Modern Theory of nuclear forces

Lectures 1+2: Foundations

Lecture 3: Foundations (cont.) + state of the art for NN force

Lecture 4: Many-body forces & nuclear lattice simulations
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@ Effective field theories aim to describe phenomena in a certain energy range/distance
scale. Crucial: use the proper degrees of freedom and exploit the symmetries.

® Low-energy interactions of pions can be systematically described in Chiral Perturbation
Theory (the EFT of QCD).

® NN interaction is strong, need some resummation beyond perturbation theory.
® NN at very low momenta Q << M, can be described by pionless EFT (~ ERE).

® To go to higher energies one needs to include pions. There is evidence that OPEP is
nonperturbative in certain spin-triplet channels.

Today:

® Few-N in chiral EFT: Weinberg's approach in a nutshell
@ From effective Lagrangians to nuclear forces: Method of Unitary Transformation
@ Chiral expansion for the 2N force: State of the art
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® Write down the most general effective Lagrangian for pions and nucleons
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® Write down the most general effective Lagrangian for pions and nucleons
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Ly = NT[zao — ﬁTU'VT&'— T X 7r-7r—|—m<(4a— )71 -m(wo - V) + 2ar (TJ-Vﬂ')) +...]N
201 Co C3 Cyq . - -
LR = NUaMPe — SN 4 22 4 B (0,m) - (9'm) — s (rd x V) - V| N
1 1
Ly = ZCsN'N NN+ 2CsN'GN - N'gN

# of derivatives

® Naively, power counting for 1 .
a N-nucleon connected v=2—-N+2L+ > V,A, where A; = -2+ on+ d;
Feynman graph is: AN N #ohwleon
Weinberg ’90 power of O # of loops # of vertices of type A field operators
—

Examples: OX ~ QO JROX galnh A QO <~ Q2

" L%

v = 2 [derivatives] v =4 [loop int.]

— 2 [n-propagator]

+ 4 [derivatives]
— 4 [2 m-propagators]
— 2 [2 HB nucl. propagators]



SW-N"II W approach'in a nutst

@ But... If true, NN scattering would be perturbative!
Diagrams involving NN cuts (i.e. reducible) are enhanced (IR divergent in the my — oo limit)
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reducible, enhanced: irreducible:
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@ But... If true, NN scattering would be perturbative!
Diagrams involving NN cuts (i.e. reducible) are enhanced (IR divergent in the my — oo limit)

R 5 O 5 S O (= R A

reducimhanced: irred:t;ible:
1 o my mn 1 1 N 1 N l
Evv—Be 52— @ Q  Bw-Bs M, Q
' @ Weinberg‘s approach
e Use ChPT to compute irreducible <fo> _ - "
graphs = nuclear forces/currents ©
e Resum enhanced reducible graphs _
by solving the Schrodinger/LS eq. ( 1 ) - <\{"ff> * <Veff> ( 1 )
A _62
(Z Z +0(mfv3)> +V2N+V3N+V4N+...]\xp> — E|U)
i1 2mN = ~— -

derived within ChPT




From effective Lagrangian
to nuclear forces

see also lectures by Rocco
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Complication: nuclear forces # scattering amplitude

—>» scheme-dependent, renormalizable ??
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Complication: nuclear forces # scattering amplitude

—>» scheme-dependent, renormalizable ??
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Complication: nuclear forces # scattering amplitude

—>» scheme-dependent, renormalizable ??
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Complication: nuclear forces # scattering amplitude

—>» scheme-dependent, renormalizable ??

-j'i definevbj
PR PR PR PR M ‘matcrhing to A
> @ = L+ GLOL - ..

- @ > - T
uniquely defined
on-the-energy < ~ —~
shell A@ _ y V@ =

<— (arbitrary) off-shell
extension
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Complication: nuclear forces # scattering amplitude

-—> scheme-dependent, renormalizable ??

| defineVbﬂ
PR PR PR PR M ‘matching to A
el @ = EL - GO ..

o= J —> vo= 1
uniquely defined
on-the-energy < ~ —~
shell 4@ — > V@ =

<— (arbitrary) off-shell
extension

\_/ N \_/ \_/ )

V@ G

® Higher-order terms in the Hamiltonian ,.know* about the choice made for the off-shell
extension (consistency...)

® Finite (=renormalized) matrix — —3 L —
elements only for specific 4:;}) = <:*> + </-:‘> + <::t> + (#:35
choices possible... P —] =P




Method of unitary transformation
Taketani, Mashida, Ohnuma’52; Okubo '54; EE, Glockle, MeiBner, Krebs, Kdélling, ...

