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Example from electrostatics
The goal: compute electric potential generated 
by a localized charge distribution



 What is an effective theory? 
observer

charge 
distributionThe ultimate answer:

Example from electrostatics
The goal: compute electric potential generated 
by a localized charge distribution



 What is an effective theory? 
observer

charge 
distributionThe ultimate answer:

For            , only moments of          are needed:

with multipole moments („low-energy constants“):

4He 8Be 12C 16O

LO [Q0], in MeV −28.0(3) −57(2) −96(2) −144(4)
NLO [Q2], in MeV −24.9(5) −47(2) −77(3) −116(6)
NNLO [Q3], in MeV −28.3(6) −55(2) −92(3) −135(6)
Experiment, in MeV −28.30 −56.5 −92.2 −127.6

R � a

a+ = (7.6± 3.1)× 10−3M−1
π (1)

a− = (86.1± 0.9)× 10−3M−1
π (2)

m∆ −mN ∼ Mπ (3)

V static
3N =

22�

i=1

Gi(�σ1,�σ2,�σ3, τ 1, τ 2, τ 3,�r12,�r23) Fi(r12, r23, r31) + permutations

(4)

c∆3 = −2c∆4 = − 4h2
A

9(m∆ −mN)
� −2.7 GeV−1 (5)

Q ∼ Mπ (6)

∼ 1
m∆−mN

(7)

∼ 1
(m∆−mN )2

, . . . (8)

∼ 1
m∆−mN

, 1
(m∆−mN )2

, . . . (9)

V3N =
22�

i=1

Gi Fi(r12, r23, r31) + perm. (10)

c3 ∼ −5 GeV−1

L = 11.8 fm

V2π =
�σ1 · �q1 �σ3 · �q3

[q21 +M2
π ] [q

2
3 +M2

π ]

�
τ 1 · τ 3 A(q2) + τ 1 × τ 3 · τ 2 �q1 × �q3 · �σ2 B(q2)

�

1

V (�R ) =
q

R
+

1

R3

�

i

RiP i +
1

6R5

�

ij

(3RiRj − δijR
2)Qij + . . . (1)

a

R
(2)

q ∼ a0, P ∼ a, Q ∼ a2, . . .
a/R

a+ = (7.6± 3.1)× 10−3M−1
π (3)

a− = (86.1± 0.9)× 10−3M−1
π (4)

m∆ −mN ∼ Mπ (5)

V static
3N =

22�

i=1

Gi(�σ1,�σ2,�σ3, τ 1, τ 2, τ 3,�r12,�r23) Fi(r12, r23, r31) + permutations

(6)

c∆3 = −2c∆4 = − 4h2
A

9(m∆ −mN)
� −2.7 GeV−1 (7)

Q ∼ Mπ (8)

∼ 1
m∆−mN

(9)

∼ 1
(m∆−mN )2

, . . . (10)

∼ 1
m∆−mN

, 1
(m∆−mN )2

, . . . (11)

V3N =
22�

i=1

Gi Fi(r12, r23, r31) + perm. (12)

c3 ∼ −5 GeV−1

L = 11.8 fm

V2π =
�σ1 · �q1 �σ3 · �q3

[q21 +M2
π ] [q

2
3 +M2

π ]

�
τ 1 · τ 3 A(q2) + τ 1 × τ 3 · τ 2 �q1 × �q3 · �σ2 B(q2)

�

1

q ∼ a0, P i ∼ a, Qij ∼ a2, . . . (1)

q =
�
d3r ρ(�r ), P i =

�
d3r ρ(�r ) ri, Qij =

�
d3r ρ(�r )(3rirj − δijr

2)

(2)

V (�R ) =
q

R
+

1

R3

�

i

RiP i +
1

6R5

�

ij

(3RiRj − δijR
2)Qij + . . . (3)

a

R
(4)

q ∼ a0, P ∼ a, Q ∼ a2, . . .
a/R

a+ = (7.6± 3.1)× 10−3M−1
π (5)

a− = (86.1± 0.9)× 10−3M−1
π (6)

m∆ −mN ∼ Mπ (7)

V static
3N =

22�

i=1

Gi(�σ1,�σ2,�σ3, τ 1, τ 2, τ 3,�r12,�r23) Fi(r12, r23, r31) + permutations

(8)

c∆3 = −2c∆4 = − 4h2
A

9(m∆ −mN)
� −2.7 GeV−1 (9)

Q ∼ Mπ (10)

∼ 1
m∆−mN

(11)

∼ 1
(m∆−mN )2

, . . . (12)

∼ 1
m∆−mN

, 1
(m∆−mN )2

, . . . (13)

1

Example from electrostatics
The goal: compute electric potential generated 
by a localized charge distribution
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Example from electrostatics
The goal: compute electric potential generated 
by a localized charge distribution

Getting the right answer without making calculations (and even without knowing        )
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Example from electrostatics
The goal: compute electric potential generated 
by a localized charge distribution

Getting the right answer without making calculations (and even without knowing        )
- write down the most general rotationally invariant (symmetry!) expression for      
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Example from electrostatics
The goal: compute electric potential generated 
by a localized charge distribution
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Getting the right answer without making calculations (and even without knowing        )
- write down the most general rotationally invariant (symmetry!) expression for      
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 NN interaction at different resolutions 

Resolution 
scale << 1 fm: 

probing the structure
of the nucleons…

nucleons

(virtual) pions

Resolution ~ 1 fm
(momenta ~ 200 MeV)
only πʻs are resolvable 

chiral EFT

Resolution ~ a few fm  
(nucl. momenta << Mπ):
cannot resolve pions

π-less EFT
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 Chiral symmetry of QCD
QCD and chiral symmetry

SU(2)L x SU(2)R  invariant break chiral symmetry

Chiral perturbation theory
Ideal world [                       ], zero-energy limit: non-interacting massless GBs 
(+ strongly interacting massive hadrons) 

Real world [                            ], low energy: weakly interacting light GBs 
(+ strongly interacting massive hadrons) 

expand about the ideal world (ChPT)

Light quark masses (                    ):MS, µ = 2 GeV

1

      is approx. SU(2)L x SU(2)R invariant 

spontaneous breakdown to SU(2)V ⊂ SU(2)L x SU(2)R          Goldston Bosons (pions)

mu = 1.5 . . . 3.3 MeV

md = 3.5 . . . 6.0 MeV

ms ∼ 92 MeV

1

� ΛQCD ∼ 220 MeV �

1

mu = md = 0

1

mu, md � ΛQCD

1



 Effective Lagrangian for pions
Pions transform linearly under isospin (isotriplet):

Pions have to transform nonlinearly under chiral rotations 
(SU(2)L x SU(2)R ~ SO(4)          pion fields as coordinates on a 4-dimentional sphere) 

Nonlinear field redefinitions of the kind                                          do not change physics        
       all nonlinear realizations of χ symmetry are equivalent          use most convenient one!

