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Modern Theory of nuclear forces

Lectures 1+2: Foundations

@ History
@ Introduction
@ Chiral Perturbation Theory

® Pionless EFT for two nucleons

® NN beyond effective range expansion

® KSW vs Weinberg

® From effective Lagrangian to nuclear forces

Lecture 3: Chiral nuclear forces:
State of the art and applications

Lecture 4: Nuclear lattice simulations
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Effective Theories

==) |t IS crucial to choose a proper resolution !



What'is'an efrective theory+

Example from electrostatics observer

The goal: compute electric potential generated
by a localized charge distribution p(7)

charge
distribution




IS di"ermective

Example from electrostatics

The goal: compute electric potential generated
by a localized charge distribution p(7)

® The ultimate answer: V(}?) X /d3r |1§(r )*l
— T

charge
distribution

observer




what'is

Example from electrostatics observer

The goal: compute electric potential generated
by a localized charge distribution p(7)

charge

e The ultimate answer: V(R) / d*r | Jg(r )*l distribution
- T

e For R > a, only moments of p(7) are needed:

V(R) = —+—ZRP

T (3R,L-Rj — 6, R Q,; +

6R5

with multipole moments (,low-energy constants®):

a=[drp(),  Pi= [drp@)r Q= [drp@)Er — o)
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Example from electrostatics observer

The goal: compute electric potential generated
by a localized charge distribution p(7)

charge

e The ultimate answer: V(R) / d*r | g(r )ql distribution
- T

e For R > a, only moments of p(7) are needed:

V(R) = —+—ZRP

=t (3R,L-Rj — 6, R Q,; +

6R5

with multipole moments (,low-energy constants®):
q = /d374p(7:’), P; = /d37’p(77) T, ng /d3Tp STZT] 5zjr2)

e Getting the right answer without making calculations (and even without knowing p(7))
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Example from electrostatics observer

The goal: compute electric potential generated
by a localized charge distribution p(7)

charge

e The ultimate answer: V(R) / d>r | ]g(r )4| distribution
- T

e For R > a, only moments of p(7) are needed:

V(R) = —+—ZRP

=t (3R,L-Rj — 6, R Q,; +

6R5

with multipole moments (,low-energy constants®):
q = /d374p(7:’), P; = /dgfl’p(F) T, ng /d3Tp STZT] 5zjr2)

e Getting the right answer without making calculations (and even without knowing p(7))

- write down the most general rotationally invariant (symmetry!) expression for V(R)
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Example from electrostatics observer

The goal: compute electric potential generated
by a localized charge distribution p(7)

B o(7) charge
® The ultimate answer: V(R) /d3r 7 distribution
- T

e For R > a, only moments of p(7) are needed:

V(R) = = + —ZRP 6R5 (3R,L-Rj — 0, RHQ,; +

with multipole moments (,low-energy constants®):

a=[drp(),  Pi= [drp@)r Q= [drp@)Er — o)

e Getting the right answer without making calculations (and even without knowing p(7))

- write down the most general rotationally invariant (symmetry!) expression for V(R)
- expected natural size of the LECs (dimensional analysis): ¢ ~a’, P, ~a, Q,; ~a*
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Example from electrostatics observer

The goal: compute electric potential generated
by a localized charge distribution p(7)

B o(7) charge
® The ultimate answer: V(R) /d3r 7 distribution
- T

e For R > a, only moments of p(7) are needed:

V(R) = = + —ZRP 6R5 (3R,L-Rj — 0, RHQ,; +

with multipole moments (,low-energy constants®):

a=[drp(),  Pi= [drp@)r Q= [drp@)Er — o)

e Getting the right answer without making calculations (and even without knowing p(7))
- write down the most general rotationally invariant (symmetry!) expression for V(R)
- expected natural size of the LECs (dimensional analysis): ¢ ~a’, P, ~a, Q,; ~a*
- measure LECs & compute V() via expansion in % (power counting, separation of scales)



Resolution
scale<< 1 fm:
probing the structure

of the nucleons... i |
_ ' antuqu&




(virtual) pions

nucleons

J

Resolution ~ 1 fm :
(momenta ~ 200 MeV)

only n‘s are resolvable
chiral EFT




Resolution ~ a few fm g
(nucl. momenta << M_):

cannot resolve pions
n-less EFT




Chiral Perturbation Theory

Weinberg, Gasser, Leutwyler, Bernard, Kaiser, MeiBner, Bijnens, ...

Some recent review articles

® Bernard, Kaiser, MeiBBner, Int. J. Mod. Phys. E4 (1995) 193
e Pich, Rep. Prog. Phys. 58 (1995) 563

® Bernard, Prog. Part. Nucl. Phys. 60 (2007) 82
® Scherer, Prog. Part. Nucl. Phys. 64 (2010) 1

Lecture notes

® Scherer, Adv. Nucl. Phys. 27 (2003) 277
@ Gasser, Lect. Notes Phys. 629 (2004) 1



e QCD and chiral symmetry gluon mass
dr / E ,/ dr dr {./ ° \ qrL

Lqocp = —3G, GH +qrillar + qrilpar — G Maqr — GrMar, \, \ \ /
~ YT

SU(2), x SU(2)g invariant break chiral symmetry

m, = 15...3.3 MeV

< AQCD ~ 220 MeV
mg = 3.9...6.0 MeV

Light quark masses (MS, y =2 GeV):