1. Canonical transformation & quantization: £, — Han = —4_ + —N_ + ...

nucleonic states |N), |[NN), ...

e
. ( mHn nHX 9) \ _ [oy <«—— can not solve
EOM: ( AHn  AHA ) ( ) ) _E( 1) > (infinite-dimensional eq.)
N

N\ projectors states with mesons |Nt), |N7m), ...
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Method of unitary transformation
Taketani, Mashida, Ohnuma’52; Okubo '54; EE, Glockle, MeiBner, Krebs, Kdélling, ...

1. Canonical transformation & quantization: £, — Han = —4_ + —N_ + ...

nucleonic states |N), |[NN), ...

v
. ( mHn nHX 9) ) _ [oy <«—— can not solve
EOM: ( AHn  AHA > ( ) ) _E( 1) ) (infinite-dimensional eq.)
N

N projectors states with mesons |Nt), |Nwm), ...

. . . . s ot nHn nH) _(nHn 0
2. Decouple pions via a suitable UT: H=U ( N AHA ) U = ( 0 \ETN

A minimal parametrization of U: U =

( n(l+ ATA)=1/2  —Af(14 AAH)—1/2
Okubo ’54

, A=)A
A(1+ATA)"Y2 N1+ AAT)~1/2 ) '

Require: nHA=\Hn=0 -—> ANH —[A, H — AHA)n =0

The major problem is to solve the nonlinear decoupling equation.

Notice: similar methods widely used in nuclear & many-body physics (Lee-Suzuki)
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Example: expansion in powers of the coupling constant

Hi= __o_ xXg —> ansatz: A=AW 4 A® 4 AG) 4
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Example: expansion in powers of the coupling constant

Hr= _&  xg —>» ansatzz: A=A" 4+ A4® 4 40 4

Recursive solution of the decoupling equation A (H — [A, H| — AHA)n =0

gt MNH;—[AD, Ho)n=0 —>» AW =_) Hr n
E, — By
(1)

g?: ANHAD —[AD HDn=0 —>» A®=_) ;4 1
E, — By

In the static approximation, i.e. in the limit m — oo, one has: E, — E\ ~ E. .
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Example: expansion in powers of the coupling constant

Hr= _&  xg —>» ansatzz: A=A" 4+ A4® 4 40 4

Recursive solution of the decoupling equation A (H — [A, H| — AHA)n =0

gt MNH;—[AD, Ho)n=0 —>» AW =_) Hr n
E, — By
(1)

g?: ANHAD —[AD HDn=0 —>» A®=_) ;4 1
E, — By

In the static approximation, i.e. in the limit m — oo, one has: E, — E\ ~ E. .

A
® LO: Ve%? = —nHrg—Hm

us
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Example: expansion in powers of the coupling constant

Hr= _&  xg —>» ansatzz: A=A" 4+ A4® 4 40 4

Recursive solution of the decoupling equation A (H — [A, H| — AHA)n =0

g' AH;—[AY, Hy])n=0 —>» AW =-) H n
B, — B
W

P ANHAD - [AP, Hlp=0 — 4@ = A,
B, — B

In the static approximation, i.e. in the limit m — oo, one has: E, — E\ ~ E. .

A : S o
® LO: v;;) = —nHr—Hm  Taking the LO =N vertex from L‘ﬁ}l\)] , 29; 70 - ¢, 0one gets:
1-nucleon operator 2-nucleon operator
(renormalization of my) (one-pion exchange potential)
......... 4t (X )251 (02 q_

e — ——
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(2) A A A 1 A A 1 A A
: = —nH;——H;——H;—H —nH;—HmH;—H —nH;—HmH;——H
® NLO Veff Ui IETr IETK' IEW m + 277 IEW m I3 m + 277 ) m IEw 17

™ ™



2 A A A 1 A A 1 A A
® NLO: V2 = —nm, 2 H, 2 H 2 Hyy + —nHy—= HyHr—Hpy + =nHy— HinH;—Hpy

E. TE, TR 2R o Rl OP R

operators dissapear (general feature in the me-
thod of UT; not automatically the case in TOPT)

1. All disconnected contributions to 2N, 3N and 4N j # i ¢ llf

2. 1N contribution again only leads to renormalization of the nucleon mass

not produce any new structures (renormalization

3. 1-loop contributions to the OPE 2N potential do {L L _______ *
of my, ga, Fy) EE, Glockle, MeiBner '02

