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Plan of the talk:

1. Introduction

2. FAS and scattering data for the MNLS systems

3. FAS and scattering data for the gauge-equivalent MHF systems
4. Hierarchy of Hamiltonian structures for MNLS type models

5. Dressing Method and Soliton Solutions

6. Example (g ~ so(5,C))

7. Open problems
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1. Introduction

e [nvariance of the Lax representation w.r. to the group of gauge transformations

L), MM =0 = [L(A), M(N)] =0

L) =g 'L(N)g, M) =g "M(\yg

e Example: NLS equation and HF equation (g ~ sl(2))

iU + Uze + 2/u?|u(z,t) =0  (NLS)

is£0>=§[s<°><x,t>,s;% SO (2, 1) = g0 o3gO(z,1); (SO =1 (HF)

[Zakharov, Takhtajan;1979], [Lakshmanan;1977]
vl

st 14/
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o ¢(9 is determined by u(z,t) through

dg(O)
d:c

—U* 0 Xr— 00

+ ¢ O, )9O (z,t) =0, ¢ = < | u) o dim gz, t) =11

e Both equations are infinite dimensional completely integrable Hamiltonian
systems.

e Generalized Zakharov-Shabat system related to arbitrary simple Lie algebra g
(of rank r > 1):

d
LY = (i + ale.t) = A7) (ot ) =0
where ¢(x,t),J € g.
) J( y
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e Fixing the gauge 1: J € h- (real) constant, non-regular
L(X) — g5 'L(N)go, go(z,A) € &
—  JAgda: a(J)=0: g(x,t) € g\go, Ao C A, so

q(z,t) = Z (¢a(@, ) Ea + q—a(z,t) E_q)
acAT\Aj

E_ - root vectors of g, A, - positive roots: A = A, U (—A,).

H; - Cartan generators, {H;, F+,} - Cartan-Weyl basis for g.

e This choice of J makes more difficult:
1) the derivation of FAS;
2) the construction of the related recursion operator;

3) the application of the gauge transformation.
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MNLS type equations on g:

dq 1% ~1 .
i + 2ad F) [q, m0lg,ad ;7 q]] — 2¢(1 — mp)[g,ad L] = 0,

L(\) and M () - Lax pair for MNLS:

d
M) =i — Vi + 2iad 7' g, + 20 — 2)\2J.

where Vil = 7 ([g,ad 7'q,]) and mo is the projector onto g; = {X €
g|[J,X]=0,VJ €b}.

Fixing the gauge 2 (pole gauge): [Zakharov, Mikhailov; 1978-80]

Lyp(z,t, \) = (Zdi — )\S(x,t)) U(z,t,\) =0,

X
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where ¢(x, ¢, A) = g7, 8)ib(x, ¢, A),
S(z,t) =Ad, - J =g *(z,t)Jg(x,1).

and g(z,t) = ¥(x,t,0)- the Jost sol's at A = 0.

. d N
My = (za — ZiAadngx - 2)\28) Y(x,t, ) =0,

zg + 2i (ad§1§> =

e L()\) and E()\) have equivalent spectral properties and spectral data
— the classes of NLEE related to L()) and L()\) are also equivalent.
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e the “squared” solutions:
e (2,1, A) = (1L = 7o) (x™ (2,1, ) EaX™ (2,1, 1)) ,
where x*(z,t, \) is the FAS of the Lax operator L (see below)

e their completeness relations [Gerdjikov, Kilish; 1981-6] provide us the spectral
decompositions of the so-called generating (or recursion) operators A.:

+= + += +
Ayer, = el A_ex, = dez,.

A4 play crucial role in deriving the properties of the NLEE.
*) AKNS approach;

*¥*) Gelfand-Dickey approach.
L
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e The interpretation of the ISM as a generalized Fourier transform and the
expansions over the “squared solutions” allows one to study all the fundamental
properties of the relevant NLEE's. These include:

1) the description of the whole class NLEE related to the Lax operator L(\)
solvable by the ISM;

2) derivation of the infinite family of integrals of motion

3) the Hamiltonian formulation of the NLEE's.
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2. FAS and scattering data for the MNLS systems

e The direct scattering problem is based on the Jost solutions:

lim v(x, \)e* =11, lim ¢z, \)eM* =11,

r—00 r——00

and the scattering matrix:

T;(\) = (¥(@,A) " oz, A).

