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Boundary Value Problem and Method
of Images

Thomson 1845 - classical method of images = powerful
method solving BV problems in electrostatics and
hydrodynamics (spheres, cylinders, half-spaces)

Greenhill 1877 - motion of one and two vortices inside and
outside circular domain

Extension to multiply connected domains is not
straightforward.

Doubly connected domain = conformally mapped to
annular region r; < |z| < ro unique up to linear map,

ro/T1 =15/
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Milne-Thomson Circle Theorem

For complex velocity V(z) = u; — ug =

V() = 5(x)- "L o (T—%>

22 2

v(z) - complex velocity of flow in unbounded domain,
second term - correction of cylinder of radius r; placed at
the origin
For vortex I' = —27k at 2
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Two Vortices Outside Cylinder
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Vortex in Annular Domain
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N Vortices iIn Annular Domain

N point vortices - strengths k1, ..., sy at positions z, ..., 2y
in annular domain D : {r; < |z| < ry} bounded by two
concentric circles: C; : zz = r? and C5 : 2z = r3. Complex
velocity - Laurent series

N .
EOIELED MUEED BT

k=1 n=0

boundary conditions

2V(z)+2V(2)] e, =0, k=1,2
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g-Elementary Functions

g-logarithm
Ln,l—2z)=— iif—Lﬂ<q,q>1
— n

g-number

q" —1

n|=1+q+¢ +...+¢" " =
qg— 1

g-exp functions (Jackson)(quantum dilogarithm- Kashaev)

= 2" =~ Z
_ s E* _ n(n—1)/2 ~
Z[n]!’ q(z) nz_oq n!

n=0
g-Calculus in Action. From Vortex Images to Relativistic Integrable NLS —p. 9/51



Key Identity ¢ = r3/r?

Lng(1+ 2) = Z . (q—l)zqniz
n=1 n=1

Borwein- 1988, Sondow, Zudilin - 2006

2
+Ln, (1 — 7“_2> — Ln, (1 — ﬁ)
27k 2z
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Vortex Images and q-Lattice

Pole singularities at the set of points

—n —2 —1 2 n
ey 4 Ry ey 4 2k q Rk Rk, 4RE S 4 Rk ey 0 RE -

- the g-chain. Set of vortex images for complex potential

V(z) = F'(z)
N 00 i O n_
F(z) = ka Z In rfq
k=1 n=—00 2 i "

forms vortex g-lattice = two g-chains generated by vortex
ki at z; and its image —«;, at r?/z;.
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Vortex Images and Zeroes of Q- Exp

Function
N i EQ( —Zz)EQ( ik:z:)_
F(Z) — leik IH(Z — Zk) + In (1_61) : ! Qq)
k=1 i 1 ((1—5@) Eq ((1—q2)zzk) _

all images are determined by red zeros of g-exponential
functions.

N R ~
61(27- Tk7q>
F(z) = i/ﬁ;kln[ — ~]
kz:; @1(2 —; kaQ)
T=—Inz, 7, = — ln 2, O4- first Jacobi theta function,

ro=1,qg=r3/ri=1/ri=1/0%=¢<1
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Point Vortex Motion

Uniform rotation z(¢) = z0(0)e™* with w = w; + w>

=(2) ()
LR T AT

for |z9| =r = wi = H(q), for |zg| = ro = wo = —H(q)

N
1
wN) = Hy(q) = Z — q — harmonic numbers
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Frequency Irrationality

The problem of frequency rationality is related to the
problem of g-logarithm rationality. Fix geometry by ¢ > 2
and consider vortex at distance |z,|, commensurable with
one of radiuses r; or r, = argument of logarithm

r = |z|?/1%, O r = r% /|| is non-zero rational.

If - rational = Ln,(1 — r) irrational

for ¢ = 2 - (Erdos), ¢ > 2 - (Borwein)
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g —oo Limiting Cases

Two limiting geometries:

1. Single cylinder and vortex outside: r; = const,

r2 = qr? — oo = the circle theorem

. . 2 —
_ ik ik 17/Z0

V(z) =

z—zy z2z—11/Z

2. Single cylinder and vortex inside: ry = const,

1 __ 2
ry =7T5/q — 00

K

W = —
7‘3—\20!2

- Greenhill (1877)
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N - point vortices with circulations I'y,...