—>» Lqcp is approx. SU(2), x SU(2)g invariant

spontaneous breakdown to SU(2),, ¢ SU(2), x SU(2); —» Goldston Bosons (pions)

e Chiral perturbation theory

e |deal world [ m, = mq = 0], zero-energy limit: non-interacting massless GBs
(+ strongly interacting massive hadrons)

e Real world [ m,,, mq < Agep ], low energy: weakly interacting light GBs
(+ strongly interacting massive hadrons)

—> expand about the ideal world (ChPT)
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Pions transform linearly under isospin (isotriplet): |m) = s o) = — |7%) =

Pions have to transform nonlinearly under chiral rotations
(SU(2)L x SU(2)r ~ SO(4) —>» pion fields as coordinates on a 4-dimentional sphere)

Nonlinear field redefinitions of the kind 7 — 7' = # F'[7|, F|0] = 1 do not change physics
—» all nonlinear realizations of ¥y symmetry are equivalent —» use most convenient one!
Haag ’'58; Coleman, Callan, Wess, Zumino ’69
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Pions transform linearly under isospin (isotriplet): |r,) = % o) = % %) = |7°)

Pions have to transform nonlinearly under chiral rotations
(SU(2)L x SU(2)r ~ SO(4) —>» pion fields as coordinates on a 4-dimentional sphere)

Nonlinear field redefinitions of the kind 7 — 7' = # F'[7|, F|0] = 1 do not change physics
—» all nonlinear realizations of ¥y symmetry are equivalent —» use most convenient one!
Haag ’'58; Coleman, Callan, Wess, Zumino ’69

Example of an explicit construction:

Infinitesimal SO(4) rotation ( 7 ) so() ( us ) _ [14x4 +23:9YV¢ +23:9;“Ai] ( T )

of the 4-vector (71, o, 73, 0): o o' = Pt

0 —0y 6V 0 o 0 0 6
3 v 1% 3 -
_ o0 —gv 0 O 0 0 0
where:  Soorvi=| B0 0t 0| Xeta=| 0 0 0 g
i=1 =1
O 0 0 0 —0 -6 —68 0

Switch to nonlinear realization: only 3 out of 4 components of the vector («, o) are
independent, i.e. n? + ¢ = F?

oV . .
T — 71"=7T—|—0V><7'r, «— linear under 6V

A . R
r 5 o =n4 00?2 - 52 <«— nonlinear under 94




Can be rewritten in terms of a 2 x 2 matrix:
1 li lizati 1
U _ F (O_ 12X2 + Zﬂ- ) 7—) noniinear reaizanon } U _ F (m 12X2 + Zﬂ_ ) T)

Chiral rotations: 7 — /' = LURT with L =exp[—i(8" —0%)-7/2], R =exp[—i(8" +6%)-7/2]




Can be rewritten in terms of a 2 x 2 matrix:
1 1i lizati 1
U _ F (0 12X2 + iTl' . T) nonlinear realization N U _ F (m 12X2 n iﬂ' ‘ 7‘)

Chiral rotations: 7 — /' = LURT with L =exp[—i(8" —0%)-7/2], R =exp[—i(8" +6%)-7/2]

Derivative expansion for the effective Lagrangian L.z = £ + 2% + ...

0 derivatives: UU' = U'U = 1 - irrelevant «— only derivative couplings of GBs

2 derivatives: Tr(9,U0*U") 2<% Tr(Lo,URIRo#UTLY) = Tr(0,U0#UT)

F2
—> £ = TTr((?HUa“UT)

derivatives act only on the next U
4 derivatives: [Tr(0,U0"UN*, Tr(0,U0,U")Tr(0"Ud*UT), Tr(0,U0"U0,U0"UT)
(terms with 0,0,U, 0,0,0,U, 0,0,0,0,U can be eliminated via EOM/partial integration)

Chiral symmetry breaking terms
§Lqocp = —qrMqr — GgrM'q; can be made x-invariant by requiring: M — LMR!
—> construct all possible x-invariant terms involving M and freeze out M at the end

2
LO term: §Lgp = bE

Te[MU' + UM'] = 2BF*m, — Bm@ + ... — M2 =2m,B + O(m2)

T —
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The leading and subleading effective Lagrangians for pions

o = Ziouorut v 2aBmu + mut, s i
LW = %@U@MUW + %(@U@,,UU@MU@”UU + %<2BM(U + UM+ .0
— f—;<QBM(U — Uh))? Gasser, Leutwyler '84
Low-energy constants of £ ) g

e F is related to the pion decay constant £: (0.7} (0)|7 (7)) = ip,Fr0"
axial current from £2:  Jy = iTr[r"(U'0,U — U0, U")] = —Fo,n' + ... w
—> [ is I in the chiral limit: £, = F' 4+ O(m,) ~ 92.4 MeV

e B is related to the chiral quark condensate :

Tree-level multi-pion connected diagrams from £?

Tt 7w  wrew 4 o Oum-Otm  M2m?  (Q,m-m)*  M3*r?
U(m) = 1axa +1 R R = +0(mY) — £? = 5 ——5 taom g t
R S N 612‘2 L e all diagrams scale as @’
N /7 N /7 N /7 . . (4) (6)
x = ¥—- o+ o> -+ e insertions from 2% £ ...
RS R RN suppressed by powers of (>
| Q* Q* Q% Q? e remarkable predictive power!

