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Lectures 2 & 3: calculation of the n—p radiative
capture total cross section

Lecture 1

Notation
Electromagnetic transition

Generic direction of the photon

Lonw-wavelength approximation Lecture 4: recent results

Weak transition @ p — p &p — 3Hefusion rates
@ n —d &p — d radiative captures
@ pu-capture
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Notation (1)

@ 5 =c =1— “reduced quantities”
> m=mc?/(hc) [fm—1]; Ex. Mp = 4.756 [fm—1]

> p=pc/(hc) [fm~1]
> etc.

@ normalization of the momentum eigenfunctions
> “pbox” of volume Q = L3
eip~r

VQ

Periodic boundary conditions (r|p) =

» p = (2r/L){nx,ny,nz}, nj =0,+1,£2,...
> (plp’) = dpp/
> >, = Q[ d3p/(2n)?
@ Clebsh-Gordan [y, 1j,]am = >, m, (i1M1j2M2[IM)thj; my Wjm,
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Notation (2)

Representations

@ Time dependent perturbation theory

Schroedinger representation H = Hg + V

Interaction representation |W,(t)) = exp(iHot)|Ws(t))

Vi(t) = exp(iHot)V exp(—iHot)  [W(t)) = Ui(t,to)|W(to))

i%Ul(t,to) = Vi(H)Ui(t, to)

Ul(tto) =1~ ft:) dty Vi(ts) + (—i)? ft; dty Vi(ta) ft:)l dz Vi(t2) + - - -

Pa,s = M7 0 $1(BIUI(+T /2, =T /2)|a)[2 = 278(Ea — Eg)[(BIV |a) +---[2
First order — Fermi's Golden rule
Matrix elements of V are now in Schroedinger representation

¢ 66 ¢
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Electromagnetic transitions

The interaction Hamiltonian

@ Reference text ([J.D. Walecka, Theoretical Nuclear and Subnuclear Physics])
@ “Coulomb” gauge: A purely transverse, p static

V= —e/d3xJ(x)-A(x)

@ EM field

A(x) = Z Z m [aq,,\eiq-x€q7)\ +a$’)‘efiq-x€a‘,>\]

q A==%1

@ circular polarization vectors

R €q,1 Tiég2
€q,+1 = ?7\& €q,+0

Il
o))

@ §, &1, and &, form an orthogonal basis
@ Example: photon emission

(QA; I, M|V [0; 31, My) = [ % M9 (x) - €797 13 M)

e
B \/ZQOJq
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Nuclear current J(x)

@ J(x): constructed in terms of operators acting on the nucleon degrees of freedom
@ From EFT [~ Epelbaum & Schiavilla talk’s]
@ [Kolling et al., 2009], [Pastore et al., 2009 |

@ IX)=J°(X)+ V x u(x)
@ LO: single-nucleon current, lowest order

A
Gy e ke
. k L =1

i

A1
u(x) = Z—M wjod(x —ry)
j=1

— itderives fromVy = — [d3x B - p
NLO: one-pion exchange contribution
NNLO: 1/M? relativistic correction to the LO

N3LO: one-loop, tadpoles, contact minimal &
non-minimal, . ..
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Multipole analysis

@ Lab frame (“L)
@ ¢ frame

g frame

@ “Solid” spherical harmonics

Il
O

YA = D> D (6mLAILM)Ym(R)ég s a0
m=—~¢,{ \=0,%+1

@ el9% =37, i/4n(2¢ + 1)Y0(R)je(ax)
Eq e =i /Ar(20 + 1)je(ax) (£, 0,1, A, A)Y 35y ()
2,3
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Useful formulas

£42
£,0,1,+1[(+1,+1) = —
Properties of the Clebsh-Gordan (60,1, +1/€+1,+1) \/ 2(2¢+ 1
& of the Bessel functions
£42
0,0,1,-1/¢+1,-1) = B
( I+ ) \V2(2¢+1
(

)
)
v
1 -1
D e 1,+1,£,0[0-1,+1) = /=
\/; (L + | +1) 2(2¢+1)
)
v

(z7 07 l’ +1|Z7 +1)

1 —
(£,0,1,+1¢, —1) . (L,-1,6000-1,-1) = ,|—t=1_
2(20+1

1 . N . J+1. &
= Y)\ — _ _ Y/\
qV xJa(ax)Y3,5,1(X) '(\/ 2341 +lb 1(ax)Y 3 5-11(X)
i (@)Y 351.4(0))
23 1o+ 3,941,1
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~ iq- LI . J+1 o
&g ae' = Z['J 1V47TJJ71(qX)\/TYj\,Jfl,l(x)
J
2J +l o
—iVazj; (gx) 2/ Y32(%)

. . J "
+ilty 47TJJ+1(qX)\/ng\,J+l,1(X )]

