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Abstract

The correlated basis function theory is applied to the study of medium-heavy
doubly closed shell nuclei with different wave functions for protons and neutrons
and in the jj coupling scheme. State dependent correlations including tensor
correlations are used. Realistic two-body interactions of Argonne and Urbana
type, together with three-body interactions have been used to calculate ground
state energies and density distributions of the 2C , %0 | “°Ca , “8Ca and 2%Pb

nuclei.

La teoria delle funzioni a base correlata e’ stata applicata allo studio dei nuclei
doppio magici con differenti funziona d’onda per protoni e neutroni e usando
una raprresentazione in accoppiamento jj. Le correlazioni dipendenti dallo stato
includono anche la parte tensoriale. Interazioni a due corpi realistiche of tipo Ar-
gonne e Urbana, insieme con interazioni a tre corpi sono state usate per calcolare

le energie dello stato fondamentale e le distribuzioni a uno e a due corpi del >C
, 160 , Ca , **Ca and 2°Pb .
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Chapter 1
Introduction

Aim of the many-body theories is the description of composite systems in terms of
their elementary components and of their mutual interactions. The first problem
to solve is the identification of the elementary components of the systems. We
know that matter is composed by leptons and quarks, but we cannot think to
describe all the physical systems of our interest in terms of these entities. For this
reason in any many-body theory it is necessary to define the basic components to
be used for the description, and these components are assumed to be pointlike,
i.e. without internal structure. For example, the study of liquid helium properties
is done by assuming helium atoms as the basic degrees of freedom. In the case of
our interest, atomic nuclei, we shall use the nucleons as elementary components.

The interaction between the elementary components of the system is, the sec-
ond necessary ingredient to make a many-body description of it. Also in this
case there is a difference between the fundamental interactions, gravity, elec-
tromagnetic, weak and strong nuclear forces, and that used in the many-body
calculation. For example, in the liquid helium case the interaction between two
helium atoms is obviously related to the Coulomb interaction. A description of
the full many-body system starting from this interaction would not be feasible.
For this reason an effective interaction between helium atoms is used, for example
a Lennard-Jones type of interaction.

For the atomic nuclei the situation is somehow a similar one. We have good
reasons to believe that the Quantum Chromodynamics is the basic theory of
strong interactions. However, despite the progresses done in the last two decades,
a description of the interaction between two nucleons in terms of quarks and

gluons is not yet feasible, and in any case, it would not be very useful in the
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AV8 | AV18 UIX | Eapt
SH(LT) | -7.76(1) | -7.61(1) | -8.46(1) | -8.48
SHe(1) | -7.02(1) | -6.87(1) | -7.71(1) | -7.72
THe(0T) | -25.14(2) | -24.07(4) | -28.33(2) | -28.30
SHe(0T) | -25.20(6) | -23.9(1) | -28.1(1) | -29.27
SHe(27) | -23.18(6) | -21.8(1) | -26.3(1) | -27.47
SLi(07) | -28.19(5) | -26.9(1) | -31.1(1) | -31.99

Table 1.1: Experimental and Green function Montecarlo energies (in MeV). Montecarlo
statistical errors in the last digits are shown in parentheses [Pie01]. AV8’ and AV18 are
two different parametrizations of the two—body potential. UIX includes a three-nucleon
potential.

description nuclear systems. For these reasons the nucleon-nucleon interaction is
fixed in order to reproduce the properties of two-nucleon systems, i.e. those of
the deuteron, and the nucleon-nucleon elastic scattering phase shifts.

Modern two-nucleon potentials [Mac96|, [Sto94], [Wir95] are able to describe
with great accuracy, with a x? of about 1 per degree of freedom, the about 3000
phase shift data [Sto93]. In the past, because of the relatively limited number of
data to be fitted, there were noticeable differences between the nucleon-nucleon
potentials obtained with various approaches. Nowadays these differences have
been strongly reduced.

After defining the basic degrees of freedom and their interaction, it is neces-
sary to define the theoretical framework to describe the many-body system. If
one assume that relativistic effects are negligible, the problem consists in solving
the many-body Schrodinger equation. A this point the problem to be solved is
well defined, and in principle, it remains only to clarify the technical approach
to be used to solve a complicated equation. The Schrédinger equation is solved
without approximations for the two-body systems. As we have seen, this is used
to define the potential. The next step is the solution for the three-body systems.
In this case the equations to be solved are much more complicated. In any case,
various approaches have been developed to solve the three-nucleon Schrodinger
exactly, i.e. without approximations, in the jargon of the many-body physicists.
For a fixed nucleon-nucleon interaction, the values of binding energies obtained
with these different techniques are within a 1% uncertainty [KamO01]. All the
calculations agree with the fact that the use of two-body potential only under-

binds the three-body systems. We show in Table 1.1 an example of these results
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obtained with Green function Montecarlo GFMC technique [Pie01].

One of the basic hypotheses of the many-body calculation is that the basic
degrees of freedom, the nucleons in our case, are pointlike entities, i.e. their
internal structure is neglected. It may look a paradox but this approximation is
better fulfilled by the helium atoms in the study of their quantum liquid systems
than by the nucleons in the nucleus. The binding energy of the fermionic liquid
helium system is of the order of 10™* eV, to be compared with the 21 €V of the first
excited state of the atom. One has to compare the ratio of these two energies with
that between the about 10 MeV of nuclear binding energy (16 MeV for nuclear
matter) and the 300 MeV necessary to excite the nucleonic degrees of freedom.
This means that, in nuclear systems, the presence of effects related to the internal
structure of the nucleons are more important than in liquid helium. In order to
reproduce the *H binding energy it is necessary to include a three-body interaction
in the nuclear hamiltonian which consider the excitation of sub-nucleonic degrees
of freedom.

The nuclear structure calculations with the hamiltonian containing two- and
three-body interactions are able to reproduce the binding energies of the 3He and
“He nuclei. In these last decade the Green function Montecarlo technique has been
applied with success to the study of various light nuclei, see Table 1.1 |Pie05].
Recently, results for A = 12 systems have been presented [Pie05]. These results
show the validity of the non-relativistic many-body approach in the description
of finite nuclei.

There are no principle reasons forbidding the application of the Green function
Montecarlo technique to any nuclear systems. The limitations are related to the
large computational effort. We show in Table 1.2 the number of spin and isospin
configurations to be calculated for a set of nuclei. It is evident that, even the more
optimistic predictions of the improvement of the computer performances do not
give much hope to possibility of applying the Montecarlo technique to medium
and heavy nuclei. The goal of the many-body theories is to solve the many-body
Schrédinger equations by doing some approximations that simplifies the problem
to allow its solution. The control on the effects of these approximations on the
observables is one of main problems of the many-body theories.

In nuclear physics sophisticated many-body theories have been mainly applied
to the study of nuclear matter. Nuclear matter is an ideal system composed

by an equal, and infinite, number of protons and neutrons where the Coulomb
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Nucleus | Z N=A-Z7 Neony
SH 1 2 24
3He 2 1 24
‘He 2 2 96
6He 2 4 960
°Li 3 3 1280
SHe 2 6 7168
2 6 6 3784704
150 8 8 8.4-108
0Cq 20 20 1.5-10%
BCa 20 28 4.7-10%"

Table 1.2: Numbers of spin and isospin for some nuclei.

interaction has been switched off. The extrapolation of the properties of the
interior of medium and heavy nuclei allows us to identify the empirical values of
the binding energy per nucleon, —16 &1 MeV, and density, 0.17 & 0.01 nucleons
fm 3 | at the nuclear matter saturation point. The description of the saturation
properties of nuclear matter has been, and still it is, one of the problems more
investigated in nuclear physics. In reality, the description of the nuclear matter
properties can be considered a kind of homework problem to test the validity of
the various many-body theories [Bet71].

The main problem one encounters in the development of theories searching for
approximated solution of the Schrédinger equation is the presence of a hard repul-
sive core in the nucleon-nucleon interaction which makes impossible the straight-
forward application of the naive perturbation theory. In order to solve this prob-
lem, the nuclear many-body theories for nuclear matter have been developed
following two different lines.

The first one, and most widely used, is based on the idea of constructing
an effective interaction. Resummation techniques based on field theory are used
to renormalize the nucleon-nucleon interaction in the hard core region. The re-
sulting interaction behaving well at short internucleon distances can be used in a
perturbation theory. These are the basic ideas of the Brueckner theory which con-
struct the effective interaction called G-matrix [Brub4|, [Day67], [Jen76], [Dic82],
[Son98|, [Bal05].

An opposite point of view is that of the Correlated Basis Function (CBF)
theory [Pan79], [Akm97|. This theory is based on the variational principle. The
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search of the minimum of the energy functional is done within a sub-space of the
Hilbert space spanned by wave functions describing a system of non-interacting
particles multiplied by a correlation function. Contrary to what happens in
Brueckner theory the nucleon-nucleon interaction is not modified and the presence
of the hard core is taken care by the correlation function.

After a long struggle [Cla79|, which is part of the nuclear physics history, it
has been shown that the two approaches provide analogous results [Mut00]. Mod-
ern two-body interactions, implemented with three-body interactions, underbind
nuclear matter at the saturation density by about 1 MeV [Akm97| [Son98|.

The application of these many-body theories to finite systems had two different
histories. The Brueckner G-matrix has been used in Hartree-Fock calculations
[Sch91] [Mut00]. This approach is the microscopic basis for the construction of
various phenomenological interactions used in effective theories, such as Hartree-
Fock or Random Phase Approximation. Only recently, effective interactions have
been constructed by using the CBF idea of a correlation function. This method
called Unitary Correlation Operator has produced effective interactions which
have been used in Hartee-Fock and shell model calculations [Nef03].

The history of the application of the CBF theory to finite systems is a more
recent one. The extension of the original CBF theory to finite Fermi systems has
been formulated in the late seventies [Fan74| [Fan79]. In these works it was shown
the possibility of making formal cluster expansions with infinite numbers of terms,
even in finite systems. Furthermore the idea of the so-called vertex corrections, see
section 2.1.1 , which modify the Fermi Hypernetted Chain (FHNC) resummation
techniques, have been introduced.

The first specific application to model nuclei has been done in [C092|. In
this article finite nuclear systems were described by using a unique mean field
potential for both protons and neutrons and by using a s coupling scheme. Also
the interactions were very simple, they did not contain tensor terms, and the
correlations were purely scalar functions. This simplified situation has been used
to show the theoretical and numerical feasibility of the project. The momentum
distribution of these systems have been calculated in another paper [Co94|.

In a following article [Ari96] the same interactions and correlations have been
been used to investigate nuclei with different number of neutrons and protons
whose single particle wave functions were generated with different mean field po-

tentials containing spin-orbit terms. In this article the technique to treat systems



CHAPTER 1. INTRODUCTION 10

not saturated in spin and isospin has been developed and tested.

Another step forward was done in [Fab98| where realistic nucleon-nucleon in-
teractions, with terms up to the tensor ones have been used together with state
dependent correlations. In this article the FHNC resummation technique was ex-
tended to treat correlations containing parts that do not commute any more with
the hamiltonian, ad among themselves. In analogy to what has been done in nu-
clear matter, also in this case the Single Operator Chain approximation has been
used (see sect. 2.3 ). The novelty here consisted in defining the full FHNC/SOC
computational scheme for finite Fermi systems. Because of the relevant technical
difficulties pushed us to work again a single particle basis saturated in spin and
isospin was used in order to use some of the techniques developed for the nuclear
matter. The calculations of [Fab98| have been extended in [Fab00] where spin-
orbit terms of the two-body interaction have been inserted, and, more important,
the three-body interaction.

The next step, and the final one, is to extend the formalism above described
to deal with realistic nuclear systems. They are systems where the neutrons and
protons are separately treated and are described in a jj coupling scheme. This
was the aim of this thesis.

From the first principles point of view, the work done in this thesis, is the final
part of a project started long time ago. From the technical point of view, the
problem is extremely complicated. The distinction between protons and neutrons
leads to a quadruplication of the number of equations to be solved, and this is
the easy part of the story. What makes the problem extremely difficult is the
presence of the various non commuting operators. The traditional techniques to
calculate traces of these operators cannot be applied any more since they have
been developed for spin and isospin saturated systems. It has been necessary to
develop different manners of calculating traces. Fortunately, despite of the in-
crease of linked integral equations to be solved, no particular numerical problems
have been encountered.

In any case, the final results are quite rewarding, since, to the best of our
knowledge, it is the first time that the structure of nuclei as heavy as the Calcium
isotopes and especially 2°8Pb have been investigated with a fully microscopic
model with theory containing realistic interactions. Furthermore the formalism
developed here opens the possibility to a large number of applications in the

evaluation of variuos observables.
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This document has been written having in mind a slightly pedagogical pre-
sentation of the CBF theory. For this reason in the first part of the thesis we
summarize the basic ideas of the CBF and FHNC/SOC approach developed for
infinite systems. The reader familiar with these results can directly jump to the
second part of the thesis, where finite nuclear systems are treated. Also in this
case there is first a short review of the previous results, but the main part is
dedicated to the presentation of the original results concerning the FHNC/SOC
equations applied to realistic finite nuclear systems. Finally the specific appli-
cation of the theory to the study of the binding energies and of the density

distributions of 12C, 60, “°Ca, *8Ca and 2°®Pb nuclei is presented in Chapter 4.



Chapter 2

Infinite systems

2.1 The correlated basis function (CBF) theory

As it has been said in the introduction, aim of the CBF theory is the solution of

the many-body Schrédinger equation
HY(1,..,A)=E¥(1,...,A) (2.1)

where ¥(1,..., A) is the wave function describing the system of A particles and
H the many-body hamiltonian.
The basic idea of the CBF theory is to search solutions of the eq. (2.1) of the
type

v(,..,A)=F(1,..,A)%(1,..., A). (2.2)

where F'is called correlation function and ®(1, .., A) is the wave function of system

corresponding to the independent particle model (IPM). In the CBF theory the

Schrodinger equation (2.1) is solved by using the variational principle

<VUH|¥ >

OEU] =6
7] < U|U >

(2.3)

The minimum obtained in this manner is an upper bound of the true eigenstate
of the eq. (2.1).

12
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2.2 Bosons

In this section we shall describe the cluster expansion for infinite bosonic systems.
We get the infinite system by making the thermodynamic limit of a finite system.
We consider A particles contained in a volume, V. After making the cluster
expansion we take the limit for A and V' going to infinity but we keep their ratio,
p = A/V, constant. We write the wave function of a system of A non interacting

bosons without degeneracy as:

® (21,32, ..., 74) = S(1(z1) - pa()) (2.4)

In the above equation we have indicated with & the symmetrization operator,
and with ¢;(x;) the single particle wave functions. The label 7 indicates the set
of quantum numbers of the i-th particle, and z; is the generalized coordinate of
the i-th particle. We consider the ground state of the system, therefore, in the

uncorrelated description, all the bosons occupy the lowest single particles state:

_ _ ieik-r
¢,(z) = d(z) = NG (2.5)

where the last expression is due to the fact that the system is infinite, i.e. trans-
lationally invariant, and composed by bosons with spin zero. In this case the

generalized coordinate z corresponds to r and the density of this system given by

po(z) = A™(z)p(x) = p (2.6)

is constant. As already stated, in the framework of the Correlated Basis Function
(CBF) theory the trial wave function describing the interacting system is written
as:

U(xy,....x4) = F(x1, ey 4)P(21, ..., T 4) (2.7)

The function F'(xy,...x4) which modifies ® is called many-body correlation func-
tion (MBCF). The usual ansatz for the explicit functional expression of F is

[Jas55]
A

F(.Tl,....,.’L'A) = H f(T,]) (28)

j>i=1
The two body correlation function (TBCF) f(r;;) is a scalar function of r;;, the
distance between the i-th and j-th particles. The TBCF goes to unity at large
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interparticle distances. In the description of the interacting system, a useful
quantity is the two-body distribution function (TBDF) defined as:

A(A - 1)/da:3 e dz AU (2, .oz a) U (T, .., T4)

p2/ dﬂ?ld.TQ “e d:cA\Il*(xl, .. .,.’EA)\I/(.Tl, .. .,.TA)

g(w1,72) = (2.9)

The TBDF can be used to evaluate the expectation value of a two-body operator

A
0(1,2,,A) = Z Oij as:

j>i=1
1 2
<0 >= 5/) /d$1d$zg($1,$2)012 (210)

By using the egs. (2.5),(2.6), (2.7),(2.8) the numerator and the denominator of
the eq. (2.9) can be written as:

A—2

N = A(A - 1)/dx3dx4...d:rApAA z1;[jf2(rij) (2.11)
A
1<)

In the previous expression we have used the fact that f is a scalar function,
therefore it commutes with the single particle w.f. ¢(x). We define a new function
h(ri;) as:

f2(rij) =1+ h(ry) , (2.13)

and this allows us to rewrite the denominator as:

L+ Y h(rig) + Y h(rij)h(rie) + - .. (2.14)

1<j 1<j<k

oA
D= /dzldxg...dxAF

where we have separated the various terms containing an increasing number of
correlation functions h. A useful way of handling with these integrals is to use a
graphical representation introduced by Yvon and Mayer [May40]. A solid circle
indicates an integration point and has a density p associated to it, and a dashed
line the correlation h. The second term of the eq. (2.14) is represented in figure
2.1. We show in fig. 2.2 the terms containing two correlation functions hA. In

the term represented by the diagram A the two correlation functions h have a
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Figure 2.1: Graphical representation of the second term of eq.(2.14). The dashed line
represents the correlation function h. The black dots represents the integration points
7 and j.

J l J
Y ¢ -——-———-—-—-- -
[ERN
4 \
4 \
4 \
4 \
4 \
4 \
’ \
4 \
L 4 ® ¢ —————-—-—- -e
i k k [

Figure 2.2: Graphical representation of the terms given by the egs. (2.15) and (2.16)
respectively.

common point. Its contribution is

1A2—3A+2

a0 12 o’ / dz;dxjdxih(rij)h(rk) (2.15)

In the term represented by the diagram B there are not common points

1 6 11 6

0= 5+ 75— 790" [ deidesdmdmib(ry)h(ra) (2.16)
The order of the diagram is given by the number of points involved. The

technique presented above can also be applied to the numerator. By using the

same techniques applied to write the denominator, we obtain for the numerator

the following expression:

A

e 2)2(A -3) Z_Z [ i) + . ] (2.17)

N = f(ry) (A-1) [1 + 2%(/1 —2) /da;jh(ﬁj)

In this case, the many-body integral does not imply the integration on two coor-
dinates that we have labeled 1 and 2, for simplicity. These two points are called

external points, and are indicated by white dots in the graphical representation.
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The integrated points, the black dots, are obviously called, internal points. The
graphical representation is applied to the term in square brackets of the numer-
ator. The first term is the uncorrelated part, the second term contains a single
correlation function A which connects the external point 1 with the internal point
j. Also the third term is linear in A but in this case the correlation connects two
internal points ¢ and j. The graphical representation of these three terms of is
given in fig. 2.3.

At this point the numerator and denominator in eq.(2.9) have been written as

J i J
K L e -
o o] 0/ o o o
1 2 1 2 1 2

Figure 2.3: Graphical representation of three terms of the numerator, eq. (2.17). The
white dots indicate the external points.

sum of integrals called clusters and each integral can be represented by a diagram.
We analyze the topological structure of the diagrams to simplify the calculation.
A first classification identifies linked and unlinked diagrams. An example of these
two different types of diagrams is given in fig. 2.2. The diagram B can be factor-

ized in two independent pieces

ﬁ(l — % + % — 2 /dr,drjdrkdrlh(rw)h(rkl)

ﬁ(l — % + % — Ai /dndrj Tij) /drkdn (rx1)

Any diagram that can be factorized in two or more pieces is called unlinked
diagram. Diagrams that cannot be factorized, such as the diagram A of fig.
2.2, are called linked diagrams. On the other hand the diagram A of fig. 2.2 is
reducible. In effect because of the translational invariance of the system, only
relative distances are important, therefore by doing a change of variables R;; =

%(ri +7;), 7y = T; —T; We can write:

3

1 A2-3A+2 ,2
5= a4 P /dﬂ'j Tij /drjkh k)

1A% 3A+2 3/ drszJdih(Tm)h(rik)

Any linked diagram whose contribution can be written as a product of integrals,
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as in the above example, is called reducible diagram. In bosonic systems reducible
and unlinked diagrams are both factorisable. It has been demonstrated [Fan74]
that , up to the % order, no unlinked and reducible diagrams contribute to the
TBDF eq. (2.9). An example illustrating how the simplifying procedure works is
shown in Appendix A.1.