Haag ʼ58; Coleman, Callan, Wess, Zumino ʼ69 
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Example of an explicit construction: 

Infinitesimal  SO(4)  rotation 
of the 4-vector                    :

where:

Switch to nonlinear realization: only 3 out of 4 components of the vector             are 
independent, i.e. 

linear under 
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Can be rewritten in terms of a 2 x 2 matrix:

Chiral rotations: with 

 Effective Lagrangian for pions
nonlinear realization
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derivatives act only on the next U

Derivative expansion for the effective Lagrangian
0 derivatives:                           - irrelevant          only derivative couplings of GBs 

2 derivatives:

4 derivatives:

Chiral symmetry breaking terms
can be made χ-invariant by requiring: δLQCD = −q̄LMqR − q̄RM†qL (1)

|π1� =
|π+� − |π−�√

2
, |π2� =

|π+�+ |π−�√
2i

, |π3� = |π0� (2)

Kq

ε (3)

∆Eb ≡ E8 − 2E4 , (4)

∆Eh ≡ E�
12
− E8 − E4 (5)

r
3α � 3

3
2N3

α

�
2πh̄2

MαkBT

�3 Γγ

h̄
exp

�

− ε

k
B
T

�

, (6)

ε ≡ ∆Eb +∆Eh = E�
12
− 3E4 = 379.47(18) keV . (7)

ELO(t) = −a−1

t
log[Z(t+ αt)/Z(t)] (8)

E(N
t
) = E(∞) + c

E
exp(−N

t
/τ), (9)

Lt → ∞ (10)

Zij

A
(t) = �Ψi

A
| exp(−tH)|Ψj

A
� (11)

EA = − lim
t→∞

d(lnZA)

dt
(12)

EA = − lim
t→∞

d(lnZA)/dt (13)

Zij

LO
(t) = �Ψi

A
| exp(−tHLO)|Ψj

A
� (14)

ZO

A
(t) = �ΨA| exp(−tH/2)O exp(−tH/2)|ΨA� (15)

VLO3 = C0,1 f(q)
(1− �σi · �σj)

4

(3 + τ i · τ j)

4
+ C1,0 f(q)

(3 + �σi · �σj)

4

(1− τ i · τ j)

4
− g2

A

4F 2
π

�σi · �q �σj · �q
q2 +M2

π

τ i·τ j

(16)

1

δLQCD = −q̄LMqR − q̄RM†
qL (1)

M → LMR
† (2)

(3)

(4)

(5)

(6)

(7)

|π1� =
|π+� − |π−�√

2
, |π2� =

|π+�+ |π−�√
2i

, |π3� = |π0� (8)

K
q
ε (9)

∆Eb ≡ E8 − 2E4 , (10)

∆Eh ≡ E
�
12
− E8 − E4 (11)

r
3α � 3

3
2N

3

α

�
2πh̄2

MαkBT

�3 Γγ

h̄
exp

�

− ε

k
B
T

�

, (12)

ε ≡ ∆Eb +∆Eh = E
�
12
− 3E4 = 379.47(18) keV . (13)

ELO(t) = −a
−1

t log[Z(t+ αt)/Z(t)] (14)

E(Nt) = E(∞) + cE exp(−Nt/τ), (15)

Lt → ∞ (16)

Z
ij
A (t) = �Ψi

A| exp(−tH)|Ψj
A� (17)

1

construct all possible χ-invariant terms involving       and freeze out       at the end 

δLQCD = −q̄LMqR − q̄RM†
qL (1)

M → LMR
† (2)

(3)

(4)

(5)

(6)

(7)

|π1� =
|π+� − |π−�√

2
, |π2� =

|π+�+ |π−�√
2i

, |π3� = |π0� (8)

K
q
ε (9)

∆Eb ≡ E8 − 2E4 , (10)

∆Eh ≡ E
�
12
− E8 − E4 (11)

r
3α � 3

3
2N

3

α

�
2πh̄2

MαkBT

�3 Γγ

h̄
exp

�

− ε

k
B
T

�

, (12)

ε ≡ ∆Eb +∆Eh = E
�
12
− 3E4 = 379.47(18) keV . (13)

ELO(t) = −a
−1

t log[Z(t+ αt)/Z(t)] (14)

E(Nt) = E(∞) + cE exp(−Nt/τ), (15)

Lt → ∞ (16)

Z
ij
A (t) = �Ψi

A| exp(−tH)|Ψj
A� (17)

1

δLQCD = −q̄LMqR − q̄RM†
qL (1)

M → LMR
† (2)

(3)

(4)

(5)

(6)

(7)

|π1� =
|π+� − |π−�√

2
, |π2� =

|π+�+ |π−�√
2i

, |π3� = |π0� (8)

K
q
ε (9)

∆Eb ≡ E8 − 2E4 , (10)

∆Eh ≡ E
�
12
− E8 − E4 (11)

r
3α � 3

3
2N

3

α

�
2πh̄2

MαkBT

�3 Γγ

h̄
exp

�

− ε

k
B
T

�

, (12)

ε ≡ ∆Eb +∆Eh = E
�
12
− 3E4 = 379.47(18) keV . (13)

ELO(t) = −a
−1

t log[Z(t+ αt)/Z(t)] (14)

E(Nt) = E(∞) + cE exp(−Nt/τ), (15)

Lt → ∞ (16)

Z
ij
A (t) = �Ψi

A| exp(−tH)|Ψj
A� (17)

1

δLQCD = −q̄LMqR − q̄RM†qL (1)

M → LMR† (2)

δLSB =
BF 2

2
Tr[MU † + UM†] = 2BF 2mq − Bmq�π

2 + . . . (3)

(4)

(5)

(6)

(7)

|π1� =
|π+� − |π−�√

2
, |π2� =

|π+�+ |π−�√
2i

, |π3� = |π0� (8)

Kq
ε (9)

∆Eb ≡ E8 − 2E4 , (10)

∆Eh ≡ E�
12
− E8 − E4 (11)

r
3α � 3

3
2N3

α

�
2πh̄2

MαkBT

�3 Γγ

h̄
exp

�

− ε

k
B
T

�

, (12)

ε ≡ ∆Eb +∆Eh = E�
12
− 3E4 = 379.47(18) keV . (13)

ELO(t) = −a−1

t log[Z(t+ αt)/Z(t)] (14)

E(Nt) = E(∞) + cE exp(−Nt/τ), (15)

Lt → ∞ (16)

1

LO term:



The leading and subleading effective Lagrangians for pions
terms involving 
external fields

 Effective Lagrangian for pions
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Pion decay II

• If we’re going to have some unknown factor appearing in our results, we
should make the rest of the calculation as simple as possible.

