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Summary
• Introduction
• Gauge Invariance & current conservation
• Example: one pion exchange
• Realistic potentials
• Example:p − d radiative capture
• Seminal works:

Sachs, 1948
Chemtob & Rho, 1971
Buchmann, Leidemann, & Arenhövel, 1985
Riska, 1985
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Introduction
• Notation: quantum field theory: Bjorken & Drell
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Introduction
• Notation: quantum field theory: Bjorken & Drell

• Charge density operator in coordinate space

〈r′

i|ρ(x)|ri〉 = qiδ(x − ri)δ(ri − r′

i)
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Introduction
• Notation: quantum field theory: Bjorken & Drell

• Charge density operator in coordinate space

〈r′

i|ρ(x)|ri〉 = qiδ(x − ri)δ(ri − r′

i)

• We need

〈N ′|
∫

d3x jµ(x)Aµ(x)|Nγ〉 ∼

∼ 〈N ′|
∫

d3xjµ(x)εµ

eiq·x

√
2ω

|N〉

= 〈N ′|jµ(q)|N〉 εµ√
2ω
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Introduction
• Fourier transform of the charge density operator in coordinate space

〈r′
i|ρ(q)|ri〉 =

∫

d3x 〈r′
i|ρ(x)|ri〉eix·q

= qie
iri·qδ(ri − r′

i)
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Introduction
• Fourier transform of the charge density operator in coordinate space

〈r′
i|ρ(q)|ri〉 =

∫

d3x 〈r′
i|ρ(x)|ri〉eix·q

= qie
iri·qδ(ri − r′

i)

• Fourier transform of the charge density operator in momentum space

〈p′
i|ρ(q)|pi〉 =

∫

d3r′i d
3ri

e−ip′

i
·r′

i

(2π)3/2
qie

iri·qδ(ri − r′
i)
eipi·ri

(2π)3/2

= qiδ(p
′
i + q − pi)
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Introduction
• Fourier transform of the charge density operator in coordinate space

〈r′
i|ρ(q)|ri〉 =

∫

d3x 〈r′
i|ρ(x)|ri〉eix·q

= qie
iri·qδ(ri − r′

i)

• Fourier transform of the charge density operator in momentum space

〈p′
i|ρ(q)|pi〉 =

∫

d3r′i d
3ri

e−ip′

i
·r′

i

(2π)3/2
qie

iri·qδ(ri − r′
i)
eipi·ri

(2π)3/2

= qiδ(p
′
i + q − pi)

• Exercise: charge density operator in momentum space
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Introduction
• time-dependence (Heisemberg picture)

ρ(x, t) = eiHtρ(x)e−iHt
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Introduction
• time-dependence (Heisemberg picture)

ρ(x, t) = eiHtρ(x)e−iHt

• Time derivative

∂ρ(x, t)

∂t
= i[H, ρ(x, t)]
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Introduction
• time-dependence (Heisemberg picture)

ρ(x, t) = eiHtρ(x)e−iHt

• Time derivative

∂ρ(x, t)

∂t
= i[H, ρ(x, t)]

• Often we have to consider

ρ(x, ω) =

∫

dt ρ(x, t)e−iωt
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Current conservation
• E.m. gauge symmetry→ conserved current
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Current conservation
• E.m. gauge symmetry→ conserved current

• Heisemberg pictureΨ`(xµ) fields
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Current conservation
• E.m. gauge symmetry→ conserved current

• Heisemberg pictureΨ`(xµ) fields

• Lagrangian densityL[Ψ`(xµ), ∂µΨ`(xµ)]

invariant under the joint transformations

δΨ`(xµ) = iq`G(xµ)Ψ(xµ)

δAµ(xµ) = ∂µG(xµ)
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Current conservation
• E.m. gauge symmetry→ conserved current

• Heisemberg pictureΨ`(xµ) fields

• Lagrangian densityL[Ψ`(xµ), ∂µΨ`(xµ)]

invariant under the joint transformations

δΨ`(xµ) = iq`G(xµ)Ψ(xµ)

δAµ(xµ) = ∂µG(xµ)

• Then∂µJµ(xµ) = 0

∇ · j(xµ) +
∂ρ(xµ)

