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Acronyms

e C-W Curie-Weiss

e H-J Hamilton-Jacobi

e IRS Inertial reference system

e ODE Ordinary differential equation
e PDE Partial differential equation

e TL Thermodynamic limit. The limit for the particle number N and the volume V
going to infinity while the density of the system p = N/V remains constant.



Abstract

In this thesis work, three disciplines of physics i.e. classical, relativistic and statistical me-
chanics, are structured through a common base: the principle of least action (or Hamilton’s
principle). The main goal of this thesis is to demonstrate that even statistical mechanics,
despite its probabilistic structure, can be constructed starting from the calculus of variations.
If in classical mechanics we minimize tha action (in order to obtain the physical path), in
thermodynamics we minimize the free energy F'. In our treatment, we shall use another ther-
modynamic quantity i.e. the pressure A = S f, where f is the free energy per site f = % In
order to develop the connection between the various mechanics we introduce the Curie-Weiss
model in which N spin interact through pairwise couplings with each other (and it is also the
simplest model to show a phase transition). The Curie-Weiss model (C-W) can be solved
exactly through mean-field theory or by using Guerra’s interpolation method. The inter-
polation method consists in obtaining the C-W pressure in the thermodynamic limit (TL)
by introducing a generalized pressure A(3,t) with ¢ a real parameter. The pressure A(S,1)
evaluated at t = 0 is that of a model with N independent spins, whereas, A(f,t = 1) is the
original C-W pressure. Using the fundamental theorem of calculus we obtain A(f5,t = 1).
The analogy between classical and statistical mechanics starts with the resolution of the
model through a mechanical analogy. The pressure, now parametrized in terms of the real
parameters x,t , in the TL, satisfies the Hamilton-Jacobi (HJ) equation for the free particle
of unit mass and is therefore treated as an action. The momentum, the spatial derivative of
the action, becomes the magnetization and the pressure A(t,x) is obtained as the integral
of the Lagrangian over time. Applying the principle of least action to the expression of the
pressure A(x,t) we obtain the self-consistency relation of the magnetization (the equation
satisfied by the order parameter at equilibrium) . The analogy has another important aspect,
Noether symmetries of classical mechanics correspond, in the statistical counterpart, to the
self-averaging properties of the model. Away from the critical point, the magnetization, in
the TL, is self-averaging, i.e. it has no fluctuations. The C-W model can be generalized to
show a relativistic structure. Now, analogously to the classical case, the relativistic pressure
satisfies the relativistic H-J equation for a relativistic free particle with unitary mass at rest.
We go on showing the coherence of such generalization: all relativistic equations, including
the self-consistency equation and the self-averaging relations can be Taylor expanded for
small values of m to obtain again the classical C-W model relations. We also describe the
properties of the phase transition of the C-W model, with particular attention to the diver-
gence of the amplified fluctuations of m (amplified by a factor of VN ) at the critical point
and of the connection between the phenomenon of spontaneous symmetry breaking and the
bifurcations typically seen in mathematical physics.



Riassunto

In questo lavoro di tesi tre discipline della fisica, i.e. la meccanica classica, relativistica e
statistica vengono strutturate mediante una base comune: il principio di minima azione (o
princpio di Hamilton). L’obbiettivo pit arduo e innovativo del lavoro é dimostrare che anche
la meccanica statistica, la cui base probabilistica la allontana dal determinismo della mec-
canica analitica, puod essere costruita a partire dal calcolo variazionale. Se nella meccanica
classica, cid che minimizziamo per trovare il cammino fisico é 'azione, per la termodinam-
ica risulta essere l’energia libera F'. Nella nostra trattazione useremo al posto dell’energia
libera un’altra quantitd termodinamica che ¢é la pressione A = [ f, dove f & ’energia lib-
era per sito f = % Per raggiungere lo scopo introduciamo il modello di Curie-Weiss in
cui N spin interagiscono con interazione a due corpi fra di loro ed & inoltre il modello piu
semplice a mostrare una transizione di fase. Il modello di Curie-Weiss (C-W) puo essere
risolto con soluzione esatta in campo medio o con il metodo dell’interpolazione di Guerra. Il
metodo dell’interpolazione consiste nel trovare la pressione nel limite termodinamico (TL)
del modello di C-W introducendo una A((3,t) con t parametro reale, che per ¢t = 0 cor-
risponde ad una pressione di un modello ad N spin indipendenti e per ¢ = 1 alla pressione
del modello di C-W. Utilizzando il teorema fondamentale del calcolo integrale riusciamo a
ricavare A(f,t = 1) mediante la sola conoscenza dei risultati del modello a spin indipen-
denti. L’analogia tra meccanica classica e statistica comincia con la risoluzione del modello
tramite un’ analogia meccanica in cui, la pressione, parametrizzata ora in x,t parametri
reali, nel limite termodinamico (TL), soddisfa I’equazione di Hamilton-Jacobi (H-J) per la
particella libera di massa unitaria e dunque viene promossa ad azione. Il momento, derivata
spaziale dell’azione, diventa la magnetizzazione e la pressione A(t,x) viene ricavata come
integrale della lagrangiana rispetto al tempo. Applicando il principio di minima azione
all’espressione della pressione ottenuta A(z,t) ricaviamo esattamente la relazione di auto-
consistenza della magnetizzazione (espressione utilizzata in letteratura per I’equazione che
definisce il parametro d’ordine all’equilibrio). L’analogia presenta un ulteriore aspetto, le
simmetrie di Noether della meccanica classica corrispondono, nella controparte statistica,
alle proprieta di auto-media della magnetizzazione. Lontano dal punto critico, la magnetiz-
zazione, nel TL gode infatti della proprieta di self-averaging ovvero non presenta fluttuazioni.
Il modello di C-W puo essere esteso ad una versione relativistica. Adesso, analogamente al
caso classico, la pressione relativistica soddisfa I’equazione relativistica di H-J, invariante
sotto trasformazioni di Lorentz, per una particella libera relativistica con massa a riposo
unitaria. Si procede in modo analogo al caso precedente e si dimostra anche la coerenza del
modello: tutte le relazioni relativistiche, tra cui auto-consistenza e proprieta di auto-media
possono essere sviluppate per piccoli valori della magnetizzazione per riottenere quelle del
C-W classico. Nel lavoro si descrivono anche le proprieta della transizione di fase del C-W,
con particolare attenzione alla divergenza delle fluttuazioni amplificate (di VN ) al punto
critico e delle correlazioni tra il fenomeno di rottura spontanea di simmetria e le biforcazioni
tipiche della fisica matematica.



Chapter 1

Introduction

This thesis is dedicated to the mathematical similarity between the formulations of the vari-
ational principles in various branches of the mechanics: classical, relativistic and statistical
ones. To be more specific, ultimate aim of this thesis is to show the existence of a mathe-
matical bridge connecting different physical variational principles that, at a first glance, may
appear to have very little to share. In particular the main duality we want to show is how the
least action principle, hegemonic in mechanics, accounts perfectly also for thermodynamics.
In classical and relativistic analytical mechanics this variational principle rules the equation
of a massive system and its use, in this framework, is crystal-clear.

In the microscopic description of thermodynamics, i.e. in the equilibrium statistical mechan-
ics, we choose a rather different route to deal with the system. According to the principles
of thermodynamics we require, simultaneously, both the minimization system energy and
the entropy maximization. These two different principles tend to drift the system toward
opposite limit (maximum order versus maximum disorder) but we can, pragmatically, satisfy
both of them at once by minimizing the free energy. By using the Curie-Weiss (C-W) model
(i.e. the simplest model capturing a phase transition, with N spin sites corresponding to N
magnetic moments that interact with each other through pairewise interactions), we show
that its free energy naturally obeys an Hamilton-Jacobi (H-J) partial differential equation
(PDE) typical of Lagrangian mechanics. Then, by identifying its free energy with the action,
in this mechanical analogy, we see that the least action principle for this action effectively
reproduces the correct self-consistecy equation for the model order parameter (in our case
the magnetization) usually obtained by an entirely statistical mechanical driven path.

The analogy between analytical and statistical mechanics is actually by far deeper. In this
thesis, we study its consequences and we prove that symmetries in the analytical mechanical
framework (i.e. Noether symmetries) have a natural dual representation in terms of self-
averaging properties of the model in the statistical mechanical counterpart. Further more,
by deriving the H-J equation in the space-coordinate we obtain a Riemann-Hopf equation
for the magnetization. Within this duality, Riemann-Hopf PDE is the archetype of Hopf
bifurcation and symmetry breaking is naturally represented as a classical bifurcation (and
the phase transition itself is nothing but a shock in the system’s evolution).