_ 2011 R
Z|3v47r 5 |:*)\JJ(qX)Yj\,J,1(X)
J

—i <\/ ;\{:_ 1JJ U@)Y35-11(%)
-/ %HjJ+l(qX)Y§,J+1,1(i)>}

S V2n (23 11) [ijj(qx)vé,d,l(i) - %v x ja(qx)m,m]
J

@ & eTiX = [¢g \eldX]
9 Y3, =Y53,:(%)
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Matrix element in the “q” frame

@ Final expression

e .
(@2 36 Mr|V 1031, M) = — s > (=1)”v/2m(20 + 1) (3, MiITE 5 + ATSL 91 M)

@ |J;, M) and |J;, M;) “quantized” along q

Electric and magnetic operators

1 . o
Tiy = a/d"’x.](x)-V><jJ(qx)YJA7J71(x)

™, = /d3x I(x) i (@)Y 351 (%)
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Matrix element in the “q” frame

@ Final expression

(AA; I, Mg [V [0; Jj, Mi) =

D (=) V2m(23 + 1), M TSy + AT, 13, Mi)g
VZ""q i>1

@ |J;, M) and |J;, M;) “quantized” along q

Electric and magnetic operators

1 ; %
Tim = E/dsx I(x) -V xja(ax)Y351(%)
™, = /d3x I(x) - ja(@x)Y 35 1 (%)
o
Wigner-Eckart — reduced matrix elements (RMEs)
Qe Me T3 [3iMi) = ol s l(-]f,MfJn—M 9, M)Xy"
) V2T +1
v
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Selection rules

Under Parity
@ x - —x,J—=-J,Y = (=)Y
° TJE,M = (_)JTJE,M

M JH1TM
@ Ty = ()T
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Selection rules

Under Parity
@ x - —x,J—=-J,Y = (-)Y
° TJE,M - (_)JTJE,M

@ Ty = (=)

v
Selection rules

@ “EJ” transitions: (J;, Mf‘T‘]E’7>\|\]iMi> £ 0 if
> ) =i <I <X+
> I_Ifl_li = (—)‘J
@ “MJ” transitions: (J, M [T} [3iM;) # O if
» | —J<I< I+
> nfni — (_)J+1
@ Examples
» 0" — 0+ “forbidden”
» 1t — 0F M1 transition 1~ — 0T EL transition
» 2+ — 0T E2 transiton 2~ — 0T M2 transition

M. Viviani (INFN-Pisa) EW processes at low energies R. Anni School, 2013



Generic direction of the photon

z

@ Lab & q frames
*)

For simplicity: q in the xz plane

Use the properties of J to express |J, M), in terms of |J,M)q

[3i, ] = ieik Ik

J@= Iy = g=Tty (cos 0Jx + sin 0JZ)

J,e 10 = e=i0y (— sin 83y 4+ cos HJZ)

Exercise: J - e 1% |3, M) = Me %% |3, M),

Therefore |J,M)q = e~1?%|3, M), or alternatively |J,M)_ = et1%% |3, M)q
Rotation matrices dJ), ,,(6) = (3, M’[e~1%% |3, M)

© 066 6 6 ¢ ¢

13, M)L =D 13,M)g (3, M[qe (3, M)q = > " 3,M')q diy, 4y (—0)
M/ M’
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Generic direction of the photon (2)

Matrix element in the Lab frame

<qA?Jf7Mf|V‘0'Jiv Mi)L =

- Or Ml [ dox3(x) - 5713, M),

\/ZUJqQ
= —726 Q<Jf7Mf|qefi0Jy/dsXJ(X)'gé A1l |3, Mi)g
A/ (IJq ’
/quﬂ Z M’ Mf

_ € Z d,jlff,’Mf(79)*d’\3/;‘/’Mi(79)<Jf, M{lq S (=i)’v/2r(23 + 1)
J

quQ Mf/ M/
R

* 4 Ak —ig-
~0)" Al (-0 Ml [ 83XI(x) - 5 0713, M)

T

x [TJEfA FATM ]|Ji, M/}

m(\]f: Milqe % Z( YV2r(23 + 1) [TJ _a AT )\] e |3, Mi)q
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Properties of an operator of rank /m
e 0Ty el = Zdé,’m(_e)n,m,
ml

Example
Exercise: Take r = (x,y,z) and L = —ir x V: Show that

eiiOLy r+ei0"y = Zd%/’_*_l(—e)rm/
m’

| A,

where . .
X+ X —1i
rp =— Y lh=2 r— =+ y
V2 V2
is a tensor of rank 1. Note that
1+4cos 6 __sin@ 1—cos@
2 2 2
1 _ sin 6 _sing
dm’,m(a) = V2 CC_’SO V2
1—cos 6 sin @ 1+cos 6
2 2 2
W
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Finally

(aX; Jg, Me[V[0; Ji, M) =

7(% Mlge % > " (—i)’ v2r(21 + 1) [T AT A]emy 19, Mi)q
v/ 2wq 2 7

e
ﬁ@hl\ﬂdqz—l ) V2r 3+ 1) 5 (=6) [TEy + ATH] 19 Mi)q
J,M

In terms of the RMEs

(I, M [T [3iMy) = E/Z)Ji(af,mf,Jl, M;[3, M)X;F
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(@A; ¢, M¢[V]0; 3i, Mi)g =

