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| ntroduction

 Variational Methods for Bound States
Variational Methods for Scattering States

Examples
Helium atom
p — d & p—?He Scattering

Notation
Uy, ¥y, ... exact eigenvectors of a giveth
Ey < E; < --- exact eigenvalues

Framework: non-relativistic guantum mechani
“standard nuclear model”: nucleons
Interacting via static potentials
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1 he Variational Method tor the
Ground State

* Theorem: given a “trial” wave functio, then

iy = LHN)
o)

whereFE Is the ground state energy
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1 he Variational Method tor the
Ground State

* Theorem: given a “trial” wave functio, then

iy = LHN)
o)

whereFE Is the ground state energy

* (H)is an upper boundf Ej,

* Relatively poor can give fairly good estimates &f,

(Psip|U) ~ O(e) k#0 — (H) — Ey ~ O(€?)
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1 he Variational Method tor the
Ground State

* Theorem: given a “trial” wave functio, then

iy = LHN)
o)

whereFE Is the ground state energy

* (H)is an upper boundf Ej,

* Relatively poor¥ can give fairly good estimates @&f,
(Psip|U) ~ O(e) k#0 — (H) — Ey ~ O(€?)

* (H) is stationary with respect to the variatigh— ¥ 4 60
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1 he Variational Method tor the
Ground State

* Theorem: given a “trial” wave functio, then

iy = LHN)
o)

whereFE Is the ground state energy

* (H)is an upper boundf Ej,

* Relatively poor can give fairly good estimates &f,

(Psip|U) ~ O(e) k#0 — (H) — Ey ~ O(€?)

(H) is stationary with respect to the variatign— ¥ + §¥
* Search for thel giving 6(H) = 0
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Example: the Helium atom - 1

* Basic Hamiltonian
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Example: the Helium atom - 1

e Basic Hamiltonian

* Neglecting the last term:
nucleus charge = 2

73 —Z(ry+r9)

v = W_ag & 40 Xsinglet
Bohr radius
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Example: the Helium atom - 1

* First order perturbation theory

o 27 :
(WH[T) = (22 - S2) <€—> ~ —T4.8 eV
ag
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Example: the Helium atom - 1

* First order perturbation theory

N — 27 2
(TIH|T) = (72 — 22 2) <e—> ~ —T4.8 eV
8 ao
* Experimental valuegz, ~ —78.8 eV
* We can treat/ as a variational parameter

Loin = 2 — % ~ 1.69 Eoin,.~—=775eV
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Example: the Helium atom - 1

* First order perturbation theory

N — 27 2
(TIH|T) = (72 — 22 2) <e—> ~ —T4.8 eV
8 ao
* Experimental valuegz, ~ —78.8 eV
* We can treat/ as a variational parameter

Loin = 2 — % ~ 1.69 Eoin,.~—=775eV

* Each electron feels a screened nucleus charge2 by the
other electron
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L ower Bounds

* There are different forms of lower boundsl based
essentially in the calculation ¢f{*)
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L ower Bounds

* There are different forms of lower boundsl based
essentially in the calculation ¢f7*)

* Temple lower bound

(H)— (H) _ .

ET:<H>_ E1—<H> >
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* There are different forms of lower boundsl based
essentially in the calculation ¢f7*)

* Temple lower bound

<H2>—<H><E
E,—(H) —°

* FE; energy of the first excited state

Er = (H) —
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L ower Bounds

* There are different forms of lower boundsl based
essentially in the calculation ¢f7*)

* Temple lower bound

<H2>—<H><E
E,—(H) —°

* FE; energy of the first excited state

Er = (H) —

* Usually not very useful
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L inear Basis

® Expansion on a (truncated) ortonormal basis of funct®ps

N
Uy = g ar Py aj. variational parameters
k=1
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L inear Basis

® Expansion on a (truncated) ortonormal basis of funct®ps

N
Uy = g ar Py aj. variational parameters
k=1

* Minimization of (U x| H|¥ x) — E(@N@m _ 1)
FE =Lagrange multiplier

[ (@y|H|®:) (@y|H|B) ... \ [ a1 ) [ ar )
<(I)2’H|(I)1> <(I)2’H|(I)2> a9 = F a9
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L inear Basis