∂t
= 0

∂ρ(xµ)

∂t
→ i[H, ρ(xµ)]

q · j(q, t) = [H, ρ(q, t)]

Scuola di Fisica Nucleare Raimondo Anni, Otranto 31 Maggio-4 Giugno 2005 – p.6/19



Current conservation
• E.m. gauge symmetry→ conserved current

• Heisemberg pictureΨ`(xµ) fields

• Lagrangian densityL[Ψ`(xµ), ∂µΨ`(xµ)]

invariant under the joint transformations

δΨ`(xµ) = iq`G(xµ)Ψ(xµ)

δAµ(xµ) = ∂µG(xµ)

• Then∂µJµ(xµ) = 0

∇ · j(xµ) +
∂ρ(xµ)

∂t
= 0

∂ρ(xµ)

∂t
→ i[H, ρ(xµ)]

q · j(q, t) = [H, ρ(q, t)]

• Therefore, the Hamiltonian and the current must verify the

current conservation relation (CCR)
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Lagrangian Formalism
• For a given Lagrangian densityL[Ψ`, ∂µΨ`, Aµ]

invariant under the joint transformations

δΨ`(xµ) = iq`G(xµ)Ψ`(xµ)

δAµ(xµ) = ∂µG(xµ)
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Lagrangian Formalism
• For a given Lagrangian densityL[Ψ`, ∂µΨ`, Aµ]

invariant under the joint transformations

δΨ`(xµ) = iq`G(xµ)Ψ`(xµ)

δAµ(xµ) = ∂µG(xµ)

• This require the combination∂µΨ` − iq`Aµ(xµ)Ψ`

Scuola di Fisica Nucleare Raimondo Anni, Otranto 31 Maggio-4 Giugno 2005 – p.7/19



Lagrangian Formalism
• For a given Lagrangian densityL[Ψ`, ∂µΨ`, Aµ]

invariant under the joint transformations

δΨ`(xµ) = iq`G(xµ)Ψ`(xµ)

δAµ(xµ) = ∂µG(xµ)

• This require the combination∂µΨ` − iq`Aµ(xµ)Ψ`

• Minimal substitution

Jµ(xµ) = i
∑

`

∂L
∂ ∂µΨ`

q`Ψ
`
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Lagrangian Formalism
• For a given Lagrangian densityL[Ψ`, ∂µΨ`, Aµ]

invariant under the joint transformations

δΨ`(xµ) = iq`G(xµ)Ψ`(xµ)

δAµ(xµ) = ∂µG(xµ)

• This require the combination∂µΨ` − iq`Aµ(xµ)Ψ`

• Minimal substitution

Jµ(xµ) = i
∑

`

∂L
∂ ∂µΨ`

q`Ψ
`

• L0 → L0 − Jµ(xµ)Aµ(xµ) + O(A2)
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Example
• Spin-0 isospin-1 field

L =
1

2
∂µΦa(x)∂µΦa(x) − 1

2
m2Φa(x)Φa(x)

isospin index
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Example
• Spin-0 isospin-1 field

L =
1

2
∂µΦa(x)∂µΦa(x) − 1

2
m2Φa(x)Φa(x)

isospin index

• Φ+(x) = 1√
2
[Φ1(x) + iΦ2(x)], Φ− = Φ†

+, Φ0 = Φ3
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Example
• Spin-0 isospin-1 field

L =
1

2
∂µΦa(x)∂µΦa(x) − 1

2
m2Φa(x)Φa(x)

isospin index

• Φ+(x) = 1√
2
[Φ1(x) + iΦ2(x)], Φ− = Φ†

+, Φ0 = Φ3

• Minimal substitution

Jµ(x) = −ie[Φ−∂
µΦ+ − Φ+∂

µΦ−] = e
(

~Φ × ∂µ~Φ
)

z

Scuola di Fisica Nucleare Raimondo Anni, Otranto 31 Maggio-4 Giugno 2005 – p.8/19



Standard nuclear model
• Low-energy nuclear physics:

(recent development: chiral effective field theory)
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Standard nuclear model
• Low-energy nuclear physics:

(recent development: chiral effective field theory)