• Let’s model π− decay by:

W

π−

ν̄! #

where the π W interaction at the blob is described by the vertex factor

−igw

2
√

2
fπpµ

π

the pion is spin 0 so the interaction must be a scalar (no gamma matricies)

and it must be a 4-vector (the simplest choice is p of the pion)

Physics 506A 15 - Charged Weak Interaction Page 5
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 From effective Lagrangian to S-matrix
Tree-level diagrams with higher-order vertices are suppressed at low energy. 
The argument can be generalized to quantum corrections (loops)          ChPT Weinberg ʼ79 

Figure 3: Tadpole contribution from L
(2)
π (left) and tree contribution from L

(4)
π (right) to the pion self

energy.

first need to clarify an important issue related to the counting of virtual momenta which are being
integrated over in the loop integrals. What scale do we associate with such virtual momenta? When
calculating Feynman diagrams in ChPT, one generally encounters two kinds of loop integrals. First,
there are cases in which the integrand dies out fast enough when the loop momenta go to infinity so
that the corresponding integrals are well-defined. Since the hard scale only enters the LECs and thus
factorizes out, the integrands involve only soft scales (external momenta and the pion mass) and the
loop momenta. Given that the integration is carried over the whole range of momenta, the resulting
mass dimension of the integral is obviously driven by the soft scales. Thus, in this case we can safely
count all virtual momenta as the soft scale. The second kind of integrals involves ultraviolet divergences
and requires regularization and renormalization. Choosing renormalization conditions in a suitable way,
one can ensure that virtual momenta are (effectively) of the order of the soft scale. This is achieved
automatically if one uses a mass-independent regularization such as e.g. dimensional regularization
(DR). Consider, for example, the integral

I =

�
d4l

(2π)4
i

l2 −M2 + i�
, (3.38)

that enters the pion self energy due to the tadpole diagram shown in Fig. 3. Evaluating this quadratically
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where γE is the Euler constant and µ is the scale introduced by dimensional regularization and the
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, Γ�(1) = −0.577215 . . . . (3.40)

The second term on the right-hand side of the above expression diverges in the limit d → 4 but can

be absorbed into an appropriate redefinition of the LECs in L
(4)
π (renormalization). Notice that, as

desired, the mass dimension of the finite term is driven by the soft scale M . I further emphasize
that the scale µ introduced by dimensional regularization has to be chosen of the order µ ∼ Mπ in
order to prevent the appearance of large logarithms in DR expressions. Last but not least, note that
one can, in principle, use different regularization methods such as e.g. cutoff regularization provided

16

Typical example of a loop integral:
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 From effective Lagrangian to S-matrix
Tree-level diagrams with higher-order vertices are suppressed at low energy. 
The argument can be generalized to quantum corrections (loops)          ChPT Weinberg ʼ79 

Figure 3: Tadpole contribution from L
(2)
π (left) and tree contribution from L

(4)
π (right) to the pion self

energy.

first need to clarify an important issue related to the counting of virtual momenta which are being
integrated over in the loop integrals. What scale do we associate with such virtual momenta? When
calculating Feynman diagrams in ChPT, one generally encounters two kinds of loop integrals. First,
there are cases in which the integrand dies out fast enough when the loop momenta go to infinity so
that the corresponding integrals are well-defined. Since the hard scale only enters the LECs and thus
factorizes out, the integrands involve only soft scales (external momenta and the pion mass) and the
loop momenta. Given that the integration is carried over the whole range of momenta, the resulting
mass dimension of the integral is obviously driven by the soft scales. Thus, in this case we can safely
count all virtual momenta as the soft scale. The second kind of integrals involves ultraviolet divergences
and requires regularization and renormalization. Choosing renormalization conditions in a suitable way,
one can ensure that virtual momenta are (effectively) of the order of the soft scale. This is achieved
automatically if one uses a mass-independent regularization such as e.g. dimensional regularization
(DR). Consider, for example, the integral

I =
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, (3.38)

that enters the pion self energy due to the tadpole diagram shown in Fig. 3. Evaluating this quadratically
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where γE is the Euler constant and µ is the scale introduced by dimensional regularization and the
quantity L(µ) is given by
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The second term on the right-hand side of the above expression diverges in the limit d → 4 but can

be absorbed into an appropriate redefinition of the LECs in L
(4)
π (renormalization). Notice that, as

desired, the mass dimension of the finite term is driven by the soft scale M . I further emphasize
that the scale µ introduced by dimensional regularization has to be chosen of the order µ ∼ Mπ in
order to prevent the appearance of large logarithms in DR expressions. Last but not least, note that
one can, in principle, use different regularization methods such as e.g. cutoff regularization provided
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Power counting (Naive Dimensional Analysis)

pion propagators:
momentum integrations:
delta functions:
derivatives: 

# of loops # of vertices with  
d derivatives

power of the soft scale Q for a given diagram
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Scattering amplitude is obtained via an expansion in           .  What is the value of     ?
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 ChPT vs Multipole Expansion
Chiral Perturbation Theory Electric potential 

Most general effective Lagrangian for pions [and matter fields],
chiral symmetry!

Most general expression 
for the electric potential 
(rotational invariance) 
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(Feynman graphs, power counting, renorm.)

p1

p2

p3

pn

pn-1

pn-2



known functions of the pion fields

Problem (?): new hard mass scale  m          power counting ??   

Lowest-order (                           ) effective Lagrangian for a single nucleon:

 Inclusion of the nucleons



known functions of the pion fields

Problem (?): new hard mass scale  m          power counting ??   

Lowest-order (                           ) effective Lagrangian for a single nucleon:

 Inclusion of the nucleons



known functions of the pion fields

Problem (?): new hard mass scale  m          power counting ??   