® Expansion on a (truncated) ortonormal basis of funct®ps

N
Uy = g ar Py aj. variational parameters
k=1

* Minimization of (U x| H|¥ x) — E(@N@m _ 1)
FE =Lagrange multiplier

[ (@y|H|®:) (@y|H|B) ... \ [ a1 ) [ ar )
<(I)2’H|(I)1> <(I)2’H|(I)2> a9 = F a9

\ 5 )\ )

® Algebraic eigenvalue problem
standard numerical methotd&PACK
special methods for big matrices (Lanczos),
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L inear Basis

®* &, = Harmonic Oscillator basis, Hyperspherical Harmonic Basi
Gaussinans,. .
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L inear Basis

®* &, = Harmonic Oscillator basis, Hyperspherical Harmonic Basi
Gaussinans,. .

* Hylleras: E") < E™Y) < ... solutions of theV x N eigenvalues
problem:

E(()N) > ko EiN) > by,
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L inear Basis

®* &, = Harmonic Oscillator basis, Hyperspherical Harmonic Basi
Gaussinans,. .

* Hylleras: E") < E™Y) < ... solutions of theV x N eigenvalues
problem:
E(()N) > ko EiN) > by,

° E,iN) — Ej, smoothly asV — oo
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Example: the Helium atom - 2

® Drake and coworkers, PR&9, 1549 (1987)

_ . ) )
U~ Z:kaz‘,j,krir‘%ﬁz exp(—ary — fBra) [Yel (71)Ye, (7“2)} e
,L’j’
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Example: the Helium atom - 2

® Drake and coworkers, PR&9, 1549 (1987)

_ o N
¥~ 3 auririrlyexp(-on - fr) Yo (F)¥e(P2) | xs
7’?]?

® Termsincluded suchthatt j + k < N + 2
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Example: the Helium atom - 2

®* Drake and coworkers, PR&9, 1549 (1987)

v E; airirrly exp(—ary — Bra) Ve, (f)Yes (72) | xs
Z’j’

® Termsincluded suchthatt j + £k < N + 2

® U is optimized with respect to the linear parameters, for a given
value of the non-linear parameterss

Scuola di Fisica Nucleare Raimondo Anni, Otranto 31 Magb®gno 2005 — p.9/



Example: the Helium atom - 2

® Drake and coworkers, PRR9, 1549 (1987)

_ o N
¥~ 3 auririrlyexp(-on - fr) Yo (F)¥e(P2) | xs
7’?._7?

® Termsincluded suchthatt j + £k < N + 2

® U is optimized with respect to the linear parameters, for a given
value of the non-linear parameterss

® Converged digits for the ground and several excited staeyes:25
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Example: the Helium atom - 2

® Corrections:
finite mass of the nucleus
Relativistic corrections
QED corrections (two-photon exchange,...)
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Example: the Helium atom - 2

® Corrections:
finite mass of the nucleus
Relativistic corrections
QED corrections (two-photon exchange,...)

® Application: fine structure splitting of Helium atomic ldse
2.9 GHz 23 P, — 23 P, energy interval

Experiment [PRL87, 173002 (2001)] 29616 950.9(9) kHz
Theory [J.Phys.BB3, 5297 (2000)] 29616 949.6(10) kHz
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Example: the Helium atom - 2

® Corrections:
finite mass of the nucleus
Relativistic corrections
QED corrections (two-photon exchange,...)

® Application: fine structure splitting of Helium atomic ldse
2.9 GHz 23 P, — 23 P, energy interval

Experiment [PRL87, 173002 (2001)] 29616 950.9(9) kHz
Theory [J.Phys.B3, 5297 (2000)] 29616 949.6(10) kHz

® These calculations provide an indipendent estimate of tieediructure
constant

Scuola di Fisica Nucleare Raimondo Anni, Otranto 31 Magh®gno 2005 — p.10/



Example: the Helium atom - 2

® Corrections:
finite mass of the nucleus
Relativistic corrections
QED corrections (two-photon exchange,...)