Finally, we extend the analogy to its relativistic limit and we investigate the consequences in
statistical mechanics. We reverse the perspective and use generalizations in analytical me-
chanics to study their consequences in statistical mechanics. In particular, in the relativistic
extension, the free energy no longer obeys the classical H-J equation, rather its relativistic
Klein-Gordon-like extension. The analogy keeps holding in full depth and the extension
from classical to relativistic scenario implies, by a statistical mechanical perspective, models
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whose interactions are no longer just pairwise as in the C-W model. Pairwise interactions
are the minimal requirement, beyond the one body terms that deal with the external fields,
to have collective phenomena as phase transitions. These models are far from exhaustive
and, much more general interactions among several spins are likewise possible (as it is in-
deed the case, e.g. for instance in the case of structural glasses and all those systems lacking
critical behaviour in general). Taking the low momentum limit of the relativistic Hamilto-
nian we obtain again the classical Hamiltonian with pairwise interactions, in this sense the
relativistic model is more exhaustive as not only it contains the simple classical case but
also considers more complicate spins interactions. To accomplish this journey across the
various mechanics, a short introduction both to analytical mechanics (in its classical as well
as in its relativistic formulation) and statistical mechanics is mandatory and it is provided
in the first part of the thesis (the first three Sections, one for each kind of mechanics we will
need). These preliminary sections introduce the key quantities, concepts and results that
we need to develop the mechanical analogy, the real bulk of the thesis, discussed, in details,
in chapter 5. Finally an appendix clarifies a rather technical, but important, point on the
mathematical existence of all the functions that we consider.



Chapter 2

Classical Mechanics in a nutshell

In this section we introduce all the main quantities to be used when working with mechanical
systems. In particular, we discuss the role of the principle of least action in terms of the La-
grangian, the Hamiltonian and, ultimately, how to frame it within the H-J perspective.

2.1 Action Principle, Lagrangian Formulation

Every mechanical system is characterized by a definite function

£((]17q27""7q’n)q‘17"'7q'n) (21)

called Lagrangian, where the set of generalized coordinates ¢, gs, ...., ¢, and their time deriva-
tives ¢, Go, ...., ¢, completely describes the system. In the simplest case £L =T — V', where
T is the kinetic energy and V' the potential energy of the system.

In order to introduce the principle of least action (or Hamilton’s Principle) we define another
important quantity in analitycal mechanics, i.e. the action via the next

Definition 1. The action is the integral of the Lagrangian over time

t2
S = / E(QDQ%"")Qn7q.17‘“7q.n)dt' (22)

t1
The physical path followed by the system satisfies the principle of least action introduced in
the next

Theorem 1. The motion of the system from time t, to time ty is such that the action S,
defined in Definition 1, has a stationary value along the actual path of the motion.

The proof of this theorem is given in chapter 2 of Ref. [Gol02].

2.1.1 Calculus of variations: Euler-Lagrange Equations

As a consequence of Theorem 1, we require the action to be stationary for the physical path
with respect to any neighboring paths. For simplicity we consider a one dimensional system.
We denote the set of all the possible paths as ¢(t, a) with « a real parameter and ¢(¢,0) the
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physical path. We consider small variations with respect to the physical path:
q(t,a) = q(t,0) + ae(t), €(t1) =e€(t2) =0. (2.3)

The stationary condition becomes:

ds

. = 2.4

da a=0 07 ( )
hence:

ds 2 /0L 0q OL g

s _ 0L dg 0L Jq 2.

do /tl (8q da dq 804) at, (2:5)

and integrating by parts the second term in eq. (2.5) the integral becomes:

ﬁ _/t2 %_i% @dt—k %e(t)
da 4y \O0q dtOq) Oa aq

to

(2.6)

t1
The third term in the above equation vanishes and S can have a stationary value if and only
if:

This implies the following

Proposition 1. A system with n degrees of freedom possesses n equations of motion of the
form:

oL doL
dqi  dtog;

0, (2.8)

which describe its time evolution.

2.1.2 Noether’s Theorem

Because of the remarkable role played, in this thesis, by symmetries, we consider the next
theorem:

Theorem 2. Consider a single parameter family of maps

¢i(t) = Qi(s,t) s €R, (2.9)
such that

Qi(0,t) = qi(t). (2.10)
This trasformation is said to be a continuous symmetry of the Lagrangian L if

0 .

%/L(Qi(s, t),Qi(s,t),t) = 0. (2.11)

For each such symmetry there is a conserved quantity. [Tonl5]
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Proof.
oLl  IL 0Q +£8Qi _
0s |,y 0Q; 9s|._, 00Q; 0s B
o, =0 (2.12)
_d (9L 0Q; n oL 0Q; _d (9LIQ; —0
B dt 5’qz ds s=0 (9qz 0s B dt 8qz ds s=0 -
s=0
where we have used Euler-Lagrange equation. O

Example: the motion of a free particle

The motion of a free particle has space-time symmetries: indeed if we write the Lagrangian
(for simplicity the direction of motion is taken along the = axis) as

1
L= §m¢2, (2.13)

we can observe that if ' — x+se the Lagrangian remains unchanged. According to Noether’s
theorem there is a conserved quantity (momentum conservation):

d oL oL oL
dtoi’ " 0z’ or T (2:14)
In this case, the Lagrangian does not depend on z and we say that x is a cyclic coordinate.

Now we derive the conservation of energy. This arises when the Lagrangian is independent

of time, that is 0L/t = 0:

E = g—gz ~ L, (2.15)
therefore

(02t

dt — dt \ Oi dt (2.16)

—ia_£'+8_£"_ 8_'C+a_£_|_a_£ —_8_'6—0
“wort T or \ar Tt o) T "o

where we have used again Euler-Lagrange equation. In this example we have chosen a one-
dimensional Galilean trajectory since it is a key ingredient to be used in Chapter 5.

2.2 Hamiltonian Formulation

Another approach to study mechanical systems is the so called Hamiltonian formulation of
classical mechanics. The idea behind this theoretical scheme is based on the description of a
n-dimensional system in a 2n dimensional space (called phase space) instead of a n dimen-
sional one. We have to solve 2n first-order independent differential equations to describe the
motion of the system. The set of independent variables {¢;, ¢;} is replaced by {g;, p;} where
we have eliminated ¢; in favour of the momentum p; defined as

or
94

Pi- (2.17)
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We have to find a function of {g;, p;} that contains the same information as the Lagrangian.
The procedure for switching variables in this manner is the Legendre transformation intro-
duced implicitly in the next

Definition 2. The Hamiltonian or Hamilton’s function of a system is a function of the
coordinates and momenta, generated by the following Legendre transformation:

H(qi, pist) = qipi — L(qi, is 1) (2.18)

This definition gives rise automatically to the next

Theorem 3. The evolution of a system characterized by the Hamiltonian H is described by
the following 2n equations of motion:

G+ oH
T apZ Y
oA (2.19)
pl - @qz ’
called canonical equations.
For the proof see chapter 8 of Ref. [Gol02]. The time derivative of the Hamiltonian is:
. OH oL
= =_= 2.2
e ot ot (220)

As we have already seen (see eq.s (2.15), (2.16)), if the Hamiltonian does not depend explicitly
on time we have energy conservation law. However, we could also use other independent
quantities to describe the evolution of the system in its phase space. To this purpose a
particularly useful set of transformations are those called canonical transformations.

Definition 3. A transformation from the old variables (q;, p;) to the new variables (Q;, P;)
is said to be canonical if the new equations of motion for P(q;, p;), Q(qi,pi) are of the form

. OH'
Qi =+ ia
OF,
. 020 (2.21)
p=_2"
(2 an’

where H' is the Hamiltonian expressed with the new variables.

We can associate a generating function to every canonical transformation. In order to find
the expression of the different generating functions we introduce the following

Theorem 4. If Q(q;,p;) and P(q;,p;) are canonical, they must satisfy Hamilton’s principle:
to .
5 [ (Pai-H(Qu Rt =0, (222
t1

At the same time the old variables satisfies the same principle:

6/tt2 (pigi — H(qi, pi))dt = 0. (2.23)

1

10
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Thus it holds that:

. : dF
Gipi — H(qi, pi) = Qi — H'(Qi, P) + e (2.24)
Here we show how it is possibile to obtain the expression of a generating function, with
independent variables the old and new coordinates, known as a type 1 generating function :

F1(Qs, q;,t). First we write explicitly the time derivative of Fj in eq. (2.24):

8F1 8F1 . aFl S
; ;- 2.2

Since ¢; and Q; are separately independent in eq. (2.25) the equivalence holds only if:

dipi — H(qi,pi) = PQ; — H'(Qi, P) +

—L
[ aql 9

L on (2.26)
Qs

There are only three other types of generating functions obtained through Legendre trans-
formation switching the set of independent variables. In Table 2.1 we show all the possible
generating functions and their derivatives.