• non-relativistic quantum mechanics
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Standard nuclear model
• Low-energy nuclear physics:

(recent development: chiral effective field theory)

• non-relativistic quantum mechanics

• NN & 3N interaction:

fitted to reproduce the NN (and 3N) data set

H =
∑

i

p2
i

2m
+

∑

i<j

vij +
∑

i<j<k

Vijk .

vij andVijk depend onisospin andmomentum
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Standard nuclear model
• Low-energy nuclear physics:

(recent development: chiral effective field theory)

• non-relativistic quantum mechanics

• NN & 3N interaction:

fitted to reproduce the NN (and 3N) data set

H =
∑

i

p2
i

2m
+

∑

i<j

vij +
∑

i<j<k

Vijk .

vij andVijk depend onisospin andmomentum

• Difficulties in treating e.m. transitions:

there is no a recipe to deriveJµ
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Standard nuclear model
• Low-energy nuclear physics:

(recent development: chiral effective field theory)

• non-relativistic quantum mechanics

• NN & 3N interaction:

fitted to reproduce the NN (and 3N) data set

H =
∑

i

p2
i

2m
+

∑

i<j

vij +
∑

i<j<k

Vijk .

vij andVijk depend onisospin andmomentum

• Difficulties in treating e.m. transitions:

there is no a recipe to deriveJµ

• In first approx.ρi(q) = qi
1+τz(i)

2 eiri·q

ρi does not commute withvij andVijk
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Definitions
• Let us define

ρ(q) =
∑

i

ρi(q) +
∑

i<j

ρij(q) + . . . ,

j(q) =
∑

i

ji(q) +
∑

i<j

jij(q) + . . . .
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Definitions
• Let us define

ρ(q) =
∑

i

ρi(q) +
∑

i<j

ρij(q) + . . . ,

j(q) =
∑

i

ji(q) +
∑

i<j

jij(q) + . . . .

• CCR:

q · ji(q) =

[

p2
i

2m
, ρi(q)

]

,

q · jij(q) = [vij , ρi(q) + ρj(q)] ,
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Non-relativistic reduction
• The one-body charge density operator can be written as

ρi(q) = ρi,NR(q) + ρi,RC(q) ,
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Non-relativistic reduction
• The one-body charge density operator can be written as

ρi(q) = ρi,NR(q) + ρi,RC(q) ,

• where, in first approximation

ρi,NR(q) =
∑

i

qi
1 + τz(i)

2
eiri·q
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Non-relativistic reduction
• The one-body charge density operator can be written as

ρi(q) = ρi,NR(q) + ρi,RC(q) ,

• where, in first approximation

ρi,NR(q) =
∑

i

qi
1 + τz(i)

2
eiri·q

• ρi,RC(q), ρij(q), . . . turn out to be of the orderO(1/m2)

Scuola di Fisica Nucleare Raimondo Anni, Otranto 31 Maggio-4 Giugno 2005 – p.11/19



Non-relativistic reduction
• The one-body charge density operator can be written as

ρi(q) = ρi,NR(q) + ρi,RC(q) ,

• where, in first approximation

ρi,NR(q) =
∑

i

qi
1 + τz(i)

2
eiri·q

• ρi,RC(q), ρij(q), . . . turn out to be of the orderO(1/m2)

• At low energies, we must ask at least to verify the CCR for

ρi(q) = ρi,NR(q)
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Recipes
• Potential

Feynman diagram→ NR reduction∼ v or V in momentum space
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Recipes
• Potential

Feynman diagram→ NR reduction∼ v or V in momentum space

• Current/charge (example:γ absorption)

〈p′
1, . . . ,p

′
A|

∫

d4xjµ(x)Aµ(x)|p1, . . . ,pA; γ〉 ∼

〈p′
1, . . . ,p

′
A|jµ(q, ω)εµ|p1, . . . ,pA〉

Feynman diagram→ take the operator multiplyingεµ → NR

reduction→ (Fourier transform of the) current/charge operators
∫

dω/2πjµ(q, ω) exp(iωt) → jµ(q, t)
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One-body current and charge
• Vertex: eΨ̄(x)γµAµ(x)Ψ(x)

