|q

±
3|

2
,K1=|(q

±
1)

2
+q

±
2q

±
3|

2

q¬�^

ÎWcadWg c\WWkehh [b [`[g [Whfe \g cW\eeghν1,ν2efWX­qsr�^ wWk Wi w[i_ei g cWh [_�iefg cWw[h l\[m[ia ig ]
D=

1

4
K

2
0−4K1.q¬r^

��D>0�[­W­g cW\eeghν1>ν2a \Ww[³W \Wiga i w\Wa `­u cWleig [iYe Yh hk Wlg \YmefLv ``hYkgneka [\hef \aoheig cW\Wa `a� [h|VWλ|>ν1

a i w|VWλ|>VWν2j

��D=0�[­W­g cW\eeghν1=ν2jg cWgneka [\hef \aoh [ia^ienle [i l[wWj g cWgega `mY`g [k `[l[goefg cWhk Wlg \Ym[h4j

��D<0�[­W­g cW\eeghνja \Wle mk `W��da `YWwa i wν1=ν
∗
2ju cWleig [iYe Yh hk Wlg \YmefLv `hYkgneb \a i lcWhefgne�fe `whk Wlg \Yma `ei_g cW cok W \be `aB�ha \lhVWλ� mλ=VWνk� mνk}h WWg cW\[_ cgka iW`ef v_�­®j
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� ig cW_ WiW \[llah Wg cW \Wa \Wieak \[e \o `[m[gag [eihahgeg cWkeh [g [eih efg cWw[h l\Wg WW[_ Wida `YWh ­|Y lcmao le mWYk [fnWleih [wW \keg Wig [a `h Q=−Q
†

jg cWig cW�Ë|hohg Wmb Wle mWWXZY[da `Wiggeafe \ma ``oh W`f�

a wÏe [ig `[iWa \k \eb `Wmn ceh Whk Wlg \Ymh ce Y`wb WleiviWwgeg cW\Wa ` λ�a� [hei `o ­u cWfe \ma `h W`f�a wÏe [ig iWhhgaÌWhk `a lWfe \ε=1­

µ¶Ð¸¹ÒÑqº»¼½¹»¾¹ÒÑ»º¿ÑÀ¾Áso(8)ÓÃÄÅ¸Æ¿ºÇÈÉÈ

u cWlca \a lg W \[hg [lWXZYag [eife \q±r±gaÌWh me \Wh [mk `Wfe \m]

det(q±r±−ν)=(ν
2
−K0ν+K1)

2
,q¬¬^

n cW \Wg cWle WÍl[WighKjiena \W_ [dWibo ]
K0=

1

2g \(q±r±)=
∑

1≤i<j≤4

q
±
ijr

±
ij,q¬Ô^

K1=(det(q±r±))
1/2

=(q
±
13q

±
24−q

±
34q

±
12−q

±
23q

±
14)(r

±
13r

±
24−r

±
34r

±
12−r

±
23r

±
14).

Êi[ide `Yg [eiefg cWgok Wq¬�^_ [dWhrij=εiεjq
∗
ijn[g cεj=±1a i w maÌWhg cWle WÍl[WighK0}K1 \Wa `­�Wh [wWhienWa lcefg cWW[_ Wida `YWh

���r�



νj}j=1,2[hgne�fe `w­Ê_a [inWcadWg cWg c\WWkehh [b [`[g [Wh wWk Wi w[i_ eig cWda `YWefDjg cWei `o w[³W \Wi lW[hg cagg cWmY`g [k `[l[goefWa lc efg cWb \a i lcWh [h4­u c[h [mkeh Wh lW \ga [iho mmWg \oeig cW`e lag [eih efg cWW[_ Wida `YWhefνjn c[lc[ifa lg wWg W \m[iWg cWWi w�ke [ighefg cW leig [iYe Yhhk Wlg \aefL­

µ¶Õ¸¹ÒÑqº»¼½¹»¾¹ÒÑ»º¿ÑÀ¾ÁÉÖ¶×ÓÃÄÅ¸Æ¿ºÇÈÉÈ

u cWØehghe `Yg [eiha \WwWg W \m[iWwbog cW[\aho mkgeg [lhfe \x→±∞ah fe ``enh ]ψ(x,λ)−→u0,+e
iµ(λ)x

û0,+,fe \x→∞;

φ(x,λ)−→u0,−e
iµ(λ)x

û0,−,fe \x→−∞;

Q±−λJ=u0,±µ(λ)û0,±,µ(λ)=w[a_(µ1(λ),...,µn(λ)),

µ
2
1,n(λ)=

λ
2

+2a+
√
λ4+4aλ2+b

2
,µ

2
2,n−1(λ)=

λ
2

+2a−
√
λ4+4aλ2+b

2
,

µ3,4,...,n−2=0,a=(~r±,~q±),b=4(~r±,s0~r±)(~q±,s0~q±).

