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Kirchhoff’s equations
®0
The geometrical framework
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For an unshearable elastic rod, in the absence
of external efforts and momenta, at equilibrium
we get

the static Kirchhoff's equations

where

{317 d>, 33}
are the three components of the generalized
orthonormal Frenet frame: 31 and 32 define the
plane of the transverse section of the rod while
33 defines the tangent direction to the central

line.
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Kirchhoff’s equations
oe
The geometrical framework

At the equilibrium:

a1(s) and ay(s) are called bending stiffnesses
b(s) is called twist stiffness.

They depend on
@ the elastic properties of the constituting material of the rod
@ the shape of the cross section of the rod

@ the mass density along the cross section
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Kirchhoff’s equations
[ Je]

Arc—length independent elasticity

If we suppose
@ the elastic properties of the constituting material of the rod
@ the shape of the cross section of the rod
@ the mass density along the cross section

to be constant (w.r.t. the arc-length), then the bending stiffnesses a; and a» and the
twist stiffness b will be constant functions of the arc—length.
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Kirchhoff’s equations

[ Je]
Arc—length independent elasticity

If we suppose
@ the elastic properties of the constituting material of the rod

@ the shape of the cross section of the rod

@ the mass density along the cross section

to be constant (w.r.t. the arc-length), then the bending stiffnesses a; and a» and the
twist stiffness b will be constant functions of the arc—length.

Static Kirchhoff’s Equations (arc—length independent elasticity case)

F{+k2F3—k3F2:0

F2/+k3F1—k1F3:0
Fé—l—lez—kzFl:O
alk{+(b732)k2k3:F2
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Kirchhoff’s equations
oe

Arc—length independent elasticity

The results so far obtained in the case of arc—length independent
elasticity can be summarized as follows:

@ Explicit solutions with constant x, 7 and ¢ only for rods with
circular cross section

@ For a generic cross section, explicit solutions with constant x and 7
only for ¢ = n %, n € Z (Frenet helices)

@ Equivalence between the static Kirchhoff's equations for particular
choices of the constant parameters (a, ap, b) and some particular
integrable heavy tops (Lagrange—Poisson, Kovalevskaya, Goriachev,
Chaplygin, Corlis—Field)
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Kirchhoff’s equations
@00
Arc—length dependent elasticity

We need to suppose that the bending stiffnesses a; and a, and the twist
stiffness b are arc—length dependent functions in order to:
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Kirchhoff’s equations
@00
Arc—length dependent elasticity

We need to suppose that the bending stiffnesses a; and a, and the twist
stiffness b are arc—length dependent functions in order to:

@ model anisotropic elastic rods where the elastic properties, the shape
of the cross section and the density can vary along the arc—length,
as it actually happens for most of the polymers in nature;
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Kirchhoff’s equations
@00
Arc—length dependent elasticity

We need to suppose that the bending stiffnesses a; and a, and the twist
stiffness b are arc—length dependent functions in order to:

@ model anisotropic elastic rods where the elastic properties, the shape
of the cross section and the density can vary along the arc—length,
as it actually happens for most of the polymers in nature;

@ characterize completely all the possible elastic rods in the shape of a
circular helix (constant x and 7) at equilibrium.
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Arc—length dependent elast:i

If we suppose
@ the elastic properties of the constituting material of the rod
@ the shape of the cross section of the rod
@ the mass density along the cross section

to be arc—length dependent, then the bending stiffnesses a; and ap and the twist
stiffness b will be functions of the arc—length.
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Kirchhoff’s equations
(o] o}
Arc—length dependent elasticity

If we suppose
@ the elastic properties of the constituting material of the rod

@ the shape of the cross section of the rod

@ the mass density along the cross section

to be arc—length dependent, then the bending stiffnesses a; and ap and the twist
stiffness b will be functions of the arc—length.