〈N,p′|
∫

d4xJµ(x)Aµ(x)|N,p〉|γ, q〉 ∼

ū(p′, s′)

[

F1(Q
2)γµ + F2(Q

2)
iσµνqν

2m

]

u(p, s)(2π)4δ(p′µpµ − qµ)

F1, F2 Dirac and Pauli form factors

Q2 = −qµqµ

σµν = (i/2)[γµ, γν ]
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One-body current and charge
• Vertex: eΨ̄(x)γµAµ(x)Ψ(x)

〈N,p′|
∫

d4xJµ(x)Aµ(x)|N,p〉|γ, q〉 ∼

ū(p′, s′)

[

F1(Q
2)γµ + F2(Q

2)
iσµνqν

2m

]

u(p, s)(2π)4δ(p′µpµ − qµ)

F1, F2 Dirac and Pauli form factors

Q2 = −qµqµ

σµν = (i/2)[γµ, γν ]

• 4-spinors

u(p, s) =

(

E +m

2m

)1/2




χs

σ·p
E+mχs




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One-body current and charge
• NR reduction (retain the termsO(1/m) only)

ρ
(1)
NR(q) = qiδ(p

′ − p − q)

j
(1)
NR(q) =

[

qi
p′ + p

2m
− i

2m
µiq × p

]

δ(p′ − p − q)

qi = Gp
E(Q2) 1+τz

2 +Gn
E(Q2) 1−τz

2

µi = Gp
M (Q2) 1+τz

2 +Gn
M (Q2) 1−τz

2

GE(Q2) = F1(Q
2)− Q2

4m2
F2(Q

2) GM (Q2) = F1(Q
2) + F2(Q

2)
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One-body current and charge
• NR reduction (retain the termsO(1/m) only)

ρ
(1)
NR(q) = qiδ(p

′ − p − q)

j
(1)
NR(q) =

[

qi
p′ + p

2m
− i

2m
µiq × p

]

δ(p′ − p − q)

qi = Gp
E(Q2) 1+τz

2 +Gn
E(Q2) 1−τz

2

µi = Gp
M (Q2) 1+τz

2 +Gn
M (Q2) 1−τz

2

GE(Q2) = F1(Q
2)− Q2

4m2
F2(Q

2) GM (Q2) = F1(Q
2) + F2(Q

2)

• Exercise: verify the CCR in this case
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One-pion exchange potential
• Lagrangian

LI =
fπNN

mπ
Ψ̄(x)γµγ5τaΨ(x)∂µΦa(x)
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One-pion exchange potential
• Lagrangian

LI =
fπNN

mπ
Ψ̄(x)γµγ5τaΨ(x)∂µΦa(x)

• OPEP

vπ(k) =
f2

πNN

3m2
π

1

k2 +m2
π

〈p′
1,p

′
2|v|p1 p2〉 =

[

vπ(k) k2 (σ1 · σ2) + vπ(k)S12(k)
]

τ1 · τ2

×δ(p′
1 + p′

2 − p1 − p2)

S12(k) = 3(σ1 · k)(σ2 · k) − k2(σ1 · σ2)

k = p′
1 − p1

f2
πNN/4π ≈ 0.075
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One-pion exchange current &
charge

• Lagrangian with e.m. field

LI =
fπNN

mπ
Ψ̄(x)γµγ5τaΨ(x)∂µΦb(x)εabzAµ(x)

+eΦa × ∂µΦbεabzAµ(x)
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One-pion exchange current &
charge

• Lagrangian with e.m. field

LI =
fπNN

mπ
Ψ̄(x)γµγ5τaΨ(x)∂µΦb(x)εabzAµ(x)

+eΦa × ∂µΦbεabzAµ(x)

• NR reduction of the 3 Feynman diagrams [k1 = p′
1 − p1]

〈p′
1,p

′
2|jfπNN ,mπ

(q)|p1 p2〉 =

= 3iGV
E(q2µ)(τ1 × τ2)z

[

vπ(k2)σ1(σ2 · k2) − vπ(k1)σ2(σ1 · k1)

+
k1 − k2

k2
1 − k2

2

[

vπ(k1) − vπ(k2)
]

