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The isentropic fluid dynamics equations

Euler equations
@ We consider a system of equations describing a nonstationary ideal
compressible fluid flow in (3 4 1) dimensions,
dp

E—F(H-V)p—i-pdivﬁzo,

op
p(a—Ltl—l—(ﬁ-V)ﬁ)—i-Vp:O, (1)

aS
— 4+ (@-V)§S=0.
ot +(@-V)
@ Here p,p and S are the density, pressure and entropy respectively and

i = (ul, u?, u3) is a vector field describing the fluid velocity.

v

R. Conte, Robert.Conte@cea.frA. M. GrundlaiElliptic solutions of isentropic ideal compressi June 11, 2008 4 /42




The isentropic fluid dynamics equations

The isentropic model

@ System (1) can be reduced to the hyperbolic system describing an
isentropic flow for which the state of the medium has the form

p=f(p,S).
@ It becomes
Dp+ pdivi =0,
pDi+Vp =0,
Dp + pa® div i = 0,

where a2 = f, and D denotes the convective derivative,

0

DIE-F(U'V).

(2)
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The isentropic fluid dynamics equations

The isentropic model

@ The isentropic model requires a® to be a function of the denstiy only,
i.e.
dp da 2
Vp = a%(p)Vp, —2 =k—, ==
p=a(p)Vp S, =t BT
7 being the adiabatic exponent and a = (yp/p)'/? stands for the
velocity of sound in the medium.

@ Under these assumptions, the system (1) can be reduced to a system
of four equations in four unknowns,

Da+ rktadivi =0,

. - (3)
Di+ kaVa=0.
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The isentropic fluid dynamics equations - Matrix form

Notations
o Independent variables : x = (t,x},x%,x3) € X Cc R*
o Dependent variables : v = (a,d) € UCR*

o Partial derivatives : uf* = %LD,-‘
X

Matrix form

Using these notations, the isentropic system reads in matrix evolutionary
form

(5,’1/1_18 5,’2%_13 dizk—1a

. i=1,2,3.

A K< 3
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The isentropic fluid dynamics equations

Classical symmetries

The largest Lie point symmetry algebra of the isentropic model (4) is the
Galilean similitude algebra generated by the 12 differential operators

Pﬂ = O, Jx= €kij (Xiaxj -+ uiau,-) , Ki= t@x,- —+ 3ui, i=1,2,3,
F =1t +x0y, G=—t0;+ad,+u'd,.

When = 5/3, the algebra is generated by 13 differential operators,
including the 12 operators (8) and a projective transformation

C = t(td: + x'0,i — ad,) + (x' — tu')d,,.
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The isentropic fluid dynamics equations

Dispersion relation

The admissible wave vectors A = (Ao, A) for the isentropic model are
obtained from the dispersion relation

det (Aols + Mi(u)Al(u)) = (No + T X)? [(No + 8- X)% — 32|)\|2] =0. (5)

v

Wave vectors
There are two types of wave vectors
o Potential : \E = (ea+€- 1, —€), e==1,
o Rotational : \° = ([7, & m], —& x m), |&]> =1,

where m is an arbitrary vector and we denote [d, €, m| = det (4, €, m).

v
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The conditional symmetry method - Definitions

Invariance conditions
To any quasilinear hyperbolic homogeneous system of / partial differential
equations of the first order

AR () u® =0, p=1,...,], (6)

we associate the subvarieties
Sa = {(x, u®) : A*] (u)u p=1,...,1} (7)
SQ:{(, ).fa(u),-z , azl,...,q, a=1,....p—k} (8)

where the p — k vectors &, are orthogonal to the set of k linearly
independent fixed wave vectors,

EXNA =0, A=1,....k, a=1,...,p—k.

The constraints £/(u)u® = 0 defining the subvariety S are called the

invariance conditions.