���rr



u cWleig [iYe Yhhk Wlg \YmefL[h wWg W \m[iWwboVWµk(λ)=0­� fb=4a
2

g c[hh [mk `[v Whµ
2
1,n=λ

2
+2a,µ2,3,...,n−1=0.

Î [g cg cW\WwY lg [ei~r=−~q
∗

nW_ Wgg caga=−m
2
0/2<0a i wg cW hk Wlg \Ymv ``h [ig cWgneh Wm[a� [h|λ|>m0­

ÙÚPÛIÜJ MNI PNÝ TMÝßÞTJI ÞO

u cW[ida \[a ighefg cWg \a ih fW \mag \[�T(λ)h Y lcah} W­_�­[ghk \[i l[ka ` m[ie \h_ WiW \ag W[ig W_ \a `hefmeg [ei} [­W­[fa ``νja \Ww[³W \WignWcadW ei `or[i wWk Wi wWigh W \[Whef leih W \dWwXZYa ig [g [Wh ­{ WgYhb \[Wàoe Yg `[iW g cWmWg ce whef wW \[d [i_efg cWh W[ig W_ \a `hahfYi lg [eia `hefg cWkeg Wig [a ` Q­Êhhga \g [i_ \W`ag [eicW \WnWleih [wW \g cWÎ \eih Ì [a i\W`ag [ei�|�} áâãá �ä �åçæèæéææê]
g \

[

i(χ
+

)
−1dχ

+

dλ
C−

dJ(λ)

dλ
xC

]∣

∣

∣

∣

∞

x=−∞

���r¬



=i
r ∑

k=1

dδ
+
k

dλg \(HkC)+ig \

(

ψ̂0(λ)
dψ0

dλ
C−φ̂0(λ)

dφ0

dλ
C

)

q¬ t^

=

∫

∞

−∞

dxg \

[

σ3RC(x,t,λ)−λJ
−1

(λ)C
]

,

n cW \WC[ha leihga ig W`WmWigefha i wRC(x,t,λ)=χ
+
C(χ

+
)
−1

(x,t,λ)

[haiag Y \a `_ WiW \a `[xag [eiefg cWw[a_eia `efg cW\Whe `dWigefL­�ghag [hv Wh g cWWXZYag [ei ]

i
dRC

dx
+[Q(x,t)−λJ,RC]=0,lim

x→∞
RC(x,t,λ)=ψ0(λ)Cψ

−1
0(λ).

q¬ ~^ ëX­q¬ ~^a ``enheiWge wW \[dWg cW\WlY \\Wig \W`ag [eihfe \Wda `Yag [i_g cW W�ka ih [eile WÍl[Wigh

RC(x,t,λ)=C0+

∞∑

k=1

Rkλ
−k

(x,t),ψ0Cψ
−1
0(λ)=C0+

∞∑

k=1

Ckλ
−k
.

q¬ �^ u cWg \a lW[wWig [g [Whfe \g cWyz{|gok WWXZYag [eihn[g c��� la ib W
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wW \[dWwbo [ih W \g [i_g cWaho mkgeg [lW�ka ih [eihefRC(x,λ)a i wδ
+
k(λ) ]

δ
+
k(λ)=

∞∑

p=1

I
(k)
pλ

−p

q¬�^

[ibeg ch [wWhefq¬ t^a i wWXZYag [i_g cWle \\Whkei w[i_ le WÍl[Wighefλ
−p

­ pW \WnWn \[g Wwenig cWv \hgg c\WWefg cW`e la `[ig W_ \a `hefmeg [ei le m[i_f \e mg cWk \[i l[ka `h W \[Whn[g cC=J]

Hk=

∫

∞

−∞

dxg \(σ3Rk+1(x,t)−Ck+1),H1=
1

2

∫

∞

−∞

dxg \(qq
†
(x,t)−µ̄),

H2=
i

4

∫

∞

−∞

dxg \(qxq
†
−qq

†
x),µ̄=q+q

†
+,qÔ�^

H3=
3

8

∫

∞

−∞

dxg \

[

qxq
†
x+(qq

†
(x,t))

2
−µ̄

2
)
]

.