N-vortex Dynamics

1, equations of

motion: (k = 1,...,N)
N N $oo
: 1 L' 1
DY DD
271 R 2k — Zj 27m P z]q
N o0
1 L'
27TZ S: y: ﬁ n
7=1 n=—00 gkq
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Hamiltonian Structure

N
2 1 (O0f Og B Of Og
thar =3 er (azj 0z, 0z @zj)

j=1

Zk = {Zk,H}, Ek = {Zk,H}
Hamiltonian function

N
drH = — Z 0 In |2 — 24| —
,J=1(1#7)
N  +oo N
S: S: 05 In |z — 259" | + S: S: 0,5 In |22 — riq”
i,j=1n==%1 i,j=1n=—o0
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g-Logarithmic form of Hamiltonian

Z I In |z — 2] —

i,j=1(i#j)

Eq ((1—3)

Zj ) Eq ( (1—22)21- )

ZiZj r2
Eq ((1—q>r%) Eq ((1—5%@)
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Kirchhoff-Routh Function

collecting to separating sum terms of vortex interaction
with its own images

B E ( Zi )E ( o] ) i
1 q —q)z; q —q)z;
H=—— I |In|z; — ;| + In & _Q) = Z)
24— E (i) E ( -2 )
i< I a4\ (1—q)r2 T\ (1—q)zizj ) |

‘o irﬂ' 5 (7 20) & (amr)
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Green’s Function

Gr =G+ G%’;) - hydrodynamic Green function

] — z — z21kq"

Gr(z,21) = 5 In >
n N=-—00 2 2_1qn

k

-influence of boundaries
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Green’s Function in  g-Exponential

Form
By (=) Pa ()
]_ 1 q —q)z q —a)z
G[:—Q—ln’2—2k|—2—ln Sl a QZ
T TC zZZ r
rabi ((1—5?“%) Eq ((1—q2)zzk)

1. Gi(z, zx) = G(zk, z) - Symmetry
2. boundary values
Gr(z, z)|c, = 0 - at the outer circle

21 - at the Inner circle

%k

G](Z, Zk)’01 = % In
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Angular Momentum

N vortices in plane = 4 integrals of motion: energy, 2

translations, 1 rotation
In annular domain = 2 integrals of motion: energy, 1

rotation

d N
dt (kl

conservation of angular momentum

N
1 = Z szkzk
k=1
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N-Polygon Solution

N vorticesI', =1k =1,..., N, located at the same
distance ry < r <1y
iwt+i2Tk

21(t) =re

rotation frequency
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2D Vortex Paterns and Magnetized
Electron Columns

Flow vorticity = Electron density
Electrons mimic ideal two-dimensional fluid
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Electron Column

Fajans,...
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Instability in Rotating System

Influence of the radius ratio on the flow pattern

Fig. 16 Influemce of tha radivs ratio 5 oz the flow partamn for G m (0423 and Fo w3684

(spemupl: (2] s= @, () 5= 0288, () sm 0334 (d) 5= 073
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Part II.
Integrable Relativistic Nonlinear Schrodinger

Equations
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Compressible Fluid in One
Dimension

Isentropic Fluid
ve +vvz + (E(p))z =0, pt+ (pv)e =0

for velocity potential v = S, and enthalpy potential
E(p) =dV(p)/dp

(Se)?  dV(p) _
2 _I_ dp - O, pt _I_ (IOS:L’)x _ O

St +

Action

A= / (,OSt + ,0(6;;,;)2 -+ V(p)) dx dt
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Information Theory and Fluid
Dynamics

/(p(x, t) — po)dxr =1 normalization of probability

Fisher information measure

= [Pl ar =4 [(ypvpds

p

variational functional

)\2
A4+ —1
+8F

A - the Lagrange multiplier
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Nonlinear Schrodinger Equation

Madelung representation for the wave function

Weak nonlinearity = NLS

i¢t T ¢x:c + 2%2\%0\2%0 =0

Zakharov-Shabat problem
)= L))
ox (0 w %P (%)
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NLS Hierarchy

iO'g(Zi)t

AKNS Recursion operator

8x+2/<;2¢fw15 —2/{2¢fx¢

:RN<z>,N:LZW

N

R = iO'3
02 [T O, + 2670 [T
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AKNS Linear Problem

0 (v [ —iAy —k2Cy o
875]\; U9 N CN _iAN U2

( gN ) = (" VR4 L+ RV (
N

g-number operator

<~ S

)

l+qg+q¢+...+q¢"t=[N],

q = R/p - operator

R R 2 R N—1
p p p
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Hierarchy of Information Measures

I, = /(\/ﬁ)x(\/ﬁ)x dx, Fisher measure
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Integrable Nonlinearization

Classical particle energy-momentum relation
E = E(p) = Ey + Eip + Esp® + ...