.
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The conditional symmetry method - Definitions

Conditional symmetry

A vector field Xj is called a conditional symmetry of the original system
(6) if X, is tangent to S = Sao N Sg, i.e.

pr(l)Xa S T( )S

x,u(1)

where 5
1 _ i B
prVX, = X, — &, usYj u?@,

Conditional symmetry algebra

An Abelian Lie algebra L spanned by the vector fields {X1,..., X,_«} is
called a conditional symmetry algebra of the original system if the

condition .
priV X, (A’(u)u,-) ‘520, a=1,...,p—k (9)

is satisfied.

v
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The conditional symmetry method - Proposition

A nondegenerate quasilinear hyperbolic system of first order PDEs

AL (=0, p=1,...,

/ (10)

in p independent variables and g dependent variables admits a
(p — k)-dimensional conditional symmetry algebra L if and only if there
exist (p — k) linearly independent vector fields

Xo= (o) ke (AM) £0, Mg=0, (D)

a=1,...,p— k, A=1,...,k, ,which satisfy,on some neighborhood of
(x0, up) of S, the conditions

of  of of NG X
tr (A ERLCY nas)ar)\> =, q.= 2 ) e RF*9.

ou®
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The conditional symmetry method - Proposition

Solutions of the system (10) which are invariant under the Lie algebra L
are precisely rank-k solutions defined implicitly by the following set of

relations between the variables u®, rA and x’
u="f (rl(x7 u),..., rk(x, u)) , rA(X, u) = /\’,-L\(u)xi, A=1,... k,
(12)

for some function f : R — R and rank(u®) = k.
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Isentropic flow with sound velocity depending on t only

The equations

@ We consider here the isentropic flow of an ideal and compressible fluid
in the case when the sound velocity depends on time t only.

@ The system of equations (3) in (k + 1) dimensions becomes
ur+ (u-V)u=0,
ar + K tadivu =0, (13)
a;,=0 a>0, r=2yv—1)7Y j=1,... k

@ We show that the CSM approach enables us to construct general
rank-k solutions.
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Isentropic flow with sound velocity depending on t only

Change of coordinates

The change of coordinates on R¥*1 x Rk+1

~+I
I

t, )‘(1:x1—u1t, gk k

14
a, wr=ud, ..., 0F=u" (14)

Wl
Il
=

transforms system (13) into

ou da  _4_ I 0a

70 e Latr (((Zx + tDu(x)) 'Du(x))) = 0, 5% =0 (15)
where @i = (%, ..., %), Di(x) = 0i/0x € R¥*K is the Jacobian matrix
and X = (x%,..., %K) € R¥,
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Isentropic flow with sound velocity depending on t only

Rank-k solution

@ The general solution of the conditions g‘; =0 and ‘9" =0is

6(7,%) = f(X), 3(3.%) =3(F) >0 (16)

for any function f : RK — R¥ and 3: R — R.
@ Making use of the Jacobi trace identity

d OB
ﬁ(|n det B) = tr (B ! 8t) (17)
we obtain from (15)
% [In (]3(E)|" det (Z + EDF(X)))] = 0. (18)
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Isentropic flow with sound velocity depending on t only

Rank-k solution
@ This implies
2
828? [In(det (/5 + tDf(X)))] = 0 = det (Ix + tDf (X)) = a(X)5(¢)

(19)
where o and (3 are arbitrary functions of their argument. Evaluation
at t = 0 implies a(X) = 3(0)~L.

@ Thus,

det (Ix + EDF(R)) = ggtizs?det(/kﬂof( N=0. (20

e Equation (20) is satisfied if and only if the coefficients py, ..., p, of
the characteristic polynomial of the matrix Df(X) are constant.
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Isentropic flow with sound velocity depending on t only

Rank-k solution

@ The general rank-k solution of (13) is, in the original coordinates

u= f(Xl _ ult, .. ,Xk _ ukt), a(t) = A1(1+P1t+. . _|_pkt.k)—1/,t-g7

(21)
with the Cauchy data
t=0, u(0,x%,...,x)=F(x}...,x)eRK a(0)=A; e RT.

@ Note also that the solution is invariant under the vector field

k
0 .0
X_EJFJZZILHW.
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Isentropic flow with sound velocity depending on t only

Rank-2 solution
@ We illustrate here the results for k = 2.

@ The rank-2 solution is invariant under the vector field

@ The requirement that the coefficients p, of the characteristic
polynomial of the Jacobi matrix Df(x) are constant means that

det (Df(X)) = By, tr(Df(X)) =2C1, Bi, G €R,

where By = pg and 2C; = ps.