Generating functions Generating functions derivatives
F=Fi(q, Qi) pi:%];l’ Pi:_ggli

F = Fya Pot) - X, QP n=G @=5p

F = F3(pi, Qi t) + 22, aipi qi:_g]]f’ = _ggi
F=Fypii Pt)+ >, qpi — >, QiP; pi= 881;%’ ©i= g_g

Table 2.1: Generating Functions

Finally, it holds that
Proposition 2. The new Hamiltonian H' is related to the old one H through the relation

oF

= = 2.9
H H+at (2.27)

11
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2.2.1 Hamilton-Jacobi Theory

A deeply related but somehow alternative approach to address the evolution of these me-
chanical systems is obtained by using a canonical transformation from ¢;(t), p;(t) to a new
set of constant quantities which may be exactly the same coordinate and momenta but eval-
uated at the starting point, i.e. ¢;(t9), pi(to). This technique, known as Hamilton-Jacobi
theory, is obtained by solving the H-J equation as stated in the next

Theorem 5. The H-J equation, for a system described by the Hamiltonian H, is

0, (2.28)

oS oS oS
H (QI7"'7QTL7 _> =

8—q17....78qn +§_
where S is the action definited in Definition 1.
Note that by solving this PDE we are obtaining a solution to the original mechanical problem

too.

Proof. In order to obtain the Hamilton-Jacobi equation we impose the transformed Hamil-
tonian H’ to be identically zero. The equations of motion are then:

3—H - Qz - 07
aH/(QD B) _
0Q;

Thus eq. (2.27) becomes

(2.29)
—P,=0.

OF

H(gi, pi) + i 0. (2.30)

We choose Fy(g;, P;,t), which is a type 2 generating function so we have:

- or,
B 3%'

pi (2.31)

Finally, we obtain the PDE for F, by substituting eq. (2.31) in (2.30):

oF, 0F,
iy — = 0. 2.32
H (0 G2+ 2 =0 2.3

The function F5 is called Hamilton’s principal function and it is a function of n constant
momenta. The physical meaning of F, is obtained by an examination of its total time
derivative:

dF2 (9F2 . 8F2 - aFQ

= q; + P+

The Hamilton’s principal function differs from the indefinite time integral of the Lagrangian
only by a constant. For this reason we can always identify F, with the action S as they
differ, at least, by a constant.

12
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The PDE

0 (2.34)

oS oS oS
H (Qh‘“a(bla _> =

—_ + = =
oq 0qn ot
is the so-called H-J equation. A possible solution to the H-J equation can be written as

S = S(quy s Gy A1y cveey Q1) (2.35)

which, remarkably, depends on n + 1 independent constant of integration. One of them is
solely added to S as the action does not appear directly in eq. (2.34) but only its partial
derivatives. We are free to choose the other n independent constants to be the new momenta:

a; =P, (2.36)

These new momenta are connected with the initial values of ¢; and p; through the following
relations:

Planant) (2.37)
q;
8ai

We can solve for ¢; in eq. (2.38) and find:

q;i = Qi<a76at)> (239)

then substituting ¢;(c, 5,t) in eq. (2.37) we have:

The two eq.s (2.39) and (2.40) constitute the desidered complete set of Hamilton’s equations
of motion in terms of the new constant momenta and coordinates. Moreover, the Hamilton’s
principal function turns out to be the generator of a canonical transformation to constant
coordinates and momenta. O

In the next chapters we shall make use of the Lagrangian, Hamiltonian and H-J equation
for the free particle. For this reason we rewrite their expressions:

Ez%mx’,

) (2.41)
H=2

2m
1 /9S\> aS
— == 2 0. 2.42
2m (8:6) * ot 0 (242)

13



Chapter 3

Relativistic Mechanics in a nutshell

3.1 Einstein Principle of Relativity

The Principle of Relativity asserts that all the laws of Nature are identical in all inertial
reference systems (IRS). From the Principle of Relativity it follows that the speed of light is
the same in all IRS.
An event is characterized by four coordinates x,y, z,t and the interval between two events
is defined as follows:

Definition 4. The length of the interval between two events is:

5(1,2) = /Aty — 11)? = (22 — 11)? — (g2 — 1) — (22 — 1) (3.1)

The interval between two events is a number and its value is the same in all ISR. This invari-
ance is a consequence of the constancy of light velocity. The interval between two events can
be interpreted as the distance between two points in the Minkowski space (a combination of
three-dimensional Euclidean space and time into a four-dimensional manifold). Because of
the invariance of the interval s(1,2) the allowed transformations are trivial parallel displace-
ment of the origin, and rotations in SO(3, 1). These rotations contains hyperbolic functions
in place of trigonometric functions because the geometry of the Minkowski space is no longer
Euclidean, and they constitute the so called Lorentz transformations.

We write the formula of transformation from an inertial reference frame A to another one
A’ moving relative to A with constant velocity v along the x axis as:

e
x_—qﬂ7 y=vy, z2=2, _—1}2 (32)
T2 T2

3.1.1 Relativistic Mechanics

We have to define the notation used in this section. The space-time coordinates (ct, z,y, z) =
(ct,x) are denoted by the contravariant four-vector:

r = (2%, 2t 2%, 2%) = (ct, 3, y, 2). (3.3)

14
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The covariant four-vector x, is obtained by changing the sign of the space components:

Ty = (ZE07I'1, l’g,.fg) = (Ct7 -, Y, _Z) - gaﬂxﬁ (34)

where g¢,4 is the metric tensor:

1 0 0 0
0 -1 0 0

Jap = 0 0 —1 0 (35)
O 0 0 -1

Remark 1. In eq. (3.4) we have used the usual Einstein convention, which implies a sum
on the repeated indexes.

We define the relativistic action for the motion of a free massive particle via the next
Definition 5. The relativistic action for a free particle is written as
Sa
S = —mc/ ds (3.6)
St
where m indicates the rest mass of the particle.

The action must be a scalar since physical laws remain the same in every IRS i.e. the action
is invariant under Lorentz transformations:

ds = y/dz®gapdaP = /dz;dat. (3.7)

Expanding the sum in the definition of S' (Definition 5) and factorizing cdt we obtain:

S ¢
2 1 2 v?
_ 2 _ 2 /
S me /S1 \/(1 2 (dz? + dy? + dz?))dt = —mc /t1 1 = dt. (3.8)

1
2

2

Defining Lorentz’s factor as v := eq. (3.8) becomes:

to 1
S = —mc2/ —dt. (3.9)
t1 ,y

Remembering that the action is the integral of the Lagrangian over time (see eq. (1)) we
identify the integrand of eq. (3.8) with the relativistic Lagrangian:

1-—. (3.10)

We can then calculate the relativistic Hamiltonian by using Definition 2:

H:p.v_EZL:C1/m202+p2 (311)
where p = ‘2—6. Expanding the Hamiltonian for small 5 := v/c we obtain the classical limit

15
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(as expected):
o, L o
H ~ mc” + ém’v , (3.12)

or equivalently

2
H~mce?® + p—, (3.13)
2m
where in both cases the former term mc? is the rest energy and the latter term is the classical
kinetic energy.
We apply the least action principle to find the physical path followed by the free particle.

Sa
08 = —mc d(ds) = 0. (3.14)
S1
We observe that:
§(ds?) = 2ds6(ds) = —2gap0(dx®)dz”, (3.15)

so we can write d(ds) as

oa? dx®

Thus we have

S S
2 d da” 2 d*z”

= — C— | - @ . 3.17
0S = mec (/s dsds <ga5(5x s ) /s dsdx® gap 7oz ) (3.17)

1 1

The first term in the r.h.s. of the above equation vanishes since it is evaluated at the
boundaries; we thus find the equation of motion:

d?zP
mc
ds?

— 0. (3.18)

Defining the four velocity as cdx?/ds := u® and observing that ds = cdt/v, by comparing
definition (5) and eq. (3.9), we have:

d*a” B du” B v duf
“d? T ds ¢ dt

—0, (3.19)

thus the result is a constant velocity for the free particle in a four-dimensional form.
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Chapter 4

Statistical Mechanics 1in a nutshell

In this section we shall provide a formulation of the statistical mechanics in a simple and
quite-direct way. As explained in the introduction, these first sections are conceived as
a syllabus of the main observables and equations to follow the derivation of the results
presented in chapter 5. In particular, while analytical mechanics (in its classical or relativistic
formulation) mathematically relies upon an extensive use of PDE, statistical mechanics relies
upon an extensive use of probability theory.

Let us consider a system whose energy values are discrete e.g. Ei,..., Exy and we assign a
probability to each of them. We identify the state |n) characterized by the energy value FE,,
by using the formalism adopted in quantum mechanics for the sake of simplicity.

4.1 The free energy and related definitions

Definition 6. Thermodynamics systems at fixed temperature T follow the Boltzmann dis-
tribution. The probability that the system is in a state |n) with energy E, is:

exp(—BEy) exp(—(E,) 1
R (41

Where kg s the Boltzmann constant.