After the simplification of the unlinked and reducible diagrams, the expression of
the TBDF, eq. (2.9), is composed by linked and irreducible diagrams containing

two external points labeled 1 and 2:

g(ri2) = f2(7“12) Z Yirr(r12) (2.18)
all orders

These diagrams can be classified as simple or composite. A composite diagram
is a diagram formed by parts that are connected only in the two external points
1 and 2. Examples of composite diagrams are given in fig. 2.4. The diagrams
which are not composite are named simple and can be classified as nodal and
elementary. A nodal diagram contains al least one point where all the possible
paths going from one external point to the other one have to pass through it.
These points are called nodes. Examples of nodals diagrams are given in fig. 2.4.
The remaining diagrams with no nodes are called elementary. The sum of all
the irreducible diagrams, composite, nodal and elementary gives the distribution
function. For the evaluation of the TBDF it is useful to use a theorem stating
that a nodal diagram can be constructed by integrating on the node the two
functions representing the parts of the diagram joined at the node. In general
all the nodal diagrams can be obtained as the folding product ot two generic func-
tions a(rij), and b(ry;) representing the diagrammatic links between points i and
k and k and j respectively.
The folding product is defined as:

(a(rik)\b(rjk)) = p/drka(rik)b(rkj) (219)

Let us indicate with N(rj2) the sum of all the nodal diagrams having j and 2 as
external points. If we now perform the folding integral of h(ry;) with N(r;2), we
get all the diagrams of N(ry3). In reality, in this folding integral, the three-point
diagrams with two h functions, like the A diagram of fig. 2.2, is excluded and it
has to be added by hand. Then the sum of nodal diagrams having 1 and 2 as
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Figure 2.4: Classification of the Mayer diagrams. In the reducible diagrams a indicates
the articulation point.

external points is given by

N(riz) = (h(ri;)|N(rj2)) + (B(riy)[B(r;2)) (2.20)

The definition of composite diagrams, implies that their contribution to the
TBDF can be expressed in terms of simple diagrams. Let us write S(r) for their
contribution. For example, the sum of all the composite diagrams that can be
separated in only two simple diagrams is related to S?(r). Each term of the
S?(r) sum is given by the product of two simple diagrams. The exchange of

all the particles of one subdiagrams with those of the other one, produces the
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same composite diagram. So S%(r) must be multiplied by % to avoid this double
counting. In analogy, the S3(r) terms should be multiplied by % and so on. The

total sum of composite diagrams can be written as:

) | $(r) , S'0)

) 2 = S —S(r)—1 (2.21)

where the last equality appears because our system has an infinite number of par-
ticles. The procedure illustrated above, indicates how to construct the composite
diagrams from the simple diagrams. If we remember that S(r) = N(r) + E(r),
where we have used E(r) to denote the contribution of the elementary diagrams,

from the TBDF definition, eq. (2.18) we obtain the following expression:
g(’f‘lg) = f2(’f‘12)6N(r12)+E(7”12) =1+ X(’f‘12) + N(T12) (222)

where we have used X (r12) to represent the contribution of the non nodal dia-
grams. It is evident from eq. (2.22) that the TBDF can be expressed in terms
of nodal and elementary diagrams only. The use of the X (r12) function is estab-
lished in the literature but it is not necessary. All the nodal diagrams can be
calculated in closed form as a folding product of X (ry;) with X (rj2) or X (ry;)
with N(r)s):

N(ri) = (X(r))|X (rja) + N(ry2)) (2:23)

The set of equations (2.23) is known as HyperNetted Chain (HNC) equations.
The HNC equations are a non linear set of integral equations. We solve it by using

an iterative procedure. We begin the procedure by using the following ansatz
X(Tlg) = f2(’f'12) -1 N(Tlg) =0

We then use eq. (2.23) in order to obtain the nodal diagrams N (r12) and we repeat
the process until the convergence is reached. It is evident that this procedure
allows us to consider the contribution of all the nodal diagrams, but it does not
include that of the elementary ones. There is not a closed expression which allows
the evaluation of all the elementary diagrams. The contribution of these diagrams
should be calculated by evaluating individually each diagram. If the contribution
of the elementary diagrams is not evaluated, we indicate the set of the equations
as HNC/0. If we add the contribution of the first order elementary diagram we
call the set of eqs. as HNC/1 and so on.
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2.3 Fermions

The method described above, gives a correct representation of the ground state
of bosonic systems. To describe a fermionic system, it is necessary to take into

account the Pauli exclusion principle. Now in the trial wave function

U(z1, ey za) = [ f(rij) (21, ccs T4) (2.24)
i<j
®(x1,...,24) is a Slater determinant that describes the non interacting system
(IPM)
¢1(z1)  di(z2) ... Pi(za)

L| galm) golam) - dulaa) (2.25)

Pa(®1) Qalz2) ... Pa(za)
where for an infinite fermionic system, the single particle wave functions can be

written as:

61(2) = 7 exp s e (93, 0) (2:26)
We have indicated with y, and x; the Pauli spinors describing the spin and
isospin functions. As in the bosonic case, we shall work in the thermodynamic
limit, A,V — oo keeping p = A/V constant. At this point it is convenient to
study some properties of ®2 which will become useful for the evaluation of the

TBDF. First, we can see that ®? can be written as a determinant

po(x1,21)  po(®1,22) ...  po(z1,24)
X9, T To, T To, T

01,2, ayp =| P o)Al o)
po(za,z1)  po(Tas@2) ... po(xa,Ta)

whose elements are given by

po(i, ) = D b (@) dalz;) (2.28)

[e%

where the sum runs over all the occupied single particle states of the system.

Thanks to the orthogonality of the single particle wave functions the following
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property holds
[ dzionei,5)p0 s, 24) = poli, 24) (2.29)

where both a spatial integration and a trace on spin and isospin variables is

denoted by dz;. Now we define the sub-determinant as:

00(351,331) /00(331,$2) po(ﬂﬁlaﬂ?p)
To, T To, T To, T
Ay(L, .y p) = pol 2 1) pol 2 2) | po( 2 p) p< A (2.30)
Po(Tp; T1)  po(Tp;2) .o po(Tp, Tp)

The sub-determinant defined above has the following property

/dxp+1Ap+1(1, e+ 1) = (A= )AL, ..., ) (2.31)

by iteration we obtain
/dxp+1...dxAAA(1, ey A) = (A= p)IA(L, ..., p) (2.32)
Consequently, the following property holds
A,=0 p>A (2.33)
By making the thermodynamic limit, we obtain that

p N . .
pol@is m5) = —Llkrriy) 2 X (0)xs ()x:(7) (2.34)

s,t
In the above equation, v indicates the spin-isospin degeneration of the system, 4
in the nuclear matter case, and kr = (672p/v)"/3 is the Fermi momentum. In this
particular case, £(z) is the Slater function [Fan79|, and has the following explicit

expression:

0z) = %(sinx _ zcos). (2.35)

Taking into account the properties presented above, we obtain the following ex-
pression for the uncorrelated TBDF
A(A -

1) >
00(1,2) = W/dxg....dm@ (2.36)
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_ %(A — 2)1A,(1,2) (2.37)
= 11— %fz(k}ﬂ”lz) (238)

In the above equation a trace on the spin and isospin variables of the external
particles is understood. This trace gives the 1/v factor of the final result, with

v = 4 for symmetric nuclear matter. The above expression shows the need of

‘
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Figure 2.5: Graphical representation of some nodal diagrams for a fermionic system.
The oriented lines indicate the statistical correlations. The subscripts dd,de,ee,cc rep-
resent the different type of diagrams classified with respect to the type of correlations
reaching the external points 1 and 2.

inserting a new graphical symbol in the Mayer diagrams in order to identify the
presence, and the role, of po(x;, z;). Since py forms closed non overlapping loops
and we perform the trace in the spin and isospin trace for a permutation of n

particles

(—1)" ' p(z1, 22) p(22, 23) - . . p(Xp—1, Tn) P, 1) =
(_1)n—1 (g) g(kFT'lz)E(k'F’f'zg) e E(kFTn_hl)ﬁ(kFTnl)
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2 X (WG 2) - X5, ()X, (D)X (2) - - X, ()

tzt X (DX (2) - X ()X (DX (2) - X, (n) =
—v (—gf(kzﬂu)) (—gﬁ(klzrm)) <_§£(kF7“n1n)> (_gg(kFTm))

where we have included the sign of the permutation. So the new diagrammatic
symbol is an oriented line and in the CBF jargon it is called statistical corre-
lation, since its presence is due to the Pauli exclusion principle and has to be
distinguished from the dynamical correlation f(r;;) related to the short-range
behavior of the potential. We assign a value of —{(kpr;;)/v for a statistical line
joining the particles 7 and j since the p factor is included in the integration and a
factor —v in every closed statistical loop. The expression of the correlated TBDF
reads:

A(A— 1)/dx3....da:A(I>*(x1, oz ) [T £ i) TT £ ) @ (@, o)

1<j k<l

g($1,$2) = 9 9
P /dxl....dxA|\Il(a:1,...,xA)|

(2.39)
In analogy to the bosonic case, we define f2(r;;) = 1+ h(r;;) then the eq. (2.39)

becomes:

A(A—1)/dx3....da:A(1+Zhij+ S hijhge + )| 0@, oy 30)

i<j i<j<k
g(ﬂ?l,l'z) = 9 9
p /dml....dmA(l + th + Z hijhjk + )|(I)($1, ....,.’L’A)|
i<j i<j<k

(2.40)
Then the generical cluster term of TBDF contains both dynamical correlations
and statistical correlations. The evaluation of the TBDF requires the calculation
of the linked and irreducible diagrams, classified as nodal and elementary, in anal-
ogy to the bosonic case. In fig. 2.5 we give a graphical representation of the nodal
diagrams classified with respect to the type of correlation reaching the external
points 1 and 2. In the A and B diagrams only dynamical correlations reach the
external points. These diagrams are labeled with the dd(dynamical-dynamical)
subscripts (Ngq). The C and D diagrams have a dynamical correlation reaching
the external point 1 and two statistical correlation lines reaching the external
point 2. In this case, we label the nodal diagram with a de(dynamical-exchange)

subscript (Ng). The E and F diagrams, obviously, are labeled by a ee(exchange-
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exchange) subscript. Finally, the last two diagrams have a statistical correlation
which starts from the external point 1 and arrives to the external point 2, forming
a open loop. We label these diagrams with the cc(cyclic-cyclic) subscript.

By inserting eq. (2.30) in eq. (2.40) we obtain for the numerator and the denom-
inator of the TBDF":

A(A—1)

N==0

fQ(rlg)/d:Eg....d.TA (1 +Zhij + Z hijhjk + ) AA (2.41)

1<j 1<j<k

D = /dl‘l....d.TA (1 + Zh‘ij + Z hijhjk + ) Ay (2.42)

i<j i<j<k
The above expressions describe the TBDF with respect to the number of
correlations h. We rewrite these sums by grouping the terms containing the same
number of points involved, p, and we indicate them as X®(1,2,3,..,p). For

example
XG(1,2;9) = hyi + hy + hisha

By using the above definition the numerator and denominator can be rewritten

as:

N = Mf2(7'12)/d$3...d$AAA<1+§:X(3)(1’2;i)

2
P i=3

A
+ 3 XW(,24,5) + )

§>i=3

A A
D = /dxl...dxAAA (1+ > XO6 0+ X X‘3’(i,j,k)+---)

j>i=1 k>j>i=1

The TBDF can be written as:

AA=Y) o o
9(z1, 22) 7 J( 12)/d 3...d AAA<1+

A (A—2)! )1 o _

E(p—?)!(A—p)!X (1,2,...,p))

—~

S Al v) -
dzy..dzaAa 1 A xo, ..
T1...AT A A( +pz_:2p!(z4—p)! (1, ,p))]
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The factors % and - take into account the fact that permutations
(p—2)(A—p)! p(A p)!

of the p internal points do not change the contribution of the diagram. By using

eq. (2.31), it is possible to integrate over all the variables of A4 not involved in

XP.

(A—2)! » . _
» . (A—2)!
/dxg....dpr( )(1,2;...p) Ap(A — p)! = 2I(A—p) (2.43)

If we eliminate the factor A! in the numerator and denominator of g(x1, z), they

assume the following expressions

f?(r12) 41

= Ay(1,2 S dr, XP(1,2: ., p)A

N = S 209+ 3 oy [ denedgy X1, 208,
A1

D=3 / dz;...dz,X®)(..p)A, (2.44)
=1 *

Each cluster term (diagram) can be divided in linked and unlinked parts. Let
L,(1,2,is,...,i,) be the linked part containing the external points 1 and 2. In
this diagram each internal point i3, ..,, is connected to the points 1 and 2 by
at least one continous path of dynamical and/or statistical correlations. Let
Uy_n(in+1, .., ip) be the unlinked part containing p — n points not connected to 1
and 2, and to no other point of £,,. Any permutation of the internal point of £,
does not change the contribution of the diagram. The same it happens when the

internal points of U),_,, are interchanged. This means that every diagram of the

(p—2)!
(n—2)!(p—n)!
ways, each of them giving the same contribution. By considering the separation

numerator with p internal points can be separated in £, and U,_, in

in linked and unlinked diagrams, the numerator can be rewritten as:

_ f2(ra )[A L2 (p—2)!
N 2(1,2) +ngnz; i ]
/daﬁg...dxnﬁn(l,Q,...,n)/dxn+1...dmpup_n(n+ 1,',,,p)] =
p+q
f?(r12) [A2 (1,2) Z Z /d:rg Az, L,(1,2,. ,n)]
n+qg=3 n= 3

1
la /da:q+1....d:vq+nuq(n +1,..,q+ n)] (2.45)
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where in the second equality we have defined ¢ = p — n.
Because of eq. (2.33) we can extend up to infinity the sums of (2.45). We have
then

_ f2(7”12) >
N = e lA2(1,2)+ 23 (n—2 /dxg Adx, L,(1,2; ,n)]
[i % /dxq+1...dxq+nuq(n+ 1,..,q+ n)] (2.46)

In the denominator the points (1,2) are integrated, therefore the diagrams we
have defined as linked are not present. Only the unlinked diagrams U contribute

to the denominator:
D = f? 7‘12[ /d:cl dr, Uy (1, ..., )] (2.47)

This expression is identical to that of the unlinked terms of the numerator. In
the calculation of the TBDF the denominator cancels the unlinked diagrams of

the numerator. We can write

/ 2 (7“12)
2

9(331,$2) = 9(7“12) =

lA2(1,2) M (p 5 /dxg Ay Ly(1,2; ...,p)]
(2.48)
In the above equation the sum on the linked diagrams implies both reducible
and irreducible diagrams. The reducible diagrams in the fermionic systems are
defined in analogy to the bosonic case. They are diagrams containing a point,
the articulation point, which allows the factorization in two subdiagrams. An
example of reducible diagrams is given in fig. 2.6. like in the bosonic case, the
factorization of the reducible diagrams in two or more sudiagrams is possible
because we deal with a translational invariant system, therefore only relative
distances between the particles are important.
The mechanism which allows the elimination of the reducible diagrams is very
different from that of the boson systems, and it is exact, not limited to % terms.
The rigorous proof of the cancellation of these diagrams is presented in [Fan74].
We give here the basic idea of the cancellation mechanism. This discussion will
become useful when in the finite fermion system we shall present the vertex
correction. In the upper part of fig. 2.6 two reducible diagrams are shown. They

differ only for the presence of a statistical loop. For the properties of pg(x1, z2)
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Figure 2.6: Example of cancellation in FHNC diagrams. The statistical loop produce
a minus sign, so that the resulting contribution is zero.

this statistical loop does not modify the global contribution of the diagram, but
it changes the sign. As it is shown in the lower part of the figure, the global
contribution given by the sum of the two diagrams is zero. For a given reducible
diagram, in a system composed by an infinite number of particles, it is always
possible to find another reducible diagram which has a single additional exchange
loop. This is the basic mechanism of the exact cancellation of the reducible
diagrams in fermionic systems.

Let us be NN,, the sum of all the nodal diagrams of the type specified by
the subscripts yz (y,z = e,d, ¢), and X,, the sum of all non-nodal diagrams of
the yz—type. Indicating with Z,, the generic diagram (X,, or N;,), the Pauli

exclusion principle allows only folding products given in Table 2.1:

Z4a(1,7) Zea(1,5) Z4a(5,2)  Zae(5,2)  Zea(§y2)  Zee(d,2)
Zde(laj) Zee(l)j) de(ja 2) Zde(j: 2)
ch(laj) ch(j, 2)a _Z(TJ'?kF)/y

Table 2.1: For each type of nodal diagram we show the allowed folding products
depending on the Pauli principle.

The generalization of eq. (2.23) takes into account the above diagrammatic

rules and it produces the following set of non-linear integral equations

Nua(riz) = (Xaa(r1s) + Xae(r1s)| Naa(rse) + Xaa(rss))
+ (Xaa(r13)|Nea(rs2) + Xea(rss))

Nae(ri2) = (Xaa(ris) + Xae(r1s)|Nae(rs2) + Xae(rs2))
+ (Xua(ris) | Nee(rs2) + Xee(rs2))



CHAPTER 2. INFINITE SYSTEMS 28

Nee(r12) = (Xea(ris) + Xee(r13)| Nue(rsz) + Xae(rs) )
+ (Xea(ris) | Nee(rs2) + Xee(rs:))
Nee(riz) = (Xeo(ris)[Nee(rse) + Xee(rso) — £(kprsa) /) (2.49)

The equations for the non-nodal diagrams are

Xaa(r12) = gaa(ri2) — Naa(ri2) — 1 (2.50)
Xae(r1i2) = gaa(ri2)[Nae(r12) + Eae(r12)] — Nae(r12)
Xee(ri2) = gaa(r12){Nee(r12) + Bee(r12) + [Nae(r12 + Eae(r12))?

—V[Nee(r12) 4 Eee(r12) — %f(/ﬂﬂu)]Q} — Nee(r12)

1 1
Xee(r12) = 9ad(r12)[Nee(r12) + Eee(ri2) — ;f(kFTu)] — Nee(r12) + ;E(kFTH)

Finally, the partial TBDF are defined as:

gaa(r12) = [2(rip)eNaa(r)THa(re)
9ae(T12) = Nge(r12) + Xge(r12)
Ged(T12) = Gae(T12) (2.51)
gee(r12) = gee,dir(ru) + gee,ewc(ru) = Nee(rw) + Xee(rl2)
2
Gee,dir(T12) = Gaa(r12) [Nee(Tm) + Eee(r12) + (Nde(hz) + Ede(7°12)) ]
1 2
Gee,exc(T12) = —ngd(ﬁz)(Ncc(ﬁz) + E.(r12) — ;f(kFTu))

1
gee(r12) = Nee(r12) + Xee(ri2) — ;E(kFTR)

2.4 The state dependent correlations

Up to now we have treated only the case of scalar state independent correlations
(Jastrow correlations). We shall discuss now what happens when state dependent
correlation functions are used. The correlation function we consider has the
structure:
A A 6
F,.,A)=8( II Fy)=S( II 3 f(riy)0h) (2.52)
j>i=1 j>i=1p=1

where the operators are defined as:

O = 1L7i715,0: 0, (0:-0;) (i 7;), Sy, Sij(T - 7). (2.53)
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where S;; = 3(o; - 7i;)(0j - 75;) — 04 - 0 is the tensor operator. In eq. (2.52)
we have indicated with & the symmetrization operator. In general, for j # k
one has [0};, Of] # 0. Therefore it is necessary the S operator to garantee the
antisymmetrization of the wave function ¥(1,..., A).

We are interested in the calculation of expectation value of two-body operators
which also depends on the operator (2.53). In general, we can express these
operators as

A 6
B(1,...,4) = > (Z Bp(r,-j)og’j) (2.54)
j>i=1 \p=1
Since the operator is symmetric under the exchange of the particles, the expression

of its expectation value can be written as

6
A(A—1) Z/dxldxg o dz AU (1,. .. A)BP (1) 0% (1, . .., A)
p=1

< B>=
2/dx1da:2...da:A\If*(l,...,A)\If(l,...,A)
(2.55)
This suggests to define a state dependent TBDF as:
A(A— 1)/d:c3...da:A\If*(1,...,A)O{’Q\If(l,...,A)
gp(xla$2) = p:]-a 16
p2/dx1dx2...d:z:A\IJ*(l,...,A)\Il(l,...,A)
(2.56)

where it is understood that the spin and isospin traces are done also for the

external particles 1 and 2. We we can write the expectation value of B as
1 6
< B >= 5/)2 Z/dmldngp(rlg)gp(xl,mQ) (257)
p=1
For the state dependent TBDF we can write:

A(A—l)/d:rg...da;AS( f[ F;)0%LS( f[ Fy)Aa(l, ..., A)

j>i=1 j>i=1

gp(xla :C?) = A A
p2/dx1dx2 , .d:rAS( II F,-j)s( II E-j)AA(L LA
j>i=1 j>i=1
(2.58)
where we have adopted the convention that A, include all the state dependent

operators related to the internal coordinates. In order to perform a cluster ex-
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pansion we found convenient to write

By =3 blra)Of = hlra) (L+ 3 20800) = fir) (14 1) 259

Since fi(r) has no operator dependence, the symmetry operator does not act on

it. We can write the correlation function as:

F(l,m A) = S 'H_IFZ-J-) = ( -H_l f1ri7)S( _H_1 (1+ Hy)) (2.60)

When the H;; are zero we get back the expression of the purely Jastrow correlation
previously treated. The operator terms do not commute, in general, this means
that in the cluster expansion the various terms depend also from the ordering of
the operators. This is a new feature of the theory which should be considered.
Eq. (2.60) indicates that each H;; term can be multiplied by any power of fi(r;;)
two-body correlation without changing the operator structure. In the many-
body jargon this fact is indicated by saying that the Jastrow correlations dress
the operator diagrams.

Although the state-dependent case is more involved than the purely Jastrow
case, it is possible to demonstrate that the cancellation between the unlinked
diagrams of the numerator and all the diagrams of the denominator is still valid.
However, the cluster expansion is not any longer irreducible, since the possible
presence of operators in the dynamical correlation makes impossible to cancel
the reducible diagrams among them. The general treatment of state dependent
correlations for nuclear matter was first proposed by R.Wiringa and V. R. Pand-

haripande in |[Pan79|.

2.4.1 Traces

The contribution of each diagram is given by two terms. One is the space integral
containing the correlation functions f, and the statistical correlation functions £.
The other term is related to the spin and isospin operators and it can be calculated
as a trace of ordered products of operators. In order to evaluate the contribution
of this second term, let us analyze the permutations of two particles. The direct

term is

011)2100(17 1)p0(2a 2) =



CHAPTER 2. INFINITE SYSTEMS 31
1 * * * *
PP D X (DxE, (2)xG (DG, (2)0%axe (1)Xe, (2)xs (Dxs,(2) = p*C(OF,)
§1,52,t1,t2

where we have inserted an operator to show how the notation works, and we have

defined the C trace. In the exchange case we have, by using the definition (2.34):

011)2/)0(15 2):00(2’ 1) =

Y Xa (X5 @)xi, (DX, (2)O0Txe (Dxe (2)Xs ()X, (2) =

81,82,t1,t2

2 fz (kFTlg)

P 2

1
p2£2(]€F7'12)C(Z(1 + 0o - 0'2)(1 + 71 7'2)011)2)

All the traces can be written in terms of C traces adding the corresponding spin
isospin exchange operators |[Pan79|. For symmetrical nuclear matter, the spin
and isospin indices are saturated. For this reason the C traces of operators linear
in 7; or o; are zero. For the calculation of the traces of operator products, it is

quite convenient to use the Pauli identity:
(a1-A)(a;-B)=A-B+ia; - (A xB) (2.61)

where « = o, 7 and A and B are generic vector operators. By using this
identity, we can separate the linear part in 7; or o; from the term independent
from spin and isospin. Following [Pan79]|, we calculate the operator traces for
infinite systems. The types of C traces that we need to calculate are essentially:
a) Products of operators acting on the same pair O%>103j>1 - O{fl.

b) Single-operator rings Oy ' 0% ".....01>1 031,

c¢) Multiple operators i.e. the situation when more than two operators reach at

an internal point.

2.4.1a Products of operators

We analyze the algebra of the products of operators OY, acting on the same pair
(12) of coordinates. These products can be found in the energy diagrams contain-
ing the operator contribution of the interaction. As we have already mentioned,
in spin and isospin saturated systems, such as nuclear matter, all operator linear

in 0; and/or 7; have zero C trace, this is:

C(O%) = 6y (2.62)
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We shall consider now the product of two operators O% '0O%". Using eq. (2.61)

we obtain:

(1-09)(01-02) = 3—20;-09
(Tl'TQ)(Tl'TQ) = 3—27’1'7'2
Sppo-oy = Sip
512 : 512 = 6+ 20’1 09 — 2512 (263)

The C traces of these operators can be written as:
C(0%,0%,) = A5y, (2.64)

where the values of AP are given in tab. 2.2. Moreover from eq. (2.63), it is

p [1]2[3[4]5] 6
AP [1[3[3]9]6]18

Table 2.2: The AP matrix.

evident that OP;'O%! can be written as sum of operators 07, multiplied by a

coefficient. Taking into account all the possible combinations we have:
011)20‘112 - ZKPQTO{Z (265)
T

where KP? is a matrix that can be obtained from eq. (2.63) and whose values
are given in appendix A.3.1. By using egs. (2.64) and (2.65) we can solve the
general problem of calculating the expectation values of a product of operators
which is reduced to the evaluation of products of K-matrices. For example for

three operators we have
C(0h0407) = X K"™C(030%,) = KM AT

Because the operators OP=% acting on the same two points commute their order

does not matter, therefore we find that KP9" A" = KP'9A"™ = KTPAP ..
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Figure 2.7: Graphical representation of a Single Operator Ring (SOR). A SOR is a
diagram where operators form a loop such as only two operators reach the same particle
in the loop.