S ———— ——




Tree-level diagrams with higher-order vertices are suppressed at low energy.
The argument can be generalized to quantum corrections (loops) —> ChPT Weinberg '79

Typical example of a loop integral: PAIREN
] \
d'l i bR 4l i ‘oS
r- o f N S
(2m)4 12 — M? + ie a (2m)4 12 — M? + ie £O ;:.(4-:)

M? M? terms vanishing in d=4 A
= 1 2M?L L
1672 1 ( 112 ) + (1) + /

Iud—4

~ 1672

The infinite quantity (u L. onst) can be absorbed into I;'s of LY 1= ()
(1) I

The bottom line: after renormalization, all momenta flowing through loop graphs are soft, ~ @




Tree-level diagrams with higher-order vertices are suppressed at low energy.
The argument can be generalized to quantum corrections (loops) —> ChPT Weinberg '79

Typical example of a loop integral: PRGN
I \
dl i bR 4] i ‘oS
I — / | X 4—d/ | o Neeel__ o ___ o
e E—P+ie " ) @niE— M tie e bt

M? M? terms vanishing in d=4 A
= 1 2M?L L
1672 1 < 112 ) + (1) + /

d—4 ,
The infinite quantity 7.(u) = 2 L. onst) can be absorbed into I;'s of LY 1= ()
2 1672 \d — 4

The bottom line: after renormalization, all momenta flowing through loop graphs are soft, ~ @

Power counting (Naive Dimensional Analysis)

¢ piOﬂ propagators: 1/(]92 N Mﬁ) ~ 1/Q2 # of loops # of vertices with
. . ) d derivatives
e momentum integrations: 44 ~ @* N\, /
e delta functions: §*(p—p') ~ 1/Q* D=2+2L+ E Ny(d —2)
e derivatives: 8, ~Q o d o
power of the soft scale Q for a given diagram




Examples: N RN N el
- ) G
D=2+2L+» Ny(d—2) LN ‘\vl' RN,
d * - —— — —— — * ~

D=2+0+2=4 D=2+2+4+0=4 D=2+44+0=6



Examples:

D=2+2L+» Ny(d—2)
d

N /7

- — £(4)
/7 N

/7 N

* -

D=2+0+2=4

(] P [ - o

/\ - -

\ -

’ \ N _ 2%

\ ) > 1

4 Sy

\ / /7 .\
Bl o . ~

D=2+2+4+0=4 D=2+44+0=6

Scattering amplitude is obtained via an expansion in Q/A,. What is the value of A,?

e Chiral expansion breaks down for £ ~ M, — A, ~ M, =770 MeV




Examples: . . o~ . -
b \\ // '/ \‘ \\ ’4..\
W ) 3G
D=2+2L+» Ny(d—2) LN . R
d ’ -~ Bl o ’ S
D=24+0+2=14 D=2+4+2+0=14 D=2+44+0=6

Scattering amplitude is obtained via an expansion in Q/A,. What is the value of A,?
e Chiral expansion breaks down for £ ~ M, — A, ~ M, =770 MeV
e An upper bound for A, from pion loops: A, ~ 47w F, Manohar, Georgi 84

Lo M? d*l i DR M? M? 1
M? In — + 2u* [ —— it
N 2 /(27r)4 12— M2+ ic @np)e | m i T (d—4+com‘>]




Examples: N RN N el
W ™ ! ! IR
D=2+2L+» Ny(d—2) LN . AR
d ’ -~ Bl o ’ S
D=2+0+2=4 D=2+2+0=4 D=2+440=6

Scattering amplitude is obtained via an expansion in Q/A,. What is the value of A,?
e Chiral expansion breaks down for £ ~ M, — A, ~ M, =770 MeV
e An upper bound for A, from pion loops: A, ~ 47w F, Manohar, Georgi 84

Lo M? d*l i DR M? M? 1
M? In — + 2u%7* [ —— it
N 2 /(2@4 12— M2+ ic @R " T (d—4+com‘)]

dimensional
arguments
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Examples: «
\-/ "
—L
D=2+2L+» Ny(d—2) LN
d 4 -

D=24+0+2=4

A 4
( € c o
/\ -
\ -
/ \ \ a”..\
] \ k’ I
\ I ~ !
’ S,/
\ / ’ ..
Bl o . ~

D=2+24+0=4 D=2+44+0=6

Scattering amplitude is obtained via an expansion in Q/A,. What is the value of A,?

e Chiral expansion breaks down for £ ~ M, — A, ~ M, =770 MeV

e An upper bound for A, from pion loops: A, ~ 47w F, Manohar, Georgi 84

vt F2 2m)4 12 — M? + ie

angular integration in
4 dimensions

\ M? / d*l i DR
(

fi.1° M?