® Application: fine structure splitting of Helium atomic ldse
2.9 GHz 23 P, — 23 P, energy interval

Experiment [PRL87, 173002 (2001)] 29616 950.9(9) kHz
Theory [J.Phys.B3, 5297 (2000)] 29616 949.6(10) kHz

® These calculations provide an indipendent estimate of tieediructure
constant

1/
Electrong — 2 137.0359996(5)
He 23 P 137.035986 4(31)
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Convergence

®* We have seen tha#{) ; converges quadratically tB).
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Convergence

®* We have seen tha#{) ; converges quadratically tB).

® And other properties?

(O)N Z_@LVK?@M
(Un|UN)

(O)n converges linearly a8 — oo
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Convergence

®* We have seen tha#{) ; converges quadratically tB).

® And other properties?

(O)N Z_@LVK?@M
(Un|UN)

(O)n converges linearly a8 — oo

® Note: the variational procedure gives
very good wave functions whed ¥ /W is large
rather poor wave functions wheféW /WU is small
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(O)n converges linearly a8 — oo

® Note: the variational procedure gives
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® One has to checlways the convergence gi0)
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Convergence

®* We have seen tha#{) ; converges quadratically tB).

® And other properties?

(O)N Z_@Lﬂ(?@m
(Un|UN)

(O)n converges linearly a8 — oo

® Note: the variational procedure gives
very good wave functions whed ¥ /W is large
rather poor wave functions wheféW /WU is small

® One has to checlways the convergence gi0)

® In some cases (HH basis) the convergence properties are

Schneider, Phys. LettlOB, 439 (1972)
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vdal iadulUllal CaitulatliOlls 111 INU-
clear Physics

® \Variational calculations have been proved to be very ateton few
atomic and molecular systems (and also for the costituearkquodel)
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vdal iadulUllal CaitulatliOlls 111 INU-
clear Physics

® \Variational calculations have been proved to be very ateton few
atomic and molecular systems (and also for the costituearkquodel)

® Big difficulties for few nucleon systems
strong repulsion
strong tensor force

* Example: “Jastrow wave function” fot = 3

U = g(ri2)g(riz)g(ras)

very effective for strong repulsiveentral potentials
not appropriate in case of a strong tensor force
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vdal iadulUllal CaitulatliOlls 111 INU-
clear Physics

® \Variational calculations have been proved to be very ateton few
atomic and molecular systems (and also for the costituearkquodel)

® Big difficulties for few nucleon systems
strong repulsion
strong tensor force

* Example: “Jastrow wave function” fot = 3

W = g(r12)g(r13)g(r23)
very effective for strong repulsiveentral potentials

not appropriate in case of a strong tensor force

® Inthe last years, accurate variational calculations haenlmbtained
for A= 3,4

gaussian basis (Kamimura, Varga)
hyperspherical harmonic basis (Pisa, Trento)
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val IaulUllal [TICSt1OUS 101 Sballcl -
ing states

® Elastic and inelastic many-particle scattering

p+d —p+d elastic
— p+p+n breakup

— p+d* inelastic
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p+d —p+d elastic
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® Kohn variational principle:
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val IaulUllal [TICSt1OUS 101 Sballcl -
ing states

® Elastic and inelastic many-particle scattering

p+d —p+d elastic
— p+p+n breakup

— p+d* inelastic

® Kohn variational principle:
a, 3, ... specify the final state ( (“channel” and guantum numb

® the stationary “point” of the functional
[Sa,8] = Sa,p — (¥g|H — E|¥q)
gives the “best” approximation of at a givenkE.

Sa.3 = S-matrix elements = amplitude for the transitien- 3 =
variational parameters
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vdl lallUllal [TIcLtious 101 Sallcl -
Ing states
® Elastic and inelastic many-particle scattering

p+d —p+d elastic
— p+p+n breakup

— p+d* inelastic

® Kohn variational principle:
a, 3, ... specify the final state ( (“channel” and guantum numb

® the stationary “point” of the functional
[Sa,8] = Sa,p — (¥g|H — E|¥q)
gives the “best” approximation of at a givenkE.