Lowest-order (                           ) effective Lagrangian for a single nucleon:

 Inclusion of the nucleons

divergence has to be 
absorbed by m from the 
LO Lagrangian… 



known functions of the pion fields

Problem (?): new hard mass scale  m          power counting ??   

Lowest-order (                           ) effective Lagrangian for a single nucleon:

 Inclusion of the nucleons

 m disappeared from                  power counting manifest! For example:

Making power counting manifest: The heavy-baryon framework
Jenkins & Manohar ʼ91;  Bernard et al. ʼ92

projection operators

small component (heavy)
— integrated out 

large component
(massless)

divergence has to be 
absorbed by m from the 
LO Lagrangian… 



 (Some) Current topics in and beyond ChPT
Resumming leading Logʼs 

Covariant baryon ChPT

Unitarized ChPT and resonance physics

Combining ChPT and dispersion theory

ChPT with explicit spin-3/2 degrees of freedom

ChPT and/for lattice QCD

Leading logs can be computed for higher loops, all orders possible in certain cases
Weinberg, Bijnens, Colangelo, Bissiger, Fuhrer, Kivel, Polyakov, Vladimirov, …

Colangelo, Gasser, Leutwyler, Bernard, Meißner, Descotes Genon, Knecht, Stern, Pelaez, Lutz,   …

HB expansion has a very limited convergence range for some types 
of diagrams          better to resum 1/m recoil corrections up to infinite 
order (IR-ChPT). Alternatively, use manifestly covariant framework + 
appropriate subtraction (EOMS) to enforce power counting

Becher, Leutwyler, Bernard, Meißner, Kubis, Gegelia, Scherer, Higa, Robilotta, …

Δ(1232) has low excitation energy ~ 300 MeV          better to include as an explicit DOF…
Hemmert, Bernard, Fettes, Meißner, Pascalutsa, Vanderhaeghen, Kaiser, Weise, Gegelia, Scherer, EE, Krebs, …

Chiral extrapolations, finite volume corrections, quenched ChPT, …
Colangelo, Beane, Savage, Jiang, Tiburzi, Procura, Weise, Walker Loud, Bernard, Meißner, Rusetsky, Hemmert, …

Oeller, Meißner, Dobado, Pelaez, Oset, Hanhart, Llanes-Estrada, Kaiser, Weise, ,…



 From one nucleon to few:
Not so easy…

1, 2,…MANY



 From one nucleon to few:
Not so easy…

1, 2,…MANY

The presence of shallow bound states (2H, 3H, 3He, 4He, …) 
indicates breakdown of perturbation theory even at very 
low energy!

How to organize EFT in the non-perturbative regime?

do not vanish for const.
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Pionless effective field theory

(Some) recent review articles 
Beane et al., arXiv:nucl-th/0008064, in Boris Ioffe Festschrift, ed. By M. Shifman, World Scientific
Bedaque, van Kolck, Ann. Rev. Nucl. Part. Sci. 52 (02) 339
Braaten, Hammer, Phys. Rept. 428 (06) 259  
Hammer, Platter, arXiv:1102.3789

Formulation 
Kaplan, Savage, Wise, Phys. Lett. B424 (98) 390;  Nucl. Phys. B534 (98) 329
Bedaque, Hammer, van Kolck, Phys. Rev. Lett. 92 (99) 463;  Nucl. Phys. A646 (99) 444 

Goal: EFT for NN scattering at typical momenta Q ≪ Mπ



Nonrelativistic nucleon-nucleon scattering (uncoupled case): 

where and

effective-range function

 Effective Range Expansion
Blatt, Jackson ʼ49;  Bethe ʻ49 
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effective-range function
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If         satisfies certain conditions,     is a meromorphic function of     near the origin
          

effective range expansion (ERE):

such that

The analyticity domain depends on the range         of         defined as 

(for strongly interacting nucleons              )M = Mπ

� ∈
�
Mπ

Λχ
,

pi
Λχ

,
m∆ −mN

Λχ

�

1



Scattering amplitude (S-waves):

Effective Lagrangian:  for                only point-like interactions

 Pionless EFT: natural scattering length



Scattering amplitude (S-waves):

Effective Lagrangian:  for                only point-like interactions

 Pionless EFT: natural scattering length

Natural case

~Q0 ~Q1 ~Q2

+

T1=

T0=

T2=

The EFT expansion can be arranged 
to match the above expansion for T. 

Using e.g. dimensional or subtractive 
ragularization yields:

perturbative expansion for T;
scaling of the LECs: 

�
d3l

m

p2 + l2 + i�
∼ mQ (1)

In the KSW approach the scattering amplitude is calculated as an expan-

sion in small parameter

A = A−1 +A0 +A1 + · · · . (2)

Below we give the expressions of the perturbative amplitudes up to NLO.

They coincide with the corresponding results of the KSW approach up to

(small) higher order corrections.

The leading order amplitude has the form
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p2 = −ν2 with the result

IR(p, ν) = I(p)− I(i ν) = −m(ν + i p)

4π
+O(p2, ν2

). (5)

The NLO correction to the amplitude consists of five contributions. First

we give the result of the two diagrams with NLO contact interaction vertex

A
(I)
0 = −A

2
−1

�
2C2p2

C2
+

2C2 I3
C

�

,

I3 = −m2
N

2

µ3−n

(2 π)n

� dnk
�
p0 +

�
k2 +m2

N

�

k2 +m2
N

=

m3
N

�
λ̄mN + 2mN ln

µ
mN

+ 2π
�
m2

N + p2 +mN

�

16π2
,

A
(V )
0 = −D2M2

C2

�
m2

N + p2 A2
−1

mN
. (6)

1



Scattering amplitude (S-waves):

Effective Lagrangian:  for                only point-like interactions

In reality:

 Pionless EFT: natural scattering length

Natural case

~Q0 ~Q1 ~Q2

+

T1=

T0=

T2=

The EFT expansion can be arranged 
to match the above expansion for T. 