Canonical quantization p— — iha%
= time-dependent Schrodinger equation

o, .0
zhaw = H (—zh%> Y

)= (o) (2
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Linear and Nonlinear Quantization

Momentum operator p = 720:75038% the recursion operator
In linear approximation =- Linear Schrodinger equation

ORI

Momentum operator p = ‘R the recursion operator =
Nonlinear integrable Schrodinger equation

ORI

g-Calculus in Action. From Vortex Images to Relativistic Integrable NLS —p. 37/51



Lax Representation

By g-derivative and g-number

_ fgQ) = f(©)
(¢ —1)¢

for the operator valued ¢ = R/p

Dg}pCN = [N]r/p " (1)

<

(£)- S (1) - ot ()
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Linearity and Dispersion

E(R) — E(p)
R —p

1 | - '\ ER)-Ep) (¥
A= ——F —2/12(/ ,—/ ) ”
2 (p) w q-C.’:}Cbul in Action. Fror]gftemagpto Relativistic | egl’;zge NLZ —p. 39/51

=B+ E)(R+p) + E3s(R*+Rp+p*) + ...




Semi-relativistic NLS

Expanding the relativistic dispersion relation
E = \/m2c* + p2c2 for low momenta

2 4
p p
E=mc*+ — —
2m  8m3c?

+ ...

= “semi-relativistic" Schrodinger equation as a formal
power series

2 92 4 g4
ih%¢:H¢:mc2<l— o 9 + )¢

2m2c? 0x2  8SmiActoxt

(2)
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Semi-relativistic Hartree-Fock
Equation

i = met\ 1 LA o (1
m=c

* - convolution in R*, V., = A|z|77, 0 < v < n.

Boson Stars with Coulomb potential - Lieb, Yau - (high

velocities of bosons - incorporating special relativistic

effects) = explore the collapse and structure formation of

bosonic matter

Existence of traveling solitary waves in R? - Frohlich,...

Relativistic Quarks in Nuclel - Nickisch, Durand., nuclear
many-body problem as relativistic system of baryons and
mesons - (structure of exotic nuclel with extreme isospin
values)

None of of those models is known to be integrable
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Integrable Relativistic Nonlinear
Schrodinger Equation

2
103 ( Z ) = mc2\/1 + micQ (ia;;%) ( ) (3)

replacing Ro = io32 = R
- ¢ _ 2\/ 1 2 %b
103 ( by > =mcy\/ 1+ m%zR 7 (4)

ox
by formal power series expansion

AN R? R* RS
103 ( v ) mes | L om2c2  SmAict * 16mScb £
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The Linear Problem

0 v\ —%p —/fZTE U1
%(U2>_(¢ 5D )<U2>7 ©
i (

spectral parameter p - classical momentum
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Integrability at any order of  1/¢?

iwtszQ\/l— 1 62¢+“—2\w\2w
m

m2c? O0x?

2

 4m3c2

(2 [P+ hre+4hnath® + 30007 +3k7 [ YI+0( )

- Integrable relativistic corrections to the NLS equation at
any order.

Fisher information has appear as non-relativistic
approximation of relativistic information measure hierarchy

g-Calculus in Action. From Vortex Images to Relativistic Integrable NLS — p. 45/51



Relativistic Quantum Mechanics In
Rapidity Variables

Relativistic dispersion in rapidity variables y
E = mc*coshy, p=mc sinhy

Relativistic Hamiltonian

H = mc2/@50()sh (Mg> Y dx
Ox

A = h/(mc) - Compton wave-length of relativistic particle.

0 L/ 0N 1/ 2\
COSh(M@x) _<M0x> —(Max> + ...
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Nonlinear Integrable Relativistic
Schrodinger Equation

103 ( z )t — mc? cosh (i)\aga%c) ( by )

Integrable nonlinearization =

ios ( Z )t = mc®cosh (AR) ( z )

Zakharov-Shabat problem with AKNS evolution and

( C ) _ 5cosh(AR) — cosh(Ap) ( " )

R—p )

<

C
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Wootters Measure

Free Hamiltonian - finite difference operator
me* [ - ;o o
H:T/¢(6%+€_ %)wdﬂf:

_me / (S(a)b(a + L) + d(a)(z — L)) da

— Wootters type measure

Iy = / (V@@ + L) + Vo) Vo — L)) da
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Relativistic Burgers Equations |

2
iwt:mcz\/l— L 0 W

m2c? 0x?

Complex Cole-Hopf transformation = Madelung
Representation

v=(Iny), or Pp=el"

Semi-relativistic Burgers Equation

1 0 ?
: 2 |
— 1 - * 1
R \/ m?c? (033 v>
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Relativistic Burgers Equations |l

i) = mc? cosh (Mg> Y
ox
or
2
(@, ) = 5[ +iX) + (e — i)
v = (Invy),

Relativistic Burgers Equation in rapidity variables
. ) NG,
1wy = me” | coshiAN| — +v ) -1
Ox N
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Non-relativistic Limit

For ¢ — oo = Burgers equation

1 + Ve + 200,
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