1
M?=—  |In— + 2u% 4| — 5t
(w2 | (3 +eon)|

dimensional
arguments

ddl dQ(] 1—1 1 d—1 d—4 2 3
a1 = 1911 _ [ Bal
/(27r)d /(27r)d/ 2d—17rd/2I‘(d/2)/ _> (47r)2/
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Chiral Perturbation Theory Electric potential
® Most general effective Lagrangian for pions [and matter fields], Most general expression
chiral symmetry! for the electric potential
72 (rotational invariance)
L2 = I@U@“UJr +2B(MU + MUM))

l
LW = Zl<auUa“UT>2+%<aﬂUa,,UT><aﬂUaVUT>+...




Chiral Perturbation Theory

® Most general effective Lagrangian for pions [and matter fields],
chiral symmetry!

F2
T4
LW = %@MUWUUM%@MUa,,UTxaMUaVUTH...

(0,U0"U" + 2B(MU + MUM))

® The size of (ren.) LECs governed by the hard scale A, ~ 1 GeV,
LECs can be calculated (lattice-QCD) or fixed from experiment

Electric potential

Most general expression
for the electric potential
(rotational invariance)

LECs (multipoles) gover-
ned by the size a of p(7),
they can be calculated or
determined from exp.



Chiral Perturbation Theory

® Most general effective Lagrangian for pions [and matter fields],
chiral symmetry!

F2
T4
LW = %@MUWUUM%@MUa,,UTxaMUaVUTH...

(0,U0"U" + 2B(MU + MUM))

® The size of (ren.) LECs governed by the hard scale A, ~ 1 GeV,
LECs can be calculated (lattice-QCD) or fixed from experiment

® Separation of scales: [soft] Q@ ~ M, < A, ~ M, [hard]

A
MJ,T hard scales
M,+

mass gap

T “soft scale

Electric potential

Most general expression
for the electric potential
(rotational invariance)

LECs (multipoles) gover-
ned by the size a of p(7),
they can be calculated or
determined from exp.

[soft] 1/R < 1/a [hard]



Chiral Perturbation Theory

® Most general effective Lagrangian for pions [and matter fields],
chiral symmetry!

F2

G = I(@U@“UT +2B(MU + MUY,

LW = %@MUaﬂUUM%@MU@UU@MUWUTH...

® The size of (ren.) LECs governed by the hard scale A, ~ 1 GeV,
LECs can be calculated (lattice-QCD) or fixed from experiment

® Separation of scales: [soft] Q@ ~ M, < A, ~ M, [hard]

A
Aj\f’ hard scales e Chiral expansion of S-matrix elements
’ (Feynman graphs, power counting, renorm.)
mass gap )
. " E
e > :EDf(_agr>
L

T “soft scale P2 TN P

Electric potential

Most general expression
for the electric potential
(rotational invariance)

LECs (multipoles) gover-
ned by the size a of p(7),
they can be calculated or
determined from exp.

[soft] 1/R < 1/a [hard]

Multipole expansion for
V(R) in powers of a/R



Lowest-order (O(|¢|) = O(M)) effective Lagrangian for a single nucleon:

known functions of the pion fields

_ Y !
ES}, =N (i*y“DM —m + %47#757%) N

Problem (?): new hard mass scale m —» power counting ??

-~ ~ . 3 2 2 1
’ \\ »——% om M0 —m gam log m + ,ud_4 —— + const
' , (4 F)? L d—4
——




—>

M—0 y

om —

m

2

(4rF)2

m 1
log — d—4 [~ t
[og + 1 ( 4—l—cons)]




e

'

s

14
' '

divergence has to be
absorbed by m from the
LO Lagrangian...




M S 7" divergence has to be
— ~ 1] ; | absorbed by m from the
Am b . LO Lagrangian...
«
A}
Problem (?): new hard mass scale m —_power counting ??
AN Moo [ 3g3im? [ m d_4( 1 )}
% \ —>» m—= —-m log — 4 u —— + const
I | (47 F)2 v d—4

Making power counting manifest: The heavy-baryon framework
Jenkins & Manohar '91; Bernard et al. ’92

Pf =(1+~-v)/2 «— projection operators

Y

. < .
N' =™ PN p=emrp N =y U =N <7JD0 + 7& : ﬁ) N’ +O(1/m)

Y Y
large component  small component (heavy)
(massless) — integrated out

\

3gAM3
32 F2
e —————— ———

m disappeared from c% —» power counting manifest! For example: (6m)"" =
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® Resumming leading Log’s

Weinberg, Bijnens, Colangelo, Bissiger, Fuhrer, Kivel, Polyakov, Vladimirov, ...

Leading logs can be computed for higher loops, all orders possible in certain cases

® Combining ChPT and dispersion theory

Colangelo, Gasser, Leutwyler, Bernard, MeiBner, Descotes Genon, Knecht, Stern, Pelaez, Lutz,

® Covariant baryon ChPT
Becher, Leutwyler, Bernard, MeiBner, Kubis, Gegelia, Scherer, Higa, Robilotta, ... P'“\
HB expansion has a very limited convergence range for some types q
of diagrams —» better to resum 1/m recoil corrections up to infinite Pk }W
order (IR-ChPT). Alternatively, use manifestly covariant framework + .7k
appropriate subtraction (EOMS) to enforce power counting p

® ChPT with explicit spin-3/2 degrees of freedom

Hemmert, Bernard, Fettes, MeiBBner, Pascalutsa, Vanderhaeghen, Kaiser, Weise, Gegelia, Scherer, EE, Krebs, ...

A(1232) has low excitation energy ~ 300 MeV —» better to include as an explicit DOF...

