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Lagrange vindicated

In the Avertissement to his
"Méchanique Analitique” (1788)

Lagrange wrote:

o
i

Les méthodes que 77y expose ne demandent ni
constructions, ni raisonnemens géomeétriques
ou méchaniques, mail seulement des opérations
algébriques, assujetties a une marche réguliere
¢4 uniforme. Ceux qui aiment [’Analyse,
verront avec plaisir la Méchanique en de-
venir une nouvelle branche, € me sauront
gré d’en avoir étendu ainsi le domaine.

(tr. by J.R. Maddox: The methods that I explain in
it require neither constructions nor geometrical or me-
chanical arguments, but only the algebraic operations
inherent to a regular and uniform process. Those who
love Analysis will, with joy, see mechanics become a
new branch of it and will be grateful to me for thus
having extended its field.)

It is a joke, isn’t it?77!!
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NB: ratio may be quite trivial.
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[f there exist n — 1 symmetries of (xx), say

then JLM is given by M = A~ provided that A # 0,
where

aj
A — det §1.,1 fl.,n

_fn—l,l T gn—l,n_
Corollary: if 4 M=const, then A is a first integral.
The equation for JLM is

d log Z Oa;
81’%

If Oa;/0x; = 0 = M=const.




How many Lagrangians does one know?

In the case of a second-order ODE, there is a well-
known link between a Jacobi Last Multiplier M and a
Lagrangian L (Jacobi, 1986), (Whittaker, 1904), i.e.

—5 = M. (1)

Consequently a knowledge of the multipliers of a system
enables one to construct a number of Lagrangians of
that system. How many??

Let us consider the simple harmonic oscillator:

U] = U
o = —k2uy (2)
Lie symmetry algebra of i = —k?u:
['1 =cos ktoy,
['o =sin kto,
Fg = u(‘)u

['y=0

['s =cos 2kt0r — kusin 2kt0,,

['g =sin 2kt0s + ku cos 2kt0y,

[ =wcos ktdy — ku’ sin ktdy

I's = usin ktdy + ku’ cos ktdy, (3)

The possible Jacobi Last Multipliers are the reciprocals
of the nonzero determinants of the possible matrices.



We denote them by JLM;;, where the ¢ and j refer to

the symmetries used in the determinants. For example
JL M5 is obtained from

1w —k2u1
A9 =det | Ocoskt —ksinkt | = k. (4)
| Osinkt kcoskt

In the matrix the second row comes from I'y and the
third from I's. Then we obtain

JLMo =k .

JLM3 = Fuq sin kt + w9 cos kt

JLMy = —% JLMa3

JLMis = %JLM%

JLMg = —% JLMj3

JLMy7 = —JLM123 -  (kuy sin kt Jlr ug cos kt)?

JLM18 — —JLM13 X JLM23
1

(kuq sin kt + ug cos kt)(kuy cos kt — ug sin kt)

1
JLMog =
25 —kuy cos kt + uo sin kt

|
JLMyy = J LMy




1
JLMy; = 3 JLMj3

1
JLMyg = 7 J LM>3

JLMy: = JLMs

1
JLMyg = —JLM2 = —

(—kuq cos kt + ugsin kt)?

_ 1 1
JLM — JLM_2+JLM_2} _
S| 13 23 u%%—k%%

: 1
JLMgs = | JLM;g? — J LMy’

1
JLMzg = —2J LMis

JLMs7 = NO
JLMszs = NO
1
JLMys = — JLM
45 %]{ 18
JLMj = 7 J LMs;

JLMy7 = JLM;3J LMsy
1
(u% +- kzu%)(kul sin kt + ug cos kt)
JLM,s = JLMy3J LMsy
1
(u3 + k2u?)(—kuy cos kt + ugsin kt)




|
JLMsg = - J LM

JLMs7 = JLMy3.J LMss
JLMsg = JLMo3J LMss

1
JLMg7 = JLM%.J LMos

1
JLMgs = §JLM13JLM223
JLM-g = NO.

Therefore there exist 14 different multipliers and from
each of them one can derive a (class of) Lagrangian by
means of (1). We use the same subscripts to identify
the Lagrangians.