4. Two-pion exchange 2N potential
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Example: chiral 2n-exchange potential proportional to g,4: |v| [ |
) A A A 1A A 1 A A

174 - _ - AN AN - AN AN _
o (Q) nHIEﬂ-HIEﬂ-HIEﬂ-HIn + 27]H]E7TH[77H[E72TH]77 + 27]H]E7%H]77H[E7TH[77



Example: chiral 2n-exchange potential proportional to g,4: |v| [|

@) A A A 1A A 1A A
V. = —gH; >H, = H=H “nH; -~ HmH;—H “nH; 2 HmH; = Hm -
2 (0) - Hr g m + 50 1 AL s 1m + 50 o 1

™

4 3 2 2 2
_ 9 d°l wi twiw_ +w? ’ 2 N
T 2(2F,)! / 2P Wi (wr +w ) | (1" = @*) +6(@2ax) (@ laxi)

(\» _

wy =\/(Fx1)+4M?2
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Example: chiral 2rx-exchange potential proportional to g,*: |v| [ |
) A A A 1A A 1 A A

V. - - AN AN - AN AN _
o (Q) nHIEﬂ-HIEWHIEﬂ-HIn + 277HIE7THI77HIE72THI77 + 277H]E7%H]77H[E7TH]77

2(2F;)4 21m)3 wiw? (Wi +w_)

(\ -

T owr =\ (1) +4M?2

4 Bl Wl twiw +w? 2 2\ aia i TV ([T
= sy | G riors (I = 0°) +6(@2 ax]) (@ axT))

gjl4 72 2 48]\[’;} — — — — 2 — —
- 38472 F4 T1 -T2 | 20M7 + 23q +4]\12+q2 _18(01‘902‘(]_9 01'02) L(q)+...

where the loop function is given by (in DR): V(r)

| VAMZ 1 &2
L(g) = ~/4AM2 1+ ¢ In ;]\;q T4
q

The integral has logarithmic and quadratic diver-

ences can be absorbed into short-range terms: 7
9 9 .’ model independent,

Veont = (a1 + iz q2) T1-To+a3(d1-q7)(d2- ) ' constraint by y-symmetry

+ oy (51 - 02) ¢°
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So far, we assumed an expansion in powers of the coupling constant. In chiral EFT, we are
doing an expansion in powers of the soft scales (Q ~ Mx).
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So far, we assumed an expansion in powers of the coupling constant. In chiral EFT, we are
doing an expansion in powers of the soft scales (Q ~ Mx).

Recall: chiral power counting for N-nucleon connected irreducible diagrams:

# of derivatives

:>’?: N(Q)" where u:2—N+2L+ZVA— and A-:—2+1n-+d-
| /,>\ A : 11— 2 2 7 7
| a i/ /

# of loops # of vertices of type A;i  # of nucleon field operators

e ———

Perfect for diagrams, but inconvenient for solving A\ (H — [A, H]| — AHA)n =0




So far, we assumed an expansion in powers of the coupling constant. In chiral EFT, we are
doing an expansion in powers of the soft scales (Q ~ My).

Recall: chiral power counting for N-nucleon connected irreducible diagrams:

# of derivatives

« 1
::>:’ N(%)V where V:Q—N?L%—;/‘%Ai and Ai:—2+§/7‘zi+di

# of vertices of type A;i  # of nucleon field operators

# of loops

e —
Perfect for diagrams, but inconvenient for solving \ (H — [A, H| — AHA)n =0

Let's rewrite the power counting in a more suitable way. Trick: count the powers of the hard
scale A\ rather than the soft scale Q. Given that the only way for /A to emerge is through the

LECs of the effective Lagrangian, the power v is given by:

where k is an inverse mass dimension of the coupling constant
of a vertex i.

V:—2+Zi‘/;/€i

Li=c; (NT(.ON)Z 77 (8, Mp)% —> [¢;] = (mass)™™ with k; =d; + 3n; +p; — 4



Examples:

D
ooooooooooooooooooooooooooooooooooooooooooooooooooooooo

ki =d;+ 3n;+p; —4

1/:—2-|—Z7;V;/<;i

4

v = 2 [derivatives]
— 2 [m-propagator]

cKk=0+6+0-4=2 K=1+3+1-4=1

Ly=-242=0 y=-24+21=0

1dt"’1 e

v =4 [loop int.]
+ 4 [derivatives]
— 4 [2 m-propagators]
—2[2 HB nucl. prop.]