2.4.1b Single operator rings

The order of the operators is also unimportant to calculate the expectation value
of a single-operator ring (SOR), see fig.2.7. This can be demonstrated by noting
that

C(OB0% ... [0%,05]...0b,08) =0 (2.66)

ij 1
where we have indicated with [, | the commutator, which is zero. Indeed the non
commuting terms in eq. (2.66) are linear in 7; and/or ¢; and their contribution is
zero. Let us call OF, and O%; two operators acting on the same point 2. Summing
over spin and isospin states for the particle 2, and integrating on the azimuthal

angle ¢ of r;3 we obtain

> [a6:000% =3 [ dsetio, (2.67)

0272

where &% are functions of the three angles in the triangle 123 and have the

following properties

33p
123 = 53p

...
oy = 55p§(3(7“13'7“23)2—1)

|
= (551,—(3(7“12-7“13)2—1)
toh = 03p(3(Fra - Fa3)? — 1) +

1 o
Osp [ = 9((F13 - Fa3) (12 - 13) (712 - 723) —

3((713 - 7A“23)2 + (P12 - f13)2 + (P12 - f23)2) + 2]
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22p
123 — (52p

§l§§+1)(k2+1)(k3+1) = ghkoka(p = 1 3 5) (2.68)
In Appendix A.2 we show the derivation of these expressions.

2.4.1c Multiple-operators diagrams

Another type of diagrams which occurs in the calculations of the energy is illus-

trated in fig. 2.8. This diagram presents the case of the product:
5(05,02,08,08,)

Its expectation value depends on the ordering of the operators. It is possible to

prove that:

The C part of a product of operators of the type ij:l’Gis unchanged by a cyclic

permutation of the operators. That is

c(onI10%1) = c(I10%510%) (2.69)
m n

Figure 2.8: Graphical representation of a operator diagram appearing in the energy
calculation.

Consequently we have to consider only two different orderings of operators. A
first one where the OF ~and O2 . are close to each other, and a second one where
the two operators are separated by operators of the type O%, or Of,. In the first
case we calculate the expectation value by applying eqs. (2.65) and (2.68). We

have:

[ d6:C(02,08,04,0%,) = S K77 a” [ dneit, (2.70)

For the second case we have

[ 46,:¢(08,,08,08,,08,) = S 17w ar [ doig, (2.71)
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where
P = £ KPI" AT
We apply the + sign if
c(0r,,[08,,, 04,108 ) =0
and the — sign if

c(or, {08, 08,304 ) =0
where we have indicated with the symbols [,] and {, } the commutator and anti-
commutator respectively. The values of matrix LP¢" are given in appendix A.3.1.
Another important trace is that of
s(0s,0%,0%,,04,,)

which represent two SOR’s that linked in the point m. Again, we have two
different orderings depending if the OF ~and O

P 4. are close together or not. In

the first case, we obtain

c(0%,,08,,0%,,0%,,) = AP6,, A%, (2.72)

mn=—mn

and in the second, by using the fact that

Z ng)nnO(llmOgnn = 5[),qu(1 + Dpa)ogm (273)
we obtain
C(OfnnO(lszgrmOil)m) = AP0pq(1 + Dpa) A0y (2.74)

with the matrix D, given in [PanT79].

2.4.2 The Single Operator Chain (SOC) equations

In the Jastrow case, the FHNC equations form a closed set of equations which
allow to calculate all the nodal diagrams, and all the composite diagrams formed

by the nodal diagrams. As we have already pointed out, from this set of equations
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the elementary diagrams are excluded. They should be calculated one by one as
in the ordinary perturbation expansion.

When operator dependent correlations are used, it is not possible to construct
a set of hypernetted equations which allows the calculation of all the nodal and
composite diagrams in a closed form. This is due to the non commutativity of
the various operators which makes their ordering relevant for the evaluation of
the various cluster terms.

However, by assuming the Single Operator Chain (SOC) approximation, it is
possible to formulate a closed set of FHNC equations. The SOC approximation
consists in considering only those diagrams where a single correlation operator is
present between two particles of the diagrams. The two particles can be connected
by any number of scalar correlation, this is what we have previously defined as a
dressing, but only a p > 1 operator should appear.

By using this approximation, we can construct diagrams with arbitrary number
of particles. The values of these diagrams will depend only on the number of
particles and on the type of operators, and it will be independent of their ordering.
The operator between the particle pair can come from the correlation function or
from the hamiltonian, see q. (2.54) or in from an exchange line whose contribution

is considered by inserting the spin-isospin exchange operator
1
Z(l—{—ﬂl '0'2)(1+T1 'TQ).

In the present case, we call the nodal functions N contributing to ¢g” as Ny, (7i;)-
The subscript p refers to the correspondent operator acting between the 7 and
j external points. The label xy refers to the type of nodal diagram following
the same classification used in FHNC: zy = dd, de, ed, ee, cc. In analogy to
the Jastrow case we call X, ,(r;;) the sum of the non nodal diagrams. The set
of operators considered is given by eq. (2.53). We denote with the subscripts
o, T,0T,t,tT the spin, isospin, spin-isospin, tensor, tensor-isospin dependence of
a nodal or non nodal diagram. The method to generate the chain functions N
is the same as that used in the traditional FHNC theory: the N functions are
generated by folding a X function with a N function or two X functions. Of
course the folding integrals are constraint by the Pauli exclusion principle. In fig

2.9 we represent the folding of a simple X4, (r13) diagram with other X g, (723)
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3 3
! J)/g;;d,c Xd:;\ikk ;
1 2

Figure 2.9: Example of folding two X o-diagrams generating a nodal o-diagram N.

Nidc

1 2

diagram obtaining a Ny, (712) diagram. The general expression reads:

Nyao(r12) = (de,a(ﬁs) \de,a(T23)> (2.75)

Then the folding of two o-diagrams produces a o-diagram. The operator depen-
dence generated by the convolution of two diagrams is given by egs. (2.68). So
the o-chains whose correlations can be either O7 or O! contribute to N, and N,
respectively, the 7-chains having O7 correlations give N,, and the chains having
O°" and O correlations contribute to N,, and N;,. The sum of all the 7-chains
connecting 1 and 2 is given by N, ;,(1,2)O"(1,2), where N, satisfies the integral
equations:

I g 2

Figure 2.10: Graphical representation of some nodal diagrams in the FHNC/SOC
scheme.

Nyaqr(r12) = <de,7(7’13) + Xie,r (713) | Xaa,r (ra3) + Ndd,T(TQ?,)) +
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(xdd,T(m>|Ned,T<m> +Ned,f(r23>) (2.76)

Generalizing eq. (2.76) we can write:

wa, T12) Z Z ( Tz p (113 5132|Xy y,q(r23) + Nyry, q(7"23)> (2.77)

,y p.q

where zy = dd, de, ee, z'y' = dd, de, ed, and p, ¢, indicate the operator depen-
dence. The expressions of the partial state dependent TBDF’s are:

9"(r12) = gqa(r12) + 295, (r12) + gee(r12) (2.78)
9aa(r12) = hy(r12)h(r12) = Xaap(ri2) + Naap(ri2) (2.79)
Ghe(r12) = (hp(Tu)Nde + f12(7“12)Nde,p(7“12)>hc(T'12)

= Xiep(r12) + Naep(r12) (2.80)

(r12) = [hp(r12)(Nae(r12) Nea(r12) + Nee(r12))

4 £2r12) (= VL2 (r2) P + Nog () (281)

+2Nde,p(T12)Nde(7“12))]hc(Tu) = Xeep(r12) + Neep(T12)

where the equations are in the FHNC/0 approximation, i.e. we neglect all the
elementary diagrams. In the above eqs. Nyged deec(r12) indicate the scalar nodal
functions, p > 1, the function AP is 1 for p = 1,2, 3,4 and zero for p = 5,6, and

hy(r12) = 2fy(r12) f1(r12) + f7(r12) Naap(r12) (2.82)
he(rip) = eNeari2) (2.83)
L(r12) = Nee(r12) — (kprie) /v (2.84)

The N, nodal functions are separated in two parts [Pan79], N,., and N, (see
the diagrams D and E of fig. 2.10), which have the correlation 2f, f; or Ngq, in
the first and last links, respectively. We have:

Xeap(ria) = (hpL(r1a) + J7(r12) Neap(r12) ) h(r1o)
—ch,p(Tm) (285)

Xeo(ri2) = (f2(r12)he(r1z) — 1) L(r12) (2.86)
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Nca,r (7'12)

Ncb,r (TIZ)

where x = a,b. Eq.

-y (Xm,p(rm) PO X (1) +L(r23>) .87

Pq

_ z(Apxccm)sfg;|ch,q<r23>+Ncb,q<rzg>) (2.88)

Y2

(2.82) is the generalized correlation in the operator case.

In particular it contains the single operator correlation dressed by all the scalar
correlations. All the diagrams generated by these links are called FHNC/SOC
diagrams because they represent a generalization of the Jastrow case. We give
a graphical representation of the nodal FHNC/SOC diagrams in fig. 2.10. The

diagram A is a Nygp(712) nodal diagram; the diagrams B and C are examples

of Ngep(r12) and Neep(r12) diagrams respectively. Finally, the diagrams D and

E are N, ,(r2): we note that the diagram E has an operator correlation on the

right side and a operator dependence coming from the exchange loop on the left

side; the position of the operators is inverted in the diagram D.



Chapter 3

Finite systems

3.1 FHNC for nuclei

Our goal is to apply the FHNC theory developed for infinite systems to the study
of the finite nuclear systems. In analogy to the infinite systems we define the trial

wave function as:
V(21 ey a) = F(x1y oot 4) (21, vy T 4) (3.1)

where for the Jastrow case we have

A

F(z1,.oza) = [[ f(ry) (3.2)

i<j=1

In the present case the single particle wave functions are not anymore plane waves,

but they are solutions of the one-body Schrodinger equation

h(z)di(z) = €di(x) (3.3)
with the hamiltonian )
h(z) = —zh—mVQ + U(z) (3.4)

where U(x) is a one-body potential. The total wave function ®(z,...,z4) is the
Slater determinant composed by the wave functions ¢(z).
In analogy to the infinite case the aim is the solution of the variational equation

<VUHT>

0< H>=9§
< Y| >

(3.5)

40
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Also in this case we perform a cluster expansion, therefore we define OBDF and
TBDF in analogy to egs. (2.9) and by making the cluster expansion of the TBDF
we obtain a sum of terms having two external points 1 and 2 (open circle), some
internal points (solid circle) connected by the dynamical or statistical correlations
which we represent with a dashed line and a oriented line respectively. The

definition of the uncorrelated one-body density matrix po(x;, ;) is
po(is ) = Y ¢4 (i) al2;) (3.6)

Since the system is not infinite, translational invariance is lost and the statistical
correlation will depend on more spatial degrees of freedom than the interparticle
distance only. For this reason i finite fermionic systems the cluster expansion is
no longer irreducible. We shall discuss this point more extensively in the next
section.

The simplest case to treat is that of nuclei which have both the proton and
neutron shells closed. Because of their spherical symmetry the spatial part of the
statistical correlation function depend only on three of the six possible degrees
of freedom. For the 7 and j pair we choose r;, r; and 745, i.e. the distances of
the particles from the origin of coordinates and their mutual distance. Our goal
is to extend the FHNC/SOC computational scheme to study nuclei with protons
and neutrons in a jj coupling scheme, however, we begin our presentation by
analyzing the Jastrow correlations case with doubly closed shell nuclei with the
same number of protons and neutrons in /s coupling scheme. In this case, we
have an isospin saturated system and, since we assume for the single particle

wave function the form

D(:) = Bt (74) Yim (73) Xs; (1) x1: (¢)

we can write

po(z;, l“j) = po(rs, Tj) ZX:(i)X:(i)Xs(j)Xt(j)

s,t
with

1 L
pO('f’i, T'j) = E 2(21 + 1)Rnl(7“i)Rnl(7"j)Pl(ri . T‘j)
nl

In the previous egs. we have indicated with R,; the radial part of the wave func-
tion, with Y}, the spherical harmonics and with P;(x) the Legendre polynomial

of grade I.
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3.1.1 The vertex corrections

We have seen in the section 1.3 that only connected irreducible diagrams con-
tribute to the cluster expansion of the TBDF in a infinite fermionic system. The
disconnected diagrams are exactly canceled by the denominator, and the total
contribution of the reducible diagrams is zero due to their mutual cancellation.
This last cancellation is a consequence of the translational invariance of systems
with infinite number of particles.

The arguments used in 1.3 to show that the unlinked diagrams of the numera-
tor are canceled by the denominator can be repeated also in the finite systems
case. The basic point is that all the sums of the various cluster terms can be
formally extended up to infinity, since the property (2.33) of the sub-determinant
A, ensures that diagrams with a number of particles greater than that of the
system do not contribute. By formally extending to infinity the sums of linked
and unlinked diagrams of the numerator and the denominator of the TBDF, all
the steps of the demonstration presented in section 1.3 can be exactly repeated,
showing that, like in the infinite system case, only the linked diagrams contribute
to the calculation of the TBDF.

In finite systems the situation changes with the reducible diagrams since their

cancellation does not hold any more. In fig. 3.1 we represent two generic dia-

Figure 3.1: Both the diagrams A and B consist of two parts: a first part, labeled T,
contains the two external points and the other one, 7, contains only internal points.
In the diagram A the parts I' and <y are connected by the articulation point a. In the
diagram B they are connected by a closed exchange loop. In the infinite systems their
contribution is zero since the exchange loop gives a minus sign due to translational
invariance. In finite system there is no translational invariance and therefore these
diagrams do not cancel each other.

grams A and B both composed by two parts: a first one containing the external

points 1 and 2 and a second one containing only internal points. As we have
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discussed in section 1.3, in infinite systems, the contribution of each diagram can
be written as the simple product of the contributions of each subdiagrams. We
call factorizability this property descending from the translational invariance of
the system. Furthermore, since the exchange loop of the B diagram between the
a and b articulation points contributes only for a global change of sign, the con-
tribution of the B diagram cancels that of the diagram A. In the finite system,
the factorization is not possible since the translational invariance is lost. For this
reason, there is not anymore cancellation of all the reducible diagrams.

It is possible to recover the irreducibility of the expansion by introducing the
so-called vertex corrections C'(a). A graphical representation of this idea is given

in fig. 3.2. Every connected diagram can be thought as composed by two parts.

/.
/
/ ﬁ Ca(r)
//(\ // \ //l\ //. //l\
7 N 7 N+ = ,/ A 7 + +.. 0= 7 AN
\ \ \ \
o} o o o o] o] | o o

Figure 3.2: We illustrate the idea of vertex correction by giving a graphical represen-
tation of few diagrams in the Jastrow case. The diagrams A show a set of reducible
diagrams. In those diagrams we can factorize an irreducible diagram which multiplies a
set of diagrams having an external point only. The last set of diagrams is the OBD. In
the diagrams B, due to the Pauli exclusion principle, we need to exclude the diagrams of
the OBD where the articulation point is exchanged. Then we have two types of vertex
correction. A first one coinciding with the OBD and labeled as Cy(r) and a second one
labeled as Ce(r) having only the direct diagrams of the OBD.

A first one contains the external points and represents the irreducible part of
the diagram. A second part contains any internal points only, and represents
the diagrams linked to the irreducible part in the articulation point. The total
contribution of these connected diagrams can be written as the folding integral
of the irreducible a function C'(a) which takes into account the sum of all the
factorized diagrams. Since the Pauli principle allows each point to be reached

by no more than two exchange lines, we have two types of correlation functions
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depending on the type of correlation reaching the articulation point. When the
articulation point is of type d, i.e. reached only by the dynamical correlations,
the Pauli principle is not active, therefore the vertex correction function Cy(a),
contains both dynamical and statistical correlations. The vertex correction Cy(a)
has an external point, a, which is dressed by the sum of all the possible correla-
tions. This is exactly the definition of the correlated one-body density (OBD).
When the articulation points are of type e, i.e. reached by statistical correlations,
for the Pauli principle the vertex corrections Ce(a), can contain only the dynam-
ical correlations in the articulation point a. We indicate with Uy(a) the sum of
the all diagrams connected and irreducible connected to the point a by dynam-
ical correlations only, and with U,(a) the sum of the connected and irreducible
diagrams where the point a is reached by statistical correlation. In analogy to
what we have done in section 1.2, we can construct all the composite diagrams
by iterating each diagram. The correct factors multiplying each power term to

avoid the double counting allows us to write

1 1
Cela) = 1—|—Ud(a)+§U3(a)+§U§’(a)+---
= Y@ (3.7)

The iteration of U, diagrams is not possible because of the Pauli principle. For
this reason C is formed by all the diagrams connected by a dynamical correlation
at any power, as it is shown in eq. (3.7). In addition, we have to multiply by the

sum of all the diagrams reaching the point a with an exchange line. We have

Cala) = " (po(a) + Ua(a)) = Cul@) (po(a) + Uela)) = pr(a) ~ (3.8)

The construction of the functions Uy.(1) is done by integrating the nodal and
non nodal functions N(1,2) and X (1,2) over the coordinate 2. In this procedure
we need to take care of possible overcounting problems. We give an example of
them by using fig. 3.3. Here we consider only the dd type of diagrams. The
diagrams A and B are a product of a X44(1,2) diagram with a Ngy4(1,2) diagram
and a Ny(1,2) diagram with another Ny (1,2) diagram respectively. In the
diagrammatic representation the integration on 2 is represented by changing the
white point into a black one. It is evident that after integration on the point 2 the
diagrams A and B provide the same contribution. Both diagrams belong to the set
Xaa(1,2) of the composite diagrams of the TBDF. Then, when we integrate, the



CHAPTER 3. FINITE SYSTEMS 45

3 4
3 4 . i
¢ ----- -.I 1 : Ndd(]’2)
A : I é o]
s S
o----- o Xu4(1,2
° 9 dd(1,2)
i
A, /1N Nad1.2)
B // \\ c \O
10 o2 1 2
\\ // (o] o]
\‘/ 1\\\ //2
4
®  Nui(1,2)

Figure 3.3: Example of double counting in the calculation of the OBD. We show two
diagrams A and B generating the same contribution after the integration on the point 2.
The diagrams A is thought as product of a X44(1,2) diagram and a Ng4(1,2) diagram.
The diagram B is the product of two Ng4(1,2) identical diagrams.

Xaa(1,2) function on the coordinate 2 we double count the contribution of these
diagrams. It is necessary to subtract the contribution of the diagrams coming
from the product of two Ny diagrams. The resultant expression is:

Ua1) = [ drs(Xaa(1,2) = 3 Na(1,2) Nus(1, ) (39

where the factor % takes into account the symmetry of the diagram. The complete

expressions of the Uy (1) functions are:

Us(1) = / drz{ [Xaa(1,2) = Eaa(1,2) = Saa(1,2)[gaa(1,2) — 1]] Ca(2)
+[Xae(1,2) = Ege(1,2) — Saa(1,2)gac(1,2)

_Sde(152)[gdd(1’2) - 1]]08(2)} (310)

U.(1) = /dm{ [Xea(1,2) — Eea(1,2)
—Saa(1,2)9ae(1,2) — Sea(1,2)[g4a(1,2) — 1]]011(2)
+[Xee(1,2) = Eee(1,2) — Sua(1,2)gee(1,2)
—See(l, 2)[gdd(1; 2) — 1] — Sed(l, 2)gde(1a 2)
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~Se(1,2)gea(1, 2) + 4See(1,2)gec(1, 2)] Ce(2)

o1, 2)INZF(1L,2) + NEP(1,2) — (1, 2)1} (3.11)

with X
Sey(1,2) = §wa(1, 2)+ E,y(1,2) (3.12)

and z, y =d, e, c.

3.2 The renormalized FHNC equations (RFHNC)

In doubly closed shell nuclei with the same number of protons and neutrons, the
closed form used in infinite systems to generate the FHNC equations is modified
in two points. The first one is that the different pieces contributing to the TBDF
do not depend only on the relative distance of the two interacting particles but
also on their distances from the center of the nucleus. The second one is that the
equations of the nodal diagrams are modified by the presence of the vertex cor-
rections. Now the equations for the nodal Ng4(1,2), Nge(1,2), Nee(1,2) diagrams

read:

Nai(1,2) = (de(1a3)cd( ) + Xae(1,3)Ce(3)| Naa(3, 2) + Xaa(3, ))

' (deu 3)C.(3)| Nea(3, 2) + Xea(3, 2)) (3.13)
Na(1,2) = (deu,s)cd( )+ Xuo(1,3)C.(3)| N (3, 2) + Xoo (3, 2))

s (deu 3)C,(3)|Nea(3,2) + X ool 2)) (3.14)
No(1,2) = (Xed(l,B)Cd( )+ Xoo(1,3)Co(3) [ Nae(3,2) + Xuo (3, 2))

; (Xed(l 3)C.(3) | Nue(3,2) + X3, 2)) (3.15)

In analogy to the infinite system case, the nodals N..(1,2) diagrams are generated
by the folding products of X..(1,2) or of py(1,2). In the finite system case,
the presence of the vertex corrections generates the possibility of having nodal

diagrams where there are two consecutive statistical correlations py(7, 7). In order
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to explain better the point we remember that:

/drspo(Tl,T’3)P0(7’3,7’2) = po(T1,7T2) (3.16)

The above expression is a direct consequence of the orthogonality of the single

particle wave functions, and it holds in both infinite and finite systems.

4 3

B

Figure 3.4: Two N.(1,2) diagrams. In infinite systems they give the same contribu-
tions since the integration over 4 in the diagram B recover the diagram A. In finite
systems there are the C(¢) functions in 3 and 4. For this reason the integration in 4 of
the diagram B does not reproduce the result of A.