N.B.: multiplicative constants = 1.

)
Liy = 3u5 + frus + fo,

oftr dfs 9
_ — L2
ot ouq o
gauge function g(t, uq,u9) such that
~0Jg ~dg 1,99
J1= 91’ Jo = It §7€ U

NOTHING NEW, BUT WAIT...



L3 = sec” kt | log(kuy sin kt + ug cos kt)

X (kuqysin kt 4+ ug cos kt) — ug cos kt — kuy sin kt

(V) + frug + fo,
ot ouq 7

Loz = coseckt {log(—kul cos kt + ug sin kt)

X (—kuj cos kt + ug sin kt) — ug sin kt + kuq cos kt} .

On _9f2_,
ot  Ouy 7

L7 = — sec® kt log (kuy sin kt + us cos kt)o
0fi 02

ot ouq 7
L : { in kot (kg sin kt + kt)
— sin U1 sin U9 COS
= kuq sin kt cos kt ! ’

x log (kuq sin kt + ug cos kt)
+ cos kt(—ug sin kt + kuq)log (—ugsin kt + kuq)

. ofi 9f2\ .
(uq sin kt cos kt) ( 5 8u1) = 1;




Log = coseckt log(kuy cos kt — ug sin kt)o

ofi 02
ot  Juy

1 u2
Lsy = 2 arctan | 2 ) — = log | =5 +1
kuq kuq 2 k2 ul o

Ul <%—%> = 1;

ot ouq
L : [% 1 (ugcos2kt + kuy sin 2kt
= u UYCOS U1 sin
5 2kuy cos 2kt ! ’ !

—kuy) log ((sin kt + cos kt)uo + (sin kt — cos kt)k‘ul)
— (ugcos2kt + kuq sin 2kt + kuq)
X log ((sin kt — cos kt)uo — (sin kt + cos kt)kulﬂ .

ofi Jdf2\ .
w1 cos 2kt ( > ﬁul) = 1;

1
QkQu%

Ly7 = { — (u9 cos kt + kuy sin kt) 1og(u% + ]-CQU%)

+2(ug sin kt — kuq cos kt) arctan (2>
kuq

+2(us9 cos kt 4+ kuq sin kt) log(us cos kt + kuq sin kt)} @



ku% <% — %> = sin kt;

ot  Ouy
1 - 2, 122
Lyg = 5 { — (ugsin kt — kuq cos kt) log(uj + k“uy)
2k2“1

—2(ug cos kt + kuq sin kt) arctan <2>
kuq

+2(ug sin kt — kuq cos kt) log(ug sin kt — kuq cos kt)} v

dft 0f9
2 (2JL  FJ2y :
kui ( ot @’Lq) cos kt;

Ls7 = K(cos kt — sin kt)ug + (cos kt + sin kt)kul)

2.2
2k Uy

X log ((cos kt — sin kt)ug + (cos kt + sin k't)/cul)

+ ((COS kt + sin kt)uy — (cos kt — sin kt)kul)

X log ((cos kt + sin kt)us — (cos kt — sin kt)kul)
—2(uy cos kt + kuq sin kt) log(ug cos kt + kuq sin kt)} .

On _of _,,
ot ouq 7



1
2.2
2k Uy

X log ((cos kt — sin kt)uo + (cos kt + sin kt)kul)

Lsg =

[((COS kt — sin kt)ug + (cos kt + sin kt)kul)

— ((Cos kt + sin kt)us — (cos kt — sin kt)kul)
X log ((cos kt + sin kt)ug — (cos kt — sin kt)kul)

+2(ug sin kt — kuq cos kt) log(ug sin kt — kuq cos kt)} .

on_on_,
ot  Ouy 7

kuq cos kt — uo sin kt
2k2u%
— log(ug sin kt — kuq cos kt)} .

On _ ok _

Lg7 = {log(kul sin kt + uo cos kt)

kuy sin kt + uo cos kt
24,2
2k-uq

— log(ug sin kt — kuq cos kt)} .

On _9f _,
ot ouq .