u cWle \\WlgYh Wefg cWÎ \eih Ì [a i\W`ag [eiq¬ t^a ``enWwYhge wW \[dW \Wie \ma `[xWw[ig W_ \a `hefmeg [ei} [­W­eiWhg cag leidW \_ Wfe \Q(x,t)∈M­
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penWdW \a mei_g cW[ig W_ \a `h [ig c[hh W \[WheiWla iiegvi wg cW pa m[`gei [a iefg cWyz{|qsr~^ ­� ie \wW \geebga [ig cWpa m[`gei [a inW iWWwge \W_ Y`a \[xWg cWh W[ig W_ \a `h ­�o \W_ Y`a \[xWw[ig W_ \a `nWmWa ieiW n ceh W_ \a w[WigδHk/δQ
T
(x,t)da i [h cWhfe \beg cx→∞a i wx→−∞­ u c[h la ib WweiWbo leih [wW \[i_a ww[g [eia `h W \[Whef[ig W_ \a `h}n c[lc

_ WiW \[la ``o cadWiei� `e la `wWih [g [Wh ­´e \g Yiag W`oa mei_g cWh [mk `Whghef g cWmeiWmaovi w`e la `eiWh ­´e \W�a mk `W}g cWv \hg [ig W_ \a `f \e mg cW h W \[Whn[g cClceeh Wigeb WC
(l)

=
∑

r
k=1m

2l
kHkn[g c1≤l≤r} [h `e la ` a i wcahg cWfe \m]

H̃
(l)

1=
1

4

∫

∞

−∞

dxg \

[

qq
†
(x,t)µ̄

l
+q

†
q(x,t)µ

l
−2µ

l+1
]

,µ=q
†
+q+.

qÔ ®^

zeg W}g cagH̃
(l)

1[hieig \[d [a `} [­W­ we Whieg \WwY lWgeH1ei `o [fs≥2} ν16=ν26=...­ìh [i_ [gnWla ilcWlÌg cWda `[w[goef
Híîïð=

8

3
H3−4H̃

(1)

1=

∫

∞

−∞

dxg \
[

qxq
†
x+(qq

†
(x,t)−µ̄)

2
]

.qÔ�^

� ia ia `o x[i_g cWpa m[`gei [a ik \ek W \g [Whefg cWyz{|n[g c��� nWn[``maÌWYh Wa `heefg cWl`ahh [la `r� mag \[�akk \ea lc­�ga ``enheiW
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gen \[g Wweni[ile mka lgfe \mg cWñe [hheib \a lÌWghefg cWg \a ih fW \

q meie w\e mo^ mag \[�­| [i lWe Y \k \eb `Wm[hY`g \aò� `e la `[ig cWg W \m[ie `e_o ef´a wwWWdg cWig cWwWvi [g [eiefr[h [i wWk Wi wWigeig cWbe Yi wa \o lei w[g [eih ­ìh [i_´e \wo}��Y`[h cq ®� �r^nWvi w

r(λ,µ)=
1

λ−µ





∑

α∈∆
+

0∪∆
+

1

(Eα⊗E−α+E−α⊗Eα)+
r ∑

j=1

Hj⊗Hj





,

qÔr^ n cW \WEαa i wHja \Wg cW�a \ga i�ÎWo `_ WiW \age \hefg cWle \\Whkei w[i_ h [mk `W{ [Wa `_ Wb \ag­� ie \wW \ge wW \[dWg cWñe [hheib \a lÌWghfe \g cW yz{|eig cWn ce `Wa� [hn[g c���nWiWWwgegaÌW[igea lle Yigg cW le \\Whkei w[i_eh l[``ag [eih le m[i_f \e mg cWØehghe `Yg [eih ­ |Ì [kk [i_g cWwWga [`hnWÏ Yhgn \[g Wwenig cWW�k \Whh [eihfe \g cWñe [hhei b \a lÌWghb WgnWWig cWmag \[�W`WmWighefT(λ) ]
{

T(λ)⊗′T(µ)