Now in fig. 3.4 we have represented two nodal diagrams N, having two differ-
ent features: in the diagram A the point 3 is reached by a statistical correlation on
the side left and a dynamical correlation on right side. In the diagram B only two
statistical correlations reach the point 4. In absence of vertex corrections, the two
diagrams give the same contribution due to eq. (3.16). For this reason in infinite
systems the diagram B is not considered in order to exclude the overcounting. In
the finite system case the points 3 and 4 of the diagram B are corrected by the
C functions. The integration over 4 cannot be represented anymore by eq.(3.16)
and therefore it does not produce the same result of the diagram A. The integral
equations are more complicated and we need to classify the nodal function N, in
four different types: N2%(1,2), N2*(1,2), Nf*(1,2), Nf°(1,2). The superscripts =
and p indicate the type of correlation reaching the two external points, = for the

dynamical correlation, p for the statistical one. The integral equations are:

NZZ(1,2) = (Xeo(1,3)Celrs)| Xeel3,2) + NE°(3,2) + NEZ(3,2))  (3.17)
N22(1,2) = (Xul1,3)Ce(rs)| — po(3,2) + NZ(3,2) + N£2(3,2)) (3.18)
N£(1,2) = —(po(1,3)Celrs)| Xee(3, 2) + N22(3,2))

—(po(1,3)[Celrs) — 1]INEZ(3,2)) (3.19)
N#(1,2) = —(po(1,3)Ce(rs)| N2*(3,2))
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~(po(L.3)[Celrs) ~ UINZ(3,2) ~ m(3,2)) (320)

where
Nee(1,2) = NP (1,2) + Ng£(1,2) + NAE(1,2) + NE2(L,2). (3.21)

The full set of eqs.(3.15-3.21) is called Renormalized FHNC equations since they
express in terms of irreducible quantities and vertex corrections a cluster expan-

sion that is not irreducible.

3.3 The finite systems with N # 7

The previous equations hold only for systems with the same number of protons
and neutrons and when they are treated as identical particles identified only by
their third isospin component. If one of these two hypotheses is not fulfilled,
N # Z or different radial single particle wave functions for protons and neutrons
it is necessary to consider separately the two hadronic densities. Let’s consider

single particle wave functions of the type
D(x) = Ry (13) Yim () X, (4) X, (0)

then we can write

po(@i, Tj) = Xgpé(m )X (0) X (2) X5 (7) x4 (5)
with

1 167 o - -
p5 (i, T5) = yy > (214 1) Ry (ri) Ry (1) Pu(# - ;)
nl

where o = p, n. Since we have to distinguish two types of statistical correlations
also the nodal diagrams related to them, will depend on the isospin. Therefore,

we get the following set of integral equations for the nodal diagrams

Null2) = T (Xl 3CU0) + XLOICO)Nul3.2) + Xaa(3,2))
+ Y (de(1,3)ce(3)uvgd(3,2)+ng(3,2)> (3.22)
VA2 = X (Xa(1 3076 + XLOHCEINEGD) + X062
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+ > (de(1,3)ce(3)\Ngf(3,2)+Xg£(3,2)> (3.23)
V22 = 3 (X800 + XT1HCENLED) + XA 6.2)

Y (Xa0a0ENEE + X262 (3:24)
NERL2) = (XL BI0EINGG2) + X552 45(6.2) 5.29
N2 = AL DOV (1.2) 4 3200,2)

— (BL3)(CB) - DIND®(3.2) - 5§(3.2) (3.20
NSO = NER(L2)+ VB2 .27

The expressions of the non-nodal, composite and elementary diagrams are

Xu(1,2) = f(rp)eMNa2D+Ea(2) _ 1 _ N(1,2) = g4q(1,2) — 1 — Ngg(1,2)
X5(1,2) = ga(1,2)[NL(1,2) + E5(1,2)] - N&(1,2)
XP(1,2) = gaa(1,2)[NP(1,2) + EZ(1,2)
+(N2(1,2) + E2(1,2)) (N&(1,2) + Ef(1,2))
—200p(N&(1,2) + E%(1,2) — p§(1,2))
(N2(1,2) + EL(1,2) — p§(1,2))] — N2 (1,2)
X2(1,2) = ga(1,2)[N2(1,2) + ES(1,2) - p§(1,2))] = N&(1,2) + p§(1,2)

3.4 The [s and jj representations

Until now we have used single particle wave function in /s coupling scheme. This
corresponds to a single particle hamiltonian of the type
h?
h; " (r) = ——V2 Uz ="(r) (3.28)
which does not contain spin-orbit interaction. If the one-body potential of eq.(3.28)
contains a spin-orbit interaction term, the single particle wave functions are eigen-

vectors of j2, the squared angular momentum and of j,. These wave functions

can be written as:

1 . . . .
gljm( i) = Rgzg (ri) Z < ZH§5|Jm > Ylu(T'z')Xs(l)Xa(Z) (3.29)
14,5
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where < | > is the Clebsh-Gordan coefficient. In this case, the uncorrelated OBD

can assume the form

Z P (xi, 13) X6 ()Xo () X () X (7) (3.30)

with
3 *(rs,1j) ZRW (rs) Rpy;(r5) Y < l,u slim >< l,u >8'[im > Y7, (7) Vi (75)
nlj pp'm

In the j7 representation, it is useful to consider separately the uncorrelated density

for pairs of particles having parallel or antiparallel spin. We define

pg,P(rlar2) . Z 2+ 1R nl] )Rf;lj(TQ)Pl(COS 012) (3.31)
’I’Llj
1 .
/38,,4(1'1,1'2) - E ( )J = 1/2Rnl]( )Rglj(,r?) sin 0123’((308 012) (332)
nlj

where cos 615 = 71 -79, P/(x) is the Legendre polynomial of [th degree, and P/(x) is
its first derivative with respect to x. The equation (3.31) corresponds to pairs of
nucleons with parallel spins and this is the only statistical correlation appearing
in Is coupling. The function defined in the equation (3.32) is a new statisti-
cal correlation between nucleons with antiparallel spins, due to the jj coupling.
Sometimes we shall also use the symbol p,; to indicate the antiparallel correlation
(3.32).

The following properties hold

N

“(r 3.33

(3.33)
“(r01;) = —po P2 (1, ;) (3.34)
(3.35)
(3.36)

=
N
3
~—
|
i)
(=)

Il
s
O~ Orol=
ol

3
=
<
~
I
I
)
[e=)

= pip(ryr) 3.35
= —pg.alrj i) 3.36

s
e
b
~ o~ ~~
=
<
N’ e N N
Il
s

In order to treat systems in jj representation we have to modify the FHNC
equations to take into account the presence of this new statistical correlation.
The only diagrams affected by this change are those having an exchange part.
Their expressions are given in [Ari96]. We have to point out that by far the
most important contributions to the TBDF, and to the energy, are given by the
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parallel statistical correlation function. For this reason in the following we shall
calculate the parallel terms without approximation, and we shall calculate the

leading terms of the antiparallel statistical correlation function.

3.5 FHNC/SOC equations for finite systems

3.5.1 Calculation of spin and isospin traces

When a nucleus has different number of protons and neutrons, the system is not
saturated in the isospin. In this case, the traces of operators linearly dependent
on the isospin operator are not zero. For this reason it is useful to separate the

operators in their spin and isospin part:

31 1 3
= Z Zka: 141(7ij Off_lﬂ = Z(Tz : Tj)l Z f2k71+l(rij)PiI;' (3.37)
k=11=0 1=0 k=1
with PiI;-:l’Q’?’ = 1, ;- 0y, Szy
We know the that uncorrelated density matrix forms nonoverlapping closed loops.
Those loops include some operator dependence when the traces are evaluated. Let

us consider a n-particle loop:

Po(Tn, T1)po (@1, T2) - - - po(Tn-1,Tn) =

S oo M (rn,r)py (1, ) - P(S)ns " (P, Ty) -
(as)(si)(s;

)
Xo; (M)XG, (1) - xG, (0= D)X (D) xs, (2) - - - X, (1) -
Xo (1) X5, (1) -+ X, (0 — )xal( )Xa2(2) -+ - Xan (1)

= 3 20 () 00 (1, ) - T (P, ) -
(@i)(s5)(s})

Xon (DX, (2)-x5, (n)[%n(l + 00 On1) (102 01)]xs (DX, (2)-x6, ()

Xot (DX, (2)-Xa, (0]

ST I+7n-7mh1)-(1+72-T1)]Xas (1) Xz (2) - Xa, (1)
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From the above expression, we can see that every loop generates a factor 2, and

a loop with n particles generates n — 1 exchange operators

2 1 1 3
Z D OE =N "(r1-12)' Y AP (3.39)
k=11=0 1=0 k=1
forming a chain with A¥ =1 — 0x,3. We have also an additional 2" factor. After

these manipulations we have pieces of the form:

LS oo ) G)xe ) G U)

2 §1,52,0

that may be written as

ZIOOP Tzary Xa (7 ZXs (3.40)

¥ zpﬁ,A(ri,mxz(j)xa(j); ST GN-G) (34D)
a s
The first term is analogous to that of the [s case. The second one is the new
statistical link caused by the jj coupling. The behavior in the isospin space is
identical to the one previously discussed in the [s coupling. In order to evaluate
the diagrams which appear in the calculation of the energy, we give the rules to
calculate the operator traces. We distinguish the spin part from the isospin one.

We call C(OP) the normalized spin trace of the spin operator O in the parallel
term of eq.(3.41). In analogy to the infinite case we define, only for the spin

operator the matrices A, I and J:

C(PYP)) = A3, (3.42)
C(PLPy) = 1™ Py (3.43)
[ donC(PyPLPyPr) = 3 0 [ done (3.44)

with AP =1,3,6 for p=1,2,3. I is the analogous to K in the infinite case

1 00 0 10 00 1
0 0 6 0 0 2 1 1 -2
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and J represents the role of the L of the infinite case

100 03 0 0 0 6
Jit—| 0 3 0 Ji2=13 6 0 JB =10 0 —6 (3.46)
0 0 6 0 0 -6 6 —6 12

To evaluate the spin part of the SOR traces, it is convenient to consider that

> [ doePiPy =Y [ dovel (3.47)
OkTk m
with:
1 = &L =&l =0pn (3.48)
o= 0 (3.49)
1.
f§’§ = 5q3§(3(T12 - Fg3)? — 1) (3.50)
1,
By = 6q3§(3(7'12 -13)% — 1) (3.51)
135 = 0p2(3(Fi3 - 7a3)” — 1)
1 P P P
+ 5q3§(2 —3((F12 - 7"13)2 + (712 - 7"23)2 + (713 - 7“23)2)
+ 9o - Fi3f1o - To3T13 * To3) (3.52)

Now there is an additional trace corresponding to the antiparallel statistical func-
tion. We define

CH(0%) = = 37 (~ 1) (1)X, (2) 08X (DX _es (2)

4 81,52

and we have:

C;(1) = 0 (3.53)
Cijloy-09) =1 (3.54)
Ci(S12) = 0 (3.55)

We see that the contribution of the identity operator is zero and the contribution
of the spin operator is one, just the opposite of the case of parallel spins. Equation

(3.55) has been obtained supposing the spherical symmetry of the system.
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In order to calculate the isospin traces, we consider that:
(i 1) " =an+ (1 —ap)Ti T (3.56)
with a,11 = 3(1 — a,) and ag = 1. Let us begin with the simplest trace
Xo? = xa(Dx3(2) (71 72)" Xa(1)x5(2) (3.57)
since ¥ =1 and % = 2045 — 1, we can easily see that
2 =20, — 1+ 2(1 — a,)0ap (3.58)

The rest of the isospin traces involves three particles. The result can be expressed

as:

Xﬁ@lmg (i) =
Xa(Wx52)x5B) (11 - T2) (75 73)2 (71 - 72) 2 (73 - T3)" (71 - T2)P Xa (1) x5(2) X (3)
= b + 05005 + 500y + U305y + U500500,05, (3.59)

and considering that:

1
0080008y = 3 (0ap + Oy + 08y — 1) (3.60)
we can write:
Xﬁ’?;lgmg, () = b1 + b2dap + b3day + badp, (3.61)

with by = 0] — b;/2 and b; = b, + b /2 for i = 2,3,4. In the above egs. all the /
indices can assume the values zero or one. Let us then discuss the different cases

for Iy and ;. First we consider I, = [, = 0. We have

Xivotots (1) = Xieig 15 (3.62)

For the cases when one of the indices is one and the other is zero, it is convenient,
to define:

Xion (1) = Xa(Dx5(2)x;(3) (1 - 72)" (73 - 73) (71 - 72) 2 Xa (1)x5(2)X,(3)  (3.63)
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then

X?ﬁ;(l) = apapxgy (6) + (an (1 — ) + (1 — ay)a,) X557 (6) +  (3.64)
(1= ay,) (1 — a,) X3 ()

The values of X;’l[lgg(z) are given in tab. 3.1.

Xirra (1) Xirts (2)
Lo b by by by| b by by b
0 0|1 0 2 0]1 0 0 2
1 0|1 0 0 2/-1 0 2 0
1 1]-1 0 2 4/-1 0 4 -2

Table 3.1: The xﬁ/;;(z) values.

Using all this we can get

Xﬁ%lyslls(i) = Xﬁi’ylsk(i) (365)
X o () = X, (0) (3.66)

Finally we must analyze the case when I, = [, = 1. A first simplification to this
is
Xt () = oy (3x0 %, — 20000 () + (1 = )Xl () (367)
After that we can write:
Xe, () = anapX§io () + (an, (1—ay,) + (1 = a)ag,) X310 (0) +
(1= a) (1 = @) X311 (0) (3.68)

where the numerical values of the x{, (i) are given in tab. 3.2.

Xﬁ[ﬁlb (1) Xﬁ[ﬁuz (2)
Iy Iy by by b3 by | bt by by by
o o|-1 -2 0 4|-1 -2 4 0
1 0|7 4 4 0]|-7 4 0 4
1 111 -14 8 4|11 -14 -4 8

Table 3.2: The X%gozz (i) values.
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The last set of traces to be analyzed is

nloﬁ;:’,lds (z) =

X (Dx5(2)x5 (3) (11 - T2) ! (1 - 73) 2 (11 - 72) B (73— - 73) P4 (71 - T2)P xa (1) x5(2) X+ (3)
(3.69)

with ¢ = 1, 2 and L2 = illg + 6i2l4 and L4 = i1l4 + 5i2l2- Since:
nl(?gz;()l\s (7’) = X?{i—lg-}-l\a (370)
Mo (1) = X (1) (3.71)
Motits (1) = X0kt (2) (3.73)
77%173115(2) = Xﬁ?zﬂg, (2) (3.74)

we have only to analyze the case when [, = [, = 1. We can write
it (1) = anay (anililo() + (1 — a)ngin () + (3.75)

(1 = ar)au (@ milho () + (1 — ai,)niha () +
a, (1= i) (a,miiio(6) + (1= a1,)ngi (3))
(1= an) (1 = ar,) (a,nfio () + (1 — i)t (3))

+

The values of the 77} |, (i) are given in tab. 3.3.

77?;[1311”5 (1) 77%731&; (2)
lh I3 Is| b bo b3 by| by by by by
o 0o 0y -1 2 O 0} -1 2 0 O
1 0 0 5 4 4 4 5 4 4 4
0 1 0 5 4 4 4 5 4 4 4
0 0 1 5 -4 -4 4 5 -4 4 -4
11 0} 11 -2 0 -8, 11 -2 -8 O
1 0 1(-13 14 0 O0|-13 14 0 O
0 1 1 1 -2 8 0] 11 -2 0 -8
1 1 1| -7 16 4 4| -7 16 4 4

Table 3.3: The 7710;&173115 (¢) values.
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3.5.2 The FHNC/SOC equations for non saturated isospin
systems
Before treating the operator case and for the sake completeness we give the com-

plete expression of the nodal functions /N and of the functions X including the

vertex correction for the case of scalar correlations:

950(1,2) = fA(rp)eas (A (D)

= 1+N%(1,2)+ X5%(1,2) (3.76)
it (1,2) = g4 (1,2)[Ne2(1,2) + B (1,2)]

= NY(1,2) + X5°(1,2) (3.77)
922(1,2) = g;xeﬂ,dir(l’Q) + 25a,693é3,e$c(172) +25aﬂg§£ezcj(1a2)

= N%(1,2) + X%%(1,2) (3.78)

94a(1,2) [N&P(1,2) + B2 (1, 2)

+ (N (1,2) + B (1,2))(Ng2 (1,2) + B3 (1,2))] - (3.79)
—9ad(1,2)(Nee(1,2) + EZ(1,2) — p5(1,2)) -

(N(1,2) + E5(1,2) — p(1,2)) (3.80)
—9ad(1,2)(Nee; (1, 2) + Eg;(1,2) — p;(1,2)) -

g;leﬂ,]dir (1’ 2)

(1,2)

gee exrc

gee ,excj (1 2)

(Neej(1,2) + EBoy(1,2) — pi(1,2)) (3.81)

9ee(1,2) = 9aa(1,2)[Ng(1,2) + Eg(1,2) = pj (1, 2)]
= N2(1,2) + X2(1,2) — p5(1,2) (3.82)

9eei(1,2) = 9aa(1,2)[Nee;(1,2) + Ec(1,2) = p;(1,2)]
= Ng;(1,2) + X7,(1,2) — pg;(1,2) (3.83)

where we have used pf(1,2) = pgp(1,2) and pf;(1,2) = pf4(1,2).
Nodal diagrams

N2 =3 3 (X2(1,3)V),(3)INJA(3,2) + X)P(3,2)  (3.84)

Y=p:sn z'y' =d,e

C)(i) for (zy)=dd

with (z'y') = dd, de, ed and V) (i) =
@y (0 { CY (1) otherwise

NE?(1,2) = (X2(1,3)C2(3)|N2(3,2) + X2(3,2) — p§(3,2))
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- (Xg(1,3)ce

ccj

—(po(1,3)C¢

3)‘ ccg(3 2)+Xcac_7(3 ) pg](3’2)) (385)

(
NP2 (1,2) (3)IN(3,2) + X£(3,2))

— (p3(1,3)(C2(3) — 1)|NY(3,2) — p3(3,2))

+ (p5;(1,3)C(3)INE(3,2) + X2,(3,2))

+ (p5;(1,3)(C2(3) = INL*(3,2) — p55(3,2)) (3.86)
N (1,2) = (X2(1,3)CE(3)IN&(3,2) + X2(3,2) — p5(3,2))

+ (X2(1,3)C2(3)| 60](3 2) + X2;(3,2) — p3;(3,2)) (3.87)
NOL,2) = —(p5;(1,3)CE(3)IND*(3,2) + X%(3,2))

— (p3;(1,3 )(0&(3)—1>|N<p> (3,2) — p3(3,2))

(6,
— (P(1,3)C2(3)I N (3,2) + X (3,2))
(5 (1,3)(C2(3) = 1IN (3,2) — p§;(3,2)) (3.88)

where we have defined N®(1,2) = N2*%(1,2) + N2r%(1,2) and Ne(1,2) =
NE(1,2) + NEg~(1,2)

Vertex corrections

Up(1) = [ dex 3 {CHOINGD,2) - E37(1.2) = SE(1.2) (62 1.2) = )]

+CE2)XE(1,2) - B (1,2) - S5 (1,2) (65 (1,2) = 1)
~S3 (1,2)g32 (1.2)1} + B3 (1) (3.89)
U1) = [ deal 3 ACHANE (1.2) - B 0.2) -

S, 2><gdd<1 2) = 1) + Sua(1,2)9%(1, 2)]
+CH(2)[XEP(1,2) + (2005 — 1)(92000e(1,2) + Gotrenes (1, 2))
—E2(1,2) — (200 — 1)(EL,,.(1,2) + EL.5(1,2))
—ng(l, 2)(9dd(1 2) - 1) - ed(1= 2)gde(1 2) - Sde(l 2)93(1(1, 2)]
~Sua(1,2)(927(1,2) + (2005 — 1)(92000(1,2) + 9oberes (1,2))]
+2005[C2(2)[S%(1,2)95,(1,2) + S2,;(1,2)g5,(1, 2)]

—pf(1,2) (NP (1,2) = p6(1,2)) — p8;(1,2) (N (1,2) — pf;(1,2)]}
+EZ(1) (3.90)

with:

c1l) = eli)
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pi(1) =Cg(1) = CeMUZQ) + p5(1)]
S28(1,2) = %N;j(1,2)+ng(1,2)

where (z,y) = dd, de, ed, ee, cc and the subscript j refers to the open antiparallel
loop. We have seen that in the non saturated isospin systems the treatment
of the operator correlations have been modified in order to separate the isospin
dependence from the spin part of the operators. In particular we need to calculate
explicitly the isospin part since in this case we have a non zero contribution from
the linear isospin operators. This affects the form of the chain equations in
the calculation of the Né’ﬁp(l, 2) functions. In generating of the chains we have
the folding product of a function X, ,(1,3) with another function X,y ,(3,2)
or the folding product of a function Xy, ,(1,3) with a function Ny, ,(1,3) and
eventually that of a function X, ,(1,3) or Ny 4(1,3) with pg(3,2). In addition
to the combinations available in the infinite case we have the possibility of the
presence of only an isospin operator on left (O7;) or on right (OI,) with no zero

contribution. Then the explicit expression of direct nodals diagrams are:

3
Ngj2k1—1(1a2) = Z Z[N;£3k1—1,2k2—1,2k3—1(172)

koks=1Y=p,n
+ (2(50")’ - 1)Nz('1£gk1—1,2k‘2,2k‘3—1(17 2)
+ (20p, — 1)Ng£gk1—1,2k2—1,2k3(17 2)] (3.91)

3
Ng£2k1(1’2) = Z Z Nﬁﬁgk1,2k2,2k3(172) (3-92)

k2,k3=17=p,n

with:

Nejawr(1,2) = (Xod,(1,3)Et35°M C7 . (3)1 X3, (3,2) + NG (3,2)) +

zyY,pqr zd,q

3,2
(X2,(1,3)EkbbC (3)1X70,(3,2) + NJJ.(3,2)) +
2

xre,q €,qr

(Xog,(1,3)El50 C (3)|X28,.(3,2) + N2P.(3,2)) (3.93)

where we have supposed that p =2k; — 1+ 11,9 =2ko — 1+ Iy, 7 = 2k — 1 + I3,
and finally (zy) = (dd, de, ed, ee).
The expressions of the nodal cc diagrams are:

Ne (1,2) = N®o(1,2) + N¥(1,2) p=1,...,6 (3.94)

cc,p CCyp CCy,p

a _ e (p)a —
Nccj,p(l, 2) = Ngj,(1,2)+ N, 7%(1,2) p=1,2 (3.95)

cc),p
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The above equation indicates that the antiparallel contribute loops only to the

first two channels of the interaction.