Lgg = {10g(ku1 sin kt + uo cos kt)



Damping linear harmonic oscillator

i+ 20+ (2 + k)u=0
namely
S 2 2
ug——(c + k )u1—20u2
14 Lagrangians! Let’s see 3 at least:
2
Lo = %exp[Qct]uQ + f1UQ -+ f2,

0fi 9
ot  Ouy

us C us C
Log= | ——+ — t L 4
34 (kul -+ k) arctan <ku1 T k)

1 U9 C : 0L34
2 e 4 = 1 il
; Og((ku1+k) + >+f1uz+f2,< 5 0>

ofi _ofr 1

ot ouy  uy
ug sin 2kt + (csin 2kt + 2k sin® kt)uy
2 explet]k?u? sin kt
Cog | 12008 kt + (ccos kt + ksin kt)uq
0
ug sin kt 4 (csin kt — k cos kt)uq

— exp[2¢t](¢? + k?)uy;

Le7 = —

] + f1ug + fo,



Noether Symmetries and Integrals

Five

L9

Noetherian point symmetries

['1 = —uocoskt — kuysinkt

['9 = w9sinkt — kuycoskt

'y = % (U% + ]{QU%)

['s = % (u% — kQu%) cos 2kt + kujue sin 2kt

I'g = —% (u% — /{QU%) sin 2kt 4+ kuju9 cos 2kt

Three Noetherian point symmetries

L1z T4 = log (ug cos kt + kuq sin kt)
Iy+T5 = 2(ugcoskt + kuysin kt)
—kI's +T'g = 2 (—kuj cos kt + ugsin kt)

Log Ty = log (—kuq cos kt 4+ us sin kt)

—I'y+T5 = 2(kuycoskt — ugsin kt)
kl's +1T¢ = 2(ugcoskt + kuqysin kt)




1
=
kuq cos kt — ussin kt
N 1 kuqsinkt + us cos kt
k kuycos kt — w9 sin kt
2 (log (kuy cos kt — ugsinkt) — 1)

1k 2kt —
_ Lhuw sin (u3 —

—kuq cos kt + us sin kt
=

—1 (u3 — k*u?) sin 2kt + kuyug cos 2kt

1 (—km cos kt + uy sin kt 1
= — log

+ _
2k w9 cos kt + kuq sin kt 2k

k?u?) cos? kt — u2sin” kt

k — (u3 — k2ui) sin 2kt + 2kujus cos 2kt

U9 cos kt + kuq sin kt

% (u3 — k2u?) sin 2kt — kujus cos 2kt
1 kujus sin 2kt + k>u? sin® kt + u2 cos® kt

k — (u3 — k2u?) sin 2kt + 2kuqug cos 2kt

1 | —kuy cos kt + us sin kt 1
_ O —_
2k U9 cos kt + kuq sin kt 2k




Two Noetherian point symmetries

1
L I = —
o ! us cos kt + kuq sin kt
kl'y+T's = 2(—log (ugcos kt + kuysinkt) + 1)
1 kuq cos kt — ussin kt
L I = — 1
o ’ ko (kul sin kt + Uz COS kt)
[ = —log (—3(u3 — k*u) sin 2kt + kuyus cos 2kt)
1 U9
L34 Fg = _E arctan k'—ul — 1
us + k*uj
Iy = %log( 2 % 1)
I r N 1 o —(ug + kuy) cos kt + (ug — kuq) sin kt
5 ’ 2k 5 gug — kuy ) cos kt + (ug + kuq) sin kt
['s = %1og (—(u2 — k*u?) cos 2kt — 2kujus sin 2kt) —1