Static Kirchhoff's Equations (arc—length dependent elasticity case)

F{+k2F3—k3F2:0
F2/+k3F1—k1F3:O
Fé—l—leg—kzF]_:O

alk{+a’1kl+(b732)k2k3:F2
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Kirchhoff’s equations
ooe
Arc—length dependent elasticity

Fl+ ko Fs— ks Fo =0
Fi+ ks Fi— ki F3 =0
Fi+ ki Fo— ko Fi =0
akitaiki+(b—a)kk="F

azké+aék2—(b—a1)k1k3=—/:1

bké—i—b’ka—(al—ag)klkz:O

Again

ko (

ki(s)

0
~

ks(s)

K(s) sin [i(s)]
K(s) cos [io(s)]
7(s)+¢'(s)
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Kirchhoff’s equations
ooe
Arc—length dependent elasticity

Again
ki(s) = &(s) sin[p(s)]
Fil+kF—kF=0 ka(s) = k(s) cos[p(s)]
ki(s) = 7T(s)+¢'(s)

Fi+ksFi—kiF3=0

In order to have a cylindrical helix, we
, must solve the system for a1, az, b, Fi,
Fs+kiF—kF=0 F2, F3 and ¢ with x(s) and 7(s)
constant functions

alk{+aik1+(bfa2)k2k3:F2

k(s) =k and 7(s) =7 .

azké+aék2—(b—a1)k1k3=—/:1

bké—i—b’ka—(al—ag)klkz:O
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Kirchhoff’s equations
ooe
Arc—length dependent elasticity

Again
ki(s) = &(s) sin[p(s)]
Fil+kF—kF=0 ka(s) = k(s) cos[p(s)]
ki(s) = 7T(s)+¢'(s)

Fi+ksFi—kiF3=0

In order to have a cylindrical helix, we
, must solve the system for a1, az, b, Fi,
Fs+kiF—kF=0 F2, F3 and ¢ with x(s) and 7(s)
constant functions
alk{+aik1+(bfa2)k2k3: F>
k(s)=k and 7(s) =7 .
akytayk—(b—a1)kiks=—F
The system is obviously
underdetermined, neverthless it turns
out that under these assumptions it is
possible to characterize completely its
solutions.

|
o

bki+ b ks — (a1 — a) ki ko =
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Kirchhoff’s equations
o
The general solution

When 7 # 0 and k # 0 we consider the following three cases:
L @(s)=n%, n€Z;
1. ¢(s) =0 — Ts;
111. ¢(s) not belonging to any of the previous cases.
When 7 = 0 and k # 0 we consider the following three cases:
V. p(s)=n%, nei;
V. p(s) = ¢o with o # nZ, n € Z;
VI. ¢(s) is not a constant function.
When 7 = 0 and k = 0 we consider the following two cases:
VIL. (s) = po;
VIIL. ¢(s) is not a constant function.
These eight cases exhaust all the possible solutions that can be obtained assuming
that x(s) and 7(s) are independent on the arc-length.
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Kirchhoff’s equations
L]
Case |

T#0and kK #0, p(s) =nZ, with n odd

2

a1 = ( KT
ar(s) € CH(R)
b(S) = bo
ki(s) = (-1)""x
k2(5) =0
k3(5) =T
Fi(s) = F1(0)
FQ(S) =0

Fa(s) = (-1 250

We recall that ax(s) > 0 Vs, with a»(0) fixed, and
by = b(0) is a real positive constant.
Furthermore, by and F;(0) must be chosen so
that ai(s) > 0 Vs.

M. Argeri, V. Barone, S. De Lillo, G. Lupo, M. Sommacal

T#0and k #0, ¢(s) = n%, with n even

ai(s) € CY(R)
a(s) = (1)1 22 + by

b(S) = bo
kl(s) =0
kao(s) = (-1)"k
k3($) =T
Fl(s) =0

FQ(S) = FQ(O)
Fa(s) = (1) 720

We recall that a;(s) > 0 Vs, with a;(0) fixed, and
by = b(0) is an arbitrary real positive constant.
Furthermore, by and F>(0) must be chosen so
that a»(s) > 0 Vs.
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Kirchhoff’s equal twist