The probability p(n) lies at the core of statistical mechanics, and defines the Canonical
Ensemble. The denominator of (4.1) is the partition function Z and contains all the in-
formation we need to describe the thermodynamic behaviour of the system. We can write
the free energy, the main observable in the canonical formulation of statistical mechanics, in
term of Z via the next

Definition 7. The Free Energy associated to a physical system in thermodynamic equilibrium
at temperature T, with partition function Z is:

—%logZ: v--S (4.2)

F pu—
kpf

Where U is the mean value of the energy of the system over all the configurations and § is
its related entropy.
From now on, we will work with natural units where kg = 1. In general, just like for the
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energy, all physical observables can be calculated through ensemble averages according to
the next

Definition 8. The mean value of an observable O 1is defined as follows:

_ > Onexp(—pE,)

(©) P

where O, is the value of the observable O when the system is in the state |n).

4.2 The Curie-Weiss model: a first glance

We consider a lattice in d spatial dimensions, containing N sites. Each lattice site is charac-
terized by a discrete variable which can assume only two possible values:

o; = £1. (4.4)

We can conceive this variable as that associated to two spin states corresponding to spin
up and down configurations. Physically this discrete variable could represent the magnetic
dipole moments of atomic spins. We can associate an energy to any particular configuration
(out of the 2V possible ones) of spins o via the next

Definition 9. Introduced a real positive defined spin-spin coupling J > 0, the Hamiltonian
for the CW model of N spin sites in presence of a magnetic field B reads as

H(o) = —BZUi - % Z 00}, (4.5)

1<i<j<N
where o; = +1 1is called Ising spin.

The first term in the above definition accounts for the presence of an external magnetic field
B while the last term introduces an interaction between all pairs of spins in the lattice.
We have chosen J > 0 so the pairs of spins prefer to be aligned and such system is called
ferromagnet. On the contrary, in case of a negative coupling J < 0, in which the pairs of
spins prefer to be antialigned, the system is called anti-ferromagnet. We can rewrite the
Hamiltonian in definition (9) in the following way:

N g J
where the constant term % can be ignored in the TL. This is a central point since at equi-
librium, thus in the statistical mechanical framework we are addressing, thermodynamic
observables must be extensive and linear function of N. It is possible to check that, in the
above equation, the first two terms at the r.h.s. are O(NN) while the last one is O(1)).

The partition function for the C-W model is

N g N
7 = Zexp [BBZUi—FBﬁZU,Uj}, (4.7)
{0} i ij

here the sum over {o} means over all configurations of spins, we no longer have a sum over
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energy levels since each configuration {o} parameterizes a particular energy level indirectly.
As usual in statistical mechanics we can characterize the macroscopic behaviour of a physical
system through order parameters. For the present model this is introduced by the next

Definition 10. The magnetization associated to a particular configuration {o} is
|
m(o) =+ Z i, (4.8)

whose average value can be obtained through

Observation 1.

N
1 1 dlogZ  10F
2o = N3 9B  NOB (4.9)

We plan to find an explicit expression of the free energy, in terms of the order parameter,
the magnetization, and then we impose at the same time a minimization of the energy and
a maximization of the entropy. This typically leads to a self-consistency equation for the
order parameter whose inspection allows us to obtain the phase diagram of the system under
consideration. In this context the self-consistency equation is used to indicate the equation
satisfied by the magnetization at equilibrium [Bar08].

Among the various methods to achieve this goal we present in this section two of them. A
first one is more related to a theoretical physics methodology and a second one, addressed
in Section (4.3), to a mathematical physics approach.

The first approach needs a new formulation of the partition function. For this purpose we
substitute the sum in eq. (4.7) with a sum over the magnetization together with a sum over
the configurations at m fixed:

Z=), ) exp(-BH[o]) =) exp(—BF(5.m)), (4.10)

m {a}l,,

where, in the second term, we have written Z in terms of the free energy using relation (4.2)
and m is the magnetization (4.8) which lies in the range —1 < m < 1. The magnetization
acquires only discrete values, quantized in units of 2/N. In the TL we can transform eq.
(4.10) of Z in an integral:

Z = g/ldmexp(—ﬁF(ﬁ,m)). (4.11)

Eq. (4.2) defines the free energy only at equilibrium (where our interest lies), where the
magnetization takes a specific value, that given in eq.(4.9). Because of that, we can consider
the F' function in eq. (4.11) as an effective free energy depending also on the magnetization
m of the specific configuration of the system. It is customary to define the free energy per
unit spin.

Definition 11. The free energy per unit site is defined as follows

f(g.m) = T (1.12)
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In the above definition, we have normalized the extensive free energy by dividing it by IV,
in order to obtain the intensive free energy, or the free energy per site. While extensive
quantities fluctuate in the TL, intensive quantities do not. We shall prove in Appendix A
that, in the TL, these quantities exist. Intensive quantities have distributions that, in the TL,
typically collapse on a Dirac delta. For this reason handling with these quantities is usually
more convenient for practical purposes. We introduce another intensive thermodynamic
quantity, the pressure A, as it will be used in Section 4.3:

Definition 12. The pressure is related to the free energy per unit site through

A= —Bf. (4.13)

Note that the above observable has been called pressure (or mathematical pressure) in a
series of papers by Francesco Guerra, Lon Rosen and Barry Simon [Gue75, Gue76, Gue73],
but it is not related to the pressure as usually defined by physicists. It is a useful redefinition
of the free energy.

By using Definition (11) we can write

Z = /dmexp(—ﬁNf(ﬁ,m)), (4.14)

where the coefficient N/2 is omitted since it is unimportant for the physics. To simplify the
writing, in the following expressions we shall omit the 5 dependence in the Free Energy. In
the TL the integral in (4.14) is well approximated by the value of m which minimizes f(m).
This approximation is known as the saddle point or steepest descent |Gou99|. Thus

Z =~ exp(—BN f(mmin)) = F(thermo) ~ F(mnn) (4.15)

and it is easy to see that the equilibrium value of the magnetization turns out to be

Mumin-

4.2.1 The mean field approximation

A successful approach to study spin systems is the mean-field approximation, which consists
in assuming that each spin interacts with the rest of the network of its peers in a homogeneous
average way, regardless to the Euclidean distance within the lattice. The single spin in the
network feels not only the force stemming from the applied magnetic field, but also the
magnetic field generated by all the other spins. In our case since we are studying the C-W
model that already is a mean field model such approximation is actually the exact solution.
Rewriting (4.6) as:

N N

H(o)=—-) oi(B+ % Z ;) = Z rt (o) o, (4.16)

i

eq. (4.16) defines the single particle effective Hamiltonian h$T. The structure of the Hamilto-
nian is the sum of each spin multiplied by its correspondent effective field AT which also de-
pends on the spins. Whereas the effect of the external magnetic field B is time-independent,
the coupling term oc J contained in h$T yet will fluctuate in time due to thermal noise (even
at equilibrium). The mean field approximation consists in ignoring these details and sub-
stituting the fluctuating values of the neighboring variables by their statistical average. To
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this purpose we take the mean value of hg':

N

(17(&)) = (B + 530 > {o3)) = ~(B+ 5 (m), (4.17)

J
where (m) is defined in eq. (4.9). We can rewrite the Hamiltonian in eq. (4.6) as

N

J 1
H(o)=— (B+ = = — = —B(m) — =J(m)? 4.18
(@)= =B+ ) = =B} — 5} (1.18)
At this point the sum over the configuration {o}|  in eq. (4.10) is easy to compute since
the number of configurations corresponding to a fixed value for the magnetization is

N!
Q— ]\[T!(N—_]V/r)!j (4.19)

with

Ny — N,
= —>=. 4.2
m==1 (4:20)

By using Stirling’s formula [Sem18| we obtain

logQ ~ Nlog N — Nylog Ny — (N — Ny) log(N — Ny), (4.21)
log 2 1 1
o]gv ~ log2 — 5(1+m) log(1+m) — 5(1 —m)log(l —m). (4.22)

Observation 2. Multiplying by the Boltzmann constant the logarithm of the number of
configurations in eq. (4.19) we obtain the so called Boltzmann entropy S. Rewriting eq.
(4.22) as

| Q N N. N N
08 My (_T)__uog<_¢). (4.23)

N N N N N

We can conceive —% as the probability for the single spin system to be up (and we have an

analogous expression for the down state). Thus eq. (4.23) turns up to be Shannon definition
of entropy, namely — . p;logp; where p; is the probability of the single event to happen.
This definition is introduced in the close framework of information theory [Jay57]).