The FAS £%(x, \) of L()) are analytic functions of A for A = 0 and are related
to the Jost solutions by

(2, N) = (2, N)ST(A) = ¥(z, VTT (A D7 (N),
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where ST()\), TF()\) and DF()) are the factor of the generalized Gauss
decomposition for T';(\):

1,0 = T; (WD (NSF () = TF (WD (S ().
where
STt A =exp| Y 57,6 Bz |, Tr(tA) =exp| Y t5,(t,A\)Exq
a€A+ a€A+
D7 (\) = exp(£dy (N Hi £ 2dy () Ha + diy, (N Ea, +d=o (V) E—q,)
On the real axis €7 (x, \) and £ (z, \) are related by

—|_ — pR—
5 (xj )\) T g («CU) )\)GO’J()\)7
]
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_ &- +
Go,s(A) =57 (A)ST(N),

and the function G _j(A) can be considered as a minimal set of scattering data
in the case of absence of discrete eigenvalues [Shabat;1974| [Gerdjikov;1994].

e If q(z,t) evolves according to the MNLS then

ASE
’LW — 2 [J, SJ (t, )\)] = 0, 1 Jt

—2NY[J, TF(t,\)] =0,

while DF()) are time-independent.
— the MNLS eq. has four series of integrals of motion.

*)This is due to the special (degenerate) choice of the dispersion law

fuNLs = 202
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**) only two of these four series are in involution, which in turn is related to
the non-commutativity of the subalgebra g ;.
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3. FAS and scattering data for the gauge-equivalent MHF
systems

e FAS for the gauge equiv. systems:
EX(w,A) = g7 (@, )E (2, \)g—, g- €6y

where g_ = limg,_, o g(,t) = T7(0) € & .
£ (x, \) are analytic w. r. to A < the scattering matrix T;(0) € $.

Asymptotics of the FAS for x — +oc:

lim &*(x,A) = T5(0)S*(N)15(0)

r——
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lim £V (z,\) = e M7 (X\) DT (N)T5(0)

r—00

~ A

Obviously T';(0) = 11 and

~

S7(A) = T5(0)S7(NT(0),

TEN) = THO) DY) = DENT(0).
On the real axis £7(x, \) and £ (x, \) are related by:

EF(x,A) = € (2, ) Go,s(N),

A

Go,7(A) = 57 (NST(N)  €(x,0) = 1L.

again éO’J(A) can be considered as a minimal set of scattering data.
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4. Hierarchy of Hamiltonian structures for MNLS type
models

Both classes of NLEE possess hierarchies of Hamiltonian structures.

e The phase space Mynis of the MNLS type models is the linear space of
off-diagonal matrices q(x, t)tending to zero fast enough for |z| — oo

MJ = {Q(x7t)7 WOQ(xvt) — 0}7

and the hierarchy of symplectic structures is given by:

Qg‘:) — z/ dx <5q//\Akad jldq(a:, t)> .

— OO

2 DI\
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e The phase space Mg of their gauge equivalent equations is the nonlinear
manifold of all S(x,t) satisfying equations of the nonlinear constrains and such
that S(x,t) —J are smooth functions tending to zero fast enough for |x| — oo:

Ms ={S(z,t), S(z,t) =g "Jg(z,t)}.

The family of compatible 2-forms is:

Q) :i/ datr (53A]\’<[3,5S(x,t)]).

Here A and A are the recursion operator of the MNLS type equations and its
gauge equivalent: A = g7 1Ag(z,1).
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5. Dressing Method and Soliton Solutions

e Main goal: starting from a solution xi(z,t,A\) of Lo()\) with potential
Q(0)(z,t) to construct a new singular solution Xf(az,t,)\) with singularities
located at prescribed positions AE:

the reduction p = q' ensures that A7 = (A\])*.

e The new solutions 7 (x,t, \) will correspond to a potential Q) (x,t) of L(A)
with two additional discrete eigenvalues A, related to the regular one by

Xf(m,t, A) = u(x, )\)X(jf(:c,t, )\)ujl()\). u_(A) = lim wu(z,\)

r——00

Here u_(\) is a diagonal matrix.

2|
&/.1‘7 i
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e The dressing factor u(x, \) must satisfy the equation

du

Z@ T Q(l)(x)u - UQ(O) (x) _ )\[‘]7 U(CC, )‘)] = 0,

and the normalization condition

lim w(z, \) = 1.

A— 00

— Besides x(z, ), i = 0,1 and u(z, \) must belong to the corresponding Lie
group &;
— in addition u(z, \) by construction has poles and/or zeroes at i

e The construction of wu(x,\) is based on an appropriate anzats specifying

Qudl
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explicitly the form of its A-dependence:

u(x,A) =10+ (c1(A) — 1) Py(x,t) + (Cj)\) — 1) Pi(x,t),

A=

A
c1(A) A

where the projectors Py(z,t) and Pi(x,t) are of rank 1 and are related by
Pi(x) = SP{(z)S~ 1.