}

=r+(λ,µ)T(λ)⊗T(µ)−T(λ)⊗T(µ)r−(λ,µ),qÔ¬^

r±(λ,µ)=lim
x→±∞

τ
−1
±(x,λ,µ)r(λ,µ)τ±(x,λ,µ),

���r�



τ+(x,λ,µ)=ψ0(λ)e
−iJ(λ)x

⊗ψ0(µ)e
−iJ(µ)x

,

τ−(x,λ,µ)=φ0(λ)e
−iJ(λ)x

⊗φ0(µ)e
−iJ(µ)x

,

n cW \W{T(λ)⊗′T(µ)}ij,kl≡{Tij(λ),Tkl(µ)}­

Êi[mke \ga iga i ww[ÍlY`gk \eb `WmcW \W[hgegaÌWle \\Wlg `o [ige a lle Yigg cWg cWg c\Wh ce `wh [i_ Y`a \[g [WhefTkl(λ)efg cWfe \mj
−1
k(λ)ag g cWWi wke [ighefg cWleig [iYe Yhhk Wlg \Ym­ Êha leih WXZYWi lWefqÔ¬^nW_ Wgg cW[ide `Yg [eik \ek W \g [Whefδ

+
k(λ) ]

{δ
+
k(λ),δ

+
j(µ)}=0,qÔÔ^

fe \a ``da `YWhef1≤i,j≤ra i wλa i wµgaÌ [i_da `YWheig cWleig [iYeh

hk Wlg \YmefL­´ \e mqÔÔ^g cW \Wfe ``enhg cag{I
(k)
p,I

(l)
s}=0fe \a ``keh [g [dW da `YWhefpa i ws}a i wfe \a ``1≤k,l≤r­Ê leih WXZYWi lWefWX­qÔÔ^ [h g cW[ide `Yg [d [goefg cW[ig W_ \a `hefg cWk \[i l[ka `h W \[Wh{Hk,Hp}=0­ u c[h [haiWlWhha \o lei w[g [ei[ik \ed [i_g cWle mk `Wg W[ig W_ \ab [`[goefg cW yz{|WXZYag [eihn[g c���­ ófle Y \h Wg cW\[_e \e Yhk \eefefg cWle mk `Wg W[ig W_ \ab [`[goa i wg cW wW \[dag [eiefg cWbah [lk \ek W \g [Whefg cWyz{|WXZYag [eih mYhgb Wbah Ww

���r�



eig cWle mk `Wg WiWhh \W`ag [eiefg cW\W`Wda igBôhXZYa \Wwhe `Yg [eih �efL­´e \ g cWh [i_ `Wle mkeiWig z{|h Y lc\W`ag [eicahb WWik \ekeh Wwbo�eiegek} q ®��¬^jfe \g cWmY`g [le mkeiWighohg Wmhg c[h [hhg [``ek WiXZYWhg [ei­

õöIO÷ROOI MN

øùúúã�âû�üüâã��ýãùáúþ\WlWig `o [gnah w[h ledW \WwboÎa wag [}g cagg cW so(5)a i wso(7)yz{|n[g cda i [h c[i_�� cadW[mke \ga igakk `[lag [eih ge�ë�n[g chk [iF=1a i wF=2\Whk Wlg [dW`o ­u c[hWi ca i lWhg cW [ig W \Whggeg cWyz{|gok Wme wW`h ­ äù âãýùáúù âÿýãùáúþ� ika \g [lY`a \[gn[``b W[mke \ga iggene \Ìe Yg g cWw\Whh [i_ ËaÌ ca \ed�| cabagk \e lWwY \Wa `hefe \iei�da i [h c[i_��­u c[h

k \eb `WmcadWagg \a lg Wwagg Wig [ei\WlWig `oa i wn[``b Ww[h lYhh Ww[ig cW \Wke \ghef�­ñ \[ia \[a i wu­uh Y lc[wan ce cadWne \ÌWwe Ygg cWg Wlci [XZYW fe \he mWhk Wl[a `lce [lWhefg cWbe Yi wa \o leihga ighQ±­� ig cW_ WiW \[l lah WcenWdW \}g cWV [Wma ii [a ih Y \fa lW\W`ag Wwgeg cW{a�ek W \age \we Wh iega ``enYi [fe \m[xag [ein c[lcmaÌWhg cWk \eb `Wmw[ÍlY`g ­ |e mWhg Wkh [ig c[h w[\Wlg [eih cadWb WWi\Wke \g Ww[i�|�}�Y`[h c
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q ®� �r^fe \g cWsu(n+m)/s(u(n)⊗su(m))lah W­�W \[d [i_g cWw\Whh [i_ fa lge \hfe \g cWyz{|fe \g cWho mmWg \[lhka lWhefgok WhC.II�a i wD.III�

\WXZY[\Whh Ybhga ig [a `lca i_ WhWdWife \da i [h c[i_��j we [i_g cWha mWfe \ ��� [hhg [``ab [__ W \lca `Wi_ W­ ��ü�áúãùáúù�û�� ú�ÿ��û�úù âÿýãùáú��geb WweiW	
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