In mean field approximation, the partition function Z, eq. (4.10), becomes:

Z = Zexp (=B8N f(m ZQ m) exp(—FH(m)). (4.24)

By substituting the expression (4.18) for the Hamiltonian, and using eq. (4.22) we obtain
the following expression for the effective free energy:

F(m) ~ —Bm — %m? - % [1og2 - %(1 +m)log(1+m) — %(1 —m)log(1— m)]. (4.25)
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Observation 3. We have already demonstrated in eq. (4.15) that in the TL the magneti-
zation reaches its equilibrium value i.e. that defined in eq. (4.9). Thus we write, for the
sake of simplicity, (m)m instead of m in the next equations. If we call P(m) the probability
distribution of the magnetization, it results that limy_,o, P(m) is a Dirac delta.

Now we impose the stationarity condition as discussed in section 4.2:

of 1 1+ (m)
—— =0 B+J = —log (—). 4.26
) = BB+ J(m)) =3 Og(1_<m>) (4.26)
Thus magnetization at equilibrium obeys the so called self-consistency condition
(m) = tanh(SB + 5J(m)). (4.27)

We can consider By = B + J(m) the effective magnetic field experienced by each spin
containg the extra contribution from the other spins. Figure 4.1 shows the behaviour of m
at equilibrium as a function of B for different value of the temperature. The magnetization is
dimensionless wherease T" and B are in units of kg. Note that, for 7' > 1 the magnetization
is a continuous function of the magnetic field, while this is no longer true for temperatures
under 7" = 1. In subsection 4.3.1 we shall prove that, at T = 1, the system undergoes a
phase transition.

—_—T=2
T=1.5

=1
B — T=0.7
— T=0.5

— T=0

Figure 4.1: Behaviour of m at equilibrium as a function of B for different value of the
temperature.

4.3 The C-W model: a deeper look

In this section we introduce a powerful scheme to solve mean field models: the Guerra’s
interpolation approach [Bar(8|.

From now on we set B = 0 and we rewrite the Hamiltonian # (o) of the mean field ferro-
magnetic model (C-W) in term of the magnetization as

JN
HN(m) = —TmQ, (428)
where again, noting that |m| < 1, we remark the linear dependence in N of eq. (4.28). The

partition function of the system is thus

BJNmM?

). (4.29)

Zn(B) = exp(—fHn(a)) = > exp(
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At the core of Guerra’s scheme lies the introduction of a more general partition function
Zn(5,t) depending on a real parameter ¢ € [0,1] and a tunable parameter ¢» € R to be
chosen later.

BJNmM?
2

Zn(B,1) = exp(t + (1= t)Nma). (4.30)

The situation at ¢ = 0 corresponds to a trivial one-body problem, in which the N spins
are independent from each other. The resulting partition function is: Zy(3,0) = Z(5,0)",
where

Z,(8,0) = Y exp(oth) = 2cosh) (4.31)

o==1
is the single spin partition function. Thus Zy(f,0) becomes:
Zn(8,0) = Z1(8,0)Y = (2cosh)?. (4.32)

The situation at ¢ = 1 corresponds to the C-W model.

The physical interpretation of this approach is the following: since in the TL the average of
the magnetization does not fluctuate, we search for a 1, a fictitious interaction, that correctly
reproduces the statistics generated by the spins at the lowest order. In this case the spins
o; do not distinguish between the field generated by its peers, i.e. the term —% Zf}w 00}
in the Hamiltonian, and the effective field carried by 1. Thus we can solve an effective
one-body model with all the thermodynamic characteristics of the real pairwise model.

To achieve this task, we generalize the definition of the pressure Ay(8) — An(8,t) and use
the fundamental theorem of calculus.

Definition 13. We define the generalized C-W pressure Ax(B,t) as

Ax(B,1) = < os(Zv(5,1)). (4.33)

Proposition 3. According to the fundamental theorem of calculus the C-W, the pressure
can be written as follows

An(B,t=1) = Ay(B,t = 0) + /1 0, An (8, 1)dt, (4.34)
where
0 (6.) = 57 (5 06(Z(5.0) ) = 5 ) — v, (4.3

where we have used the expression (4.30) for Zy(8,t). We can find the expression for
An(B,t =0) by considering eq. (4.32):

1
An(B,t =0) = v log((2 cosh¥))™) = log 2 + log(cosh v)). (4.36)
In order to obtain an expression for Ay(/3,t) we have to integrate eq. (4.35). Because the
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magnetization is self-averaging [Gen09], i.e. it has no fluctuations in the TL away from
phase transition point, it is useful to write m as its average m plus a fluctuation A which is
suppose to vanish in the TL:

m=m+ A, (4.37)
where
m= lim (m). (4.38)
N—oo

By substituting relation (4.37) into eq. (4.35) and writing (A) according to its definition in
eq. (4.37), we obtain:

BJ_,  BJ _
OAN(B.1) = 2 + L2 (%) + pmlm) — (), (439
this expression indicates that it is convenient to choose v = fJm in order to eliminate the
coefficient of (m). In the TL (A?) — 0, since the magnetization is a self-averaging order
parameter and its distribution becomes a Dirac delta. Finally, we obtain the following easily

integrable expression:

@mﬂg—‘]

5 P

N—oo 2

OAN(B, 1) = — (A%)

In the TL An(5,t) — A(B,t), as we show in appendix A. We can introduce the follow-
ing

(4.40)

Proposition 4. The C-W pressure in the TL is

1 .
A(B,tzl):A(B,tzo)—/o 5J2m2dt: )

= log 2 + log(cosh(8Jm)) — %m{

where we have used eq. (4.36).

In order to obtain the self-consistency relation we impose the stationarity condition

0w A(B,t = 1) = Oy (log 2 + log(cosh(8.J7)) — %mz) _

= fJ tanh(BJm) — BJm = 0,

(4.42)

and find again the self-consistency relation. In figure 4.2 we show the magnetization as a
function of T', obtained by solving the self-consistency equation with J = 1. The magne-
tization is dimensionless and the temperature is in units of kz. We can see that starting
from the high noise limit (i.e. 7' = o0) and going back toward 7" = 0 there is a point, called
critical point, where the magnetization is no longer zero. There is a phase transition toward
not-zero values. We shall prove in subsection 4.3.1 that the critical temperature is 7' = 1
where, as we can see in figure 4.2, the magnetization turns off abruptly.
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m(T)
1.0

0.5r

1.5 2.0
-0.5F

-1.01

Figure 4.2: Behaviour of m as a function of 7.

4.3.1 Fluctuations and critical temperature

The occurrence of a phase transition is the result of two competitive effects. The first one
tends to minimize the energy and introduce order in the system by aligning the spins (i.e.
m — +£1), the second tends to maximize the entropy and drives the system to a random
spins configuration, i.e. a null magnetization [Mus10]. When these two opposite requirements
balance reciprocally the system experiences a huge stress and undergoes a critical behaviour
whose features we shall present in the following.

We have already observed (4.2) that the magnetization turns off abruptly at 7' =1 in figure
. A way to obtain the critical temperature 7, is by carrying out a Taylor expansion of eq.
(4.42) and then solving for T

3J3

3

m = tanh(BJm) ~ BJm + (m)>. (4.43)
We obtain T, = J by neglecting the last term in eq. (4.43). In our case T, = 1 since we have
set J = 1.

In figure 4.2 we see that the magnetization is a continuous function of the temperature and,
for this reason, the critical phenomenon is called a continuous phase transition or a second
order phase transition. The name second order phase transition is due to the fact that the
discontinuity affects the fluctuations of the magnetization that diverge at T..

To be more precise, the amplified magnetization fluctuations become infinitely strong at the
critical temperature:

T=T,, lim (N((m?) — (m)?)) = lim (NA?) — oo. (4.44)

N—oo N—oo

We can prove expression (4.44) by using Guerra’s interpolation scheme. Our aim is to
evaluate the mean value of NAZ

We start by adding a source term hN(NA?), with h a real parameter, inside the exponential
of the partition function in eq. (4.30) such that the new partition function is

Zy = z:exp(tﬁj#m2 + (1 — t)NmpBmJ + hN(NA?)), (4.45)
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where we have substituted ¢ = gJm for the fictitious interaction. Using Definition (4.33)
we write the new pressure Ap:

1
Ay = N log Zy. (4.46)
According to the fundamental theorem of calculus we write (NA?);,_; as
1
<NA2>t:1 == <NA2>t:0 —|—/ [0t(NA2>t]dt, (447)
0
with

(NA?) = 0 An|,_, (4.48)

Using eq. (4.45) we find that

O (NA?) = N—ﬁj(mQNA2> — NBJm(mNA?)+
2 4.49)
NﬂJ 2 2 — 2 (
+ —T(NA y(m*) + NBJm(m)(NA?).

Again we write m = m + A as we did in eq. (4.37), thus
(m?) = —m* + 2(m)m + (A?), (4.50)

where we have used (A) = (m) —m. Finally, by substituting eq. (4.50) into eq. (4.49) we
obtain:
NpJ

(9t<NA2> = 2

(N(AY — N(A%)?), (4.51)

We want to investigate how fluctuations behave close to T.. It is easier to approach T, from
the ergodic region (i.e. for T > T.) since all the distributions of the various observables, e.g.
magnetization, free energy, entropy and energy are Gaussian as it can be shown by using a
simple Central Limit Theorem argument [Bar(§]).