(22)
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Isentropic flow with sound velocity depending on t only

Rank-2 solution
The general rank-2 solution is then implicitly defined by

ur(t, x,y) = Ci(x* — utt) + 88/12( Lt x® — v?t),
u?(t, x,y) = Ci(x? — vt) — Ep 1(x1 —utt, x* — ?t),

a(t) = A((1+ Git)? + Bit?)™V*, A e RT,

where the function h depends on two variables r! = x* — u!t and

r> = x? — u?t and satisfies the nonhomogeneous Monge-Ampere (MA)

equation

haphpp — b4, =b, b= B — CL. (24)

(23)

v
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Isentropic flow with sound velocity depending on t only

Half-Legendre transformation

@ According to Goursat, the following half-Legendre transformation
(rt, r?, h) — (s, r?, h),

h(z,r?) = h(s, r?) — shs(s, r?) (25)

with

z = hy(s,r?), hss #0, (26)
allows us to transform the MA equation (24) into the linear
Laplace-Beltrami equation

ilrzrz + bh,, = 0. (27)

@ Using the Goursat approach, we can associate to every solution
h(s, r?) of the Laplace-Beltrami equation (27) a solution h(r!, r?) of
the Monge-Ampere equation (24).

v

R. Conte, Robert.Conte@cea.frA. M. GrundlaiElliptic solutions of isentropic ideal compressi June 11, 2008 21/ 42




Isentropic flow with sound velocity depending on t only

Solutions of the Monge-Ampére equations
Assumlng that the constant b has been normallzed to +1 we obtain,

b=-1: i)h= 9+§( ))( —36(r2)2) "

1
ii)h:rl (In(—m)erz—l), A27B2€R
2 2

b=1: i)h:—%—z(ﬁ)2
i) h = —ﬁ(n( )2 — 12r1),/36(r2)2 — 611
b=0: i)h:—Z(r + r?)?

1

.. 1 . r 2 (rt)?
iyh=r arc5|n(1+r2)—|—(1+r) 1—m

1 1 1 2 2

where rt = x! — ult, r? = x* — v?t.
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Isentropic flow with sound velocity depending on t only

Isentropic solutions

Every solution of the Monge-Ampere equation leads
the isentropic model.

to a rank-2 solution of

v

Hyperbolic case (b = —1)

No Solutions

Comments

1. ul= _—Gr /=6 r1—36 (r2)24+12 2 r1 472 (r?)*
v/ —6r1—36(r2)?
2o ar /=6 r1—36 (r2)>+r'+6 (r2)°
v/ —6r1—36(r2)?
a=A(1+2Gt+ (2G2 - 1)t?) /=

i =G - (Are?” 1+ By)? 424 r e
' (Ao + B ({2 1) (A2 1 By))
il
u?=Gr’ +

.
rl+(r2—1)(A262° +By)
a=A(1+2Gt+ (22— 1)t?) V=
rt=x!— ult, r? = x? — u?t.

GeR

) A17A2732aC1 eR

v
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Isentropic flow with sound velocity depending on t only

Elliptic case (b = 1)

No Solutions Comments
. 1 _ CGix+H(G2+1)tx—4y
2.0 ur= (G D26t G eR

W = 14(C24+1)ty+4Cry+x
4 (C1+1)t2+2C1t+1

a=A(1+2Gt+ (2G> +1)t?) /=

2,1 212

2.ii ul = Cyrt 4 2 =8r)) A1, G €R
2 =g
u? = C1r2 + e Ui

36(r2)2—6r1
a=A(14+2Gt+ (G2 +1)t?) Vs

rl=xl— ult, r? = x2 — ut.
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Isentropic flow with sound velocity depending on t only

Parabolic case (b = 0)

No Solutions Comments
30 ut=GCrt+ 3t +r?) A, G eR
u? = Gr?—5(rt +r?)
a= Al(]. I 2C1t(1 aF Clt))_l/n

o 1 1 1 2
3ui ut=Cir-+4/1— (#) A, G eR
u? = Cyr® — arcsin (ﬁ)

a=A1(1+2GCt(1+ Ct))~ V=

L= xt— ult,r2 = x% — u°t.

r
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Elliptic rank-2 and rank-3 solutions

Table

of rank-2 solutions

The conditional symmetry approach has been applied to the general
isentropic model (3) to produce rank-2 and rank-3 solutions.