(σ1 · k1)(σ2 · k2)

]

GV
E(q2µ) = Gp

E(q2µ) −Gn
E(q2µ)
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One-pion exchange current &
charge

• Lagrangian with e.m. field

LI =
fπNN

mπ
Ψ̄(x)γµγ5τaΨ(x)∂µΦb(x)εabzAµ(x)

+eΦa × ∂µΦbεabzAµ(x)

• NR reduction of the 3 Feynman diagrams [k1 = p′
1 − p1]

〈p′
1,p

′
2|jfπNN ,mπ

(q)|p1 p2〉 =

= 3iGV
E(q2µ)(τ1 × τ2)z

[

vπ(k2)σ1(σ2 · k2) − vπ(k1)σ2(σ1 · k1)

+
k1 − k2

k2
1 − k2

2

[

vπ(k1) − vπ(k2)
]

(σ1 · k1)(σ2 · k2)

]

GV
E(q2µ) = Gp

E(q2µ) −Gn
E(q2µ)

• Exercise: verify the CCR with OPEP
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Realistic potentials
• but for a realistic potential?

simple prescription!

Buchmann, Leidemann, & Arenhövel, 1985

Riska, 1985
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Realistic potentials
• but for a realistic potential?

simple prescription!

Buchmann, Leidemann, & Arenhövel, 1985

Riska, 1985

• Suppose that (in momentum space)

vij(k) =
[

vPS(k) k2 σi · σj + vPS(k)Sij(k)
]

τi · τj

vPS(k) generic function fixed by comparison with experiment
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Realistic potentials
• but for a realistic potential?

simple prescription!

Buchmann, Leidemann, & Arenhövel, 1985

Riska, 1985

• Suppose that (in momentum space)

vij(k) =
[

vPS(k) k2 σi · σj + vPS(k)Sij(k)
]

τi · τj

vPS(k) generic function fixed by comparison with experiment

• Let us consider a family of pseudo-scalar mesons of massmr and

coupling constant with the nucleonfr

r = 1 m1 = mπ, f1 = fπNN

r > 1 mr > mπ, fr = free parameters
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Realistic potentials
• fr>1 fixed so that

vPS(k) =

N
∑

r=1

f2
r

3m2
r

1

k2 +m2
r
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Realistic potentials
• fr>1 fixed so that

vPS(k) =

N
∑

r=1

f2
r

3m2
r

1

k2 +m2
r

• Then

jPS(q) =
N

∑

r=1

jfr,mr
(q)

satisfies CCR with that particularvij(k)
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Realistic potentials
• fr>1 fixed so that

vPS(k) =

N
∑

r=1

f2
r

3m2
r

1

k2 +m2
r

• Then

jPS(q) =
N

∑

r=1

jfr,mr
(q)

satisfies CCR with that particularvij(k)

• We can use the exchange of scalar, vector, pseudovectorT = 0, 1

mesons to reproduce the generalvij(k), and then construct the

corresponding current.
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Realistic potentials
• fr>1 fixed so that

vPS(k) =

N
∑

r=1

f2
r

3m2
r

1

k2 +m2
r

• Then

jPS(q) =
N

∑

r=1

jfr,mr
(q)

satisfies CCR with that particularvij(k)

• We can use the exchange of scalar, vector, pseudovectorT = 0, 1

mesons to reproduce the generalvij(k), and then construct the

corresponding current.

• It has been generalized also for the 3N interaction
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p-d radiative capture
• p+ d→ 3He + γ
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p-d radiative capture
• p+ d→ 3He + γ

• Initial and final wave functions calculated with the (correlated) HH

method

Tfi = 〈ψ3|
∑

i

ji(q) +
∑

i<j

jij(q) +
∑

i<j<k

jijk(q)|ψ1+2〉
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p-d radiative capture
• p+ d→ 3He + γ

• Initial and final wave functions calculated with the (correlated) HH

method

Tfi = 〈ψ3|
∑

i

ji(q) +
∑

i<j

jij(q) +
∑

i<j<k

jijk(q)|ψ1+2〉

• Only ji: “inpulse approximation”

• Big effects ofjij

• Tiny effects ofjijk (but visible for some observables)
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