® ChPT and/for lattice QCD

Colangelo, Beane, Savage, Jiang, Tiburzi, Procura, Weise, Walker Loud, Bernard, Mei3ner, Rusetsky, Hemmert, ...

Chiral extrapolations, finite volume corrections, quenched ChPT, ...

@ Unitarized ChPT and resonance physics

Oeller, MeiBner, Dobado, Pelaez, Oset, Hanhart, Llanes-Estrada, Kaiser, Weise, ,...
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Not so easy...
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Not so easy...

const. —— Q¢--4Q € donotvanish for
‘ E=0, mg=0

1/Q?

The presence of shallow bound states (2H, 3H, 3He, 4He, ...)
indicates breakdown of perturbation theory even at very
low energy!



Hierarchy of scales in nuclear physics

momenta of the

nucleons
A
my =t
hard scales
Mpw =1
man —my =t
M. soft scales




Hierarchy of scales in nuclear physics

momenta of the A new, soft scale associated with nuclear binding
nucleons Q ~ 1/ag ~ 8.5 MeV(36 MeV) in 1Sp (3S4)
A has to be generated dynamically
(need resummations...)
mN —— T — —
hard scales
Mpw =
man —my =t
M.+ soft scales
1/0,5 ::




Hierarchy of scales in nuclear physics

momenta of the A new, soft scale associated with nuclear binding
nucleons Q ~ 1/ag ~ 8.5 MeV (36 MeV) in 1So (3S4)
has to be generated dynamically
t (need resummations...)
mN - —— —_—
hard scales




Hierarchy of scales in nuclear physics

momenta of the A new, soft scale associated with nuclear binding
nucleons Q ~ 1/as ~ 8.5 MeV(36 McV) in 1Sq (3S4)
has to be generated dynamically
t (need resummations...)
my == — el
hard scales
My =

IET :




Pionless effective field theory

Goal: EFT for NN scattering at typical momenta Q « M

Formulation

o Kaplan, Savage, Wise, Phys. Lett. B424 (98) 390; Nucl. Phys. B534 (98) 329
e Bedaque, Hammer, van Kolck, Phys. Rev. Lett. 92 (99) 463; Nucl. Phys. A646 (99) 444

(Some) recent review articles
@ Beane et al., arXiv:nucl-th/0008064, in Boris loffe Festschrift, ed. By M. Shifman, World Scientific
e Bedaque, van Kolck, Ann. Rev. Nucl. Part. Sci. 52 (02) 339
® Braaten, Hammer, Phys. Rept. 428 (06) 259
@ Hammer, Platter, arXiv:1102.3789
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Blatt, Jackson ’49; Bethe ‘49

Nonrelativistic nucleon-nucleon scattering (uncoupled case): effective-range function

A k‘2l A/

and Fy(k) = k2 cot 6;(k)

. k
Sl(k) € + 7 o l( ) where Tl( ) m Fl(k’) — k2041
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Blatt, Jackson ’49; Bethe ‘49

Nonrelativistic nucleon-nucleon scattering (uncoupled case): effective-range function

A k’2l M

T and Fj(k) = k* ! cot 0;(k)

- k
Si(k) = ek =1 4 i%ﬂ(k) where Tj(k) =

If V(r) satisfies certain conditions, F; is a meromorphic function of k% near the origin

ImFE |

M2
" 4m

EB Re E

T — ——— T——

1 1 \
—» effective range expansion (ERE): [Fl(kz) =——+ 57'1@2 + vokt 4+ v3k® 4 vgk® + ... }

The analyticity domain depends on the range M ' of V(r) defined as M = min(u)

oo

such that / \V(r)|e""dr = oo (for strongly interacting nucleons M = M)
R>0
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Effective Lagrangian: for Q < M, only point-like interactions

V2 1 1 1 -
Log = NT (iao+2v—m)N—§C$(NTN)2—§c§(NT5N)2—Zcf(NTv2N)(NTN)+h.c.+. ,

Scattering amplitude (S-waves):

§—eit— i (M \p, A 1 47 !
2 ’ m kcotd — ik m (—%+%r0k2+v2k4+v3k6—|—...)—z'k:




Effective Lagrangian: for Q < M, only point-like interactions

V2 1 1 -
Log = NT (iﬁg—i—;)N—%C?(NTN)Q—iCS(NTﬁNf—ZCf(NTV2N)(NTN)—|—h.c.—|—. ,
m

Scattering amplitude (S-waves):

ot g (M Np po L AT =
2T ’ m kcotd — ik m (—%+%r0k2+v2k4+vgk6+...)—z'k’

® Natural case

la| ~ Mt el ~ME, ... > T=T+Ti+Th+...=

/ \ ~Q0 ~Q! ~Q2
TO pum— X_ C()

The EFT expansion can be arranged
to match the above expansion for T.

1 / p*+ 1%+ e Using e.g. dimensional or subtractive

ragularization yields:
= ><><>< + >|'< e perturbative expansion for T;
CQ

j e scaling of the LECs: C" ~ Q°

\.