T#0,k#0,k#T, p(s) =¢po—Ts

T#0, k#0, k=7, o(s) =po —Ts
2

ai(s) = 5" ai(s) = 7%(20)
_ E3(0
a(s) = 5 a(s) = —BQ
b(s) € cl(R) b(s) € Cl(R)
ki(s) =  sin (o — T s) ki(s) = k sin (g0 — K 5)
(o) = n con(on — 79 fa(s) =  cos (o — )
ka(s) = 0 k(s) = 0
— 7&.‘137' i _ F]_(S) = F3(0) sin (Lpofns)
Fi(s) = = 5= sin (w0 — 7s) Fa(s) = F3(0) cos (w0 — 1 5)
Fa(s) = — 2‘2“_7_7; cos (po — Ts) F3(s) = F3(0)
2 2
F3(s) = =25 _ ’
where F3(0) is a real constant such that a;(s) and
¢ a(s) are positive real constants and b(s) > 0 Vs,
where « is a real constant such that a;(s) and

with b(0) fixed.
a»(s) are positive real constants and b(s) > 0 Vs,

with b(0) fixed.
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Kirchhoff’s equations on-Va 0 € ng intrinsic twist

Case 111

ai(s) = % g iif cos (sw) cot p(s) — \/ﬁ sin (sw)

a(s) = % — % cos (sw) tan ¢(s) + sin (sw)

: i
) = AR
ki(s) = k sin(s)
ka(s) = k cos p(s)
ks(s) = 7+ /(5)
Fi(s) = k(81 — Bo) sin p(s)
Fa(s) = & (B1 — Bo) cos ¢(s)
F3(s) = 7 (81 — fo)

where v = £ and w = v/k2 4 72. Furthermore, 3y, 31 and 3, are related to the initial conditions
on ai(s), ax(s), b(s) and ¢(s) in the following way:

©'(0)] b(0)

{ go:[g{ 1(0) + 22(0) — [a1(0) — a2(0)] cos (26(0)) }
=[r+
2 [a1(0) — a5(0)] sin (2(0))

M. Argeri, V. Barone, S. De Lillo, G. Lupo, M. Sommacal Continuous elastic rods: Circular helix solutions



= n%, with n odd T=0and k #0, ¢(s) = n%, with n even

a1(s) = ag — (CU RO s (o4 Fo(0)cos or) ais) € C‘(R)( 1)y (0) sin (s1)+F5(0) cos (sv)
K — sin (sk COS (SK
a(s) € CY(R) a(s) = a0 — 2 o
b(s) € CY(R) b(s) € C*(R)
kl(s) = (71)"/{ kl(s) =0
kQ(S) =0 k2(5) = (71)"/{
k(s) =0 ks(s) =0
Fi(s) =0 Fi(s) = (—1)""F3(0) sin (sx) + Fi(0) cos (sk)
Fa(s) = (—1)"F3(0) sin (sx) + F2(0) cos (sk) F(s) =0
F3(s) = (—1)""1 F»(0) sin (sk) + F3(0) cos (sk) F3(s) = (—1)"F1(0) sin (sx) + F3(0) cos (sk)
where ay(s) > 0 and b(s) > 0 Vs, with a»(0) and where a1(s) > 0 and b(s) > 0 Vs, with ay(0) and
b(0) fixed, and ag = a1(0) + F%(ZO) is an arbitrary b(0) fixed, and ap = a2(0) + F%(20) is an arbitrary
real constant such that ag > 7&(0):2#3(0)2 with real constant such that ap > 7&@)52#3(0)2 with
F>(0) and F3(0) real constants. F1(0) and F3(0) real constants.
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Kirchhoff’s equations
°
Case V

T=0and Kk #0, (s

a1(s) = ap + a1 cos (sk) + az sin (sk)
ax(s) = ap + oy cos (sk) + az sin (sk)
b(s) € CY(R)

ki(s) = k sin g
ka(s) = k cos o
k3(S) =0
2 [ sin (sk) — oz cos (sk)] cos wo

—k? [y sin (sk) — o cos (sk)] sin g
—k? [y cos (sk) + az sin (sk)]