No Type Vector Fields Riemann Invariants Solutions
1 ES 7 = (1 +k)a(r') + Ca)t — a=ai(r')+ap, [|d2é% Mm% =C
& b 12 =Ct—[Z,&% %, [€',e%m?) =0 d=kai(r!) +ia(r?), ad(r?) = Cray(r)
m?)i(a+ &' @) + el [i,@2,m?% Oy = (Chre} —e})™! a9, C,C1,Cr € R
x 1m?); +%‘(€2 x1%)1,j = 2,3
20 515; 1oor + ulgy rl=al —ult G=ag, @ =-¢p, W=0du,
r? =22 —u’t & = p(arr! + agr?) + firt + for? + 7,
w =a*(r',1%), ao,ai,fiy ERi=1,2,
2 515 XI:%+u‘£r+u26—‘Z, rl =2 —ult ap, @ =1u’=g(a' —2?), a€R,
Xo = 3% r2=22— uzt‘ al = b(z! —tg(a' —2?), 2% — tg(x! —2?))
% 518  Xo=h-38 22 = (Cr+3e) =X a=ag, ap,C1,CaER
AL Y2 =9 .
Xs=gh-32 G0 2= cz+ﬁcl+c(r‘))z—v<m = 3r(C1 = Mai(r) = Mai(r))
o ) R . = A A2\
Bj = N2ii, &', — A}[id, €2, m?) N = —(e7 xmd); - (;%1) + T?) a3(r?) + %,
o = MAF = A G(r') = 3r (MAZ = MADaF(r) @ =aj(r') + a3(r®)
231 \1p2
+ (A3 = A () @ =aj(r') + nu3(r?), n= +§—i—§i‘§3,is;\‘
_ 9 4 B O, Bu D 1 Buai(r)t—eje’ —eja? G = alejreda’+(ejred)a®) o3 a3
3 EES X=5m—gly+ et 5toe = =i a= Satieay o T =up
D Bl ()i—ezt —e2a? —ra(((e)+(e])?)x +(ele} +eded)a?) —al (r?)
o1 = fijkezef(es X 1)k 2= (171’(13:;1 — = (el . lfa(lin;r fed)on
e L - 3 (B () —elz’ —eha?
i = (ejef — eled)[d, &3, ) =2 —ult @ = ka (2’ uslr_a(li':), =
2053 o 73 2053 y 7733 sl —1y/(el _ 2 A(=puy(r)i—ciz' —cia?) B—ep 10,3
+(e5(€° x m®); —€}(e° xm¥);)(a+ et @) B=(1+r7T)/(e1 —ef) e ) T d=qur?)
+H(el (@ x 73); — (@ x %)) (a + €2 - ) aud €R
o & = E E

ert.Conte@ce
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Table of rank-3 solutions

No Type Vector Fields Riemann Invariants

Solutions

1 E\EEs (I +R)a;(r)t —e"- &, i=1,2,3
J=—1/ki#j=123

E

a (1) + ax(r?) + as(r?)
i = k(ear (r') + &2as(r?) + e3as(r®))

20 Ei$iS: X =elh+el =((1+k ‘)/(r‘>+ao+ur,)t—r a=k7'f(r!) +ag, @ =sing(r?,r%)
2 =t~ a'sing(r®, 3)+z cos g(r2,13) a2 = —cosg(r2,r%), @ = f(r')+u}
Gr+ () +ud) B a0, ug €R
1
2B ESiS: X =l +edg rl %ﬂ”—’ @=k~Y(Arl + B) + aq,
2 =t —alsing(r?,r%) + 2% cos g(r2, %) @' =sing(r2,r%),a% = — cos g(r2,r)
3 =0 [L(A(kao — i)t + z® —Img—B)((1+k)At—k)"‘/k‘”] @ =Ar' + B+ud, ao,u} R
2% E1518: X =% rt (k"f(r‘) +ao)t — z' cos f(r') — z?sin f(r!) a=k7'f(r') +ao, u'=sinf(r')
r2 —tcusf(r‘)—rz a2 = —cos f(r!), ag€R
= —tsin f(r!) + z' @ = g(r cos f(r!) + 3 sin £(r'))
=} = = E APRN G4
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Elliptic rank-2 and rank-3 solutions

Rank-2 and rank-3 solutions
@ Several of the obtained solutions possess a certain amount of freedom
since they depend on arbitrary variables of one or two Riemann
invariants.