1
L47 F7 E arctan (]Cu_ui) + 1
1 2 4 12,2
Iy L 1og .u2 + K ug
2k (kuy sin kt 4 ug cos kt)?
1 u3 + k*uj 1
L T ——1 2 : -
. ! ok <(—ku1 cos kt + ug sin kt)Q) e
1
I's z arctan <ku—u21) +t
L. T 1 log (ug — kuy) cos kt + (ug + kuq) s%n kt
2k (us + kuy) cos kt — (ug — kuy ) sin kt
r o (kuy sin kt + us cos kt)?
i 8 [(ug — kuy) cos kt 4 (ug + kuy) sin kt] [(ug + kuq) cos kt — (ug — kuy) sin kt]
(ug sin kt — kuy cos kt)?
L r 1
s ! o8 ([(u2 — kuy) cos kit + (

ug + kuq) sin kt] [(ug + kuy) cos kt — (ug — kuy) sin kt]

o log

1 (ug — kuy) cos kt + (ug + kuy ) sin kt
(ug + kuy) cos kt — (ug — kuy ) sin kt



JLM for multidimensional systems

We assume that we have a Lagrangian, L(t,q1,q2,G1,¢2). The
corresponding Lagrange equations are

= f1(t, q1, @), (1)
G2 = falt, q1, 2), (2)
namely
PL . PL. L a2f PL L
dq10t ~ 0q10q h a%@% L 0010d,"°  dq
O*L 0L 0*L 02 O0*L 0L
g0t " Dg20q e aCJzaQIz% " 591392f 043 Erat dgs 0 (&)

We follow (Rao, 1940) in defining the connection between the
last multiplier and the Lagrangian as

O°L
0G;0q;°
Once the multiplier has been calculated, the Lagrangian follows
by a double quadrature.

We differentiate and (M) once with respect to both ¢; and
go. We illustrate the calculation in the case of the differentiation
of with respect to ¢o. We obtain

3L N PL N PBL
3(1136]2(215 56]18??23(]1 o 3215’(125(]2% 2
O0°L 0°L 0°L 0°L
+— + == — = = 0, 4
0¢10¢s @q%@qu @ql&ff? 0420 4)
We use the definition, (3), for Mis. Then (4) becomes
9, 9, 0 9,
o (Mis) + 90 (Mi2g1) + B0 (Miage) + Bar (Miafr)
(9 0L 0?L
M , — — = 0. 5
o 2< f2) + 0¢10q2  0¢20q, 5)



In the cases of M7 and My, the ultimate and penultimate terms in
the equations corresponding to (5) cancel. The other equation for
M5 has the subscripts reversed so that, when the two equations
are added, the terms vanish. Consequently each multiplier is a
solution of the equation

0 0 0 0 0

gy M)+ 5 (M) + 5 - (M) + 5o (Mfi) + 50 (M f) = 0.

(6)
This is the equation for the JLM, 7e, the number of degrees of
freedom of the system only affects the number of terms in the

equation.

A linear example

i1=—n — (g — @) = f
i = 5(q1 — @) — Vo = fo
Lie symmetry algebra of dimension 7:
[ = q20q, + ©19¢, + @204, + 4194,
'y = exp |Qit] [( q QQ) +il) (86]1 - 86]2)]
['s = O
[y = q10g + q20q, + 6]'13' + G204,
['5 = exp [—Qit] (aéh — Q) ( a1~ (12)]
['g = exp [1£21¢] [(afn + 8(12) +ilh (am ™ 8@2)]
['7 = exp |[—1€21¢] [(6(11 + 6612) —dh iyt (661'1 + 6@2)} )

_ 2 2
= /93 +203)




We have to evaluate 35 determinants.
example:
Lgr ¢ J1 J2
0 ¢ Q2 q1
Cio35 = | O Wit Uit iQeQit —iQeQit
10 0 0 0

0 G—Qit _e—Qit _iQe—Qit iQe—Qit

Two possible Lagrangians are:

Losgr = (Q% + CJ%) — %{ (Q% + Qg) (Q% + CJ%)

_QQ%QN]Q} + g

which is nothing new, but what’s about this other one?

1

For

q1 + ¢

L —
957700001 (g1 + ¢o)

_I__
e

1

(41 + ¢o) arctan (

OF (q1 + @) + (41 + ¢o)°
OF (g1 + )

log

O

What does it happen if we consider the classical two-

dimensional harmonic oscillator?

Ul = —u]
Uo = —U9

Q1 (1 + ¢2)

)



In this case the Lie symmetry algebra has dimension
15 (sl(4, IR)).
Determinants to be calculated: 1365 !!!