Fi(s) =
Fa(s)
Fs(s)

where ai(s) > 0, ax(s) > 0 and b(s) > 0 Vs, with a;(0), a2(0) and b(0) fixed, and g, a1, rp are
real constants such that ag > \/0‘1 + oz2 Furthermore ayp, a1, ap are defined in terms of the

initial conditions a;(0), a2(0) and the vector F(0) as follows

a0 = a(0) + S8 = a(0) + 2P
ap = — F3(0)
F>(0) F1(0)
a2 = hzzsin' = TR2 <l:os
£0 P0
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Kirchhoff’s equations
o
Case VI

T=0and Kk #0, p(s

a1(s) =70 + 71 cos (sk) + 72 sin (sk) + [Bo cos (sk) + B1 sin (sk)] cot (s)

a2(s) = 70 + 71 cos (sk) + 72 sin (sk) — [Bo cos (sk) + B1sin (sk)] tan o(s)
b(s) _ K [Bo sin (sk)—pB1 cos (sk)+6]

@’ (s)

ki(s) = k sin¢(s)

ko(s) = k cos p(s)

ka(s) = ¢'(s)
Fi(s) = B2 k2 sin (s) + K2 [y1 sin (sk) — 72 cos (sk)] cos ¢(s)
Fa(s) = B2 k2 cos ¢(s) — k2 [y1 sin (sk) — 72 cos (sk)] sin p(s)
F3(s) = —~? [y1 cos (sk) + 72 sin (sk)]

where Y0, 71, ¥2, Bo, 81 and (3> are real constants, expressed in terms of the initial conditions on
ai(s), ax(s), b(s), ¢(s) and on the vector F(s) as follows:

Yo = a2(0) + F%(}) +[21(0) — 2(0)] sin? (0) Bo = 3121(0) — 2»(0)] sin (22(0))
o= —%39 B1 = L [F1(0) sin (0) + F(0) cos w(0)] — 2D /()
2=y [F1(0) cos ¢(0) — F»(0) sin 4(0)] B2 = =5 [F1(0) sin 4(0) + F2(0) cos 4(0)]
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Kirchhoff’s equations
o
Cases VIl and VIII

T7=0and kK =0, ¢(s) = ¢o

a1(s) € CY(R) ai(s) € CY(R)
a(s) € CY(R) a(s) € C'(R)
b(s) € C'(R) b(s) =
ki(s)=0 k —
{ ka(s) =0 k;g =0
ks(s) =0 ks(s) = ¢'(s)
Fl(S) =0 s) =
{ F(s)=0 ggs; =
Fs(s) = F3(0) F3(s) = F3(0)

We recall that a;(s) > 0, az(s) > 0 and b(s) > 0

W Il that 0 and oV ith
Vs, with a1(0), a2(0) and b(0) fixed. e recall that ai(s) > 0 and a(s) > 0 Vs, wi

a1(0) and a,(0) fixed; moreover 3 = b(0)y’(0)
must be chosen so that b(s) > 0 Vs.
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Non-Vanishing Torsion

Since all the quantities involved in the previous solutions are physically
constrained, we require that:

@ a1, a» and b are real, positive and bounded;
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Non-Vanishing Torsion

Since all the quantities involved in the previous solutions are physically
constrained, we require that:

@ a1, a» and b are real, positive and bounded;
Q the ki'sand F;'s, i = 1,...,3, are real and bounded.
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Non-Vanishing Torsion

Since all the quantities involved in the previous solutions are physically
constrained, we require that:

@ a1, a» and b are real, positive and bounded;
Q the ki'sand F;'s, i = 1,...,3, are real and bounded.

The second condition will be automatically satisfied if ¢ is real and
satisfying |¢'(s)| # oo Vs.
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Non-Vanishing Torsion

Since all the quantities involved in the previous solutions are physically
constrained, we require that:

@ a1, a» and b are real, positive and bounded;
Q the ki'sand F;'s, i = 1,...,3, are real and bounded.

The second condition will be automatically satisfied if ¢ is real and
satisfying |¢'(s)| # oo Vs.