Using e.g. dimensional or subtractive 
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Large scattering length: Kaplan, Savage, Wise ʼ97

Keep       fixed,  i.e. count               :

~Q-1 ~Q0 ~Q1

Notice:  perturbation theory for      breaks down as it has a pole at                          

KSW expansion (DR+PDS or subtractive renormalization                                        )

 Pionless EFT: large scattering length



 Pionless EFT: (some) applications
Butler, Chen, Kong, Ravndal, Rupak, Savage, …

Braaten, Hammer, Meißner, Platter, von Stecher, Schmidt, Moroz, …

Bedaque, Bertulani, Hammer, Higa, van Kolck, Phillips, … 

Phillips lineEfimov effect (3-body spectrum)

Astrophysical reactions

Efimov physics and universality in few-body systems with large 2-body scatt. 
length (e.g. Phillips/Tjon „lines“)

Halo-nuclei

Many other topics… 

Braaten, Hammer, Phys. Rept 428 (06) 259 



 
Two nucleons beyond ERE
Goal: EFT for NN scattering at typical momenta Q ~ Mπ

KSW: treat pion exchange in perturbation theory

Weinberg: both LO contacts & OPEP must be resummed

straightforward, analytical calculations, but poor convergence...

numerical results, phenomenologically successful, 
but renormalization rather intransparent...

From pion-less to pion-full: possible scenarios

≪

~

How to judge whether pion dynamics is properly included? 



 Modified Effective Range Expansion (MERE)
Both ERE & π-EFT provide an expansion of NN 
observables in powers of          , have the same 
validity range and incorporate the same physics

ERE  ~ π-EFT

is meromorphic in

Two-range potential                                 ,  

modified effective range function

Jost function for Jost solution for 

Per construction,       reduces to     for 
and is meromorphic in 

Haeringen, Kok ʼ82

Beyond π-less EFT:  higher energies, LETs...



Example: proton-proton scattering

where                             ,                ,                            ,

Coulomb phase shift Sommerfeld factor Digamma function

 MERE and Low-Energy Theorems



Example: proton-proton scattering

where                             ,                ,                            ,

Coulomb phase shift Sommerfeld factor Digamma function

 MERE and Low-Energy Theorems

MERE and low-energy theorems
Long-range forces impose correlations between the ER coefficients (low-energy theorems)
Cohen, Hansen ʼ99; Steele, Furnstahl ʻ00

The emergence of the LETs can be understood in the framework of MERE:

meromorphic  for can be computed if the 
long-range force is known

− approximate              by first 1,2,3,…  terms in the Taylor expansion in 
− calculate all “light” quantities
− reconstruct           and predict all coefficients in the ERE



where

and (all in fm-1)

 Toy model: Low-energy theorems
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TABLE II: Usual effective range parameters for the two-potential toy model of Eq. (33) and its corresponding “chiral” expansion
in units of the inverse light mass scale. The ERE coefficients for the two-potential toy model are treated as the “experimental”
data we want to reproduce with the “chiral” effective theory of Sect. (??). The effective parameters are computed at the finite
cut-off raddi rc = 0.5/mL, which we take as representative of the main features we expect to see in the “chiral” expansion. The
error in the effective theory parameters are calculated from the naive estimations of Eq. (42). We only show the effective ERE
parameters with four significant digits at most, less if the “experimental” parameter cannot be determined with this accuracy.
However, as can be appreciated, the error in certain cases does not happen until the fith digit or beyond.
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L

Wave αNLO
0 rNLO

0 vNLO
2 vNLO

3 vNLO
4

s 5.532/mL 2.465/mL {0.1160, 0.1203}/m3
L {0.5432, 0.5678}/m5

L {−1.084,−1.063}/m7
L

p −16.22/m3
L 0.06952mL {1.014, 1.014}/mL {−0.2947,−0.2917}/m3

L {0.565, 0.575}/m5
L

d −13.98/m5
L 1.069m3

L {0.7490, 0.7490}mL {0.9722, 0.9724}/mL {−0.21,−0.20}/m3
L

Wave αNNLO
0 rNNLO

0 vNNLO
2 vNNLO

3 vNNLO
4

s 5.532/mL 2.465/mL 0.1174/m3
L {0.5512, 0.5516}/m5

L {−1.079,−1.077}/m7
L

p −16.22/m3
L 0.06952mL 1.014/mL {−0.2938,−0.2937}/m3

L {0.568, 0.568}/m5
L

d −13.98/m5
L 1.069m3

L 0.7490mL {0.9722, 0.9722}/mL {−0.21,−0.21}/m3
L

0 0.5 1 1.5 2 2.5 3
r  [fm]

0

100

200

300

V
  [

M
eV

]

VL
VS
V

0 0.2 0.4 0.6 0.8 1
r  [fm]

-150

-100

-50

0

50

100

V
L  [

M
eV

]

VL
(0)

VL
(2)

VL
(4)

VL
(6)

VL

FIG. 1: Left panel: the long-range, short-range and full toy model potential in Eq. (33) versus the distance between the
nucleons. Right panel: “chiral expansion” of the long-range part of the potential as explained in the text.

the potential generates an S-wave bound state at B ! 2.23MeV which mimics the deuteron. The resulting potential
is depicted in Fig. 1 and possesses a long-range attraction and the repulsive core at short distances. These features
as well as the magnitude of the potential at intermediate and long distances are in a qualitative agreement with the
realistic case of nucleon-nucleon interaction.

We further emphasize that the nucleons in our toy world are spinless and we do not distinguish between the isospin
quantum numbers.

As already pointed out before, the important feature of the model is that its long-range part admits an expansion

ERE and MERE



where
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TABLE II: Usual effective range parameters for the two-potential toy model of Eq. (33) and its corresponding “chiral” expansion
in units of the inverse light mass scale. The ERE coefficients for the two-potential toy model are treated as the “experimental”
data we want to reproduce with the “chiral” effective theory of Sect. (??). The effective parameters are computed at the finite
cut-off raddi rc = 0.5/mL, which we take as representative of the main features we expect to see in the “chiral” expansion. The
error in the effective theory parameters are calculated from the naive estimations of Eq. (42). We only show the effective ERE
parameters with four significant digits at most, less if the “experimental” parameter cannot be determined with this accuracy.
However, as can be appreciated, the error in certain cases does not happen until the fith digit or beyond.
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FIG. 1: Left panel: the long-range, short-range and full toy model potential in Eq. (33) versus the distance between the
nucleons. Right panel: “chiral expansion” of the long-range part of the potential as explained in the text.

the potential generates an S-wave bound state at B ! 2.23MeV which mimics the deuteron. The resulting potential
is depicted in Fig. 1 and possesses a long-range attraction and the repulsive core at short distances. These features
as well as the magnitude of the potential at intermediate and long distances are in a qualitative agreement with the
realistic case of nucleon-nucleon interaction.