Nc(g()j),2k1—1(1’2) = Z Z Nc(g()]a’kal 1,2ky—1,2k3— 1(1,2)

ko2,ks=17=p,n
+(200y — 1)(Nc(g();;?zkl—1,2k2,2k3—1(1a 2) +

N(y(););’ékl 12k—1,2k (1 2)] (3.96)
(y)e _ (y)a
N, y(J 2k1(1 2) - Z Z Nc:cy(] 72k:1 2ka, 2k3(17 2) (397)
k27k3 1v=pn
Wlth y=2x, p
and

k3

N(I)a’y(l 2) — (Xa (1 3)&-12193/610’7 ()A

ce,pqr ce,q €,qr

[ X2(3,2) + Nee(3,2) — 03 (3,2)) +
(1 - 57’,1)(ch(1>3)—€12k3k102qr( )l ccr(3 2) +N;ycr(37 2))
(3.98)
Ak koksk
NC(C)I)O:]Z(l 2) = _(pg(l 3)—£1§23 lcfy,q'r( )‘ ccr(3’ 2)+Nc(cw,)rfy(372)

AF2
— (5 (1, 3)—5%’53'“( o — DINEY (3,2) = 6,,108(3,2)) (3.99)

" o 1
N&(1,2) = (X2,,(1,3)C0.4(3)=|X

ccj,s\ ) ) 9 ccg(?’ 2) + Ngcy(?’ 2) - pg](37 2)) +

(1= 8,)(X8, (1, 3>czst<3>§|xzcj,t(3 2)+ NZ;u(3.2)) (3100
NOT(1L2) = (o0 3033 KLyld2)+ M002) %

(85 (1,3)(Ca®) — D5INa(3.2) — gy (3,2)  (3100)
NERT(1,2) = (X0 (1, 3)C20(3)5 X2 (3,2) + N (3,2) - py(3,2)) +

(1= )(Xa, 3>czst(3>§\xzcj,t(3, 2)+ N3 (3,2) +

(X851, 3)C2a3) X5, 2)+ 92052 A2+

(1= 600) (X (1, 3)CTu(3) 5 [ X24(8,2) + NL,(3,2)  (3.102)
NES(L2) = (0, 3)cest(3>;|xw(3 2) + Niyu(3,2)

—(pg(l, 3) (Cg,st(3) ) ‘ ccy, t( a2) - 5t,1pgj(3’ 2))
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_(ng(1,3)03,st() |cht( 2) + Ng:t(3:2))
—(pp;(1,3)(Cs(3) — )\ Neet(3,2) = 61,1p4(3,2)) (3.103)

with (s,t) =1,2.
The two-body distribution functions have essentially the same expressions than

in the infinite case. The formulae are:

dill12) = P ga0,2) 4 g3 (1, 2N 1,2

= X§,(1,2)+ N3P (1,2) (3.104)
1,2) = ﬁf’&ﬁ%&“ﬁﬂ 2) + 43 (LDNE,(1,2)

O LING(1,2) = X (LD + NZ(1,2) (3.105)
G002 = 02y (1,2) + 081 (1,2) 4 0221 1.2)

= X2 (1,2)+ NE(1,2) (3.106)

2fp(T12) op

10 e + 3 (L2)NL(1,2)

ee,p

gee dzr,p(l 2)

+ gal (L 2)NS,(1,2) + g2 (1,2)Ng2 (1, 2)
+ Geoair(1,2)Nit,(1,2) (3.107)
ggeﬂewc,p(l’Q) = Akgeeewc(lﬂQ) (3108)
ggeﬂewcj,p(1’2) = Akgeeezc](]-’Q) (3109)
2f, (7“12)
@ (1,2) = 212 ge (1 9) 4 g2 (1,2)NSX (1,2
g (9)( ) fl(rl2) g (])( ) g (])( ) dd,p( )

+ 9aq (1,2)Neiyp = Xeey (15 2) + Negiy p(1,2) - (3.110)

cc(]

with p>1and p=2k —1+1L.
Vertex Corrections

Cpe(1) = C2(1) (14 8py11U8,,(1)) (3.111)

Cspa(1) = C2y(1) (0§ (1) + UL(1)) + 8pg11CE(1) (UL, (1) + UG, (1)) (3.112)

3
U ) = S AF Y [1—5,“1)%% ()

k1=1 ﬂ:pan
+ X3 (Vs o1, (1) + Uiy o1 (1))
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b G20 (1) (3113)

= = Z [hike? Z [ (1= dkyn)(L = 5k21)U;?2k171,2k271(1)
kika=1 B=p,n

+ X3 (Uejions—1,9: (1) + Uity o1 (1)

+ XQ’BU;ﬂle 2%ks (1)] (3.114)

where r =d,e, p=2k; — 1+, and ¢ = 2k, — 1 + [, and

Utpa1) =
+

U 1) =

€,pq

+

_|_

_|_

Ul

€J,pq

with h2#(1,2) =

[ drs () [(gdd (1,2)C2(2) + 947 (1,2)Ceg(2)) 5 (1, 2)

£ (r12)

951,208, (22 (ria) N (1, 2)] (3.115)

[ e G200 20082) + g (1. 2)CE )57 (1,2
03 (1,2)2f1 () (cf,pq<2> & (1,2) + O, () (N2, (1, 2)

N2® (1,2)N%2(1,2) + Nij(l,Q)Ng‘f(l,Q))ﬂ

de,q
20 [ dirs fy (1) 1 (712) 958 el(1, )2 (2) (3.116)
20 [ drsfy(712) 1111209 ey (1, CE o(2) (3.117)

Fa(ri2) + 2f1(ri2) Ngg (1, 2).



Chapter 4

The calculation of the energy

4.1 Kinetic energy and V{, part

In this chapter we calculate the expectation value of the energy:

cHoz = V| H|U >
< UT >
with the hamiltonian:
A p2 A A
H==3% —=Vi+ > Vi+ > Vi
=1 2m i<j=1 i<j<k=1

where the two-body interaction is given by

6
V;'j = Z Up(rij)ij.
p=1

(4.3)

The explicit expression of the three-body interaction V;j;; will be given in section

3.3.

The trial wave function is:
¥ >=S[] Fy|® >
i<j

where
1 3

6
Fij =3 folriy)O% = > (i - )" > for—141(ri) B
p=1

=0 k=1

63
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with Pt = 1,0, - 0, S;;.

The function |[® > is a Slater determinant composed by single particle wave
function generated by a spherical Woods-Saxon potential. We consider different
potentials for protons and neutrons, containing spin-orbit terms.

We clarify here some conventions we shall use henceforth in the formulae. We
understand a sum on the repeated, «, 3, and eventually v superscripts which
indicate proton and neutron. The p, ¢, r, s labels may assume values from 1 up to
6, and are used to identify the different operator channels as in eq. (2.53). Since
we use the expression (4.5) to write the operators, all the labels [ can assume
the values 0 or 1, and the labels & the values 1, 2, 3. We indicate with [,] the
commutator and with {, } the anticommutator.

We evaluate the expectation value of the kinetic energy, by separating it in three

parts:
(TY=Tir =Ty +Tr — Ten., (4.6)
with 2
Ty=—1- ( < ®*F? Zv§<1> > — <Y (Vi®*)F?*(V;9) > ) (4.7)
and
Tp = L o' [F(YVIF) = Y (ViF)’|® > (4.8)
4m — ! '

7 %
A derivation of the above equations is done in Appendix A.4. For the calculation

of the kinetic energy term, it is useful to define the following quantities

pT1(r1) = Z@q*( 1) V38 (1) ZV @5 (r1) - V1§ (r1) (4.9)
P (r1,me) = p3 (r1,m2) Viph (r1,m0) — Vipd (r1,m3) - Vipf (r1,70) (4.10)
pT3(r1,m2) ZXS (2)Vip§(re,m2)xs(1)Xa(1) (4.11)

PT4(r1,7m2) = —p5 (11, 72) V1 - Vopg (11, 72) + Vipg (r1,72) - Vapg (r1,72) (4.12)

where we have indicated with ¢%(r;) the single particle wave function. The
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explicit expression of the above densities in our jj coupled single particle basis, are
given in Appendix A.5. The contribution of the center of mass term is calculated
as
h? . 2
Tem. = _—2 1 <Wv (;VZ) Wy >
h2
= —m </d’l"1p%1(7’1) - /d’l’ldTgp%4(T1, 7'2)) (413)

a=p,n

The distinction between T}, and T is related to the fact that in the first operator
V acts on the uncorrelated wave function, while in T it acts on the correlation.
The structure of this second operator is such that it is convenient to evaluate
its expectation value together with the two-body potential energy (v) = V,. The
contribution of Tp+V, = W is also called interaction energy [Fab98|. It is possible

to express W in terms of

HiE(ri2) = %<—2h—m5ql {Fo(r12) V2 fr(r12) = Vfp(riz) - V fr(r12) }
() (r12) r(r12) ) (4.14)

There are various types of correlation linking the interacting points which we
label as 1 and 5. We found convenient to separate the contribution of W in
four parts

W =Wy+W,+W,+ W, (4.15)

We indicate with Wj is the sum of the diagrams with only scalar chains between
the interacting points. With W, we indicate the sum of diagrams having single
operator rings (SOR) touching the interacting points and scalar chains. The term
W, contains all the diagrams with one single operator chain (SOC) between the
interacting points and W, contains both SOR at the interacting points and SOC
between them.

The W, term is given by
W, = / drydr, Hgkl 14+11,2ky —1+12,2k3— 1+l3( 12)[Ik1k2k3 Aks Pg,[jzir(la?)Xﬁi lo-tls

kak1ks Thaksks Aks Ak o *
— [RaFLEs [R2RsRs ARs \F4 o ewc(1,2) (lel—lz-l—ls + Xll/i-lz-i-ls'i'l)

+Ik4k1k5Ik2k3k6[k5k62Ak4p2 ewcy(l’ 2) (Xﬁfj—lz-i—ls + Xll+lz+l3+1) (416)
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k|1]2]3
AF11]3]6

Table 4.1: The A* matrix.

Ky kakoksks
k1 kakokisks

Direct Exchange
kakikoksks Ik1k2k3Ak3Ak45k4k5 Ik6k1k7Ik2k3k7Ak7(1 + Digka Ak46k4k5
kakikoksks Iklk?ksAks(l + Dk3k4)Ak46k4k5 Tkekikr phakskr Ak7 (1 + Dk7k4 Ak45k4k5

I’Clk2k3Ak3(1 + Dk1k4)Ak46k4k5
Ikikaks Aks(1 4 Dy g ) AR S, g

)

( )
Ik6k1k7Ik2k3k7Ak7(1 4 Dk7k4)Ak4 6k4k5
Ik6k1k7Ik2k3k7Ak7(1 + Dk2k4)Ak4 6k41c5

Table 4.2: Spin traces with parallel particles for the operators in eq. (4.20).

The densities in the above equation are defined as:

pgfiir(l’ 2) = 03,22(1)(0522(2)9@ (1,2) + 0522( ) (L 2))

+ 222(1)0 (2)ged (1,2) + Ca o(1 )05,22(2)935(12'1«(1’ 2)(4.17)
Prlene(1,2) = &ﬂUC 2(2)9eteac(1,2) (4.18)
Polenei(1,2) = Clan(1)Clan(2) 90 eres(1,2) (4.19)

where we have used the functions C7 (i) (z = d,e), defined in the previous
chapter, in order to include only state-independent vertex corrections so the p
functions consider all the direct and exchange central dressing that can arrive to
the external points. The values of the A* coefficients are given in table 4.1. The
values of I¥1%2ks and J*1%2ks are given in Appendix A.3.1 and A* =1 — ;3. The
X;’B functions give the isospin traces and were defined in equation (3.57).

We now discuss the effects of one SOR attached to one of the interacting
particles, IP. The operator structure that we must analyze in W, for the direct

case is:

%{kl, k4}k2%{k3, ks} = % (kakikoksks + kakikoksks + kikakoksks + kikikoksks)
(4.20)
with kq, ko and k3 operators acting on 1 and 2, k4 and k5 operators acting on 1
and 3 or 2 and 3. The symbol {, } indicates the anticommutator. In the exchange
case an additional kg operator must be included on the left. For the part with
parallel spin, in IP, following [Pan79| for the spin trace, we get the results given

in tab. 4.2: The traces of the part with antiparallel particles in the IP produces
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are given in tab 4.3: The part with antiparallel particles in 13 or 23 forces the

liokakr koksks | TFoiFT [RaFaks [RRZ(1 1 D, Y AFag,
kiokaky koksly | TFokikr Theksks hoks2(1 4 D, ) Aksgy
kigkkykoksks | Tkekikt [haksks [hrks2(1 1 Dy Y Akagy
kigkkykoksks | Tkokikt [haksks [hrks2(1 1 Dy Y Akagy

Table 4.3: Spin traces with antiparralel particle for the operators in eq. (4.20).

operator k4 to be on the left handside. This produces the traces given in tab.

4.4. where in our notation the matrix D is:

0 0 0
Diia=| 0 —4/3 —4/3 (4.21)
—4/3 —4/3

Henceforth, we understand saturated all the indices appearing in the tables. All
the isospin parts of the above operators can be written in terms of Xﬁ@zams (1)

(see equation (3.59)). By using the above definitions we can write:

W, — /drldrgH%l Lo 2k Lo Zha—Ltla () [1k1k2k3Ak3 (4.22)
{85 (1,2) (MR @) + Mallilae ) +
(922 (1, 2)C5(2) + 932 (1,2)CP55(2)) Cop (V) MR (1) +
(957 (1,2)C85(1) + (1,2>03,22< )) Clon(2MEpEERs: (9) +
(957 (1,2)C025(2) + 937 (1,2)C20(2)) Coan ()M (1) +
(967(1,2)C5n(1) + 920 (1,2 Cn(1)) ClnIME R 2) | +

o st (.2 (S 01+ S )

kskike Tkokskr Tkek72 A k5 afkakske afkakske
I I I A erxCJ( )(Mdh la, 1315() Mdh 12,1315(2)

with
1
kykoks [ k . k .
Mﬁ,ﬁ,bfﬁ(l) = 1 (Mg,g,l;l—klz—klg,o(z) +(1+ Dk3k4)M§€ Titias (8) + (4.23)

(14 Dk M, 00) + (1 + Dr) M, ()

1
kikaks /- kak kak .
Mgl @) = 5 (M;’foéﬁ+l2+ls( ) + (1 + D) M0 1 (0) + (4.24)
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Kakikoksks | IF1F2Fs AFs [Fifs2
k4l€1]€2k5l€3 ]k1k2k3Ak31k4k52(1 + Dk3k4)
kakikskoks | T2k Ak [haks2(1 4 Dy
kakskikoky | TF1k2ks Aks [haks2

Table 4.4: Spin traces in 13 or 23 with antiparallel perticles.

kak . kak .
(1 + Dk1k4)Meaj?Oj1 ,?2—}—[3 (’L) + M:j/,go,?l—fs—l2+l3,0 (Z)>
1
koksk . k . k .
nglﬁl,?z,lz,?s, (7’) = Z ((1 + Dk5k4)M(§:IlB5,;1+l2+l3,O (7’) + (1 + Dk6k4)M£IlB5,;1+l2,l3 (Z) +

k . k .
(1 + Dk6k4)M§jlﬂ5-ﬁl1,l2+l3,0 (Z) + (1 + Dk2k4)MdOjli'ﬁl1,l2,l3 (Z)) (425)

MR @) = A (= S X8ty (VU2 e () +
X?ﬁ%oza (i)U;Icl,gk4,2k4—1(i) + Xﬁ%lvzua (i)U:chgk4—1,2k4 (4) +

I

Xty (DU b, 20, () (4.26)

Meofll:llz?lg (i) = Ik4k82( X%?zola (Z)U272k4—1,2k8—1(7’) + Xﬁ%mg (Z)U5172k4,2k8—1(2) +

Xty (Ut 12 0) X0, (DU 0, 0) ) (4:27)

with:=1,2, x =d,e, uy=a fori =1 and pu = 3 for i = 2 and the expressions

for U5 (i) and U%’,qu(i) are given in formulae (3.115) to (3.117).

The structure of the W, term is more involved. We calculate separately the
various terms according to the direct or exchange nature of the correlations reach-

ing the external points.
W, = W.(dd) + W (ed) + W.(de) + W (ee) + W(cc) (4.28)
The operator structure that we must analyze in the case direct dd is:

171 1
1 Z{kla kyYko{ks, ks} + Z{kla ksYko{ks, ks} +

1
6 ({{k4a k5}a kl} + k4k1k5 + k5k1k4) k,'gk,'g —+
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Direct Exchange
k4k1k‘2k‘3k‘5 Ik1k2k7 [k3k6k7Ak7 Ik1k2k7 Ik7lc3k8 Jk:gkeks
k‘4]€1]€2k5k3 Ik1k2k7 Jk3k6k7 Ik1k2k7 Ik‘gkgk)g Jkgk6k7
k1k4l€2k3k5 Ik2k3k7 Jk1k6k7 Ik2k3k7 Ik‘sklkg Jkgk6k7
k1k4]€2k5k3 Ik3k1k7 Jk2k6k7 Ik3k8k7 Ilc7k:1k9 Jk:—2k6k:g

]{14]€5l€1k2k3 Ik1k2k71k3k6k7Ak7 Ikgk6k7lk1k2kgfk7kgk3Ak3
k1k4l€5k2k3 Ik1k2k71k3k6k7Ak7 Ikgk6k7lk1k2kgfk7kgk3Ak3
k4pk5k2/€3 Ik2k3k7 Jk1k6k7 Ik2k3k7lk7kskg Jklkakg
/€1/€2/€3/€4/€5 Ik1k2k7lk3k6k7Ak7 Iksk6k7lk1k2k91k7k9k3Ak3
k1k2k4k5k3 Ik1k2k7lk3k6k7Ak7 Iksk6k7lk1k2kglk7kgk3Ak3
k‘lk‘gk‘4k3k5 Jkikakr Jk3k6k7 Jkskikr [krkakg Jk:3k6kg

Table 4.5: The traces obtained for the W,(dd) term.

1
shiks ({{ks, ks b} + Kakshs + kshsks) (4.29)

the ki, ko and k3 operators act on the 1 and 2 particles, k4, depends on 1 and 3

ks on 2 and 3. The calculation of this term is done following the lines of 2.4.1b,

specifically the result of eq. (2.71). The results of the various terms of (4.29) are

given in tab. 4.5. Here we did not write the factors £ since will be included later

in the nodal diagrams terms N defined as in eq. (2.77). The above results are

invariant about the position of k; and k5. The isospin traces are given by the

coefficients 771‘:/;;31 .15 (1) calculated in equation (3.69)

By using the above definitions we can write:

We(dd) =

1 _ _ _
ﬁ/drlde?’? 1+01,2ks—1+12,2ks 1+l3(T12)[pg,€lir(1’2){
Iklka5Ik3k4k5Ak5Mlojgclicjl,lz,lg(l’ 2) + I/C1lc2k5 Jk3k4k5M20ﬁ§jl,lz7l3(1, 2) +
3
kaksks Thikaks p yoBk kakiks Thakaks yroBk
Ltk R NG 1005 (1,2) + gL 5M;db:l14,l2,13(1’2)} +

1
3
A5 (1,2) 30 {5 (1ot bbb gt L (1,2) +
I15=0

Ik1k2k61k3k5k7 Jk7k4k6M;£lI:l1+l2,ls(1’ 2) +
Ik2k3k61k5klk7 Jk7k4k6M:il£lks4+l1,l2+l3,0(1’ 2) +
[k3k5k61k6k1k7 Jk2k4k7M;tflks4+l1,l2,ls (1’ 2)> *
[hskako phukaks phokrks gks ppadhe o0 (1,2) +

kokske Tkekskr 7kikak7 04,3164
I I J Mgt a1, (1,2) +
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Ik5k1k61k6k2k7 Jk3k4k7M(ialiﬂf54+ll+127l37 (1’ 2)}:| (4‘30)
with
1
afk afk afk
Mddﬂ,lll,lg,l:;(]‘? 2) = 9 (Mdlflll,b,ls(la 2;1) + Mddb:lll,lg,lg(L 2; 2)) (4.31)
3
k k k
Mlagdlll,b l3(17 2) = EMc?dﬂ,O,lll—l—lz-l—lg,O( ) M:dﬁ()lo J1+Hla 43 (1 2) +
k k
M((lldﬂ,hl,o,lz—{—lg (1’ 2) + M;(flll-f—lz-}-ls,o 0(]" 2) +
k
M:ixdﬂ,l1l+l2,0,l3(1’ 2) (432)
3
k k k
M;jgd,lll,lz,l:;(l’ 2) = iMc?dB,O,lll—l—lz,l::,(l’ 2) + M;dﬂ,lll—l—lz,lgg,O(l’ 2) (433)
3
k k k
M:;)jgd,lll,lz,lg (]" 2) = §M§d/3,l11,lz+l3,0(1’ 2) + M:ildﬂ,o,lll,lz-f-ls (]" 2) (434)
k k k
Mfgdlll,lz,lg 5 (1’ 2) = M;dﬁlsl,o,ll +l2+l3( ) M(?dﬂl;—kll,() lo+l3 (17 2) +
k Bk
M(?dﬂl5l-|—l1+12—|—l3,0 0(]" 2) + Mc?d l51-|-l1—|—l2 0,l3 (1’ 2) (435)
and
k
ngﬂ,lllb,ls 1 2 Z Z Z [ 1 - 5"511 77l1,0 12,0, l3( )Ngjljﬂ,gklfl,Zkal,?k;;fl(l’ 2)

ko ,k3=1Y=D,n
apfy afy
1y 115,045 () N 9kr 1,260,251 (15 2)
afy afy
10 03105 () N 91— 1.2k 1,285 (15 2)

+nl1,1,l2,1,l3 (i)NwO;fgkl,ka,Zkg(l’ 2) (436)

where we have used the zy labels since this last equation is valid not only for the
dd diagrams but also for the ed, de and ee ones.

We have calculated, so far, diagrams where only dynamical correlations reach the
external points 1 and 2. The statistical correlations, labeled with e, are treated

by using the spin-isospin exchange operator
i+or ][l +7- 7] =117

This means that in the evaluation of the spin-isospin traces also operators coming
from I1°" should be considered. The role of these operators is somehow different
from that of the operators coming from the interaction or from the dynamical
correlation. In the last case the operators can have any position in the trace,

while in the former case they should be positioned where the operators I1°7 acts.
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In our case, we assume that I1°7 acts on the bra < ®| state, therefore only to the
left handside of the sequence of operators coming from interaction and dynamical
correlations. Because of cyclic properties of the traces, the results are identical
to those obtained if we would have considered I1°7 acting on the ket |® > state.