A nonlinear example

In (Anderson-Thompson, 1992) the following autonomous
second-order two-dimensional nonlinear system was pre-
sented on page 5:

U2 ) U1
U9 =

(7)

The authors introduced a t dependent Lagrangian, i.e.

ii] = —

2 ) 2 2°
u1+u2 u1+u2

1 9 UOUT — UTUD

L1:§@%+u9+¢ (8)

and state that "there does not exist a translational
invariant Lagrangian”. This is not true. In fact it is
evident that a solution of JLM equation is simply M =
constant. We take the constant to be unity for My
and Moo and zero for Myy. Then the corresponding
Lagrangian is

1

L = é(u% + u%) — arctan (ZLZ) + g(t,u,us) (9)
ui

where ¢g(t, u1, u9) is an arbitrary ” gauge variant” func-
tion. It is obvious that Ly C L , with

2 2
u1+u2

g = tarctan (us/uq) .



Moreover we note that system (7) admits a three-
dimensional Lie point symmetry algebra generated by
the following operators:

X1 = 0y, Xo =1t0 + ulé’ul + u23uQ,

L admits two Noether symmetries and therefore two
(autonomous) first integrals of system (7) can be de-
rived from Noether’s theorem, i.e.:

1
X = I, = 5(1@ + 43) + arctan (Z-?) . (10)

Xg = Ir = uju9 — uouy. (11)

Therefore the Lagrangian L in (9) is translational in-
varlant.

Other Lagrangians may be derived from I and Iy (or
any function of them) which are themselves Jacobi Last
multipliers of system (7).



A dissipative equation with variable coeft.s

Musielak, Roy, Swift (2008):
i+ b(x)i? + c(x)r = 0 (12)

with b(x), c¢(x) arbitrary functions of x.
Jacobi (1845) found his “new multiplier” for the follow-
ing class of second-order ordinary differential equations:

. 1(990 .9 (3’90 :
—— —x+ B =0 13
I gadt o d (13)
with ¢, B arbitrary functions of ¢ and x.
M = #t2) (14)

[t is obvious that equation (12), for any b(x) and c¢(x),
is a particular case of the class of equations (13) studied

by Jacobi. Therefore a Jacobi Last Multiplier (14) is
already known, 1.e.

My = 2P with  Py(a) = / b(z)dz, (15)
and the corresponding Lagrangian is

Ly =20 4 it )i+ folta)  (16)

with f1, fo functions of ¢ and x satistying the following
equation:
aa];l — 88‘7;2 = 62Pb<x>c(a:)x. (17)




The Lagrangian derived by Museliak et al. after lengthy
calculations, i.e.

L= %eQPb(x)gi:Q — /eQPb(x)c(x)w dr,  (18)

is a subcase of the Lagrangian (16), with f; = 0 and
fo = folx) = [ e20(@)¢(2)z dz, which is an obvious
particular solutlon of (17).

Actually we can derive other Lagrangians of (12). Equa-
tion (12) admits one trivial Lie point symmetry for any
b(x) and c(x), i.e. I' = 0, which is also a Noether’s
symmetry for the Lagrangian (16). Therefore a first in-
tegral can be easily obtained from Noether’s theorem,
le.:

2
Let us use a property of the Jacobi last multiplier,

namely if one knows a Jacobi last multiplier M7 and a
first integral I; of equation (12), then their product is
another Jacobi last multiplier, i.e.

1
My = Myl = 5 2t (eQPb:ifQJr/eQPbc(w)xda:)

Consequently we are able to obtain a second Lagrangian
of equation (12) for any b(x) and c(x), i.e.

1
=5 212 (eQPbx'Q +- 12/62Pbc(at)at dx>
+f1(t,x)z + folt, z)

1
I = =e*hi? + /62PbC(ZC>ZC dx. (19)

Lo



with f1, fo functions of ¢ and x satistying the following
equation:

0fi  9fr  ap) / 2P
Er il 0\ He(x) | e“ oe(x)x d.