@ These arbitrary functions allow us to change the geometrical
properties of the fluid flow in such a way as to exclude the presence of
singularities.

@ To construct bounded solutions of soliton-type expressed in terms of
elliptic functions, we submit the arbitrary functions appearing in the
general solutions, say v, to the differential constraint in the form of
the vO-field Klein-Gordon equation in three independent variables

D(rl,rQ,r3)V = CV5, ceR, (28)

which is known to possess rich families of soliton-like solutions.
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Reduction of the Klein-Gordon equation in Minkowski space M(1,2)
to a second order ODE

@ The solution is of the form v = a(r)F(&),& = h(r),r = (rt, r?, r3).
@ We use the following basis for the Lie algebra sim(1,2) :

Dilation : D = r'9,i — %v@v

Translations : P, = 0,»

Rotations : Lap = r?d,s — rb0,

Lorentz boosts : Ky, = —rld,. — r2ort
fora#b=1,23.
No_Algebra a ODE
1 DA {de[(r?)* + ()11 F' 4 F+ F5 =0
2 DLy {—c(r)2/4)~1/4 EUHOF" + (26 +3) F + {gF + F°
3 D+ 9K Ly {—Catly1/agpt 4 p2)a/2 P SRR L S =0, q=—k/3,k—2,4-3k
4 D+ 3K Li— Kig (9/4C)4{r? — (r! 4 1%)2/4)71/2 S (1+E)F" + FF' + §F + F° =
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Reduction of the Klein-Gordon equation

The parity invariance of the Klein-Gordon equation suggests the
substitution

F(&) = [H(E]?

which transforms the reduced equations into

H" = ’;—: —2(H + H3), (29)
H”:Z—:—ﬁ [(2&%) H’+§H+2H3], (30)
H = ’;—: _ BZJJ:II%H’—|—2H3}  a= 2‘;1’1‘ — (0,4/3,2),(31)
H" = ’;—: — %52 EgH’ + %H + 2H3} : (32)
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A first integral
@ Each of these equations admits a first integral

1G 2(gH)/2 _ E

K ==
478 gH 4

(gH)® — 3eogH (33)

in which the four sets of functions G, g and constants ey, ¢4 obey the
respective conditions

3a o 4a

G:_T’g = C4, (34)
3c 64¢
G=-"LEE+D), 88 =——4, (35)
Cy
_
G=-=", (36)
2 4/3 16ep 5
(37 €0,8 ): (ana kl)a (4/3a0a kl& )7 (2,e0’—C_4€ )a
_ 3a,.0 _ 211/3 _
6=-(+1), g=k(1+£)7" =0 (37)
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A first integral

Under a transformation (H, &) — (U, {) which preserves the Painlevé
property,

2
H(E) = U(O)/&(e), (j—g) - =

the first integral (33) becomes autonomous

U? — quU* — 126U — 4K'U =0, ¢4 #0.

(38)

(39)
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Elliptic solutions
@ When K’ =0, U™! is either a sin, cos, sinh or cosh, depending on
the signs of the constants.

@ When K’ #£ 0, we integrate the first integral (39) in terms of the
Weierstrass p-function using the following ansatz,

K’ 5
U) = ————, g:12e2, g:—863—cK',
O=to—a &~12% s="is-a (40)
12

O =4(p—e)lp—e)(p—e) =40 — g9 — gs.

@ One can then use Halphen's symmetric notation to express the
obtained solution in terms of the Jacobi elliptic functions. The
connection is given by

cs(z) ds(z)  ns(z) u_ 1
hl(u) B h2(U) - h3(u) C z \/ﬁ’ (41)

where hy(u) = \/p(u) — ey, « =1,2,3.
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Elliptic solutions

Using appropriate normalizations for the constants ey, ¢4, K’ and kq, we
obtain the general solutions of the reduced equations (29)-(32) in terms of
the p-Weierstrass function.