— They must satisfy

Pi(x,t)Pi(x,t) = Pi(x,t)P1(x,t) = 0.

— By S we have denoted the special matrix which enters in the definition of
the orthogonal algebra, i.e. X € 8 if X + SXTS51 =0.
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— In the typical representation of so(5) we have

5
S = Z(—1)’“+1Ek,6_k

k=1

where (Ez'j)km = 5z'k:5jm-
The explicit construction of Pj(x,t) and P(x,t) using the ‘polarization’
vectors is done in [Gerdjikov,Grahovski,Kostov;2005].

— The new potential equals:

Q(l)(aj?t) - Q(O)($7t) — ()‘ii_ _ )‘1_)[‘]7 Pl(xvt) _ Fl(xat)]'

e The A-dependence of u(x, ) may depend [Gerdjikov,Grahovski,lvanov,Kostov;2000]
on the choice of the representation of g.
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e For the gauge-equivalent MHF systems (g ~ B,, D,.):

o= (2 ) e (3 -1)

where Py, = g(_O;Pilg(o)(a:, t).

The projectors Py, satisfy the equations:

d]51 e F
i + A7 P18(0) AL S =0,
.dﬁ -
= + AT P_lS(O) )\TS(l)P—1 =0,
and the "dressed” potential can be obtained by:
S S +i)\iL_)\1_d( )\+f~’()+)\_[~’ (x))
= — x _1(x)).
(1) (0) )\i|—)\1— dx 141 1 1
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The dressing factors can be written in the form:

i(x, \) = exp [ln (28;) ﬁ(az)] ,

where p(z) = P, — P_; € g and consequently @(z,)\) belongs to the
corresponding orthogonal group.
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6. Examples

e Example 1: g ~ so(5)
AL ={o1 =e — ez, a0 = €, a3 = 1 + g, 04 = 1 + 2002}

» Choose a1(J) = 0 A] = {an, a3, as} of so(5),

0 0 qu1 qi2 O \
0 0 ¢ 0 qo
q(@,1)= Y (qaBat+paE_a)=|pP1p 0 q —qu |;
aEAi" P12 0 D1 0 0
0 pi2—p11 0 O

J =diag(a,a,0,—a, —a).

¢ This choice is not related to any symmetric space!!!
8
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» 6-component MNLS:

Oqi2 . 10°qra | 1 ; ’
ot  2a Ox2 aqm(‘hpl q11p11 + q12p12) LR ath,x
Oq1  10%q; 1 1 ' ]
“or Ta —0,
By + 2 + C]11(Q1P1 + q11P11 + 2q12p12) + q12p1 -+ o q12 2Pl =
.5’Q1+15’2Q1+1 (11 + +1 ) 0 i )
/[/— - -_ p—
9t T aop2 | g\ TP T 5qi2Piz) — o di2Pie 5 q12,2P11 = U,
Op1 19°p 1 ( N N 1 ) i i )
— — ——— — — - v v _
9t aoz2  gPL\dPr T aupil v odqiepi2) — o P12dite T o P12,2q11 =Y,
Op11 1 (92]?11 1 1 ; ;

I oS 4 3 K2 0
ot a4 Ox2 P11(Q1P1 qi11p11 + 2912]?12) + aPIQQL:I: + 2ap12’xQ1
Op1z 1 0°p12 1 ; ;

T — = — — + — - —0.
Ot 20 O ap12(Q1p1 d11P11 Q12p12) aplpll,x apllpl,m
v
Azl 4

Y
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» The corresponding MHF system takes the form:

218, Sual + —— ((ad 5)2S,) =0,

42 4a

1.5 —

where S is constrained by S(S? — a?)? = 0.

» Impose the “canonical” reduction — 3-component MNLS

dgiz 1 d°q2 1 2 2 oy ¢ t
_ — Tz — — r = O
i— o — —ae(lal” +laul” +ael) + ~agn e — —qua,
dCI11 1d?q; 1 5 5 1 5 7 1
h _Z - — 12, + —qi2.2¢F =0

i+ =5 = —au(lal” + lan " + 5lael”) + —aedi e + 5o
dg  1d’q 1 2 2 Loy 1 t

—_— _—— — — — _— — * — T * :0’
i—r g = —allal” ol + 5lael”) — —a120110 — 52,201

For the gauge-equivalent system: ST = S.

// AJ/"
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7. Open problems

e to study reductions of the MNLS and their gauge equiv. systems;

e to study the internal structure of the soliton solutions and soliton interactions
(for both types of systems);

e to study the spectral decompositions for the recursion operators (for both
types of models).
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Thank you!

grah@inrne.bas.bg
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