Effective Lagrangian: for Q < M, only point-like interactions

V2 1 1 -
Log = NT (iﬁg—i—;)N—%C?(NTN)Q—iCS(NTﬁNf—ZCf(NTV2N)(NTN)—|—h.c.—|—. ,
m

Scattering amplitude (S-waves):

ot g (M Np po L AT =
2T ’ m kcotd — ik m (—%+%r0k2+v2k4+vgk6+...)—z'k’

® Natural case
4
ol ~ M7V~ MY, L > T=To+ T+ Tt = —— |1 —dak+ (520 —a?) kK +.. |

/ \ ,\,Q(J NQI NQ2
TO = X_ ol

The EFT expansion can be arranged
to match the above expansion for T.

: / PP e Using e.g. dimensional or subtractive
ragularization yields:

1= ><><>< + >|'< e perturbative expansion for T;
CQ

K. ) J e scaling of the LECs: C* ~ Q°

In reality: aig, = —23.741 fm = —16.6 M, ' asg, = —5.42 fm = 3.8 M !




e Large scattering length: |a| > M- Kaplan, Savage, Wise 97

Keep ak fixed, i.e. count a ~ Q%

T 4dr 1 _Am 1 ot ar 12
oom (=2 Irgk? +wokt +uskS +..) —ik m (1 +idak) T 2(a 1+zl<;) T
NQ-I NQO NQl

Notice: perturbation theory for 7' breaks down as it has a pole at || ~ |a| ' < M,

KSW expansion (DR+PDS or subtractive renormalization c° ~ 1/Q, ¢*~1/@? ...)

~

_ Co(u)
7O }.{ e
| [1+C<“> (u+zk)]

02




® Astrophysical reactions Builer, Chen, Kong, Ravndal, Rupak, Savage, ...

e Efimov physics and universality in few-body systems with large 2-body scatt.
Iength (eg PhiIIips/Tjon ,INES®) Braaten, Hammer, MeiBner, Platter, von Stecher, Schmidt, Moroz, ...

® Halo-nuclei Bedaque, Bertulani, Hammer, Higa, van Kolck, Phillips, ...

® Many other topics...

Efimov effect (3-body spectrum) Phillips line
“ K 3 B \'I\\l I I I | I I I | I I I |
IR . _
2 [ ‘\.:;.\.2 —
la, _ € 1:_ \'\'\35.“\-.' -
| 1/a s [ UMY - ]
i TE O — :
@ B . \T\'if\; :
1 :_ \.:'\\.:?.\—:
- : | | | | | | | | | | | | I\\_
2% 8 10 12
E, [MeV]

Braaten, Hammer, Phys. Rept 428 (06) 259



Two nucleons beyond ERE

Goal: EFT for NN scattering at typical momenta Q ~ M,

From pion-less to pion-full: possible scenarios

KSW: treat pion exchange in perturbation theory >< > !

straightforward, analytical calculations, but poor convergence...

Weinberg: both LO contacts & OPEP must be resummed

: : !
numerical results, phenomenologically successful, >< - l
but renormalization rather intransparent...

How to judge whether pion dynamics is properly included?



vioditiec

Both ERE & #-EFT provide an expansion of NN
observables in powers of k/M,. , have the same
validity range and incorporate the same physics

ImFE

—>» ERE ~#-EFT
Beyond n-less EFT: higher energies, LETSs...

Two-range potential V(r) = Vp(r) + Vs(r), M7 > M4

® (k%) is meromorphic in |k| < M /2

2[+1

PP ) = o) ]

® [ M (k) = M (k) +

/' Re F

<« modified effective range function
Haeringen, Kok ’82

Al
fE(k) = hm ( T (— 2ikr)' £ (k, T))
2T o\ (@) 207 FM(E) o
Jost function for v, (r) Jost solution for Vi(r) y
o l 2041 .l ¢L ,"
Mi"(k) = Re (=ik/2) lim d ri (k) /
It o \dr?tt o (k) IIY
‘”121\

Per construction, 7} reduces to £, for v, =0
and is meromorphic in |k| < My /2




and'Cow=Energy Theorems

Example: proton-proton scattering

Fo(k?) = C2(n) k cot[6(k) — 09 (k)] + 2knh(n) = —aiM - %T‘Mk2 + okt 4.
2
where §¢ = arg I'(1 +in), n= o, Ci(n) = T h(n) = Re [\Il(m) — In(n)
\ ) 2k \ e — 1,
Y Y

Coulomb phase shift Sommerfeld factor Digamma function  ¥(z) =T"(z)/I'(2)



c o)\\'L

Example: proton-proton scattering

11,
Fo (k%) = C2(n) k cot[6(k) — 6% (k)] + 2knh(n) = ——r —rMpE2 4o B+

2
2
where 0¢ = arg I'(1 +in), n = o, Ci(n) = T h(n) = Re {\I!(zn) — In(n)
\ J 2k \ e — 1,
Y Y
Coulomb phase shift Sommerfeld factor Digamma function  ¥(z) =T"(z)/I'(2)

MERE and low-energy theorems

Long-range forces impose correlations between the ER coefficients (low-energy theorems)
Cohen, Hansen ’99; Steele, Furnstahl ‘00
The emergence of the LETs can be understood in the framework of MERE:
k,2l+1
FM(K?) = MF(k) + V20T cot [0;(k) — 6} (k)]
l

%_.J
merzomorphlc 2f0r T A T can be computed if the
k* < (Mm/2) long-range force is known