° (29): eg=-1/3,cs =—-4/3,K'=C

C 4 8 4
200y =~ _ _ T2
F(§)—p(§)+1/3,g2 3 B8 =57+3C CER - (42)

0 (30): eg = ky2/48,ca = —(4/3)ky 2, K' = C

2 o ]
1 1 N 4C?2
827 102k3” & T T 13824k ' 3K2°

June 11, 2008 34 /42
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Elliptic solutions

o Similarly for the three cases of equation (31).

C 4C?
q:_k 3:F2£ = g2:0’ 83 = —(
/3:F0) (¢) 3
ce273 4C?
=4 —3k:F?(&) = —>——, (=3kot3 2 =0, g3=~—,
q 3 (6) p(C) ) C 06 y 82 83 3/(8
ce!
q:k—2:F2(€)=W, ¢ = kologg,
12 262
1 I S 4C?
827 10k 87 216k T 3K |
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Elliptic solutions

e Finally, we obtain for equation (32)

_ @+

F2
153 4C?
(=& 2k (5’6;5;_62)’ g =0, g3=3_k§’

@ To construct bounded solutions, we submit arbitrary functions in
every rank-2 and rank-3 solution obtained with the conditional
symmetry method and select only solutions expressed in terms of the
Weierstrass gp-function.
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Example of bounded rank-3 solution for the case E; E>E;3

We consider the case of a superposition of three potential waves
MEL \E2 \E3 that intersect at a prescribed angle given by

1
cosgb,-j:—;, i#j=123 k=——

where ¢;; denotes the angle between the wave vectors X and M. The
solution reads in this case

(44)

(45)
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Example of bounded rank-3 solution for the case E; E>E;3

Requiring that each function 3;(r') satisfies the first equation obtained by
reducing the Klein-Gordon equation with the subgroup generated by D, Py,
we obtain the bounded rank-3 solution

i (o(r 5,57 +3G) + 3
3 i
_ Z Cl):1 . 1/27 (46)
im1 (0(r, 5,5 +3C) + 3)
—(1+ k) Gi t+N-%, i=1,2,3.

(p(r’,3,27—|—4C4) )1/2

This solution is interesting since it remains bounded for every value of the
Riemann invariants r' and represents a bounded solution with periodic
flow velocities.
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Table of rank-3 elliptic solutions for the case EiE>E;3

no

Riemann invariants

Solution

Type and comments

3a

3b

3c

—(1+k)

<, v
‘?—s‘—zi,) tHAE

EERE ey

ri=—(14K) ((r’)"“

(i = —2koarctanhy/7? + 1

ri=—(1+k) ( C_,,.:
o0, ==

(60,254

ST

1/2
~(1+r) (%) t+ X F

G = 3ko(r')'/?

et VE i
rem (G )| N
G =kolnr*
172
= —(w) (SO K
® (..O,Eg-
G=1"2F (3,55 013

B
Il

i
M-

=y
I

B
Il

=

I

M«
/ —— —I

Ci(r)=?3 .
is qﬂnﬂ

el

Ci
H+icn+p"
cX'
1/2
R )
2 Ci

C;

1/2
-1/
©(Gi»12¢3, —8¢f + 64C7eq) — e0)

1/2
iy-1/2 i v
((r ) G 128, 5 1 61CPe) eo) A )

M

K

Mu

K

(

>

i=1

Gy v
(9 (G 12€3, —8ef + 16C7eq) — eg))
a) v
(9 (G 12€3, —8¢f + 16C7eq) — eg))

(o
(

) + 1) ‘/3>
0(6,0,5%) ”
Gl + 1) 1/3> P
o (6.0 5¢)

Ci(ri)=?3

172
2

©(Gi,0, %2‘)

N

Periodic solution

CieR

e, € R,C; >0

Periodic Solution

Ci>0

Bump

ko € R,C; >0

Bump

e, € R,C; >0

Anti-bump

ko, € R,C; >0
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Table of rank-2 solutions