We further emphasize that the nucleons in our toy world are spinless and we do not distinguish between the isospin
quantum numbers.

As already pointed out before, the important feature of the model is that its long-range part admits an expansion

ERE and MERE

Low-Energy Theorems
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TABLE II: Usual effective range parameters for the two-potential toy model of Eq. (33) and its corresponding “chiral” expansion
in units of the inverse light mass scale. The ERE coefficients for the two-potential toy model are treated as the “experimental”
data we want to reproduce with the “chiral” effective theory of Sect. (??). The effective parameters are computed at the finite
cut-off raddi rc = 0.5/mL, which we take as representative of the main features we expect to see in the “chiral” expansion. The
error in the effective theory parameters are calculated from the naive estimations of Eq. (42). We only show the effective ERE
parameters with four significant digits at most, less if the “experimental” parameter cannot be determined with this accuracy.
However, as can be appreciated, the error in certain cases does not happen until the fith digit or beyond.
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FIG. 1: Left panel: the long-range, short-range and full toy model potential in Eq. (33) versus the distance between the
nucleons. Right panel: “chiral expansion” of the long-range part of the potential as explained in the text.

the potential generates an S-wave bound state at B ! 2.23MeV which mimics the deuteron. The resulting potential
is depicted in Fig. 1 and possesses a long-range attraction and the repulsive core at short distances. These features
as well as the magnitude of the potential at intermediate and long distances are in a qualitative agreement with the
realistic case of nucleon-nucleon interaction.

We further emphasize that the nucleons in our toy world are spinless and we do not distinguish between the isospin
quantum numbers.

As already pointed out before, the important feature of the model is that its long-range part admits an expansion

ERE and MERE

Low-Energy Theorems
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TABLE II: Usual effective range parameters for the two-potential toy model of Eq. (33) and its corresponding “chiral” expansion
in units of the inverse light mass scale. The ERE coefficients for the two-potential toy model are treated as the “experimental”
data we want to reproduce with the “chiral” effective theory of Sect. (??). The effective parameters are computed at the finite
cut-off raddi rc = 0.5/mL, which we take as representative of the main features we expect to see in the “chiral” expansion. The
error in the effective theory parameters are calculated from the naive estimations of Eq. (42). We only show the effective ERE
parameters with four significant digits at most, less if the “experimental” parameter cannot be determined with this accuracy.
However, as can be appreciated, the error in certain cases does not happen until the fith digit or beyond.
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FIG. 1: Left panel: the long-range, short-range and full toy model potential in Eq. (33) versus the distance between the
nucleons. Right panel: “chiral expansion” of the long-range part of the potential as explained in the text.

the potential generates an S-wave bound state at B ! 2.23MeV which mimics the deuteron. The resulting potential
is depicted in Fig. 1 and possesses a long-range attraction and the repulsive core at short distances. These features
as well as the magnitude of the potential at intermediate and long distances are in a qualitative agreement with the
realistic case of nucleon-nucleon interaction.

We further emphasize that the nucleons in our toy world are spinless and we do not distinguish between the isospin
quantum numbers.

As already pointed out before, the important feature of the model is that its long-range part admits an expansion

ERE and MERE

Low-Energy Theorems
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TABLE II: Usual effective range parameters for the two-potential toy model of Eq. (33) and its corresponding “chiral” expansion
in units of the inverse light mass scale. The ERE coefficients for the two-potential toy model are treated as the “experimental”
data we want to reproduce with the “chiral” effective theory of Sect. (??). The effective parameters are computed at the finite
cut-off raddi rc = 0.5/mL, which we take as representative of the main features we expect to see in the “chiral” expansion. The
error in the effective theory parameters are calculated from the naive estimations of Eq. (42). We only show the effective ERE
parameters with four significant digits at most, less if the “experimental” parameter cannot be determined with this accuracy.
However, as can be appreciated, the error in certain cases does not happen until the fith digit or beyond.
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FIG. 1: Left panel: the long-range, short-range and full toy model potential in Eq. (33) versus the distance between the
nucleons. Right panel: “chiral expansion” of the long-range part of the potential as explained in the text.

the potential generates an S-wave bound state at B ! 2.23MeV which mimics the deuteron. The resulting potential
is depicted in Fig. 1 and possesses a long-range attraction and the repulsive core at short distances. These features
as well as the magnitude of the potential at intermediate and long distances are in a qualitative agreement with the
realistic case of nucleon-nucleon interaction.

We further emphasize that the nucleons in our toy world are spinless and we do not distinguish between the isospin
quantum numbers.

As already pointed out before, the important feature of the model is that its long-range part admits an expansion

ERE and MERE

Low-Energy Theorems
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FIG. 3: (Color online) Phase shifts predictions within the MERE formalism for the toy model employed in this work. The
black solid line represents the full result, while the green, red and blue bands represent the LO, NLO and NNLO phase shifts
(including the uncertainty) respectively. The error bands are generated by assuming that the first unknown modified parameter
has natural size, see Eq. (42) We have calculated the phase shift predictions for the cut-off radii rc = 0.2/mL (upper panels),
0.5/mL (middle panels) and 0.8/mL (lower panels).

Appendix A: Convergence of the modified effective range expansion

For determining the radius of convergence of the MERE, we are going to present here a simplified version of the
proof of Ref. [30], where Cornille and Martin proved that for potentials decaying exponentially as e−mSr at large
distances there is a branch cut in the MERF 6 ranging from k = ±imS/2 to k = ±∞. Here we just show that at
k = ±imS/2 there is a failure in the MERF expansion, which set the radius of convergence to be k < mS/2. The
current proof also serves as a derivation of the modified effective range function itself.

6 Strictly speaking they proved it only for the ERF and the Coulomb modified ERF, but the extension to a general MERF is trivial.
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TABLE II: Usual effective range parameters for the two-potential toy model of Eq. (33) and its corresponding “chiral” expansion
in units of the inverse light mass scale. The ERE coefficients for the two-potential toy model are treated as the “experimental”
data we want to reproduce with the “chiral” effective theory of Sect. (??). The effective parameters are computed at the finite
cut-off raddi rc = 0.5/mL, which we take as representative of the main features we expect to see in the “chiral” expansion. The
error in the effective theory parameters are calculated from the naive estimations of Eq. (42). We only show the effective ERE
parameters with four significant digits at most, less if the “experimental” parameter cannot be determined with this accuracy.
However, as can be appreciated, the error in certain cases does not happen until the fith digit or beyond.
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FIG. 1: Left panel: the long-range, short-range and full toy model potential in Eq. (33) versus the distance between the
nucleons. Right panel: “chiral expansion” of the long-range part of the potential as explained in the text.

the potential generates an S-wave bound state at B ! 2.23MeV which mimics the deuteron. The resulting potential
is depicted in Fig. 1 and possesses a long-range attraction and the repulsive core at short distances. These features
as well as the magnitude of the potential at intermediate and long distances are in a qualitative agreement with the
realistic case of nucleon-nucleon interaction.