This Lagrangian admits I' = 0¢ as a Noether’s sym-
metry and the corresponding first integral is just the

square of I in (19). Then:
2
1
M3 = M1]12 = ZGQPb (eQPbx'Q + /eZPbc(:IJ):L’ d:v)

yields the following third Lagrangian of equation (12)

1
21 (64Pb£i34 +10e*1 042 / Mooz du

2
+60 (/ e?Moe(z)x dx) ) + fi(t,x)x + fo(t, x)

with f1, fo functions of ¢ and x satistying the following
equation:

oft  0fa  apa) / OP, ’
el b c(x)az( e~ be(x)rdx | .



Lagrangians for N. Euler’s ODE

C1 ap + a1x + a2x2

~ 23 20°
[t possesses one Lie point symmetry:

[ = 2(ag + a1z + asx?)dy + v(aj + 2a9x)0y

i (24)

M =1

L = %@2 + fi(x,v)0 + folz,v)

where
dfp Jdfy _ap+ a1z + arx? + ¢ v’

ot  Ox 207
or equivalently:

1o aptajx+ CL2$2 + 261?}2
2 Sul
It admits I as a Noether’s symmetry, which yields the

following first integral (also a JLM!):
2

+ g(z,v)

— (a1 + 2a9x)vo + dayv?

2 N (ap + a1z + aga?)?

I = (ag + a1x + asx®)v

an + arx + asx
—I-QCl 0 L 2

02 v
Then Lo = f (f Iy di)) dv + fgl(x, U)?) + fQQ(ZE, U), .
IN.B.: One integral and one JLM implies that equation
(24) is completely integrable a la Jacobi]



Lagrangians for first-order ODEs

A sphere immersed in a Stokes flow with linear shear
A.T. Chwang and T'. Yao-T'su Wu, Hydromechanics of low-Reynolds-
number flow. Part 2. Singularity method for Stokes flows. JFM
67, pp 787-815 (1975)




4a® + ar + r?)er? + (a+1)(4z + 1)a’
(3a3 + 6a2r + 4ar? + 2r3)(a — r)r

2
Yy = 2 (a4 + a’r + 20 + 2ar? + 27“4) tan(gL rCCOQS( Z)>

/ (7“(7“ — a)(3a® + 6a%r + dar® + 2r*)V/1 — 47;2)

z =

4/3 8/3
M= (3“3+6a2r+4ar2+2r3) / (1 _g) /
T

L= M<yz - Zy> + f3<razvy)

J3= ( (ag +12a%r + 4a"r? + 4573 — 16a°r% — 32a%°
—320%70 + 16077 + 160" + 16%) log (cos (L5220 )

+24a”zy + 1207y + 24aPzyr + 12a%yr — 160" zyr?
—20a7y7’2 — 16a62y7“3 — 20a6y7’3 — 16a5zyr4 — 24a4zy7“5

—|—8a4yr5 — 24a3zy7“6 + 8a3yr6 -+ 16a2zyr7 + 16azyr8
9 Lo 2 2 3\ 2 L
+16zyr )/(T 3 (3a” + 6a°r + 4ar” + 2r°)3(r — a)S)

+s(r).



Final Remarks

e Any problem of Classical Mechanics becomes an ab-
stract problem where the real Physics vanishes.
Lagrange is vindicated!

e [rom each Lagrangian one can obtain a
corresponding Hamiltonian:

e Fiven dissipative systems have many Lagrangians.
The application of the Jacobi Last Multiplier ex-
tends beyond Lagrangian Mechanics. Therefore cal-
culus of variations may be used in fields where first-
order systems dominate as biology, epidemiology,
chemistry, etc.

e Do not forget the importance of Lie symmetries.

e Open problem: application to PDEs.
One may begin with the case of a quasilinear first-

order PDE:
ut + a(u)ug + b(u)uy =0




REIe]
N-no0
A0

[ B Iely

As brilliantly stated by William S.:

There are more Lagrangians in heaven and
earth, Horatio,
Than are dreamt of in your natural
philosophy.

DE LA RUE

CE NTAVOS
LAS 10 FORMULAS MATEMATICAS QUE CAMBIARON LA FAZ DE LA TIERRA