— approximate 7/ (k) by first 1,2,3,... terms in the Taylor expansion in &2
— calculate all “light” quantities
— reconstruct ¢/ (k) and predict all coefficients in the ERE
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V(r) =vpe M f(r) + vge M f(r)

— ~ J - ~
VL Vi
MHT' 2
where f(r) = ; i (Mljr)2

and M; =1.0, vy = —0.875, My =3.75, vy = 7.5 (all in fm-1)

ERE and MERE

a r Vo U3 Vg

Fy [fm"] 5.458 2.432 0.113 0.515 —0.993
FM [fm"] 6.413 —3.986 —2.289 x 10! —5.043 x 102 2.736 x 10%
FM [MZ"] 1.710 —1.063 —0.434 —0.680 2.624

T ————— ——



OV N1

V(r) =vre M7 f(r) +

— ~ /
VL
Mpyr)?
where f(r) = li (ﬂ;r)z

and M; =1.0, vy, = —0.875,

ERE and MERE

a r Vo U3 Vg
Fy [fm"] 5.458 2.432 0.113 0.515 —0.993
FM [fm"] 6.413 —3.986 —2.289 x 10! —5.043 x 102 2.736 x 10%
FM (Mg™ 1.710 —1.063 —0.434 —0.680 2.624
e S ——

Low-Energy Theorems

LO NLO NNLO " Exp”
r 2.447(38) 2.432197161 2.432197161 2.432197161
Vs 0.12(11) 0.1132(29) 0.112815751 0.112815751
Vs 0.61(12) 0.517(16) 0.51533(20) 0.51529
V4 —0.95(5) —0.991(14) —0.9925(11) —0.9928

T — —————



oy 'modael."Low=energ eorems

V(r)=vpe M7 f(r) +

— ~ J
VL
Mpyr)?
where [(r) = li &,Ly

and M; =1.0, vy, = —0.875,

ERE and MERE

a T V2 U3 V4

Fy [fm"] 5.458 2.432 0.113 0.515 —0.993
FM [fm"] 6.4 —3.986 —2.289 x 10! —5.043 x 102 2.736 x 10%
FM (Mg™ 1.710 —1.063 —0.434 —0.680 2.624

R —

Low-Energy Theorems

NLO NNLO " Exp”
2.432197161 2.432197161 2.432197161
0.1132(29) 0.112815751 0.112815751
0.517(16) 0.51533(20) 0.51529
—0.991(14) —0.9925(11) —0.9928

—



oy 'modael."Low=energ eorems

V(r)=vpe M7 f(r) +

— ~ J
VL
Mpyr)?
where [(r) = li &,3@2

and M; =1.0, vy, = —0.875,

ERE and MERE

a r Vo U3 Vg
Fy [fm"] 5.458 2.432 0.113 0.515 —0.993
—2.289 x 10! —5.043 x 102 2.736 x 10*
—0.434 —0.680 2.624
R —

Low-Energy Theorems

LO NLO NNLO " Exp”
r 2.447(38) 2.432197161 2.432197161 2.432197161
Vs 0.12(11) 0.1132(29) 0.112815751 0.112815751
Vs 0.61(12) 0.517(16) 0.51533(20) 0.51529
V4 —0.95(5) —0.991(14) —0.9925(11) —0.9928

——————



where f(r)

and M; =1.0, vy, = —0.875,

(Mpr)?

a 1 + (MHT)2

ERE and MERE

U3

Vg

FO [fm”]
FM [fm"]
£ [Mg™]

1.710 —1.063

NLO

Low-Energy Theorems

0.515 —0.993
—5.043 x 102 2.736 x 10*
—0.680 2.624
T
NNLO "Exp”

V2
U3
()

2.432197161
0.1132(29)
0.517(16)
—0.991(14)

2.432197161

0.112815751
0.51533(20)
—0.9925(11)

2.432197161
0.112815751
0.51529
—0.9928
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Expansion of the long-range potential: 100 T , :
L \
_ Myr)? - 1 1 |
Ve — Mryr ( _ ML’f"l_ _ _] -
T (M2~ MZr2  Mpr?

V, [MeV]
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Expansion of the long-range potential:

(Mgr)?
1 —I- (MHT)2 - ULe

—MLT‘

Vi =wvge

—ML’I" 1 -

1 1
Mzr2 Mpr*

Low-energy theorems (long-range @NNLO, R=0.5fm)

LO NLO NNLO "Exp”
r 2.446(44) 2.432197161 2.432197161 2.432197161
Vs 0.16(13) 0.1135(31) 0.112815751 0.112815751
Vs 0.58(13) 0.519(17) 0.51536(22) 0.51529
V4 —0.93(5) —0.987(13) —0.9925(12) —0.9928
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Full =—
LO mmm
NLO mmm
NNLO memmm
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Predictions for phase shifts (long-range@NNLO, R=0.5fm)

Full —=—
|LO wm
NLO mmm
| NNLO

,,

0 50 100 150 200 250 300 350 400
Ke.m. [MeV]

I " Full —
150 ¢ | LO mm |
NLO
| NNLO mmmm
— 100 I 1
9 dictions
3 predic
© 50
ol S-ave
R
0 50 100 150 200 250 300 350 400
Ke.m. [MeV]
e —

e ——

For an analytical model see: EE, Gegelia, EPJA 41 (2009) 341



| | | . ) | ,
JnNne=pion excnandge:

perturbative or nonperturbative?