We further emphasize that the nucleons in our toy world are spinless and we do not distinguish between the isospin
quantum numbers.

As already pointed out before, the important feature of the model is that its long-range part admits an expansion

Expansion of the long-range potential:
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TABLE II: Usual effective range parameters for the two-potential toy model of Eq. (33) and its corresponding “chiral” expansion
in units of the inverse light mass scale. The ERE coefficients for the two-potential toy model are treated as the “experimental”
data we want to reproduce with the “chiral” effective theory of Sect. (??). The effective parameters are computed at the finite
cut-off raddi rc = 0.5/mL, which we take as representative of the main features we expect to see in the “chiral” expansion. The
error in the effective theory parameters are calculated from the naive estimations of Eq. (42). We only show the effective ERE
parameters with four significant digits at most, less if the “experimental” parameter cannot be determined with this accuracy.
However, as can be appreciated, the error in certain cases does not happen until the fith digit or beyond.
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FIG. 1: Left panel: the long-range, short-range and full toy model potential in Eq. (33) versus the distance between the
nucleons. Right panel: “chiral expansion” of the long-range part of the potential as explained in the text.

the potential generates an S-wave bound state at B ! 2.23MeV which mimics the deuteron. The resulting potential
is depicted in Fig. 1 and possesses a long-range attraction and the repulsive core at short distances. These features
as well as the magnitude of the potential at intermediate and long distances are in a qualitative agreement with the
realistic case of nucleon-nucleon interaction.

We further emphasize that the nucleons in our toy world are spinless and we do not distinguish between the isospin
quantum numbers.

As already pointed out before, the important feature of the model is that its long-range part admits an expansion
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For an analytical model see: EE, Gegelia, EPJA 41 (2009) 341
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FIG. 3: (Color online) Phase shifts predictions within the MERE formalism for the toy model employed in this work. The
black solid line represents the full result, while the green, red and blue bands represent the LO, NLO and NNLO phase shifts
(including the uncertainty) respectively. The error bands are generated by assuming that the first unknown modified parameter
has natural size, see Eq. (42) We have calculated the phase shift predictions for the cut-off radii rc = 0.2/mL (upper panels),
0.5/mL (middle panels) and 0.8/mL (lower panels).

Appendix A: Convergence of the modified effective range expansion

For determining the radius of convergence of the MERE, we are going to present here a simplified version of the
proof of Ref. [30], where Cornille and Martin proved that for potentials decaying exponentially as e−mSr at large
distances there is a branch cut in the MERF 6 ranging from k = ±imS/2 to k = ±∞. Here we just show that at
k = ±imS/2 there is a failure in the MERF expansion, which set the radius of convergence to be k < mS/2. The
current proof also serves as a derivation of the modified effective range function itself.

6 Strictly speaking they proved it only for the ERF and the Coulomb modified ERF, but the extension to a general MERF is trivial.

Predictions for phase shifts (long-range@NNLO, R=0.5fm)
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 One-pion exchange:  
perturbative or nonperturbative?

Equipped with these tools, one can 
rigorously test the proper inclusion of 
the long-range force in various pion-full 
formulations  (Trust but verify… )  



 KSW approach (perturbative pions)
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Fig. 2. The leading and subleading contributions to the NN scattering amplitude in the
KSW approach. The solid dots denote the lowest-order contact operators and the leading
pion-nucleon vertex ∝ gA while the filled squares refer to the subleading contact terms
proportional to p2 orM2

π .

where the subscript indicates the power of the soft scale Q. The leading-order con-
tribution A−1 emerges from resummation of the LO contact interactions as shown
in Fig. 2. Using the two-nucleon Green function from Eq. (8), the LO amplitude
has the form

A−1 =
−C0

1− C0 I(p)
, (11)

where the dimensionally regularized (DR) integral I(p) is given in n spatial dimen-
sions by

I(p)=
m2

2

µ3−n

(2 π)n

∫ dnk

[k2 +m2]
[

p0 −
√
k2 +m2 + i 0+

]

=
1

8π2

[

−
(

λ̄+ 2− 2 ln
m

µ

)

m2

−
m2

√
m2 + p2

(

πm+ 2iπp− 2p sinh−1
(

p

m

)

)]

+O(n− 3) , (12)

with the divergent quantity λ̄ defined as λ̄ ≡ −1/(n− 3)− γ− ln(4π) and µ being
the scale parameter of DR. Further, the (bare) LEC C0 is simply the properly nor-
malized linear combination of CS,T . Here and in what follows, we use the notation
p ≡ |$p |, k ≡ |$k |. Renormalization of A−1 is achieved by subtracting the loop
integral at p2 = −ν2 with ν chosen to be of order O(Q),

IR(p, ν) = I(p)− I(i ν) = −
m(ν + i p)

4π
+O(p2, ν2) , (13)

and replacing C0 by CR
0 (ν) which yields

A−1 =
−CR

0 (ν)

1− CR
0 (ν) IR(p, ν)

. (14)

Notice that while just using DR in combination with MS would be sufficient to
render the expressions finite, one additional finite subtraction would have to be

7
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where the subscript indicates the power of the soft scale Q. The leading-order con-
tribution A−1 emerges from resummation of the LO contact interactions as shown
in Fig. 2. Using the two-nucleon Green function from Eq. (8), the LO amplitude
has the form

A−1 =
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1− C0 I(p)
, (11)

where the dimensionally regularized (DR) integral I(p) is given in n spatial dimen-
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with the divergent quantity λ̄ defined as λ̄ ≡ −1/(n− 3)− γ− ln(4π) and µ being
the scale parameter of DR. Further, the (bare) LEC C0 is simply the properly nor-
malized linear combination of CS,T . Here and in what follows, we use the notation
p ≡ |$p |, k ≡ |$k |. Renormalization of A−1 is achieved by subtracting the loop
integral at p2 = −ν2 with ν chosen to be of order O(Q),