A is also Gaussian in the ergodic region so satisfies the relation:

(A*) = (A?)(0aA?) = 3(A?)2.. (4.52)
The latter expression is proved in appendix B. Eq. (4.51) becomes the following ODE
OH{NA?) = BJ(NA?)? (4.53)

We define y = (NA?) and solve the ODE in eq. (4.53) by separation of variables:

y(1) 1 1
/ —Qdy = ﬁj/ dt, (4.54)
y(0) Y 0

where y(0) = (NA?),_ and y(1) = (NA?),_;. By integrating both sides of eq. (4.54) we
obtain:

o (NA%)
WA = TN AY o

(4.55)
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In order to calculate (NA?%),_y, i.e. the mean value of the amplified fluctuations in the
independent spins case (t = 0), we add a source term in the exponential of Zy(5,t = 0) (eq.
(4.30)). The latter becomes:

Zn(B,0) =) exp(BJm Y _oi+ hmN). (4.56)
and the corresponding pressure is
1
Ax(8,0) = - 1og Zx(8,0). (4.57)
In the TL
A(B,0) = log 2 + log(cosh(BJm + h). (4.58)

The source term allow us to write (NA?),_q as:
(NA?)—g = 9 A|,_, = 03 (log 2 4 log(cosh(BJm + h))|, _, = 1 — tanh*(Sm.J), (4.59)
where the first equality can be proved directly by substituting the pressure with eq. (4.57).

However m = 0 in the ergodic region (as we can see in figure 4.2 for T' > T), so

(NA%),y =1,
1 (4.60)
C1-8J

(NA%) =

It results that N ({m?) — (m)?) is a mero-morphic function with a pole at the critical temper-
ature T'= J. There is only a single pole and away from the critical point the magnetization
is self-averaging (in the high temperature region it is null). The fluctuations exploding at the
critical point are those amplified by a factor N, i.e. the diverging term is N((m?) — (m)?).
The correct amplification for each single magnetization is v/ N perfectly in agreement with
the Central Limit Theorem [Barl§].

Another important aspect of this continuous phase transition is the spontaneous symmetry
breaking. Figure 4.3 shows the intensive free energy per unit site as a function of the magne-
tization for different values of the temperature. The function plotted in figure 4.3 is obtained
by substituting in Definition 12 the expression for the C-W pressure, eq. (4.41), and solving
for the extensive free energy per unit site:

1 1 BJ
f(m,p) = —EA(m, B) = 3 (10g2 + log(cosh(BJm)) — - m ) : (4.61)

27



CHAPTER 4: STATISTICAL MECHANICS IN A NUTSHELL

F(m,T)

— T=0.2
T=0.4
— T=0.6
— T=0.8
— T=1.
— T=1.2

Figure 4.3: Free Energy as a function of m for different temperatures.

Figure 4.3 shows that, above the critical temperature, the free energy has a parabolic shape
around m = 0. At the critical temperature T = 1 the parabolic shape leaves toward a
quartic shape. For lower temperatures, the free energy is bimodal, symmetric around zero.
The free energy is invariant under the change m — —m, this is because the Hamiltonian of
the C-W model in eq. (4.28) also enjoys this symmetry. Below T, the free energy selects one
of the two ground states, corresponding to a minimum of the free energy. Whichever choice
breaks the symmetry and when a symmetry of a system is not respected by the ground state
we say that the symmetry is spontaneously broken.
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Chapter 5

The Duality

In the previous chapters we have introduced all the concepts, observables and main theorems
that we need to show the mechanical analogy. In other words the mathematical duality that
lies at the core of the variational principles in analytical and statistical mechanics.

5.1 The classical mechanical analogy for the C-W model

In this section we shall show how it is possible to describe the thermodynamic behaviour
of the C-W model by using an analogy with the analytical mechanics without relying on
the statistical mechanics techniques. Through this mechanical analogy [Bar14|, whose study
is the main goal of this thesis, the duality will start to emerge and will be confirmed and
extended later on, when we shall apply it to incorporate also the relativistic mechanics. We

define a generalized Guerra’s action:

Definition 14. By introducing two real parameter t,x (that can be thought of as fictitious
time and fictitious space coordinates) we define the generalized Guerra’s action as

1 ;NN N
An(t,z) = NlogZexp <_ﬁ Zajai - xZOi) , (5.1)
o irj i

fort = —pJ and x = B we recover the statistical expression of the pressure of the C-W
model.

Observation 4. The following relations can be proved by using Definition (14):

0 1
—Apn(t, ) = —=(m?),
(2= 5l -

Ox

Definition 15. We define the potential Vy(t, x)

Vit @) = 5 (m%) — (m)?). (5.3

In the TL, Viy(t, ) vanishes since the magnetization is self-averaging.
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Proposition 5. Remembering the relations in (5.2) and the definition (5.3), by construction,
Guerra’s action satisfies the following Hamilton-Jacobi equation:

%AN(t,x) + % (%AN<t,$)) + Vn(t,z) =0 (5.4)

Eq. (5.4) has the same form of a H-J PDE, eq. (2.34). For this reason it is immediate to
define the py and Lagrangian Ly as:

0

PN = _AN<th) = <m>7
. (55)
Ly = %N = 5 (m)2
In the TL
. o . T 1 2\ 2y
Jim Ay =4, lim Vy(z,t) = lim 5((m%) - (m)") =0, 65:5)
: . I, '
NERPY =P i b= L= 50m)
The PDE satified by A(z,t) becomes:
0 1(0 2
) -y} — :
Gt + 5 (soAwn) =0 5.7

which is exactly the expression of the H-J PDE of a free particle with unitary mass, eq. (5.7)
with m = 1 for the action S.

Theorem 6. Since eq. (5.7) is the H-J equation for a free particle of unitary mass, this
expression induces to identify A as the action S and we can use the standard expression for
the action integral:

Alt,2) = A(0, o) + / Lt (5.8)

The initial condition A(0,zg) can be obtained directly by setting ¢ = 0 inside definition (14)
resulting in:

A(0, z9) = log 2 + log(cosh(zy)). (5.9)

To calculate the integral of the Lagrangian we consider the fact that in the TL L is a constant
along the path given by z(t) = xo + vt = ¢+ (m)t, which is the uniform straight motion for
the free particle. Finally we reach the expression of Guerra Action, (14), in the TL:

A(t,z) =log2 + log cosh (z(t) — (m)t) + §<m)2t (5.10)

We evaluate eq. (5.10) for t = —fJ and x = 0 to recover the definition of the statistical
pressure, eq. (4.33), in the thermodinamic limit. We obtain

A(B) = log 2 + log cosh(8J (m)) — %ﬁj<m)2, (5.11)
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which is exactly the same expression of the pressure obtained with statistical mechanics
approach (see eq. (4.41)).

5.1.1 Self-averaging properties and symmetries

The duality, we have shown above in section 5.1, is not simply a remarkable. In this section
we shall discuss:

e how self-averaging properties in statistical mechanics match, in their dual representa-
tion, Noether conserved currents,

e how the Hamilton principle applied to Guerra’s action leads to the self-consistency
equation for the magnetization,

e how the evolution of (m) in the (t,x) space obeys the Riemann-Hopf PDE, specifically
the archetype PDE for a Hopf bifurcation. We shall show that spontaneous symme-
try breaking in Theoretical Physics has a dual interpretation in terms of a shock in
Mathematical Physics.

Proposition 6. The space-time symmetries of the free particle motion (as discussed in
section 2.1.2), i.e. momentum and energy conservation, imply the following self-averaging
properties of the magnetization and its momenta:

lim ((m") —(m)") =0.

N—o00

Proof. The space symmetry of the motion implies x to be a cyclic coordinate, as shown in
(2.14)). For momentum conservation, in the TL, we can write:

oLy 1o(m)? B 2 .
5r =2 gp = Oelm) = N(m) ((m") —(m)*) = 0, (5.12)

where

9 19 " NN N
<m> = a_q;AN(t’ .Z') = NalogZeXp —ﬁZUjO'i +$ZO’Z . (513)
o i,J i

The wvelocity in N, by which self-averaging is guaranteed, is exactly that obtained from the
study of the fluctuations in the statistical mechanical counterpart (see subsection 4.3.1).
We have already demonstrated in eq. (2.16), that energy conservation implies 0L/0t = 0,
thus for time symmetry the conservation law becomes:

oLy 1o(m)? N , .
50 =5 g = Olm) = =5 (m) ((m?) — (m)(m?)) 0, (5.14)

where we have used eq. (5.13). In the TL we have:

Aim ((m?) — (m)?) =0, (5.15)
lim ((m*) — (m)®) = 0. '

N—oo
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Acting on 0,(m) and 9;(m) with higher order derivatives 9;' we obtain:

lim ((m") — (m)") = 0. (5.16)

N—oo

So in this mathematical framework, Noether symmetries translate directly into self-averaging
relations. O

Proposition 7. The self-consistency relation (m) = tanh(8J(m)) is the result of the Hamil-
ton’s principle applied to the Guerra’s action, eq. (14).