Equipped with these tools, one can
rigorously test the proper inclusion of
the long-range force in various pion-full
formulations (Trust but verify... ©)

‘T TINK Mou SHouD &2 MORE
EXPLIAT HERE N STEP TWO,"



Low Energy Theorems at NLO Cohen, Hansen '99

kcotd =—a 1+ %er + vok? + v3kS + v kB + ...
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Low Energy Theorems at NLO Cohen, Hansen '99 N U ( _ 2)
167 F? a2M4 5aM3 M?
k td = — -1 1 ]{:2 4 6 8 o gam B 128 16
0 a T +uak” o+ " 167TF2( 3a2M6 TaM? 3M;§>
é v, (fm3) | v;(fm®) | v, (fm’) || v,({m3) | v;(fm°) | v, (fm7)
theory -3.3 18. -108. -0.95 4.6 -25.
LNPWA -0.5 4.0 -20. 0.04 0.67 -4.0
S— N —
spin-singlet spin-triplet
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Low Energy Theorems at NLO Cohen, Hansen 99

kcotd =—a 1 + %er @4 @6 + kS +

:CM;I
+
R ——

gam 2
167 F2 ( a2M4 5aM3 a M,%)
gam 128 16
167TF2( 3a2M6  TaM? 3M;§>

é v, (fm3) | v;(fm®) | v, (fm’) || v,({m3) | v;(fm°) | v, (fm7)
theory -3.3 18. -108. -0.95 4.6 -25.
kNPWA -0.5 4.0 -20. 0.04 0.67 -4.0
h spir?sﬁglet T spimlet -

Higher-order calculations also show problems in S=1 channels
Mehen, Stewart '00

—» it seems necessary to treat pions non-perturbatively at p ~ M,

150

50

0 100 200

p(MeV)

300



VW, approact

-l e B

Low Energy Theorems: perturbative vs nonperturbative OPE
(cutoff-independent results from EE, Gegelia PLB (2012))

1Sy partial wave | a [fm] | r [fm] | vy [fm?] | vs [fm®] | vy [fm]
KSW fit fit —3.3 18 —108
Weinberg fit 1.50 —1.9 8.6(8) | —37(10)
Nijmegen PWA | —23.7 | 267 | —05 | 4.0 20
351 partial wave | a [fm] | 7 [fm] | vy [fm?] | v3 [fm®] | vy [fmT]
KSW fit fit —0.95 4.6 —25
Weinberg fit 1.60 | —0.05 | 0.8(1) | —4(1)
Nijmegen PWA | 5.42 1.75 0.04 0.67 —4.0

Notice: Lippmann-Schwinger eq. with OPE potential is non-renormalizable

—» calculations are to be done

using a finite cutoff. Cutoff-independent results can be achieved in a semi-relativistic version of LS eq.



= NI - Wwapproachnii TUtSt

® Write down the most general effective Lagrangian for pions and nucleons

— ]_ — —
57(3137 = NT[z@O—g—;fﬁ-Vﬂ'—mr><7r-7i'—|—%<(4a—1)7'-7r(7r5-V7r)—i—2047r2(7'5-V7r))+...]N
2c Cy . c (I =
LR = NUaMPe — SN 4 22 4 B (0,m) - (9'm) — s (rd x V) - V| N

1 1
£, = 5CsN'N NN + SCsN1GN - NigN

® Naively, power counting for

1
a N-nucleon connected v=2-N+2L+) VA; where A;= -2+ gnit d;
Feynman graph is: AN o AN , iﬂ AN ‘o e
. , power o of loops of vertices of type A4;

Weinberg '90
Examples: L§3>< ~ QY £ {»——{ ~ Q" tl*:i ~ Q)

" L%

v = 2 [derivatives] v =4 [loop int.]

— 2 [r-propagator] + 4 [derivatives]

— 4 [2 m-propagators]
— 2 [2 HB nucl. propagators]




o

W=\ W apnroach it Atitcl

@ But... If true, NN scattering would be perturbative!
Diagrams involving NN cuts (i.e. reducible) are enhanced (IR divergent in the my — oo limit)

e R R

—

reducible, enhanced: trreduable
1 o my mN 1 1 N 1 N l
Evv—Be 52— @ Q  Bw-Bs M, Q
' @ Weinberg‘s approach
e Use ChPT to compute irreducible <fo> _ - "
graphs = nuclear forces/currents ©
e Resum enhanced reducible graphs _
by solving the Schrodinger/LS eq. ( 1 ) - <\{"ff> * <Veff> ( 1 )
A _62
(Z — + O(my )>+V2N—|—V3N+V4N+ ]\\If> E|V)
i-1 2my ~—

derived within ChPT




Internucleon potential (MeV)
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27
P, 0,0
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Separation (fm)

2:0

2:5

nternucleon potential (MeV)

From effective Lagrangian
to nuclear forces

(=]
T —T

"' multiple GB
exchange (ChPT)

Separation (fm)

e unified description of nr,
niN and NN

e consistent many-body
forces and currents

e systematically improvable

e bridging different reactions
(electroweak, n-prod., ...)

e precision physics with/from
light nuclei