Sa.3 = S-matrix elements = amplitude for the transitien- 3 =
variational parameters

®* ¥, must have the appropriate asymptotic behaviour
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val IaulUllal [TICSt1OUS 101 Sballcl -
ing states

° If U, =", +¢,then

v, exact solutiorHv,_, = EV,,

Saa = Saa—{(Yy|H — E|¥,)+ (e|H — Ele)
= [Sa,al + (e|H — Ele)
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° If U, =", +¢,then
v, exact solutiorHv,_, = EV,,

Saa = Saa—{(Yy|H — E|¥,)+ (e|H — Ele)
= [Sa,al + (e|H — Ele)

°* U, =V, stationary point ofS,, ]
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val IaulUllal [TICSt1OUS 101 Sballcl -
ing states

° If U, =", +¢,then
v, exact solutiorHv,_, = EV,,

Saa = Saa—{(Yy|H — E|¥,)+ (e|H — Ele)
[Sa,al + (€| H — Ele)

°* U, =V, stationary point ofS,, ]

® In this caseiS, g] = Sa.p
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1 WO-DOUY otalltclillyg - CCliul al
potential

© v ="y, (7),E =5k 1 =reduced mass; = (2u1/h?)(e?/2k)
RErd? 4+ 1) 2 h2k?
E__Z[W_ T2 ] Vir)+ r 2u
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1 WO-DOUY otalltclillyg - CCliul al
potential

o y=My, (%), F ="k —reduced mass; = (2u/h?)(e?/2k
21

r

e’ h%k?
ro 214

h? { d>  ((l+1)
dr? r2
® Asymptotic solutions¥ — 0):
regularFy(n, kr) and the irregulatz, (7, kr) Coulomb functions
behaviour for — oo:

| +vi)+

Fy(n,z) — sin(z — nln(2z) — & + oy)
Gi(n,z) — cos(z — nln(2z) — Z + oy)
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1 WO-DOUY otalltclillyg - CCliul al
potential

o y=My, (%), F ="k —reduced mass; = (2u/h?)(e?/2k
21

r

e’ h%k?
ro 214

h? { d>  ((l+1)
dr? r2
® Asymptotic solutions¥ — 0):
regularFy(n, kr) and the irregulatz, (7, kr) Coulomb functions
behaviour for — oo:

| +vi)+

Fy(n,z) — sin(z — nln(2z) — & + oy)

Gi(n,z) — cos(z — nln(2z) — Z + oy)
® no Coulomb case:

Fo(n = 0,) — ze(x)

Gi(n=0,z) — —zyi(z)
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1 WO-DOUY otalltclillyg - CCliul al
potential

® \We have to regularize the functi@r, (n, kr)
Go(n, kr) = Go(n, kr)[1 — exp(—y7)]**!
~ IS a variational parameter
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1 WO-DOUY otalltclillyg - CCliul al
potential

® \We have to regularize the functi@r, (n, kr)
Go(n, kr) = Go(n, kr)[1 — exp(—y7)]**!
~ IS a variational parameter

® Let us introduce thengoing andoutgoing solutions
Or = Gy + ik,
Zg == Gg — iFg
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1 WO-DOUY otalltclillyg - CCliul al
potential

® \We have to regularize the functi@ry (7, kr)
Go(n, kr) = Go(n, kr)[1 — exp(—yr)]**+!
~ IS a variational parameter

® Let us introduce thengoing andoutgoing solutions
O, = ég + 1Fy
T, = Gy — iF,

® behaviour forr — oo:
O¢(n, ) — expli(r — nln(2z) — %T + oy)]
Zy(n,x) — exp|—i(x — nln(2z) — ‘%T + oy)]
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1 WO-DOUY otalltclillyg - CCliul al
potential

® Trial wave function

2(r) = 1/ 2—‘2‘ ﬁ [Z G, fi(r) + SO (0, kr) — To(n, kor)

1=1
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1 WO-DOUY otalltclillyg - CCliul al
potential

® Trial wave function

ur) = 1/ o8 [Z @ir fi(r) + SOk, kr) — To(n, kr>]

1=1

® Exact wave function

ur) =/ o [Z air fi(r) + SOy, kr) — Ta(1, kr>]

1=

fi(r) complete basisy; linear variational parameters

fi(r — 00) =0
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1 WO-DOUY otalltclillyg - CCliul al
potential