We discuss how these conditions influence the shape of the solution only
for the 3 case.
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Non-Vanishing Torsion
o

If B, =0, for the bending stiffnesses a; and a, and the twist stiffness b

we get:
ai(s) = Bo
as(s) = éﬁ
b(s) = =5
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Non-Vanishing Torsion

If B, =0, for the bending stiffnesses a; and a, and the twist stiffness b

we get:
ai(s) = Bo
as(s) = éﬁ
bls) = =)

Real and positive values of ai(s) and a(s) require By > 0. At the same
time real, positive and bounded b(s) and bounded ks(s) require

o(s)>—-7, iffL>0
P(s)<—7, ifB <0
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Non-Vanishing Torsion

If B, =0, for the bending stiffnesses a; and a, and the twist stiffness b

we get:
ai(s) = Bo
as(s) = éﬁ
bls) = =)

Real and positive values of ai(s) and a(s) require By > 0. At the same
time real, positive and bounded b(s) and bounded ks(s) require

o(s)>—-7, iffL>0
P(s)<—7, ifB <0

Things get definitely more complicated for the case (3> # 0.
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Non-Vanishing Torsion
L]

We recall that o
v = — and w:\/ﬁz2+72.

.

Using .
81(59(5)) = cos (sw) cotp(s) — T
g2 (s, 9(5)) = = cos (sw) tan (s) — L]

we can rewrite the expressions for a1, a» and b given in the 3rd case as follows:

a1(s) = & [gi(s, ¢(s)) — 1l

ax(s) = 355 lga(s, ¢(s)) — ]

b(S) _ Birw+2P5 sin (sw)

w(T+¢’(s))
where B, m(0)tan o(0) + 22(0) cot (0)
— o2 :431 tanp + a2(0) cotp
P=7T 5 2(0) — a1(0)

M. Argeri, V. Barone, S. De Lillo, G. Lupo, M. Sommacal Continuous elastic rods: Circular helix solutions



Non-Vanishing Torsion
L]

We recall that

'):E and w:\/ﬁz2+72.
-

Using

Sin (sw

g1 (s, 0(s)) = cos (sw) cot p(s) — L)
g2 (s, 4(s)) = — cos (sw) tan () —

1++2

we can rewrite the expressions for a1, a» and b given in the 3rd case as follows:

a1(s) = & [gi(s, ¢(s)) — 1l

ax(s) = 355 lga(s, ¢(s)) — ]

b(S) _ Birw+2P5 sin (sw)

w(T+¢’(s))
where B, m(0)tan o(0) + 22(0) cot (0)
— o2 :431 tanp + a2(0) cotp
P=7T 5 2(0) — a1(0)

Let us consider explicitly only the case (3> > 0 which can be trivially mapped
onto B> < 0.
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Non-Vanishing Torsion
®0000000000

Bending stiffnesses

sin (s w)
Vi
sin (s w)

&2(s,p) = —cos (sw)tanp — Vit

g1(s,0) = cos (sw) cot ¢ —

‘_ On the (s, p)—plane we trace the lines at the points
) @ = n 75 where the cot ¢ and tan o functions in g1
and g diverge.

, G. Lupo, M. Sommacal Continuous elastic rods: cular helix solutions
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Non-Vanishing Torsion
®0000000000

Bending stiffnesses

sin (s w)
Vi
sin (s w)

&2(s,p) = —cos (sw)tanp — Vit

g1(s,0) = cos (sw) cot ¢ —

On the (s, p)—plane we trace the lines at the points
@ = n 75 where the cot ¢ and tan o functions in g1
7 and g» diverge.

©(s) can assume the values n 7 only at the points
"z s such that cos (sw) = 0, namely at the points

% where the coefficients of the cot ¢ and tan ¢
functions in g1 and g» are null.
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Non-Vanishing Torsion
®0000000000

Bending stiffnesses

sin (s w)
Vi
sin (s w)

&2(s,p) = —cos (sw)tanp — Vit

g1(s,0) = cos (sw) cot ¢ —

. On the (s, p)—plane we trace the lines at the points
@ = n 75 where the cot ¢ and tan o functions in g1
and g diverge.