In the ed part the operator structure of the spin-tensor terms is
1 1 1
§k4 [§k1/€2{/€3, ks} + §{k1a ks}koks (4.37)

where k£, is the operator coming from I1°7. The different terms have already been
calculated in the evaluation of the dd part (see table 4.5). We obtain

1 _ o — 1l 2o —

Wc(ed) = g / dr1d1‘2H3]16;1 1411,2ka—1+12,2k3—1+13 (7.12) . (438)
(957 (1,2)Cl02(2) + 937 (1,2) Ol (2)) O (1)
{Ik1k2k5jk3k4k5‘4k5 (Meojiﬂ,écj1—|—l2+l3,0(1’ 27 1) + Msﬁ(l)c,%,ll—klz—klg(li 2’ 1)) +

ki1koks Tkskaks aBka . koksks 7kikaks aBka )
I J Med,O,l1+l2,l3(17 2’ 1) + 1 J Med,o,ll,l2+l3(17 2, 1)

The de term of eq. (4.28) has the same operator structure as the ed term if

k4 and ks are interchanged. The result is:

Wi(de) = é/drldhﬂgg1+ll,2k21+l2,2k31+13 (r1) (4.39)
(gfzxdﬂ(la 2)03,22(1) + 9326(1, 2) 222(1))05,22(2)
{ i prakaks g5 (Agglls 1 0(1,252) + MRS 11010, (1,22) +
s PRI (1,0:2) 4 R (190

The operator structure ee term is such that only the terms 1/2{ky, k5 }k1koks

are present, so we can write

1 _ _ _
Welee) = 5 [ dryde, Hff e tindho it gy )0 (1)62(1,2) 0 (2)

€

Lok k
Jkikaks pkakaks pks li (Meel,loﬁglg(17 2; 1) + Meel,loﬁglg (]_, 2; 2)) ] (440)
To calculate the W, (cc) term of the eq. (4.28) we found useful to consider sepa-
rately the situations where the p > 1 operator structure appears on the left, or on

the right part of the folding integrals. Specifically we define non-nodal diagrams
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Traces
kakekskikoks | I%2kskr [kikrks Jheksko
kakekikskoks | I*2kskr [kekiks Jkrksko
kakekikoksks | I*1k2k [kekrks Jksksko
kakgkikoksks | I%2kskr [kekiks pkrksko Ako
kelkskskikoks | T%2kskr [krkeks Tkiksko Ako
kekakikskoks | IF2kskr [krkeks Jkiksko
kekakikoksks | Ik1k2k [kakeks Jhkskrko
kekakikoksks | Ik2kskr [kikrks Jkoksko

Table 4.6: Tensor-spin traces for the eq. (4.45).

as:

X5(1,2) = (2fi(rio) fp(ri) + Nig(1,2)) g%.(1,2) + (955(1,2) — 1) NZ5(1,2)
(4.41)
where the label Z can be L (for left) and R (for right). By using eqs. (3.96) and
(3.97) we define the left and right nodal diagrams as:

Aks
N (1,2) = Xk (1,350, ()5

cec,pgr cc,q e,qr

X2(3,2) + N2(3,2) - 107(3,2))
(4.42)
Ak

NEer (1,2) = (X;(1,3)75f§§3k107 (3)‘XR7(3,2)+NR7(3,2)) (4.43)

cc,pqr e,qr cc,r cc,r

The above equations (4.41),(4.42),(4.43) form a set of hypernetted equations
which can be solved iteratively. For example, one may start by setting the nodal
diagrams equal to zero in eq. (4.41). The (cc) nodal diagrams to be used in
the evaluation of W,(cc) are those where the left and right nodal diagrams are
subtracted:

N1 2) = N® _(1,2) — NE(1,2) — Nk2(1,2) (4.44)

cc,p cc,p cc,p cec,p

The operator structure of the spin-tensor terms to the right diagrams is:
1 1 1
Z{kﬁ, ks} i{kl’ ks}koks + §k1k2{k3, ks} (4.45)

The terms related to the diagrams L are obtained by exchanging k4 and k5. The

various possibilities are given in tab. 4.6. By putting together the various terms
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we obtain

1 2
_ k1—1+101,2ko—1+12,2k3—1+13
Welee) = —¢ / drydry H2E: (19)

222(1)93c(1a 2)05,22(2) Ak
1

kokskes Tki1kek? Thk7kaks int,B
Z {81 I J Xt +l2+l3+l4+l5Ncc,2k5—1+l5(1’ 2) +
14=0

kakske Tkikeky Thrkaks (7 7Bk Bk
I2rete [Rafel Jlrals (Mcc,3,14,11+12+13(1a2) + Mcc,l54,l1+l2+l3,0(172)) +

kokske rkakikr kekrks 3 yBks
1 1 J Mcc,O,l4+l1,lz+ls (1’ 2) +

kikoks rkakekr Tkrksks 3 ;Bks
I I J M. 1asin o5 (1,2) +

kokske Tkakikr Thekrks Aks 3 rB8ks
I I I AP My iy iris,0(1,2) +

kakake Tkekakr Tk1krks pks p rBks
I I I AP M7 0 sts s (1,2) +

Ik2k3k61k6k4k7Jk1k7k5M,3k5 (1 2) 4

ceylayli,la+ls

Ik1k2k6[k4k3k7 Jk7k6k5 Mﬂkf’ (1’ 2)} (446)

ccyla,l1+l2,l3
with

MKy (12) = 5 (M5, (121) + MEGR, ,(1L,22)) (447
In the above equation the left and right functions are defined as in eq. (4.36) by
substituting the nodal diagrams N with the left and right nodal diagrams of egs.
(4.42) and (4.43).

We evaluate the last term of eq. (4.28) by using the prescription adopted in
|[Fab9s]:

W,W,

Wcs ~ WO

This approximated treatment of W, has been adopted to simplify the calculation
of the W,,, which has a large number of operators. On the other hand, nuclear
matter estimations show that its contribution is at least two orders of magnitude
smaller than those of the other W terms.

In nuclear matter the above approximation has been compared with the results
obtained in [Pan79] where a more complicated and refined approximations are

used. The two results agree up to second decimal digit.
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Now, we calculate the part of the kinetic energy (4.6) where the V operator acts

on the uncorrelated wave function ®. In eq. (4.7) we called T, this term. We

found convenient to separate it in three parts:
Ty =Ty + T + Ty, (4.48)

In the ngl) term the kinetic energy operator acts on a nucleon not involved in
any exchange loop. In the Tf) the nucleon is involved in a two-body exchange
loop and in Tf’) in a many-body exchange loop. As in eq. (4.28) the (0) label
indicate terms with only scalar chains between interacting points, the (s) label
the diagrams with SOR, touching the interacting points and the (c) the diagrams
containing SOC between the interacting points.

The terms with j label contains exchange lines with antiparallel spins. For the

qul) term we obtain

h2
Tq(sl) = ~Im Z /drm%l(rl)(féfn(rl) (4.49)

a=p,n

with p%,(r1) is given in eq. (4.9). We separate the remaining terms in five parts:

T =T + T + 70+ T 4 T = 2,3 (4.50)

78.7 5c

We define the function:
hoP(1,2) = (fp(m)fq(ru)g,?f (1,2) - 5p,15q,1) Cy(1)Clp(2) (4.51)
and we obtain:
@) B’
Ty = = /drlerp%g(l,Q) [hg,flth%1+l2(1,2)Ak31k1k2k3Ak3 (4.52)

[Xﬁ/illecﬁ—lz+1] tap 0222(1)(05,22(2) — 1)]

& ) )
Té?g] = _R / drlerpTgA(lg 2) [h2£1—1+l1,2k2—1+l2 (1’ 2)Ak31k1k2k41k4k32 .
D62 + X0 ] + 20050255 (1) (CE(2) — 1)] (4.53)

h? N
qu?g = —%/drldrw%s(lﬂ) [hmfl1+ll,2k21+12(1a2)Ak31k1k2k3Ak3'
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NZ(1,2) [X;ﬁh + Xlalﬂ+l2+1] 200,4Ce9,(1)

(CLn@NE?(1,2) + NP (1,2)(Cn(2) - 1) )| (454

h2
3 o «
Tq(s,gj = %/drldr?pT&ﬁl(laz) [h2£1—1+l1,2k2—1+l2(1a2)Ncij(1a2)'

Ak3Ik1k2k4Ik4k32 [X;)ﬁ—lz + X?ﬁ—lz—l—l] 25(1,50222(1)
(CLn@NEP (1,2)+ NEP(1,2) (Chn(2) - 1) )| (455)

h2
1) = o [ drdnaf0,2) A, s (1, AR T AR

1
kikok k1ko2k
Z (Milﬂl;l;;lz:ig(l) + leﬁlallZ)lz33(2)) +

I13=0
28052 (D) (Vg (D (Cn(2) — 1) + Com(WUL,@)) | (450
K2 N N
Tgs)j - _R/drldmpTgA(l’Q) [h2£1—1+11,2k2—1+12(1aQ)Aksfk1k2k4fk4k32><
1
5 (Mgihitzts (1) + Mt (2)) +
i3=0
28052 (V) (Ugop (D (Cn(2) = 1) + Con(U,@)) | (457
h2 o (67
Toe = _%/drldrwm(lﬂ)[h2£1—1+h,2k2—1+zz(17Q)Ake’fklkmA’”

1
afkikak k1ko2k
Ni(l’ 2) Z (Md;lﬁlall2al23 3(1) + nglﬁllealZS 3(2)) +
I13=0

285C2n(1) ( N1, 2)Chn(2)Uf(2) +
Usp(1) (NP (1,2)C0(2) + N2P(1,2) (Cn(2) - 1)) )| (459)

h2
Té?s)j = om /dr1dr2p%3A(1, 2) [hg,’fl_th%?_le(l’ 2) Aks [hikoka phaks2
1
ky Kok Ky Kok
NE(L2) S (MR ) + MERER ) +
I13=0

2005 C%y(1) (N’B

ccj

UsD (N (1,20 + N (1,2) (€ - 1)) )| (459)

(1: 2)05,22 (2)Ud/3,op(2) +

where the one-body densities pro p,pr2,4 and prs p,prs.a are defined in Appendix
A5,

Let us study now the structure of the T2

¢ term. In this case the external points
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Traces
kekakikoks | IF1k2kr Jhekskr
kekykiksky | ITF2Fokr Jhrksk:
kekikakoks | TFek1kr Jhrksks
kekikykgky | I*2kekr [krkiks Aks
kekakskiky | IT*ekskr [krkikz gk2
kekikykgky | IT*ekskr [krkikz gk2
kekykiksky | ITk2kekr Jhikskr
kekikokyks | TFekskr [krkikz Ak:
kekikaksky | TFokskr [krkikz pks
kekykykoks | IFekikr Jhakskr

Table 4.7: Tensor-spin traces for the operators of eq. (4.61).

are exchanged. An exchange operator (n) contributes. Moreover there is a couple
of operators in the external particles (p, ¢) and two operators in the chain (s1, s).

The operator structure is:

nll 1 1

| B ks} + (s} o ad o+ o ({{kas b} ln} - (4.60)
1

+hakiks + kskiky) ky + ékl({{m, ks}, ko)

S+ hakoks + k5k2k4)] (4.61)

The various contributions of the spin-tensor part are given in tab. 4.7. Then

R’ a
T¢E2c) = _48m/drldr?pTg(la2)f2k1—1+l1(7'12)f2k2—1+l2(rl2)' (4.62)
1

3
AR O, (1)CLp(2)g57 (1,2) D4 5 ( TFhefe ghskeka glie, L 0(1,2)
13=0 2

koksks Tkskaki g roBka kakiks Tkskako 3 yaBka
+1 J Magn,(1,2) + 1 J Mgt 0,0(152)

+Ik‘3k1k:5]k:5k‘2k‘4Ak‘4 M;dﬁ,li4+ll,0,l2(]-, 2)) + Ik2k3k5 Jk1k4k‘5 M;dﬂ,llf:ll,b(lg 2)

kskaks Thskiko Ako afka kskiks tkokaks afka
+I I A" My 4a1 000051, 2) + 1 J Md 1ty 1n0(1,2)
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4.2 Spin-orbit and Coulomb terms

The contribution of the Coulomb interaction is:

1
< U >

< Ut ;6(71 —1)5(ry — ri)(l +2n-,z) (1 +27j’z)%‘11 §
i#j

(4.63)

where (1 + 7,(;),.)/2 are the projection operators on the proton states. The

< Vgoul >=

Coulomb interaction is added in the scalar channel of the equations of the sect.
3.1 in all the proton-proton terms. The FHNC/SOC computational scheme de-
scribed above is not modified by the inclusion of the Coulomb interaction. The
contribution of the spin-orbit terms of the potential, p=7.8, has been calculated
by making an approximation. In eq. (4.15) we consider only the W term. This
corresponds in considering only those diagrams containing scalar chains between

interacting points. By using the conventions of sect. 3.1 where [; = 0,1 we obtain

T+lo
<o Sy = _9/dr1dr2f5+ll(?“12)v 2 (712) 5115 (r12)
fi(ri2)

941 (1,2){CE(V)CE )X syt
—2[N&(1,2) - p5(1,2)] [NE(1,2) — p§(1,2)]
Ce(MCL2) (X 41 +Xl1—|—l2—|—l3—|—1)} (4.64)

4.3 The three-body potential

The three-body potential used in our calculation is composed by two parts [Car83|:

Vs = Uzgk + vt (4.65)

ijk

We call v2"

i7x the Fujita-Niyazawa term (see fig. 4.1) which exchanges two pions

with intermediate excitation of a A. This is the long range part of the three-body
interaction and gives an attractive contribution. The v/, term is a repulsive term

of shorter range. The explicit expressions of these two terms are:

U%gs = Ay Z ({X31,X32}{7'3 “T1, T3 Ta} (4.66)

cycl

1
+Z[X31’X32][T3 *T1, T3 7'2])
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Figure 4.1: Fujita-Niyazawa term.

’1)1%3 = Uo ZT:(T’31)T3(T‘32) (467)

cycl
with

e Hr 2

Y. (r) = 1—e 4.68

) = S (4.68)

e_l" 3 —cr?\2

T.(r) = l1+—+ J1—e ) (4.69)

pr pr (pr?)
Xi' = TW(T'Z'J')O'Z' - O'j + Tw(rij)Sij (470)

where S;; indicates the tensor operator and the values of the constants are
p~ 0.7fmt, and ¢ = 2fm~2. The Ay, and U, parameters are adjusted to
provide a good fit to the binding energies of three-body nuclei and nuclear matter
[Car83]. The symbols {, } and [,] indicate the anticommutator and commutator,
respectively.

We evaluate the contribution of the three-body interaction as the sum of the
five diagrams presented in fig. 4.2 calculated in FHNC/SOC approximation. The
diagrams 2.1-3 are related to vi3; and 3.1-2 to vfi, (see fig. 4.2).

In diagram 2.1 the pairs of nucleon connected by operators X;; (pairs 31 and 32)
are dressed at all orders by Jastrow scalar correlations, whereas the remaining
pair (e.g. the pair 12) is dressed by all the operator correlations (in SOC approx-
imation).

The anticommutator terms in v#3; contains linear terms in o3 and 73. The contri-
bution of 73 is different from zero for nuclei with N # Z. On the other hand, the
contribution of the terms linear in o3 are zero in any case. This means that the

contribution of the diagram 2.1 is analogous to that of the case N = Z. Only the
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(2.1) (2.2) (2.3)

(3.1) (3.2)

Figure 4.2: Cluster diagrams considered for the three body force expectation value.
The 2.1, 2.2, 2.3 diagrams are related to the < vz]k > part of the force, and the 3.1

and 3.2 diagrams are related to < 'uz-j,c > . The points denote the particle coordinates.
The dashed, wavy, and double-wavy lines represent generalized scalar, operator and
single-operator ring correlation bonds, respectively.

anticommuator terms contribute. The contribution is provided only by the o7
(p = 4) and (p = 6) components. The explicit expressions of the various terms

contributing are:

a2 = Tdar [ dealof] (13030532

gdd(l 3)CY (3 )ged (3,2)

957 (1,3)C2 (3) g7 (3, 2)JER52R X F (r15) X*2 (r3y)  (4.71)
Effae(1D) = N [ drlgid (1302302 (3.2

BT (LD 3,2) + (26,5 — Don2)

957 (1,3)C2 (3)g (3, 2)JE852 2 X ¥ (r15) X*2 (r3y)  (4.72)
effalD) = N [ drlge] (132303 (3.2

ged (1 3)07( )ged (3’ 2)

+ (927(1,3) + (20ay — 1092 04e(1,3))C2(3)g00 (3,2)] (4.73)
EFanks XR (r13) X7 (139) (4.74)

L2 = YA [ dralgi] (1,3)C2(3)9 3.2)

+ ged (1 3)0 (3)(gee (3 2) (25 B — 1)gee e:cc('?” 2))

o+

+ o+

+
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+ (9367(17 3) + (25(17 - 1)92263:0(17 3))

C7(3)93¢ (3, 2)]€t45™% XM (r13) X* (rs2) (4.75)
C2(3
HELL2) = S [ dr2aslen,9) S Vel 3,2)
B
&35 XM (r13) X2 (r32) (4.76)

The mean value of via, is:

r r
<vfly o = —Z / dr, / diry P21t 12()7{12;)2 L+ (712)

k1k3k2 ko
I A Xll+l2+1

vetraa(9a1 (1,203 (107 (2) + 63 (1,2)C5 (1)CL (2)
geu (1,2)C2(1)CY(2) + gettain (1,2)CE (1) CZ (2))
veprae(9ad (1, 2)C5(1)C2(2) + g2 (1,2)C2 (1)L (2))
Vetrea(9id (1,2)CE(1)CF(2) + g2 (1,2)C2(1)CZ (2))
f}}“fe(gdd (1,2)C¢(1)C7(2))}

= 5 [dn [ dra s (i) oo (L DCECER)
Ik1/€3/€4 Ik4k2/€5 Aks (

+ 4+ + +

Xt T Xiy st 42) A
{ f}}agd( )[Noé(la 2) - pl (17 2)][Ncﬂc(1a 2) - p(l),/j(la 2)]
+ 20537 (L 2)[NA(1,2) — p27(1,2)]} (4.77)

where

922(i,5) = gar G, )N, ) + No (4, ))N5L (i, 5)]
957 (6, 5)IN&(i, 5) — p§ (i, )INE(, §) — po (i, 5)]-

The (2.2) diagram contains two wiggly lines which indicate the contribution of

the correlation of pairs (13)(23). Its operator structure is :

1(G{O0%;, 053 H01,033) + + (0%, 053) {01,053 }
+Ol3(01350 3)+03% + 033015, 053)+O73) (4.78)
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Traces

ksky(ky, ko)s | RFskakikz4 A’“35k3k1 AR g,
k4k3(k1, kg)i Ak35k3k1 Ak45k2k4:|: Rk4k3k2k1
(ky, ko)iksky | REk2kskay Aksgy - Akagy
(kl, kg)ik4k3 Ak35k3k1 Ak45k2k4ﬂ: Rk1k2k3k4
kg(kl, kg)ik4 Ak35k3k1 Ak45k2k4ﬂ: Rk3k2k1k4
kq(ky, ko)+ks Rfakrkzks 4 Ak3(5k3k1 Ak,

Table 4.8: Tensor-spin traces of the operator of eq. (4.78).

where

(0(1]3a05§)i =0 30 == O Og?,

We write the operators in this form

(0135 OS?’.)i = (Plksla P2k3.2):l:(7-1 *T3, T2 Ts)j:
s 1
(015, 03%): = §{P1k33, PEH(r1-m3)", (12 73))"2}
1
+ §[P11633ap2k§ [(71-73)", (T2 - T3)"]

By defining the RFF2ksks matrix as [Wir80:
Rikaksks = O(0B0B0KOK) (479

and by using the A* matrices defined in table 4.1 we get the results of tab. 4.8:
with p = 2k3 — 1+ 1y, ¢ = 2k, s1 = 2ky — 1 + 1y, So = 2ks. Including the isopin

traces we get:

%(Rksmkm = AF Gy g AR, [Xﬁ@no(l) + X1112011(1) + ng@ﬁno(l)
+X(()1£7111(1) + X?ﬁ?lzo(l) * X81%1+1120(1) + X110l2l1 (1)
+X8‘1ﬁlz2l1(1) * 2Xl1+110l20(1) + 2X1111120(1) + 2X8£A171l1(1)
j:2960120111+1(1)] (4.80)
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Traces
kiskalkr, ko] | JPsFisa— Tkakisa 4os
k4k3[k1’ k2] _Jk3k153_+_ Jk3kis3 As3
[k, kolkgky | JEsk1ss— [hakiss gsa
[k, kolkgks | — JEskiss g Thakiss gss
kslky, o)k | —Jhakisaq Thakisa gss
kalky, o)k | Jhekiss— Thakisa gss

Table 4.9: Tensor-spin traces of the operators of eq. (4.84).

. . . afy . . .
If we indicate the above expression as ¥}/ . ;. the contribution of diagram

2.2 can be written as:

Jors—1+1, (T13) Joks—1+15(T23) ok
< V2T >o =Aw/drdrdr#X3 demam e 2 Xk
123 —2.2 2 1ala2al3 fl(T13) ( 3) f1(7'23) ( 32)

Ez?&k3k4,l1l2pgﬂ7(17273) (481)

where the sum over all the indices is understood and:

p377(1,2,3) = > g2n(1,3)Va,(3)900(3,2) VA (2)g85(2, 1) V(1)

Tyzxlylzt=d,e

— 92(1,3)Vil(3)92(3, 2) Vi (2)9c.(2, )V (1) (4.82)

with

Ve (i) = { Ci(i) it (w) = (dd) (489

Co(i) otherwise

In diagram (2.3) the correlations link the pairs (12)(13): then the operator struc-

ture is:

1 (51075, 053}101,05 ]+ (015, O3]{ 015034
13[033503?’)1023 [ 13a ]O ) (484)

with the spin traces given in tab. 4.9. By including the isospin traces we obtain:

%(Jkskm _IkSklssAss)[nﬁi’yno( ) — 77;:?2’{)11 2) - 770l2l1+110(2)

(
+7731§7111(2) + 77?1l1120(1) 7701l1+1l20(1) 1101211( )

+7731/317211(1) - 2771(?&7110120(1) + 27716:%20(1) + 2770121111 (1)
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_277&%1l1+1(1)] (4-85)

If we indicate with ng&k3k4,lllz the above trace we can be write the contribution
of the (2.3) diagram as:

f21<; —1+41 (7'13) k f2k —1+1 (7“12) k
< v o> =Cﬁ/ddd¥X3 AT TR XM
P13 723 2 T1areTs f1(7"13) (TIS) f1(7"12) (T32)
pg‘/B’Y(l’ 27 3)Eg1ﬂk?;k3k‘4,l1l2 (486)

Finally ,the expressions of diagrams (3.1) and (3.2) are:
1 o
< Ufz% >31 = 6 /drldrgdrgvﬁ3p3ﬂ7(1,2,3) (487)
Sore1=1411 (T12) foky—1415 (T12)

[f1(ri2)]?
LER ARty [P (12 3)0k, s + Pae(1,2,3)] (4.88)

1
< Ug3 >39 = §/dr1dr2dr3



Chapter 5

Specific applications and results

5.1 The single particle wave functions

The formalism presented in the previous section has been applied to the 2C, 160,
0Cq, ¥Ca and 2% Pb nuclei. In order to calculate the uncorrelated total function
®(1, ..., A) we have used a complete basis of single particle wave functions ¢, (z;),

solutions of the one-body Schrodinger equation

hig(x:) = eid(x:) (5.1)

with
2

h
A v . 9
hi = —5—Vi+U(r) (5.2)

where U(r;) is a Wood-Saxon potential of the form

r—Rjg
Vi he 2V, e
U(r) = el 1o —Vg(r) (5.3)
1+e @ mgC asT (]_ + e as )2
where m, is the pion mass and the term
z-1e r>R
Ve { (Zfl)eZT r? P (54)

is the Coulomb potential generated by a homogeneous charge distribution. In
principle Vg, Vs, Ry, Ry, ag, a;; are variational parameters whose values should
be fixed in the minimization process of the energy. In [Fab00] the results of a

complete minimization done on both single particle wave functions and correla-

84
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tion have shown a relatively scarce sensitivity on the variation of the mean-field
potential. A change of about 50% of the value of V;, changes of about 5% the 6O
binding energy. In order to limit the number of calculations we did not make the
minimization on the mean-field potential potential and we keep fixed the values
of the parameters for each nucleus considered.

