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Focusing NLS equation

A model for incipient modulation instability

1 

with initial profile Take

[1]B.Dubrovin, T.Grava and C.Klein,  arXiv:0704.0501v2, (2007).

Elliptic umbilic catastrophe [1] : 
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Universality of critical behavior: PI special solution

2/5( , , ) ( , ) ( ),x t X T z      where X,T – slow space-time, 4/5( , ) / ,z z X T 

26zz z    - Painlevé I equation

[2] 'P.Boutroux,. Ann.Ecole Norm., 30 (1913) 265 - 375.

tritronquée solution    ( )z

• All solutions are meromorphic
• The poles accumulate along the rays
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• Tronquée solution: no poles in two  
consecutive sectors (say, along                    )

• Trironquée solution: no poles along three 
consecutive rays [2]

• Asymptotics at infinity:
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PI and isomonodromic deformations
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Padé approximations for PI solutions

Q: How to find poles of PI function?
A: For large        by Isomonodromy Method, else – numerically.

The idea of algorithm: an invariance of Painlevé equations under Möbius
transformation. 

where A…H are polynomials of z vanishing at zero,  and

Main diagonal Padé approximation:
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retains the form of equation.



The Fair-Luke algorithm [3]
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Padé approximation for PI

Put 
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Why the precision of                is crucial?

Exponential terms are hard to control numerically. 

Exponentially vanishing terms
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Elliptic function asymptotics at infinity
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Dubrovin’s conjecture
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Reduce the Lax pair equation
to a scalar ODE as 
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Painlevé II equation. Tracy-Widom solution [5]
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[5] C.Tracy and H.Widom, Comm.Math.Phys. 177 (1996) 727–754..



Painlevé II equation. Ablowitz-Segur solution [6]
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[6] M.J.Ablowitz and H.Segur, Stud.Appl.Math.57 (1977) 13–44.
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Conclusion

• Padé approximations has been found for PI and PII solutions
• The Boutroux lines of poles are visualized
• Distribution of poles at infinity has a good correlation 

with that of  
• Dubrovin’s conjecture justified
• Applications to focusing NLS equation 
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