® Trial wave function

ur) = 1/ o8 [Z @ir fi(r) + SOk, kr) — To(n, kr>]

=L

® Exact wave function

ur) =/ o [Z air fi(r) + SOy, kr) — Ta(1, kr>]

1=

fi(r) complete basisy; linear variational parameters

fi(r — 00) =0

® Exercize: show that

/O " dr [a(r) Lu(r) — u(r) Ca(r)] = S — 3

this Is anexact relation
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1 WO-DOUY otalltclillyg - CCliul al
potential

* U =U+e [0 = “Ny, (7]

S = S+ i dr [u(r)Lu(r) — u(r)Lu(r)]
= S+ (V|H - E|V) — (V|H — E|T)
= S—(V|H - E|¥)
= S—(V+¢|H - E|P)
= S —(V|H — E|V) + (¢|H — Ele)
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1 WO-DOUY otalltclillyg - CCliul al
potential

* fU=U+¢ [0 = “Ny, (7]

h dr [u(r)Lu(r) — u(r)Lu(r)]
H — E|V) — (U|H — E|T)
U|H — E|T)

+e|H — E|¥)

|H — E|VU) + (¢|H — Ele)

o| 1T~ B[

g -

|
+

Aal EI

Il
¥l CQ| CQI ¥l

|

= [S]+
° U = U stationary point ofS]

in this case{S| = S
S| — S quadratic ire
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Applications

®* The Kohn variational principle can be generalized foe 3.4, . ..
body scattering
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Applications

®* The Kohn variational principle can be generalized foe 3.4, . ..
body scattering

® One has to know the “outgoing” and “ingoing” solutions of the
Schrodinger equation in the asymptotic regions

Example(n +d) — (n+d) + (n +n+p)

iQp .
Q11141 — 25/2 region A

O11141 —>¢0(?“12)61Qy region B

p~ /T2 + 712+ 12 h2Q?/m ~ total kinetic energy of the syste
y=17r3—(r1+mr2)/2
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body scattering

® One has to know the “outgoing” and “ingoing” solutions of the
Schrodinger equation in the asymptotic regions

Example(n +d) — (n+d) + (n +n+p)

iQp .
Q11141 — 25/2 region A

O11141 —>¢0(T12)61Qy region B

p~ /T2 + 712+ 12 h2Q?/m ~ total kinetic energy of the syste
y=17r3—(r1+mr2)/2

® )y zero-energy scattering two-body wave function
(nn scattering lenght)

®* Three charged particles: asymptotic behaviour not coralyl&nhown
lonizatione + H — e+e+p
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L inear Basis

® Expansion on a (truncated) ortonormal basis of funct®ps

N
Ea = Zakq)k -+ Zga,gog — 1,
k=1 3

®;. — 0 In the asymptotic regions
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L inear Basis

® Expansion on a (truncated) ortonormal basis of funct®ps
N
v, = Z arPr + ZSQﬁOB — 1,
k=1 3

®;. — 0 In the asymptotic regions
® Minimization of S, , — (V,|H — E|¥,) with respect tai;, andS,, .,

((@1|H — E|®1) (01]H — E|®g) ...\ [ a1 ) ((@1\H—E\Ia>\
(Do|H — E|®1) (®o|H — E|®3) ... as (9| H — B|Ta)

\(®1|H — E|Os) (Bo|H — E|Os) ... ) \ Saa \(Ia>|H—E\Oa>)
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L inear Basis

® Expansion on a (truncated) ortonormal basis of funct®ps
N
v, = Z arPr + ZSQﬁOB — 1,
k=1 3

®;. — 0 In the asymptotic regions
® Minimization of S, , — (V,|H — E|¥,) with respect tai;, andS,, .,

((@1|H — E|®1) (01]H — E|®g) ...\ [ a1 ) ((@1\H—E\Ia>\
(Do|H — E|®1) (®o|H — E|®3) ... as (9| H — B|Ta)

\(®1|H — E|Os) (Bo|H — E|Os) ... ) \ Saa \(Ia>|H—E\Oa>)

® Linear system
standard numerical methotd&PACK

special methods for big matrices (Lanczos),
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