. ©(s) can assume the values n 7 only at the points
s such that cos (sw) = 0, namely at the points
where the coefficients of the cot ¢ and tan ¢

i functions in g1 and g» are null.

=T om oW oW If the function (s) intersects one of the horizontal
lines on the (s, p)—plane, a; and a, will remain
bounded only if this intersection happens at one of
the points s* = % and, at that point,

¢'(s)]s=s~ # O.
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Non-Vanishing Torsion
O®@000000000

Bending stiffnesses

In this way we introduce a lattice on the (s, p)—plane and reduced the
study of the sign and of the boundedness of a; and a, on the minimal
region composed by two adjacent tiles of the lattice.

wmla

3

1

w
'

'
Ml

Continuous elastic rods: Circular helix solutions
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Bending stiffnesses

g1(s; ) = cos (sw) cot p — =2
sin (s w)

g(s;p) = —cos(sw)tanp — i

{ a1(s) :zgiii lg1(si @) — /]

a(s) = [2(s: ) — pl
If
P2 Pc
1
N

then, the functions a; and a> will not be
positive for any point on the (s, ¢)—plane.

In what follows, we will draw in red (respect. in
white) the regions on the tiled (s, ¢)—plane

such that a; and ap are negative (respect.

positive) real functions. &
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p \/+1+72

the two red humped regions in the single
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2 1 1 1
Sp = M + — arcsin | ————
w w pV1+72
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1
< =14+ ——
P \/+1+72

the two red humped regions in the single " :
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7 — h where

h 7rJracot 1 !
= — r —_—
4 g (1+72) p? s
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Vanishing intrinsic twist
o

Case 1

If we are interested on a constant ¢ (dﬁgs) = 0) we have that Kirchhoff’s equations admit
solutions only in the following cases:

@(s)=n%,n€Z and k #0 J

This case describes a ring-like rod if 7 = 0, whereas, if 7 # 0, it describes two
different kinds of Frenet helices, whether n is even or odd.

We recall that a helix featuring zero intrinsic twist with 7 # 0 is usually referred to as
a Frenet helix.

The case ¢ = = is trivially mapped into the case ¢ = 0 by a m-rotation of the cross

ione _ 3m ; —
section; in the same way ¢ = 7” is mapped into ¢ = g
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Vanishing intrinsic twist
°

Case 2

If we are interested on a constant ¢ (dﬁis)

solutions only in the following cases:

= 0) we have that Kirchhoff's equations admit

o(s) = o, po#nF, NnE€EZ xk#0and 7 #0 J

In this case one of the following three sets of conditions must hold:

B2>0

1
PE It
l¢—(2n+1)F| <h, nel
51>le32

B2=0

B1 >0
B2 <0

1
214

¢ —(2n+1)%| <h, nel
ﬁ1<“’Tﬂ2

where

h=Z tarcot 1 !
= — -Tarco —_ .
A G T
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Case 3

intrinsic twist

If we are interested on a constant ¢ (dﬁ—is) = 0) we have that Kirchhoff’s equations admit

solutions only in the following cases:

o(s) =0, po#nE, n€Z k#0and 7 =0

This case describes a ring-like rod featuring a generic angle ¢ # n7.

the present context this type of configuration can be regarded as a
degeneration of the circular helix.
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intrinsic twist

Case 4

If we are interested on a constant ¢ (d%@ = 0) we have that Kirchhoff’s equations admit

solutions only in the following cases:

o(s)=gppand k=7=0 J

This case describes a straight rod featuring a generic angle ¢(s) = ¢o. In
the present context also this type of configuration can be regarded as a
degeneration of the circular helix.
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Conclusions

The results herein presented are part of a big work in progress. Among
the future main tasks we need to
@ Rephrase all these results in terms of an energy minimization
principle
Implement all the obtained calculations in order to have numerical
simulations of different helices

(2]

© Compare these results with the experimental data and molecular
dynamics simulations

()

Study the time dependent problem
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Helix animations

3/10-Helix (¢ = 0)
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