We have chosen a set of parameters taken from the literature [Ari96|. The values
of these parameters, given in table 5.1, have been fixed to reproduce the charge

root mean square radii and the single particle energies around the Fermi surface.

120 160 400a 480(1 208Pb
VP | -62.00 | -52.50 | -57.5 | -59.50 | -60.40
VP -3.20 | -7.00 | -11.11 | -8.55 | -6.75
ab 0.57 0.53 0.53 0.53 0.79
aj, 0.57 0.53 0.53 0.53 0.79
R} 2.86 3.20 4.10 4.36 7.46
2.86 3.20 4.10 4.36 7.46
Reouw | 2.86 3.20 4.10 4.36 7.46
Vot | -62.00 | -52.50 | -55.00 | -50.00 | -4.32
Vi -3.15 | -6.54 | -8.50 | -7.74 | -6.08
agy 0.57 0.53 0.53 0.53 0.66
aj, 0.57 0.53 0.53 0.53 0.66
Ry 2.86 3.20 4.10 4.36 7.46
. 2.86 3.20 4.10 4.36 7.46

Table 5.1: The parameters of the single particle Wood-Saxon potential. The super-
scripts p and n indicate protons and neutrons respectively. The values of V and Vj; are
expressed in MeV, the other parameters in fm.

5.2 The interactions

In the calculation of the energy we have used realistic nucleon-nucleon interac-
tions together with a three-body phenomenological interaction. We have adopted
nucleon-nucleon potentials of Argonne-Urbana type which are local and non-
relativistic. In our calculation we have used th Argonne AV8’ potential [Pud97]
which is the simplified version of the charge-dependent Argonne AV18 potential
[Wir95]. The AV potential considers only the first eight channels, up to the
spin-orbit isospin included. The parameters of AV8’ potential are slightly mod-
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R(fm) | R'(fm) [ a(fm™") | &'(fm~1) | u(fm™") [ e(fm™>)
5 .36 2 17 7 2

k 1 2 3 4 5 6 7 8
oF | 2575.3125 | -466.5625 | -366.5625 | 402.8125 0 0 0 0
Gk 0 0 0 0 0 0 -1650 | -550
I | 57024 .8987 7629 -.2791 | .0525 | -.2325 0 0
JE 0 0 0 3.4876 0 0 0 0
JE 0 0 0 0 0 3.4876 0 0

Table 5.2: The parameters used in the Ul4 model.

ified with respect to the those of AV18 in order to simulate the effects of the
missing channels.
In addition to this potential we also use the Urbana Ul4 potential [Lag81A]
truncated to the first eight channels. We also used the truncated version of the
Urbana U14’ potential, a parametrization of the U14 potential whose parameters
have been changed to deal with the Friedman-Pandharipande three-body force
[Fri80].

The two-nucleon interactions are separated in short, intermediate and long

range components

Vg = Vg + U1 + Uy (5.5)
The short-range interaction has the form
vs(i,j) = Y v§(ryy)Oy; (5.6)
p=1,8
with
vs(rig) = oW(ry) + "W (ry) (5.7)
1
W(TZJ) = ’I‘iij (5'8)
l1+ea
1
W'(rij) = -y (5.9)
l4+e

The intermediate range attraction v; is modeled on the two-pion exchange inter-
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action:
vi(i,§) = Y IPT7(ry;)0% (5.10)

p=1,8
with T (r) was defined in eq. (4.69). Finally the long range term is based on the

one-pion exchange contribution which is defined as:

,U7T,ij = Z {J’pTﬂ(Tij) +JPY7T(T'Z])}OZ (511)
p=1,8
with Y, (r) was defined in eq. (4.68). The parameters used in the Ul4 potential
are given in table 5.2. This is the basic idea underlying the construction of all
the interactions we used.
It is more difficult to show the parameters of the AV8’ potential since they are

expressed in the total spin and isospin channels. For details, see [Pud97|[Wir95].

Associated to each two-nucleon potential there is a three-body force. Specifi-
cally, the AV8’ is linked to the Urbana UIX interaction [Pud97|, the Ul4 to the
UVII [Sch86] and the Ul4’ to the Friedman-Pandharipande (FP) [Fri80| force.
The Urbana interactions are parametrized by following the Tucson model we have
already presented in sect. 4.1. The parameters of these two interactions are given
in table 5.4.

We present below the FP model. Also in this case, the three-body interaction
is separated in a repulsive TNR, and an attractive part TNA. In analogy to the

Tucson model, the TNR component has the form:

TNR =3 UT; (ris) Ty (rjn), (5.12)

cyc

In the FP model its effect is considered by introducing a density dependence in

the intermediate range term of the two-body interaction v; of Ul4,
Ul4d+TNR =vg +vie " + v, (5.13)
where 7,=0.15 fm? and p is the average uncorrelated density defined as:

fdﬁpo(”'l)%]?’ (5.14)

P [3#2]%[ Jdripo(r1)
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The attractive conribution TNA is assumed to have the form:

TNA = y[pPe {3 —2[(p, - pn)/p]Q} (5.15)

where we have indicated with p,, the average uncorrelated one-body densities

for the protons and neutrons respectively. The values of the parameters 7, o 3 are

given in table 5.3

Table 5.3: Parameters used in the Friedman-Pandharipande model.

Y1 (fm?)

Yo (fm®)

v3(fm?)

15

-700

13.6

UVII UIX
Aoy -.03330 -.02930
Cor -.008325 | -.007325700
Uy -.003700 .004800
u(fm=1) 7 T
c(fm™?) 2 2

Table 5.4: Parameters used in the Tucson models UVII and UIX. All the parameters
are defined in chapter 4.

The UIX and UVII interactions have been fixed to reproduce together with
they respective two-body forces, the *H binding energy. The parameters of the
FP have been fixed to reproduce the empirical saturation point of nuclear matter,

with variational CBF calculations.

5.3 The correlation functions

In our calculations the search for the energy minimum is done making variations of
the two-body correlation functions. A first possibility is to use f,(r12) with specific
functional dependences based on a set of parameters. In refs. [C092, Co94, Ari96]
gaussian correlations have been used. A better choice, from the physics point of
view, and also in terms of number of parameters to change, is to fix the correlation
functions consistently with the interaction.

The basic idea is to force the f,(r) functions to reach their asymptotic values, the

unity for the scalar correlation, and zero for the other ones, after certain values
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called healing distances. The values of these distances, dP, are the variational
parameters.

The energy expectation value E(dP) is calculated and minimized with respect
to variations of dP. In principle one should solve the full set of FHNC/SOC
equations by arbitrary changing dP. This approach would be computationally
extremely heavy. In practice we obtain the function fy(r,d?) by minimizing the
two-body cluster contribution of the energy for a fixed value of d?. The f,(r, d?)
obtained in this manner are then used to solve the FHNC/SOC equations. If
we consider only the two-body cluster contributions, the energy is given by the
Wy and Té,m) terms since all the nodal functions are zero and, as a consequence,
also the contribution of the SOR’s. The expression of the energy in the two-body

approximation is given by the sum of the following terms.

h?
TF,2 = _R/drld""2<f2k1—1+l1(7'12)V2f2k2—1+l2(7'12)
=V fory 141, (T12) * V fory—141, (7‘12)>

{ (62 (1, 71) 057 (2, o)X, (D)X, (2) PF PP, (1) X6 (2)

Xa(D)X5(2)(T1 - 72) 2 xa (1)x5(2)]
—[P55 (r1, 7o) 02 (1, 7o), (D)X, (2) PR PR PRy, (1) x4 (2)

X (3(2) (1 72) o (1) (2)] } (5.16)
1 h?
Tg) = —R/drlpﬁﬁf?a(m)/erpSSS“’B(rz)(f2k1_1+11(rlz)f2k2_1+12(r12)

_52]61—1—|—l—1,152k2—1+l2,1)
X, ()X, (2) PR P2y, (1) X654 (2)
Xa(1)x5(2) (71 - T2)" 2 xa (1) x5(2) (5.17)
(2) h2 $182838a0f3
Ty, = E/drldrgp:ﬁf 1 (1, 19) (fory 113 (12) fobs 1405 (712)
_52k1—1+l1,152k2—1—|—l2,1)
X, (D)X, (2) PP PR PRy (1) X654 (2)
Xa(Dx5(2) (11 - T2) 22 By, (1) xs(2) (5.18)

1
Vo = 5/drldm(f2k1—1+h(7“12)7)2’“271“2(7"12)f2k3*1+l3(r12))
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{[pngoc(,rl,rl)p8354ﬁ(7.2,,’.2)X81( )st( )PklPk2Pk3X53( )XS4(2)

Xa(D)X5(2) (71 - 72) oy (1)x5(2)]
= [P0 (r1, ) 5 (1, 7o) (1), (2) PR PR PR PRy (1), (2)

(X5 2) (s )15 (1) (2] } (5.19)

In the above expressions a sum over the a and S indices is understood. By
considering only the first four channel. We have

P =1 0y - 0, (5.20)

and

Q8152

PE (P, ) = Y050 (1) Vi (1)

- Z vld):la(rl) : vld)sza(rl) (521)
%,251525384 (,,,1’ ,',,2) — pslsga(,’,l’ rQ)v%pgs s4f8 (7'1; ,,,2)

—V1p312%(r1,72) - Vipg® (71,72) (5.22)
The total energy in two-body cluster approximation is given by
_ () (2)
Ey=Ts,+To2+Tr2+ V2 (5.23)

The optimal correlations f, are obtained by solving the Euler-Lagrange equation

0Fs
— =0 5.24
7, 20

with the boundary conditions

filr>d) = 1 (5.25)
fps1(r>d) =0 (5.26)
=g =0 5.27
L, (527

If we perform the variation on eq. (5.23) we obtain four equations, each of them
containing terms proportional to 1,01 - 02,71 - T2, (071 - 02) (71 - T2). It is possible

to decouple the operator dependence of these equations by projecting them over
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the total spin and isospin S and T of the nucleon pair. The projection operator

are related to the operators in the old representation by the following equations:

P30 = %(1 — 0, 0y) (5.28)
Pt = %(3 +0,-03) (5.29)
7,0 = %(1 —T1To) (5.30)
n;"' = %(3 + 71 T2) (5.31)

The functions v°7 and f°7 are related to the old functions by
257 =z + (48 — 3)2 + (4T — 3)2* + (4S — 3)(4T — 3)z* (5.32)

with 257 = v5T or f57. By using the above equations we can express the opera-
tors oy - 09 and 7, - T9 as

g1-02 = Q(PI—PO)—l (533)
-y = 2(M—1°) -1 (5.34)

if we define as f57 the components of the correlations in the (S,T) representation

we have

F(1,..,A) =Y fP(ri2)0%(ri2) = Y f(ri2) P, (5.35)

p=1,4 ST=0,1

Eq. (5.35) allows us to express all the products of type OP0%...0" as product of

PSTIT. For example, we have

4
Y fo(r12) fo(ri2) 00, = Yoo () £ () PR T PRI
pg=1 T151T5S52=0,1
= > [T )AL, (5.36)
S,T=0,1

where we have used the properties

P51P%: = §g 6 P (5.37)
nhn”= = §pq, 0" (5.38)
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The exchange operator can be written with respect to the projection operators

as

1
Z(1 +0,-02+T1-To+ (0'1 : 0'2)(7'1 : T2)) = Z (—)T+SP152H1T2 (5-39)
S, 7=0,1

By using the above defined quantities we rewrite the terms of the two-body cluster

energy as

TF,2 = —- Z /d’rld"“2 (fST(7“12)V2fST(T12) - VfST(Tu) : VfST(Tu))

s15283840f3

{[pamm, PR (1 1) (D (2) P (Lo (2)

X (X5 (2T X (1) x5 (2)]
=[5 (s m2) p 7 (1, m2) s, (10X, ()P (=) T X ()64 (2)

xZ(l)XfE(2)H1Tz(—)T“Xa(1)Xﬁ(2)]} (5.40)

2
Ty) = —j—mmz%wﬂ/d”’ prie 7’1)/dT2P3354’3(Tz)fST(le)fST(le)
Xy (D)X, (2) Pidxss (1) X4 (2)
Xa(1)x5(2) T 2xa(1)x5(2) (5.41)
2
1) = T [ ) (57 (o) £ (r1a) ()

s18283s40f3

Xo (1)x3, (2) PXss (1) Xs4(2)
Xa (X525 xa(1)x5(2) (5.42)

Vo = % > /dmdrz(fST(m)UST(le)fST(T‘lz))

s18283843

{[pslm(m, P (2, ) (DX (2) Pt (1)xes(2)

Xa (X3 xa(1)x5(2)]

— [ (1 m2) 0 (1, m2) (2T X (D)X, (2) PXss (1) X (2)

CONT 0]} (5.3
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Taking into account that

X (DX 2P (X0 (2) = 5 (Brnsines + (1) 0By (5.4
OGO = 5 (1+ (1)) (5.45)
we obtain
E, = {/drldml[%(fST(T12)v5T(7'12)fST(r12))
51523354(1/3’

_R (fST(Tm)V?fST(Tu) — V(1) - VfST(TH))]

[P(S)lsw(rh )P (P9, m2) — (1) 95522 (1, m9) 97 (4, 7“2)]]

I iripenear) [ v ) (1 )P

+— /drldrzpslszsg’w’g(m,ra)([fST(m)]Q(—)T’LS)}

1 1

S\ 9s1530s554 —) s184Ys254 | o5
(001530005 + (=) 00040020,

5 5 (14 (=)' 60p) (5.46)

Now we define

P = ot fon (s + sirosir)
(=154 (P (r1, 72) PR (1, m2) + Pl (71, 2) (71, 7) )|
45 [ r) + () (o)
VT ) ) + ()R
" 161()_(;& 5B (70 () + 8 )00 )
5 (B, ) 1) 5 e ) )] (547
@) = T [ (1)t — (17— 5,)

af=p,n

(66 (r1,72) V320 (11, 72) = Viapf (1, 72) Vizpf (71, 72))|

16 .
25 +1 ()(Q)T 777 |Brides + (1= 8a5)3]

,0 M (r1, ) 1201}' (ri,m2) — V12P(1)3a(7°1,7“2)V120(1)}'ﬂ(”'1,7“2))]

+
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2m

+?PST(7°1, re) v (5.48)

In the above expression we have explicitly written the sum over the spin and
isospin and the expression of pr9. By inserting the above equations in eq. (5.46)

we obtain

B, = /drldrz [QST (fST)2 _ pST (fSTV2fST _ VfSTVfST)]
_ / driodrs [QST (fST)2 _ psT (fSTV2fST . VfSTVfST)]

_ /dr12 [QST (fST)2 _ pST (fSTVQfST _ VfSTVfST)] (5.49)

In the above expression and in the following ones we understand that all the
functions and the operators act on the r15 coordinate. We define P57 and Q5T
by integrating @Q°7 and P°T over r; and r, by keeping fixed the interparticle

distance r5. we have

~ 2 R |ro+r12]
QST = /d’r‘QQST(’I‘l,T‘Q,T’lz) = — 712d7'2‘/| ’f'1d7‘1Q(7’1,7‘2,7’12) (550)

T12 JO ro—T12|

and an analogous expression for P5T . In eq. (5.49) we have neglected the term
containing pr; because we make the minimization by using only two-body terms.

The variation of Fy on f57 gives

5B, = / drio{ Q5 2575 57 (5.51)
_pST [5fSTV2fST + fSTV25fST i QVfSTvéfST]}

1 -
_ /dr125fST4[PST]2{ _V2RST 4 FST4]55T (2057
1 - -
—W(VPST)(VPST)} =0 (5.52)
where we have defined FST = f5T(PST)z,
The above variation has to be true for each 6f°7, this requires the expression
included in the braces {...} to be zero. By imposing this condition we obtain the

Euler-Lagrange equations

~V2F5T 4 55T ST = (5.53)
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with

1 ~ - 1 - -
~ST __ ST 2pHST _ ST pST
0T = = QT + VP — S W PSTYPAT) (5.54)

the egs. (5.53) are the decoupled differential equations in the representation (ST)
with the boundary conditions

fr>d) = 0 (5.55)
ST
%p_d _ 0 (5.56)

The solution of the above equations gives the optimal value for f°7 and by in-
verting eqs. (5.32) we obtain the optimal f?. If we make the substitution

u’t = r ST (5.57)
we obtain the like Schrodinger equation
— V25T 4 55Ty 5T = N1y 5T (5.58)

where )\ are the Lagrange multipliers, chosen in a way that the du®T /9r are con-
tinous in r = d.

The discussion developed above is referred to the first four channels of the corre-
lations. The presence of the tensor terms does not create principle problems but

it complicates the expressions of the equations.

A complete minimization would imply the search for for energy minima by chang-
ing six healing distances. Nuclear matter calculations [Pan79| indicate that the
healing distances of the four central channels are rather similar and also those of
the two tensor distances. For this reason we defined a single variational param-
eter d. for central channels p < 4 and another parameter d; for the remaining
tensor channels. In Tab. 5.5, we present the values of the healing distances giv-
ing the energy minima for each nucleus, and for both interactions vg with UIX
and vy with UVII. Tt is remarkable the similarity of these values for all the
nuclei but the 2C nucleus. The values of d. for the two interactions are the
same, with the usual exception of 2C | while the d; values for vi4 plus UV II are
slightly larger than those obtained with v§ plus UIX. The two-body correlation
functions obtained for the v} plus UIX interaction are shown in Fig. 5.1 for

each channel. In the figure we also show with the diamonds the nuclear matter
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IZC 160 4OCa 480& 208Pb
vg + d. 1.20 2.10 2.15 2.10 2.20
UlIx |d; 330 3.70 3.66 3.70 3.60
vy + | d., 1.40 2.10 2.15 2.10 2.20
UVII|d, 330 380 3.86 390 3.80

Table 5.5: Values, in fm, of the healing distances, obtained minimizing the energy
functional with the two different interactions we have adopted.

correlations. These last correlations are obtained with the Euler procedure by
using the same healing distances used for finite nuclei but with constant density
value of the nuclear matter the saturation point. Analogous results have been
obtained for the w14 plus UV II interaction. The diamonds in the figure, show
the nuclear matter correlations obtained with the Euler procedure by using the
same healing distances of the AV 8' interactions but for constant density. We used
p = 0.17 fm™3, the density of the nuclear matter saturation point. We would
like to point out two features of these results. The first one is that the various
correlations are rather similar for all the nuclei considered. Only the '2C results
are out of this general trend. This fact indicates that the correlation functions
are more sensitive to the characteristics of the nucleon-nucleon interaction than
to the shell effects. The second point we want to mention is the difference be-
tween the healing distances of the central and tensor channels. In the two-body
interaction, the tensor channels are active at larger distances with respect to the
central channels, and this produces the consequences on the correlation functions
we have just pointed out. It is interesting to notice that the healing for the tensor
channels appears at distances larger than the experimental charge radius of the
deuteron.

In this discussion the '2C nucleus remains an anomaly. The f; correlation
is rather similar to those of the other nuclei, all the other two-body correlations
are remarkably different, especially f;3 and f; related to the spin and spin-orbit

dependent terms.
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Figure 5.1: Correlation functions of the considered nuclei for each operator channel.
The symbols show the nuclear matter correlation functions obtained by using the same
interaction model (AV8'+UIX).
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5.4 The sum rules

Sum rules are an important tool to verify the accuracy of the calculations. We
have evaluated three different types of sum rules

1
S1= 3 % /dmp‘f(m) =1 (5.59)
a=p,n
1 (6%
Sy = m ﬂz /d’l“1d’l"2,02§(’l°1,7‘2)=1 (5.60)
af=p,n
1 O,
S = = Z /d’rldrngg(rl,rg) =-1 (5.61)
34 =
with
A
sz(ﬁ,Tz) =< U Y 0(ry —rp)PEo(rs — rl)PlﬂO,Zl\Il >, g=1,...,6
kAl=1
(5.62)

where P is the projection operator on the oo = p,n state of the k-th nucleon. In

the above equation we have used the definition

_ [dzX

<X >=-—"—-—
[ dz| V|2

(5.63)
where we have indicated with dz the integration over the space coordinates and
the sum over the spin and isospin states.

The sum rule S is related to the one-body density and then we have used the
subindex 1. The sum rule S, is related to the two-body density function and,
finally, Sy, is related to the spin two-body density function. This last sum
rule is satisfied only when the shells of the considered nucleus are closed and in
absence of correlations with tensor components. In the following equations we
give the explicit expressions of the sum rules in terms of the quantities used in the
FHNC/SOC calculations, and we specify the proton and neutron contributions.
We have performed the calculations by considering all the possible correlations in
the 1 and 2 coordinates and by dressing them with the scalar correlations. This

is the same approximation used to calculate the Wy part of the two-body energy:

1
ST = N/dﬁp?(ﬁ) =1 (5.65)
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Pp
5

Sg"(np)

nn
5

SZU

m/drldrgp’éﬁ(rl,rz)
_ 1 /drldTszkl1+ll(7"122)f2k21+l2(7"12)
Z(Z -1 fi (T12)
{pgpdir (r1, T2)Iklk21Xff)+l2
+ (pg ewc(rla r2)Ak3Iklk2k3 + 2 ,excy (’rla )Iklk2k4[k4k32)
Abs Z Xl1+l2+l3} 1

13=0

1 AR
ﬁ/dﬁd’hpg 1( p)(rlar2)

Sory—141, (T12) fory—141, (T12)
ZN /d ld f (7‘12)

{ 27"2(::1))(7, 1y) [F121 lﬁE?g))

o (B (o, o) AR TR 4 ) (g, o) IR E T 2)

D DRI S

13=0

m /drldrng,”l (r1,73)

B N(N%l /drldﬁ Jok -+t (7;122()7{12219)2—1+l2 (r12)
{p%ir (1, o) TErk2tynm

+ (p2 eze(T1, TQ)AkSIklekS + ppn e (71, T2)1k1k2k41k4k32)
Aks Z XthHs}

l3=

f2k171+11 (7“12)f2k271+l2 (7"12)
dridr
3A aﬂgp, / 1472 f12(7'12)

{102 air (T1,72)

k12ks .. af8
I Xll +12

99

(5.66)

(5.67)

(5.68)

(5.69)

+ (p2 exc (r17 TQ)AkSIk12k4Ik4k2k3 + p2 GIC] (Ir17 T2)1k12k4‘[k4k2k51k5k32)

Ak Z Xl1+l2+13} -1

13=0

(5.70)

We have indicated with N, Z and A the number of neutrons, protons and the mass

number, respectively. The two-body densities p3” 4ir (71, 72) and p3? exe(s)(T1,T2) are

defined in egs. (4.19). The «,5 indices may be p or n and the sum over the k; =

1,2, 3 indices are saturated. Also the indices [; = 0, 1 are saturated. In tables 5.6,
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120 160 4000, 4800, 208Pb
S{’,J 1.000 | 1.000 | 1.000 | 1.000 | 0.999
17 1.000 | 1.000 | 1.000 | 0.999 | 0.999
S?soc | 0.997 | 1.006 | 1.008 | 1.013 | 1.024
Stsoc | 0.997 | 1.006 | 1.008 | 1.021 | 1.027
Sa.7 1.004 | 1.003 | 1.001 | 1.000 | 0.998
Sysoc | 0.996 | 1.025 | 1.022 | 1.042 | 1.055
Soeg | -0.687 | -0.964 | -0.942 | -0.860 | -0.897
So.0.50c | -0.715 | -1.055 | -1.067 | -0.970 | -1.000

Table 5.6: Sum rules for each nucleus obtained by using the AV8’ interaction. The
variational parameter are represented in tables 5.1, 5.5.