A=-2+1+1=0

v=2-2+2+40=2

.
S ecceoecceococococecsocsoecsoecococcecdeoococeosoeceoocsoceocececececoe e oo

k=1+3+1-4=1

v=-2+4"1=2

Notice: chiral symmetry guarantees that only non-renormalizable interactions with ¥ > 0, i.e. the

so called irrelevant interactions, appear in L.g —>» perturbative expansion for nuclear forces
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The new form of the power counting is
ideally suited for derivation of the poten-
tial using the method of UT.

: _ 3
V=—2—|—ZZ-‘/7;K}Z' with lﬂli—di—l—i’ni—l—pi—ll
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The new form of the power counting is
ideally suited for derivation of the poten-

1/=—2—|—ZZVZ/§Z with /-iZ:dz—i—%nz—l—pz—él

tial using the method of UT.

We are looking for a unitary operator

TAV-1/2 At Ty—1/2 - ]
U:(n(1+AA) Al(l + AAT) ) such that HEUTHU:(nHU Q )

A(1+ ATA)TY2 N1+ AAT)TL/2

This leads to the decoupling equation: \ (H — [A, H| — AHA)n =0
Once this equation is solved, the effective potential can be calculated via:

Vit =n(H—Ho) =1 [(H—ATA)_W(H+ATH+[—[A+ATHA)(1+ATA)—1/2_HO]n




The new form of the power counting is
ideally suited for derivation of the poten- V=

tial using the method of UT.

We are looking for a unitary operator

L AT AL+ A - nfn 0
U= ( ;71((1 e ATA>)—1/2 )\(1(+AAT)—)1/2 suchthat H =U'HU = .

This leads to the decoupling equation: A\ (H — [A, H| — AHA)n =0
Once this equation is solved, the effective potential can be calculated via:

Vi =n(H—Ho) =n [(1+ATA)_1/2(H+ATH+[—[A+ATHA)(1+ATA)—1/2_HO]n

These expressions can be computed in parturbation theory by making expansion in inverse
mass dimension of coupling constants in the effective pion-nucleon Hamiltonian:

HIZiH(“) —>» ansatz: A = ZA(a)
a=1

K=
Recursive solution of the decoupling equation
a—2 a—j—1

a—1
A(a) — _LA[H(Q)_i_ZH(Z)A(a i) ZAOé Z)H Z Z A(z H(] (a—i— ]]
1=1 1=

E

—>» VU = . (can be straightforwardly |mplemented in e.g. FORM, MATHEMATICA, ...)
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In-exchange should time-ordered graphs
factorize out
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In-exchange should time-ordered graphs
factorize out

Vzuxszhf@&ﬁ—é—@w”l
w? + w3 8 w1 +w 2 2
i - 35 e
wiwswi  Wrwsws  wiwswi  wiwiws(w) tws)  wPwsws(ws 4 ws)

'\,\\/ r122 + M
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1 / 2 Im-exchange should time-ordered graphs
x /w3 factorize out
Ve=..= /d3l1d3l2(5(l1 = q) [}
w? + w3 8 w1 4 w 2 9
[2 1 2 + _w 2 B ]
2 1 ‘
wiwswi  Wrwsws  wiwswi  wiwiws(w) tws)  wPwsws(ws 4 ws)

A\

N : : f122 + M712'
= Cannot renormalize the potential ! V'L
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1 / 2 Im-exchange should time-ordered graphs
x /W factorize out

Ve . . = /d3zld3l25(f1 ) [}
o [wa+w§+ 8 w1 + wo - 2 - 2 ]
wiwdw? T W2w2wl WdWlWwd  wrwluws (w4 ws)  wiwdws (wy + ws)

N

| . . V12, + M2
= Cannot renormalize the potential ! *

Solution EE '06

Nuclear potentials are not uniquely defined. Employing additional UTs in Fock space, it
was (so far) always possible to maintain renormalizability at the level of the nuclear
Hamiltonian. Same problem emerges for the current operators...




Summary of part i

® Weinberg's approach to nuclear chiral EFT: use ChPT to derive the potential & solve
the Schrbédinger eq. (nonperturbative resummations).

® Nuclear potentials can be derived from the effective chiral Lagrangian e.g. using the
method of unitary transformation.

Next: (i) Chiral nuclear forces,
(ii) Nuclear lattice simulations