Proof. We perform an infinitesimal variation (m) — (m) + d(m) and then minimize the
pressure with respect to (m)

GA(3) = Gpldlm) =0 = (8 tanh((m) 27) = 5. (m))3(om) =, (5.17)

thus:
tanh(8J(m)) = (m). (5.18)
]

Finally, by direct derivation of the H-J equation for the Guerra’s action, i.e. eq. (5.7), with
respect to x we obtain the following

Proposition 8. Remembering that 0, A = (m) and that [0,,0;] = 0 since we are dealing
with analytic functions (everywhere but not at the critical point), the PDE for the space-time
evolution of (m) is the following Riemann-Hopf type

a(m) a(m)

o T =0 19

and this equation, also known as the inviscid Burgers equation, is the prototype of a bi-

furcation for the magnetization exactly as produced by the spontaneous symmetry breaking
described in figure 4.2.

5.2 The relativistic mechanical analogy for the C-W model

In this section we shall discuss a generalization of the CW model [Bar1§].

Definition 16. We define the Hamiltonian of the relativistic C-W model as

) e (5.20)

Note that, by Tayor expanding the r.h.s. of the above definition, we obtain interactions terms
beyond the pairwise couplings:
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The above equation shows that the relativistic Hamiltonian contains interaction terms be-
tween the spins more complicate than the pairwise interactions of the classical case. For
this reason the relativistic model can be considered as a more exhaustive description of the
statistical system rather than the classical one.

As a natural extension, we write the relativistic Guerra’s action as

1
_ = _ 2

An(t,z) = N loggexp [N < tv1+m?+ xm)} . (5.21)
In order to find the PDE satisfied by Ay (¢, x) we evaluate its space-time derivative:
0 —
aAN(tax) = _< 1+ m2>a
0
%AN(ta QZ’) = <m>7
82
s An(te) = N((L+m?) = (VI+m2)?),
V2 An(t, @) = N((m?) — (m)?).

(5.22)

Proposition 9. It holds by construction that the relativistic Guerra’s action obeys the fol-
lowing relativistic H-J PDE:

0P Ay — V2Any = N(1 — (0,An)* + (VAN)D). (5.23)

In the covariant form the last expression becomes

%DAN + (0aAN) = 1. (5.24)

This expression 1s relativistic invariant.

This equation is analogous to the Klein-Gordon equation of the relativistic quantum me-
chanics.

Definition 17. We define the potential Vi in order to construct the mechanical analogy:

V(1) = %DAN — (14 (m)?) — (VI o). (5.25)

By calculating the space-time derivatives of Ay with respect to x, = (¢, —z) we obtain

= =5 = (VTF), ),

5.26
PupN, = (VI +m2)2 — (m)? =1 — Vy(z,1). 20
By analogy with relativistic mechanics we define:
TN = <m>,
1
Ly=—y' = TWViT) (5.27)
m
N ( 1<—|—>m2).
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In the TL we have

AN(x>t) —>A(x7t)7 '
therefore, the quantities in eq. (5.26) and eq. (5.27) become:
0A
pt = _a_ = ( 1—|—<m>2’<m>),
Lo
) (5.29)

v =14+ (m)? v =

Proposition 10. In the TL A(t,x) obeys the relativistic H-J equation for a free relativistic
particle with unitary rest mass.
_ 0A(xz,t) 0A(x,1)

2 _ _
(aaA<£L‘,t)) - axa &zza =P Do = 1 (530)

Proof. We have just to substitute the TL of the potential of eq. (5.28) in eq. (5.24). O

In analogy to the classical case, we identify the relativistic extension of Guerra’s action with
the relativistic action S. In order to obtain the explicit expression of A(t,x) we use the
fundamental theorem of calculus and write it as in eq. (5.8):

bdA
A(t,z) = A0, o) + | ——dt’, (5.31)
o at
where
dA 1 1
- _ -~ =7 9.32
dt 1+ (m)? K (5.32)
The relativistic Lagrangian £ = —y~! is a constant along the actual path x = x¢+ vt since it

is the kinetic energy of the free particle. For the sake of simplicity, from now on the direction
of motion is taken along the x axis such that the magnetization and the velocity become one
dimensional quantities. We can easily integrate eq. (5.31) and evaluate A(z,t)

t
A(t,z) = A0, o) — / dt_ log 2 + log cosh(z — vt) — E (5.33)
o 7 v

Remark 2. By differentiating An(x,t) with respect to t we obtain:

dA .
d_tN = —(V1+m?) 4+ &(m). (5.34)
In analogy to eq. (4.37) we write the magnetization as its mean value plus the fluctuation
around it: m =m + A and we carry out a Taylor expansion around m. We obtain

dAn 1

& = Vi \/ﬁ] +HO(AD) (5.35)
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We tmpose

m
———+1=0. 5.36
i+ 530

This is the expression of the velocity obtained through the mechanical analogy (see equations
in (5.26)). We substitute expression (5.36) in eq. (5.34) and obtain in the TL:

A 1
aa_ 1 (5.37)

[V e T

therefore have demonstrated that

dA

— =L 5.38

Mor (5.3%)
confirming again the identification of A with the action S defined in definition 1.

As we have done in eq. (5.10)) we substitute ¢ = —J /3, x = 0 and then we use the expressions
for v and v in terms of the magnetization, eq.s in (5.29), to write A(x,t) in terms of g:

JB{m) ]+ Jj

A(B) =log2 + log cosh | o =

(5.39)

In order to obtain the self-consistency relation, as for the classical case, we further exploit
the mechanical analogy via the next

Proposition 11. The self-consistency relation can be obtained by applying Hamzilton’s prin-
ciple to the relativistic extension of Guerra’s action.

Proof. According to variational principle we impose the stationarity condition

C9AB) . ( B.Jm) ) om
JA = Z226m = tanh | ——=—L— | 5J +
Om L) (VT4 mp?)

5.40
) (5.40)

—BJ
(VI P)

s0m =0 =

tanh <M> = (m). (5.41)

1+ (m)?

which is the relativistic self-consistency relation. ]

5.2.1 Self-averaging properties and symmetries

In the TL A(t, z) satisfies the relativistic H-J equation for a free relativistic particle. As a
consequence, just like in the classical case, the symmetries of such motion give important
information regarding the self-averaging properties of the magnetization as established by
the next

Proposition 12. The space-time symmetries of the relativistic free particle motion, i.e. four
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momentum conservation and energy conservation, imply the self-averaging properties of the
magnetization.

Proof. We observe that the Lagrangian in the infinite volume limit does not depend on z (it
is a cyclic coordinate) thus

E = Ny (mVT+m2) — (m)(VT+m?)) = 0. (5.42)

8I N—oo

We have already demonstrated that as a consequence of the space symmetry of the motion we
have 4-velocity conservation (eq. (3.19) holds). Considering that the system has unitary mass
it turns out that the 4-velocity u” ,eq.(3.19), has the same expression of the 4-momentum.
Recalling 4-momentum expression in the finite volume case (see eq. 5.26), we define

u = (V14 m2), (m)). (5.43)

We insert this expression in eq. (3.19) and obtain

. 1duf,
B
%<m> :N((1+m2) —{ 1+m2>2) = (5.44)
+ N (<m T+ m2) — (m)(VI+ m2>> =0

and

dim) _ (<m 1+m?) — <m><m>) +

a , (5.45)
+N1’(< >_<m>)Nf>ooo'
O
In the TL we obtain the following limits:
lim <<m\/1 Tm2) — (my (V1T m2>> —0
: 2y 2\ _
dim ((m?) = (m)*) =0 (5.46)
i 2\ 2\2) _
ngnoo(<1+m> (V1+m2) ) ~0.

Remark 3. Equation

lim ((1+m?) = (VI+m?)?) =0 (5.47)

N—oo
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can also be obtained by imposing energy conservation.:

. 0Ly 0 1

lim — = — — =

N—oo Ot N—oo Ot (/1 + m2)

— 1 2y _ 2\2) _ 5.48
=N 1+m2>2<<”m> (VIFwE)?) =0 = (5.48)

Jlim. <<1 +m2) — <m>2) ~0.

5.2.2 The standard C-W model as the classical limit

Relativistic mechanics is the correct kinematic description at high velocity, but Newtonian
mechanics is an adequate approximation at small velocity compared to the speed of light;
this is because Lorentz transformation turns into Galilean transformation in the limit v < c.
Similarly we can show how the relativistic extension of C-W turns into the classical C-W
model in the limit (m) < 1 as expected.