IR(p, ν) = I(p)− I(i ν) = −
m(ν + i p)
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and replacing C0 by CR
0 (ν) which yields
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Notice that while just using DR in combination with MS would be sufficient to
render the expressions finite, one additional finite subtraction would have to be
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with the divergent quantity λ̄ defined as λ̄ ≡ −1/(n− 3)− γ− ln(4π) and µ being
the scale parameter of DR. Further, the (bare) LEC C0 is simply the properly nor-
malized linear combination of CS,T . Here and in what follows, we use the notation
p ≡ |$p |, k ≡ |$k |. Renormalization of A−1 is achieved by subtracting the loop
integral at p2 = −ν2 with ν chosen to be of order O(Q),
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and replacing C0 by CR
0 (ν) which yields
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FIG. 2: Effective potential and scattering amplitude in the Weinberg-like approach. The dashed-
dotted line refers to the full long-range interaction. Solid dot and filled rectangle refer to the

leading and subleading contact interactions, respectively. For remaining notation see Fig. 1.

quantities have been determined as functions of the bare parameters one inverts the result
and expresses the bare parameters in terms of physical quantities, always working at some
given, large value of Λ. Finally, one uses these expressions to eliminate the bare parameters
in all other quantities of physical interest. Renormalizability guarantees that this operation
at the same time also eliminates the cutoff.” Notice that by iterating the truncated expan-
sion for the effective potential in the LS equation one unavoidably generates higher-order
contributions without being able to absorb all arising divergences into redefinition of the
LECs present in the considered truncated potential. Thus, for the case at hand, cutoff de-
pendence in observables is expected to be eliminated only up to the considered order in the
EFT expansion. We further emphasize that expressing the bare parameters (i. e. LECs Ci)
in terms of physical quantities is a non-trivial step due to a nonlinear dependence of the
scattering amplitude on Ci. The resulting nonlinear equations may have no real solutions,
especially when Λ is chosen to be considerably larger than ms. As pointed out in Ref. [21],
“In fact, as nonlinearities develop for small a’s,4 results often degrade, or, in more extreme
cases, the theory may become unstable or untunable”. The Wigner bound in pionless EFT
[46] and the repulsive NN channels in the pionful case [38, 39] may serve as examples for
such an untunable theory, see Ref. [28] for another example. In the following, we consider
the low-energy theorems for our model and demonstrate explicitly that removing the cutoff
from the scattering amplitude by taking the limit Λ → ∞ is not compatible with the EFT
framework even if such a limit exists and the theory does not become untunable.

To be specific, we consider the effective potential of the form

V (1)
eff (p, p′) = vl Fl(p) Fl(p

′) + C0 , (3.27)

where the superscript of Veff refers to the number of contact terms included. The off-shell
T-matrix T (1)(p, p′; k) can be easily calculated by solving the 2 × 2 matrix equation

t(k) = veff + veff G(k) t(k) (3.28)

where we have defined

V (1)
eff (p, p′) = γT (p) veff γ(p′), T (1)(p, p′, k) = γT (p) t(k) γ(p′) , (3.29)

4 In this work, a refers to a coordinate-space cutoff, a ∼ Λ−1.
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where the subscript indicates the power of the soft scale Q. The leading-order con-
tribution A−1 emerges from resummation of the LO contact interactions as shown
in Fig. 2. Using the two-nucleon Green function from Eq. (8), the LO amplitude
has the form

A−1 =
−C0

1− C0 I(p)
, (11)

where the dimensionally regularized (DR) integral I(p) is given in n spatial dimen-
sions by

I(p)=
m2

2

µ3−n

(2 π)n

∫ dnk

[k2 +m2]
[

p0 −
√
k2 +m2 + i 0+

]

=
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8π2
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−
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√
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(

πm+ 2iπp− 2p sinh−1
(

p

m

)

)]

+O(n− 3) , (12)

with the divergent quantity λ̄ defined as λ̄ ≡ −1/(n− 3)− γ− ln(4π) and µ being
the scale parameter of DR. Further, the (bare) LEC C0 is simply the properly nor-
malized linear combination of CS,T . Here and in what follows, we use the notation
p ≡ |$p |, k ≡ |$k |. Renormalization of A−1 is achieved by subtracting the loop
integral at p2 = −ν2 with ν chosen to be of order O(Q),

IR(p, ν) = I(p)− I(i ν) = −
m(ν + i p)

4π
+O(p2, ν2) , (13)

and replacing C0 by CR
0 (ν) which yields

A−1 =
−CR

0 (ν)

1− CR
0 (ν) IR(p, ν)

. (14)

Notice that while just using DR in combination with MS would be sufficient to
render the expressions finite, one additional finite subtraction would have to be

7
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Low Energy Theorems: perturbative vs nonperturbative OPE

Notice: Lippmann-Schwinger eq. with OPE potential is non-renormalizable            calculations are to be done
            using a finite cutoff. Cutoff-independent results can be achieved in a semi-relativistic version of LS eq.

(cutoff-independent results from EE, Gegelia PLB (2012))



 Few-N in χEFT: W approach in a nutshell
Write down the most general effective Lagrangian for pions and nucleons
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Ê
�
c2 −

g2
A

8m

�
(v · ∂π) · (v · ∂π) + 1

F 2
Êc3(∂µπ) · (∂µπ)
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Êc3(∂µπ) · (∂µπ)
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irreducible:reducible, enhanced:

But... If true, NN scattering would be perturbative!  
Diagrams involving NN cuts (i.e. reducible) are enhanced (IR divergent in the                  limit)

 Few-N in χEFT: W approach in a nutshell
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Use ChPT to compute irreducible 
graphs = nuclear forces/currents

Resum enhanced reducible graphs  
by solving the Schrödinger/LS eq.  

Weinbergʻs approach
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derived within ChPT

�� A�

i=1

�∇2
i

2mN
+O(m−3

N )
�
+ V2N + V3N + V4N + . . .

�
|Ψ� = E|Ψ�

1



 From effective Lagrangian 
to nuclear forces
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Separation (fm)

unified description of  ππ, 
πN and NN

consistent many-body 
forces and currents

systematically improvable

bridging different reactions 
(electroweak, π-prod., ...)

precision physics with/from 
light nuclei

contact interactions

multiple GB 
exchange (ChPT)