. e . M (J5,3;) J5,9;)
_ (—i)’V2r(-)" M'(Jf,Mf,Ji,—MnJ,—A)[EJ‘ + AM; ]

v

<q)‘§Jf7Mf|V|O'Ji, L=

= T = D (iYVERG (O M, 3, M3 M) [EF) - amp ]
a2 3>1.m

A\

The RMEs are the same!
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Gamma decay rate

@ Probability of decay for unit time
dw = 2m8(Ej — By — wq)[(aX; I, Me [V [0; 3, Mj) |2
@ Total decay probability

1
23 +1

D 2m6(Ei — Er — wq)[(QX; I, Mr|V [0 3, M) |2
a.x

| A\

Example

Exercise: Show that

_ 1 (,di) 2 (Jr,di) 2
W_zJi+18m”§[|EJ -+ Mg ]

a = fine structure constant = e?/(4x)
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Lonf-wavelenght approximation

@ Since usually wq = |q| = Ej — E; ~ 1 MeV — 1/200 fm—1
@ gx < 1/20 so we can expand j;(gx) ~ (gx)’/(2J + 1)!!
@ Assuming J(x) =Jc(X) + V x p(x)
@ After some lengthy passage
J=i
E _ . 9 J+1 3
Tom = |7(2J+ )”1/ d=x V Je (x)+—+ V. (x ><p,(x))]x Yom(X)
q’ /3 +1
M _ By . J ¢
T‘L,\,I = (2J +1 /d +1<x xJC(x))] V(x YJM(X))
v
@ Using Current Conservation
V- 3(x) +i[Ho, p(x)] =0 (3, My [Ho, p(x)] 95, Mi) = (Er — E)(dr, Myl(x)[31, Mi)
@ ... but (E; — E;) = q, therefore the electric RMEs can be approximated by
q’ /J+1/ 3 Iy (g
TEy ~ ——— /=== [ d3% p(x)x’Yym (R
M 23+ )1 3 P(X)X"Yam (X)
@ We can assume with good approximation p(x) = S8, e;d(x —r;
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Weak transitions

Hamiltonian

@ Current-current interaction

Vi = %/dax Tu(X)TH(x)

® Ju(x) = 7)) + 7(x)
o J;E')(x) can be taken directly from the standard model

o J;Eh)(x) = V,(x) — Ay (x) vector and axial currents |

Leptonic matrix element = [,,e 194

@ BetadecaysX —%,,Y +e~ + 7

e (L= 7%) e iPetPLe)x

- - Moy — Ve
(e 'Ve|jﬂ«(x) |> \/ﬁ’y/—‘ m

@ Muon capture p= +5X =2 Y + 1,

TN ) = — (1 9)

V2E, Q V2E,.Q

A\
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@ We can deconpose

| = Z INE5

A=0,+1
@ Itis easy ti see that

1 .
et = :Fﬁ(h +il) h—o=1s

@ In general, thus, the matrix element of Vyy will be of the type

<Jf’Mf|VW|Ji7Mi>* B Jf»Mf|/d x {lop™ Zlkqu J h)(X)] e 19|, M)

@ For the part & )‘e*iq"‘ we can use the same formulas as derived for the EM current

Decomposition of the longitudinal part (q frame)

@ Longitudinal part

&g o€ = —— Z VAr(23+ DI’V [is (@0)Ys,08)]

J>0
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Decomposition of the charge part (g frame)
@ Charge part
e =3 ")\ /4 (23 + 1)j;(ax)Y1,0(%)

J>0

v
Summary

@ charge, longitudinal, electric and magmetic operators

T8 = [0 [(@x)¥o0()

The = o [@x3060- 9[a@)vae)]
Trm = /d3xJ ) -V xj3(@x)Y 35 1(%)
™, = K/d3xJ )@Y 51 ()

G .
(J¢, M¢ [V |35, Mi)g = %(JfaMf‘q{_ZVZW(ZJ+1)(_')J > |A[TJE,—A+>\TJN,1—A]
I>1 A=—+1

+ 30 VATRIF 1)) [I6TS s — 0TS ] 13 M)
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Vector and axial RMEs

® g —viD - 4D

» VM = {pV, 3V}, pV scalar, JV vector

» AM = (A JA}, A pseudoscalar, JA axial-vector
@ RMEs (X = C,L,E,M)

()i
2J+1

v
@ 0" — 0" Co(V) &Lp(V)
@ 0~ — 0T: Co(A) & Lo(A)
@ Etc.

(3, M [ T3 [iM) =

Ji i Ji i
(3, M, 3, =Mi13, M) X3 (V) = X3 A

A\

@ Generic direction of g . ..
@ Cross section & polarization observables
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End of Lecture 1

Thank for your attention
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