Proposition 13. The classical C-W model is the approrimation of the relativistic C-W
model in the low momentum limit (m) < .1

Proof. We consider the low momentum limit (m) < 1 of

tanh <M> = (m) (5.49)

1+ (m)?
and we obtain the self-consistency relation of the classical C-W model
tanh BJ(m) = (m). (5.50)

We consider the (m) << 1 approximation also for the relativistic self-averaging properties
and we obtain

lim <<m\/l T m2) — (m){VI+ m2)> —0,
lim ((m*) — (m)*) =0,

N—o0

(5.51)

therefore we find

m B — (m)(m?)) =
Jim o ((m?) = (m)(m?) =0, (5.52)
lim ((m?) — (m)?) =0,

N—oo

which allows us to obtain the self-averaging relations of eq. (5.15). O
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Conclusions

In this thesis we have shown the existence of a mathematical bridge connecting the different
physical variational principles lying at the core of non-relativistic, relativistic and statistical
mechanics.

In order to build this bridge, we used toy-models in both analytical and statistical mechanics.
For the former case, in both non-relativistic and relativistic situations, we considered the
Galilean motion of a free particle of unitary mass.

For the statistical mechanics we considered the C-W model consisting in an infinite one-
dimensional spin chain, subject to an external magnetic field. We have considered the
situation with a pairwise interaction between the various spin components of the chain. If
the external magnetic field is switched off, the the model behaves as a paramagnet in the
high-temperature region, while, in the low-temperature region it spontaneously acquires a
magnetization, and behaves as a ferromagnet. In going from one region to the other one,
the system shows a critical behaviour which is a second order phase transition. While
the Hamiltonian keeps the spin-flip invariance, the state of the system relaxes and does
not posseses this symmetry any more. This is a clear example of spontaneous symmetry
breaking.

The basic point of our approach is the use of the Guerra-Rosen-Simon pressure [Gue75,
Gue76, Gue73] which is a novel definition of the free energy. This quantity obeys to the H-J
PDE in an analogous manner as the free-particle action in the classical Lagrangian mechanics.
We used this pressure within the variational least-action principle and we found the same self-
consistency relation obtained with the usual techniques of the canonical statistical mechanics
Thus the principle of least action applied in statistical mechanics effectively reproduces the
free energy minimization and entropy maximization required by thermodynamics.

We exploited this analogy by demonstrating that the well-known self averaging proprieties
of the magnetization in statistical mechanics are obtained via this mechanical duality as
conserved currents typically described in terms of Noether symmetries in analytical mechan-
ics.

Furthermore, we have shown that the spin-flip symmetry breaking found at the critical point
in statistical mechanics turns out to be a Hopf-bifurcation in the mechanical analogy. When
the C-W model acquires spontaneously a magnetization, the system undergoes to a classical
shock in the language of non-linear PDE.

We have extended this analogy to its relativistic limit. Since the C-W model is described
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in the mechanical duality by the classical kinetic term only, it is not difficult to obtain its
relativistic extension. The Hamiltonian chosen for the extended C-W model is analogous to
that of the relativistic mechanics, where the magnetization plays the role of the mechanical
three-momentum.

In carrying out this relativistic extension we found that the theory predicts the presence
of terms beyond the pairwise interaction which is usually the only term considered in the
traditional statistical mechanics. These higher order terms can play a role in specific cases
such as the structural glasses and all the systems whose phase transitions are no longer
continuous in the order parameter.

As aspected, the analogy keeps holding in full depth. The pressure turns out to obey to a
Klein-Gordon-like equation and the theory becomes intrinsically relativistic invariant. We
exploited the connection between the two mechanics in the same way as before for the
classical analogy and, finally, we demonstrated the choerence of the relativistic extension
by taking the low momentum limit of the relativistic relations and we obtained again the
classical ones.

At the end of our journey we can say that, from a pragmatical point of view, the lesson we
have learned is that we can explore the probabilistic evolution of a statistical system through
the deterministic technique of the classical and relativistic mechanics and viceversa, hence
putting a bit closer two worlds (functional analysis and probability theory) that are usually
treated as separated fields of research. This bridge could thus be mathematically useful,
and the existence of the duality itself constitutes a refined and comprehensive picture of the
various mechanics.
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Appendix A

Existence of the TL

Despite Physicists sometimes assume the existence of the asymptotic values of the entities
of interest (first of all the free energy), it is instructive to show how to prove the existence
of such limits. This is important for two reasons, the one more physical in spirit the other
one more mathematical.

From a physical perspective, when dealing with (possibly more realistic) lattice models,
we saw that solving for their free energy can be of extraordinary difficulty but proving
the existence of all the involved observables is rather trivial (by an elementary surface-to-
volume ratio). On the other hand, when studying mean-field models (where the surface-to-
volume ratio is one by definition, as these models are effectively infinite dimensional models),
questioning on the existence of the asymptotic values of their main observable can be far
from simple.

It is this appendix we prove the existence of the limiting value of the free energy per site
in the C-W model we studied. The underlying idea is to compare the free energy of a
large system, made of N spin sites, with two -independent- subsystem made of Ny, N, sites
respectively such that Ny + Ny = N. As elegantly shown by Ruelle [Rue99], if we can prove
that the free energy is sub-extensive (or even super-extensive, the important point is that it
does not oscillate) and that it is limited, then -due to the Fekete Lemma- the limit of the
succession Fy, Fyy1, ..., Foo must converge (at worst in the Cesaro sense). To achieve our
final goal we have thus to divide the N spin system into two independent subsystems of Ny,
N5 spin sites such that N = N; + Ny and define the magnetization of the original system,
i.e. m, and those of the two subsystems as

1 &
ml(a) = EZO'@,
o (A1)
may(o) = —2 Z T4
i=N1+1

such that the total magnetization can be written as

m(o) = %ml(a) + %mg(a). (A.2)
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Since the function  — 22 is convex, obviously it must hold that

Z0(8) = Y expl s 8Vm(@)) < 3 exp(SANImi(@) + Nom3(e)) =

o (A.3)
= ZN1(6)ZN2(6)'
Remark 4. The function f(x) = x* is convez so Vt € R:
f(toy 4+ (1= t)aa) < tf(x1) + (1= 1) f(22), (A.4)
choosing t = N1 /N we obtain the previous inequality:
N N. N- N.
(Fo+ e’ < af + S, (A-5)

Manipulating (A.3) in order to obtain the free energy per site (that is by taking the log
at both sides of the expression and then using the properties of the logarithms) we obtain

Nfw(B) = —% log Zx(8) > Nyfw (8) + Nafr (8B), (A.6)

and thus the free energy is a super-additive function. To check that it is also a bounded
function it is enough to consider its infinite noise limit, where the free energy reduces trivially
to (—B7! times) the intensive infinite-noise entropy —3'1In2 (as a consequence of a flat
measure over a configuration space large as 2%V) that is a bounded function in N.
According to the Fekete lemma then limy_,, fy () exists and equals the sup fy(3). Another,
equivalent, route to show the super-additive property of the intensive free energy arises also
by interpolating between the original system of N spins, and two non-interacting systems,
containing N; and Ny spins, respectively. To this purpose, we consider the interpolating
parameter 0 < t < 1 and the partition function:

Zn(t,B) = Zexp(%ﬁ(Nth(o') + Ni(1 — t)mi(o) + No(1 — t)mi(a)), (A.7)

where:
1

— 7108 Zn(1,8) = fn(B),

- N_ﬂlog Zn(0,8) WfN1(ﬁ) + Wng(ﬁ)y
and

D ezt =18) = — L tog zut=0.8) — | L Laogzattpyd (A9)

NﬂgN_’_NﬁgN_7 ONﬁdth7 ) :

where the integrand turns out to be the positive quantity:

—(m?*(o) — %m%(a) — %m%(a))t > 0. (A.10)
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Thus we obtain again the super-additive property for the free energy

fre (B)- (A11)
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A property of GGaussian observables

We have an observable x with Gaussian continuous probability distribution:

(@, 1,0%) = ——— exp (_(m—ﬂ)2> |

2o

where
e 1 is the expectation or mean of the distribution
e o is the standard variation

e o2 is the variance

Proposition 14. For the Gaussian observable x we can write the following equality:

(zg(x)) = (2%)(0zg(2)),
where (O) = [ O(x) f(x, p,0%)dx and g(x) is a continuous function of .

Proof. We consider the mean value of x equals to zero for simplicity. We write:

(gl = o= [ zato)exp (—g) dr =

o [, (o () )

The second term in the latter equation can be integrating by parts to obtain:

o o (o (< 2) )
~o* [ augye (-2 ) o = @l (),

where we have used in the last equality the fact that (z?) = o2
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