No Type Vector Fields Riemann Invariants Solutions
1 ES1 Xi=a-25-%& = ((1+ka () + Co)t — & - & a=ai(r') +ap, [d2,&%m2 =C
ot 2t 2= Ct— (@&, (@& i = kai(r') + (%), a3(r?) = Crab(r?)
Bi=—(€? x m?)i(a+ € i) + e[, €%, m?]  Cop=(Cre} —e})™! ag,C,C1,Co R
05 = —el(& x m?); (@ x i), = 2.3
2a 515, X, gg+u‘3%+u2w =2 —ult a=ag, @'=—¢2, W =0,
X2 =% r?=a® —u’t ¢ = p(arr! +aor?) + firt + Bor? + 7,
@ =a(r',r?), ap,0q, 6,7 ERI=1,2,
26 515, X1=%+u‘3%—+u23%- rl=a! —ult a=ag, @ =u"=g(x' -1, a€eR,
o, 22—t = (e —tg(a! — %)% — tg(a’ — a?))
) -
2 518, Xg=£;—%f%—%£r rl = Cl+§,§Cz)t—)x‘~$ =ag, ag,C1,C2€R
AL Y2 - s
Xa=ge-38 -5 = (Gt FC GO = X2 -7 F(C1 = NBE) - M)
) 2 2
By = N3, @it — A}, &2, i’ A = ~(@& xai); -+ sen+ G
7= AN - AN G() = 3 (M = M () a = al(r!) + ()
. . . - A -AN
+ O - A aR() = al(r) + (), o= MM
al (r9)t—elgl —elg? 1 e2)al 4 (e ped)a?
3 EiE»S X:%,ﬁ%+ﬁui+ﬁﬂi ,-lzﬁ_"'l(rl_‘_;(';x*i)_tezr_ ﬁ,n(<e+e_);“+<e+e)z)’ @ =ud

Bij = (ejef — ele3)[i, e,

HE(E X i) — 2@ x i) (a + &

+(el(e® x m®); — el(€® x %)) (a + &% - i)

72 — ZBEE)t—cir! —cia?
= = matitet

rd =23 —ugt

B=@+r1)/(ei —et)

1 +r)t
_ —ra(((e])*+(e) )z +efel +eed)a?) —al (r*)

T-a(l+r)t
1 (Bl () i—ell —elg?
o eb(Bud(r*)t—ela’ —ela
uT = ko T-a(I+r)t
20 gl (49 i—eZpl —e2a?
e3(—Bul(r)t—eia —e3a el 1, 3
+ Ta (Tt +d=dus(r?)
a,u} €R
[m] = = =

DA




Table of rank-3 solutions

No Type Vector Fields Riemann Invariants

Solutions

1 E\EEs (I +R)a;(r)t —e"- &, i=1,2,3
J=—1/ki#j=123

E

a (1) + ax(r?) + as(r?)
i = k(ear (r') + &2as(r?) + e3as(r®))

20 Ei$iS: X =elh+el =((1+k ‘)/(r‘>+ao+ur,)t—r a=k7'f(r!) +ag, @ =sing(r?,r%)
2 =t~ a'sing(r®, 3)+z cos g(r2,13) a2 = —cosg(r2,r%), @ = f(r')+u}
Gr+ () +ud) B a0, ug €R
1
2B ESiS: X =l +edg rl %ﬂ”—’ @=k~Y(Arl + B) + aq,
2 =t —alsing(r?,r%) + 2% cos g(r2, %) @' =sing(r2,r%),a% = — cos g(r2,r)
3 =0 [L(A(kao — i)t + z® —Img—B)((1+k)At—k)"‘/k‘”] @ =Ar' + B+ud, ao,u} R
2% E1518: X =% rt (k"f(r‘) +ao)t — z' cos f(r') — z?sin f(r!) a=k7'f(r') +ao, u'=sinf(r')
r2 —tcusf(r‘)—rz a2 = —cos f(r!), ag€R
= —tsin f(r!) + z' @ = g(r cos f(r!) + 3 sin £(r'))
=} = = E APRN G4
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Concluding remarks

@ The CSM approach has a broad range of applications and can usually
provide certain particular solutions of hydrodynamic type equations.

@ The new rank-2 and rank-3 periodic bounded solutions expressed in
terms of the p-function represent bumps, anti-bumps and
multiple-wave solutions.

@ These solutions remain bounded even when the Riemann invariants
admit the gradient catastrophe.

@ We constructed the general rank-k solution for the isentropic fluid
flow.

@ Exact solutions may display qualitative behaviour which would
otherwise be difficult to detect numerically or by approximations.

@ A preliminary analysis shows that the conditional symmetry approach
could be adapted for the analysis of elliptic quasilinear systems.
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