5.7 and 5.8, we give the sum rules obtained by using the three interactions AV8’,
U14 and U14’, respectively. In these tables we give the sum rule values obtained
with scalar correlation function only, and with the full operator dependence.
The general consideration is that the sum rules are better exhausted when only
Jastrow correlations are used. For example, the S; sum rules are exhausted at
the level of the numerical uncertainty for the Jastrow case. For the SOC' case
the uncertainty increases with the nucleons number reaching the 3% in 208 Pb.
The Sy sum rules show a similar behavior, but now for the SOC' calculations the
maximum uncertainty is of about 5%. We present also the results for the S;,
sum rule, even though we know that this is satisfied only in **O and “°Ca which
are saturated in spin and isospin. In these two nuclei the sum rule violations vary
from about 4% in Jastrow calculations up to a 10% in SOC calculations. The
differences between Jastrow and SOC sum rules, give an estimate of the validity

of the SOC approximation.
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120 160 4OCa 480a 208Pb
Sf’J 1.000 | 1.000 | 1.000 | 1.000 | 0.999
ST 1.000 | 1.000 | 1.000 | 0.999 | 0.999
S?soc | 0.999 | 1.005 | 1.006 | 1.017 | 1.028
St soc | 0.999 | 1.005 | 1.005 | 1.017 | 1.023
Sa.7 1.003 | 1.002 | 1.001 | 1.000 | 0.998
Sa.soc | 1.001 | 1.022 | 1.018 | 1.041 | 1.053
Soeg | -0.697 | -0.974 | -0.955 | -0.870 | -0.882
Ss0s0c | -0.729 | -1.086 | -1.103 | -1.003 | -1.030

101

Table 5.7: Sum rules for each nucleus obtained by using the Ul4 interaction. The
variational parameter are represented in tables 5.1, 5.5.

120 160 400a 480a 208Pb

Sf’J 1.000 | 1.000 | 1.000 | 1.000 | 0.999
ST 1.000 | 1.000 | 1.000 | 0.999 | 0.999
S? soc | 0.999 | 1.005 | 1.006 | 1.017 | 1.028
SPsoc | 0.999 | 1.005 | 1.006 | 1.017 | 1.022
Sa.g 1.003 | 1.002 | 1.001 | 1.000 | 0.998
Sa.soc | 1.001 | 1.021 | 1.017 | 1.039 | 1.051
Sog | -0.697 | -0.977 | -0.961 | -0.875 | -0.887
Sa.0,50c | -0.729 | -1.083 | -1.098 | -0.996 | -1.026

Table 5.8: Sum rules for each nucleus obtained by using the Ul4’ interaction. The
variational parameter are represented in tables 5.1, 5.5.
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5.5 The ground state energies and the distribu-

tion functions

The most important result of this work is summarized in Tab. 5.9 where we
give the values of the binding energies per nucleon, obtained in the two models
AV8+UIX and U14+UVII, for all the five nuclei considered and we compare
them with the experimental energies. In the table we present the various terms
contributing to the total energy: the kinetic energy 7', the two-body interaction,
where the contribution of the first six channels V;? ;,,, and that of the spin-orbit
interaction Vg are separately given, the Coulomb interaction V¢, and the three-
body force Vs_poqy. In the kinetic energy term the contribution of the center of
mass motion, has already been subtracted.

The various terms show some saturation properties. For example the values of
kinetic energies per nucleon 7 increase up to °°Ca and then they remain almost
stable around a value of about 40 MeV. An analogous behavior is shown by the
V3 boay terms. The contribution per nucleon increases with increasing number of
nucleons up to *°Ca. After that it is evident that saturation appears in heavier
systems.

We have mentioned the fact that the spin-orbit terms are not treated consis-
tently in the FHNC/SOC computational scheme, but they are evaluated by using
some approximation. In any case, in all the nuclei considered, their contributions
are of the order of few percent with respect to the V} ; ;, contributions. We have
done calculations in 0O and *°Ca switching off the spin-orbit terms in the mean
field potential. In this case the spin-orbit partner single particle wave functions
are identical. The differences in the total spin-orbit contributions, with respect
to the values given in Tab. 5.9 are within the numerical uncertainty.

As it was expected, the results of Tab. 5.9 show that the binding is obtained by
a subtle subtraction between the repulsive kinetic energy term and the actractive
contribution of the two-body potential. The sum of only these contributions for
the AV’ interaction, provide -2.25, -6.20, -8.30, -7.31 and -9.32 MeV for the
20 160, 0Ca, *®Ca and 2 Pb nuclei respectively. The sum in the U14 model
provide -2.40, -6.56, -9.25, -8.19 and -10.21. It is evident that the U14 interaction
is more attractive than the AV8’. That depends on the intrinsic structure of the
interaction and its parametrization.

The contribution of the Coulomb term Vg,,; is evaluated within the complete
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FHNC/SOC computational scheme. As expected, the behavior with increasing
size of the nucleus does not show saturation because of the long range nature
of the interaction. The Coulomb terms behave as expected, their contributions
increase with increasing number of protons. The apparent inversion of this trend
from *°Ca to *®*Ca is due to the representation in terms of energy per nucleon,
which in this case is misleading, since the proton number is the same for the
two nuclei. In this case it is better to compare the total values of the Coulomb
energies, 78.40 MeV for *°Ca and 75.36 for *®Ca. The 3.8% difference between
these two values is due to the different structure of the two nuclei. The inclusion
of the Coulomb repulsion reduces the nuclear binding energies. The binding
energy values, for the AV8'+UIX interaction, without the three-body forces are
-1.58, -5.34, -6.34, -5.74 and -5.35 for the 2C, 60, *°Ca, *®*Ca and 2°® Pb nuclei
respectively, all them above the experimental values. For the Ul14+UVII model
we have -1.72, -5.68, -7.24, -6.60 and -6.21 respectively.

In addition to that, there is the contribution of the three-body force. As
discussed in chapter 3.4 for the Tucson model, the two terms composing this
interactions provide contributions of different sign, one repulsive v, and the
other one attractive v?5,. In our calculations the total contribution of the Urbana
VILIX interactions is always globally repulsive.

The comparison with the experimental energies indicates a general underbind-
ing of about 4.0 MeV per nucleon. The behavior of the '2C nucleus is anomalous
in this general trend. This nucleus is barely bound in our calculations. Some cru-
cial physics ingredient relevant in ?C while negligible for the other other nuclei
is missing in our approach. Probably this has to do with soft deformations of the
120 nucleus which we are unable to treat.

The comparison between the two interactions indicates that the vy4 plus UV II
is more attractive than the v plus UIX. This is a fact already present when
the two-body interaction only is considered. The situation is enhanced by the
three-body force, more repulsive for the UI X case than for the UV II one. The
contributions of the spin-orbit term in the two cases have different sign, they are
attractive for v§ and slightly repulsive for v;4. The changes in the total energies

go from a minimum of 5% (*°0 ) to a maximum of 18% (**Pb ).

In order to study the sensitivity of the results to the various terms of the

interactions we have done calculations with the truncated Urbana U14 and U14'
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potentials [Lag81A, Lag81B| by using the values of the the healing distances of
table 5.5 fixed for the AV8' potential. We have implemented this interaction with
different three-body forces: the Urbana VII and IX models and the FP interac-
tion. The results of these calculations are given in Tables 5.10, 5.11, 5.12, 5.13
and 5.14. Also in these cases the saturation properties of the nuclear interaction
are evident, even though the V3, , contributions seems slightly less attractive
than that of the Argonne AV'8' case. The main difference between the two cal-
culations is in the spin-orbit contribution, which for case is much smaller than
that of the AV 8 interaction, and repulsive, instead than attractive. The values
of energy without the three-body terms for the U14+UIX model, are -1.72, -5.68,
-7.24, -6.60 and -6.17 for the 2C, %0, °Ca, *®Ca and 2°® Pb nuclei respectively.
This interaction is more attractive than the AV8 interaction. We have done
calculations with two different three-body interaction, the Urbana IX already
used together with the Argonne AV, and the Urbana VII fixed in [Sch86] to
be used with the Urbana U14 potential. In both cases the contributions of the
three-body interactions are repulsive. It is interesting to see that the Urbana IX
produce larger contributions than those obtained with AV'8' potential. On the
other hand, the Urbana VII potential is less repulsive. The binding energies ob-
tained with the U14'4 F'P model are in Mev per nucleon, -5.56,-9.24,-10.67,-10.05
and -9.45 for the 2C, 10, *°Ca, ¥Ca and 2 Pb, respectively. The difference
between the kinetic energy 7" and the two-body potential Vf_body is very similary
to the U144+ UIX model, but the contribution of the TNA term of FP interaction
is strongly attractive. The contribution of the various terms we have calculated
to obtain the nuclear energy, are given in great detail in tables 5.15-5.24 for the
two interactions AV8 + UIX and Ul4 + UVII. The meaning of the various
terms is explained in the table caption and it will not be repeated here.

The larger contributions to the energy are coming from the (0) approximation of
eq. (4.15), i.e. from the diagrams containing all the scalar dressings of the (1,2).
The contributions given by the terms depending on antiparallel spin one-body
densities, the terms labeled with the j subscripts in the tables, are very small.
This is particularly evident in nuclei with saturated [ shells such as **O and *°Ca
. The contribution of these terms is slightly larger in “Ca and 2°Pb , but still
much smaller than the contributions of the various channels indicates that the
spin-isospin (p = 4) and tensor-isospin (p = 6) are the main responsible of the

binding. The tables show that in the three-body forces the repulsive contribution
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of the UIX interaction is stronger than that of the UV II force.

AVHUIX | C[ O] ™Ca] *®Ca] PP
T 27.13 | 32.33 | 41.06 | 39.64 | 39.56
VS poay | -29.13 | -38.15 | -48.97 | -46.60 | -48.43
Veoul 0.67| 086| 1.97| 1.57| 3.97
Vis -0.25 | -0.38] -0.39| -0.35| -0.45
T+VE 4 | -158| -534| 6.34| -5.74| -5.35
V3_body 0.67| 08| 1.76] 1.61] 1.91
E9- 2091 | -4.48| -4.58 | -4.14| -3.43
Ul4+UVII [ BZC[] MO[ ®Ca| *™Cal] ™Pb
T 24.63 | 29.25 | 37.32| 36.12 | 36.07
VS poay | -27.08'[ -35.84 | -46.65 | -44.40 | -46.28
Veour 0.68| 088| 201] 1.59| 4.00
Vis 0.05| 0.03] 0.08] 0.09] 0.04
T+VY yay | -1.72] -5.68| -7.37| -6.71] -6.32
Va_body 054 0.69| 146]| 1.32] 1.61
E9 118 | -4.99 | -5.77| -5.27| -4.55
Eesp -7.68 | -7.97| -855| -8.66 | -7.86

Table 5.9: Energies per nucleon obtained by using the AV8 + UIX and Ul4+UVII
interaction models. The units are Mev/nucleon
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AVS8'+UIX | U14+UIX | Ul4+UVII | U14+FP

T 27.13 24.63 24.63 27.70
VE pody -29.13 -27.08 -27.08 -26.09
Veout 0.67 0.68 0.68 0.68
Vis -0.25 0.05 0.05 0.05
T + V3 pody -2.00 -2.45 -2.45 0.80
V3 body 0.66 1.00 0.54 -4.91
E9+ -0.91 -0.72 -1.18 -5.56
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Table 5.10: We show the various contributions to the energy of the 2C for four different
types of interactions: in particular we consider the truncated two-body Argonne poten-
tial AV8’ with the phenomenological three-body interaction UIX (Tucson model), the
two-body truncated Urbana potential Ul4 with the three-body interactions UIX ,UVII
and finally the modified Urbana Ul4’ with the three-body Friedman-Pandharipande
(FP) interaction. For each interaction we calculate the total kinetic energy T, the total
contribution of the first six channels of the two-body potential V267body, the Coulomb
energy Vooul, the (LS) term. We give the result obtained by using two-body interac-
tions only, the total three-body contribution and finally the total ground state energy.
The units are Mev/nucleon.

AV®+UIX | Ul4+UIX | U14+UVII | U1l4’+FP
T 32.33 29.25 29.25 28.82
Vf_body -38.15 -35.84 -35.84 -34.04
Veoour 0.86 0.88 0.88 0.87
Vis -0.38 0.03 0.03 0.04
T + V3 pody -5.82 -6.59 -6.59 -5.22
V3_body 0.86 1.26 0.69 -4.93
E9s -4.48 -4.42 -4.99 -9.24
Table 5.11: The same of table 5.10 for the 0.
AV8+UIX | U14+UIX | U14+UVII | Ul4’+FP
T 41.06 37.32 37.32 36.51
Vf_body -48.97 -46.65 -46.65 -43.41
Veou 1.97 2.01 2.01 2.00
Vis -0.39 0.08 0.08 0.11
T+ V3 pody -7.91 -9.33 -9.33 -6.90
V3 _body 1.76 2.47 1.46 -5.87
E9s -4.58 -4.77 -5.77 -10.67
Table 5.12: The same of table 5.10 for the *°Ca.
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AVS +UIX | U14+UIX | U14+UVII | U14’+FP

T 39.64 36.12 36.12 35.53

V3 vody -46.60 -44.40 -44.40 -41.85

Veoul 1.57 1.59 1.59 1.58

Vis -0.35 0.09 0.09 0.11

T+ V3 pody -6.96 -8.28 -8.28 -6.32

Va—body 1.61 2.23 1.32 -5.43

E9s -4.14 -4.36 -5.27 -10.05
Table 5.13: The same of table 5.10 for the *¥Ca.

AV8+UIX | U144+ UIX | U14+UVII | Ul4+FP

T 39.56 36.07 36.07 35.47

Vs vody -48.43 -46.28 -46.28 -43.76

Veoul 3.97 4.00 4.00 3.98

Vis -0.45 0.04 0.04 0.07

T+ V5 oy -8.87 -10.21 -10.21 -8.29

Va—body 1.91 2.55 1.61 -5.21

E9-+ -3.43 -3.61 -4.55 -9.45

Table 5.14:

The same of table 5.10 for the 298 Pp.
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0 | () | (6 | (0)+(s)+(c)

T | 16.68 16.68
T | 177 -0.25 | -0.04 1.48
¥ | -0.05 | -0.05 -0.10
Tr | 9.60 | 0.51 | 0.03 10.14
72 | 0.36 0.36
7y | -0.03 -0.03
Tr; | -0.01 -0.01
Tom. | 1.07 1.07
vI | 0.95 | 0.20 | -0.30 0.85
v? | -0.89 | 0.02 |-0.02 -0.89
v* | -2.87 | 0.08 |-0.04 2.83
vt | -12.64 | -0.09 | 0.03 -12.7
v* | 0.08 |-0.01 | 0.01 0.08
v | -13.50 | -0.43 | 0.13 1338
vl | 0.06 0.05
v? | -0.003 -0.003
vi | 0.02 0.02
vi | 013 0.13
vi | 0.003 0.003
v¢ | -0.03 -0.03
UIX

v, 1.568
v -0.898

Table 5.15: Contributions of the various terms forming the '2C energy. The various
terms are defined in chapt. 3. The T terms of the kinetic energy are defined by egs.
(4.6,4.7,4.8,4.48). The vP terms indicate the six-channels of the two-body interaction.
The three-body terms are defined in egs. (4.65,4.67,4.70). The subscript j indicate
the contribution produced by antiparralel spin densities. The labels (0), (s) and (c)
indicate the various approximation of the energy related to the pieces Wy, Wy, and W,
as defined in eq. (4.15). The results have been obtained by using a two-body AVS’
potential with a three-body interaction UIX. The units are Mev/nucleon.
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(0) (s) | (0 |(0)+(s)+(c)
& | 16.42 16.42
7 | 188 | -0.18 | -0.03 1.66
¥ | -0.01 | -0.04 -0.05
Tr | 7.30 | 0.35 | 0.001 7.67
T | 037 0.37
7 | -0.03 -0.03
Tr; | 0.00 0.00
Teqn. | 1.07 1.07
vl | 301 | 0.24 | -041 2.89
vz | 1.95 | -0.07 | 0.12 1.99
v* | 1.75 | -0.04 | 0.05 1.76
vt | -25.09 | -0.15 | 0.12 -25.12
v® | 0.25 |-0.004 | 0.01 0.26
v® [ -9.05 | -0.24 | 0.30 -8.99
vl [ 0.05 0.05
v | -0.01 -0.01
v? [ 0.003 0.003
vi | 0.14 0.14
v? | 0.02 0.02
¢ 002 -0.02
UVII
vibs 1.258
v -0.716
UIX
v{ss 1.632
w2 -0.630
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Table 5.16: The same of the table 5.15 for the two-body Ul4 potential with the three-
body interactions UVII and UIX.
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0 | (8) | (0 [(0)+(s)+(c)

& | 14.42 14.42
7 | 391 |-0.27]-0.05 3.59
¥ | 043 |-0.06 0.37
Tr | 13.27 | 0.98 | 0.39 14.64
7 | 0.001 0.001
7Y | 0.0 0.0
Tr; | 0.0 0.0
Tom. | 0.71 0.71
vl | 1.61 | 0.19 |-0.40 1.40
v? | -1.10 | 0.03 |-0.14 121
v* | -3.25 | 0.11 | -0.50 ~3.64
vF [-15.24 | -0.28 [ -1.13 ~16.65
v* | 0.06 |-0.01 | 0.03 0.08
o5 [-17.17 | -0.81 | -0.13 1811
vl [ 00 0.0
v 0.0 0.0
v? | 00 0.0
vi [ 00 0.0
v; | 00 0.0
UJG- 0.0 0.0
UIX

v, 1.898
Vi, -1.036

Table 5.17: The same of the table 5.15 for the 160.
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(0) (5) | (¢) 1(0)+(s)+(c)
7 | 14.49 14.49
79 | 3.82 | -0.22 | -0.06 3.54
¥ | 0.40 | -0.04 0.36
Tr | 1057 | 0.82 | 0.18 11.57
7Y | 0.001 0.001
7 | 0.0 0.0
Tw; | 0.0 0.0
Tem. | 0.71 0.71
vl | 423 | 0.38 |-0.57 4.04
vz | 2.07 | -0.12 | 0.51 2.46
»* | 228 | -0.06 | 0.28 2.50
vt [-30.36 | -0.62 |-2.31 -33.29
v® | 0.32 |-0.007 | 0.04 0.35
o5 [ -11.73] -0.58 | 0.39 “11.92
o] 0.0 0.0
v 0.0 0.0
v? 0.0 0.0
v 0.0 0.0
v} 0.0 0.0
1176- 0.0 0.0
UVII
v 1.570
v, -0.884
UIX
vE, 2.037
v 0.778

Table 5.18: The same of the table 5.16 for the 160.
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0 | (8) | (0 [(0)+(s)+(c)

7 | 16.09 16.09
7 | 4.98 |-0.31]-0.10 4.57
¥ | 078 |-0.08 0.70
Tr | 17.64 | 1.83 | 0.50 19.97
T3 | 0.011 0.011
7Y | 0.0 0.0
Tr; | 0.0 0.0
Tom. | 0.25 0.25
ol [ 1.16 | 0.12 | -0.60 0.68
v? | -1.40 | 0.05 | -0.21 “1.56
v* | -383 | 0.18 | -0.71 ~4.36
v* [-18.18 | -0.50 | -1.56 “19.89
v* | 0.11 |-0.02 0.05 0.14
o5 [-22.26 | -1.54 | 0.17 ~23.63
ol | 0.0 0.0
v 0.0 0.0
w7 | 0.0 0.0
vI ] 0.0 0.0
w7 | 0.0 0.0
UJG- 0.0 0.0
UIX

Vibs 3.384
v, -1.627

Table 5.19: The same of the table 5.15 for the *°Ca.
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0 | () | (¢ [(0)+(s)+(c)

¥V | 16.25 16.25
79 | 4.85 |-0.25|-0.12 4.48
¥ | 0.70 |-0.06 0.6
Tr | 14.42 | 1.58 | 0.19 16.19
Tg-) 0.01 0.01
7 | 0.0 0.0
Tr; | 0.0 0.0
Tom. | 0.25 0.25
vl | 4.46 | 0.45 | -0.84 107
vZ | 2.68 |-0.20 | 0.79 3.27
v¥ | 294 | -0.11| 0.45 3.28
vt ] -37.48 | -1.15 | -3.39 -42.02
v® | 0.39 |-0.01| 0.07 0.45
0% | -15.54 | -1.14 | 0.97 15.71
vl 0.0 0.0
v 0.0 0.0
V3 0.0 0.0
v 0.0 0.0
I 0.0 0.0
UJG- 0.0 0.0
UVII

v, 2.825
Vi, -1.361
UIX

vE, 3.665
v “1.198

Table 5.20: The same of the table 5.16 for the *Ca.
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©0) | (8 | (0 [ (0)+(s)+(c)

7 | 16.38 16.38
7P | 450 |-0.29-0.10 4.11
¥ | 068 |-0.08 0.60
Tr | 16.73 | 1.64 | 0.36 18.73
Tg) 0.21 0.21
73 | -0.02 -0.02
Tr; | -0.008 ~0.008
Tom. | 0.20 0.20
vl | 0.69 | 0.05 | -0.58 0.16
vZ | -1.29 | 0.04 | -0.18 143
0¥ | -3.78 | 0.18 | -0.61 421
vt [ -17.30 | -0.42 | -1.30 -19.02
v® | 0.11 |-0.02 | 0.04 0.13
o® | 21.17 | -1.40 | 0.30 22.27
vl [ 0.013 0.013
v 0.0 0.0
v [ 0.007 0.007
vi 0013 0.0013
v; | 00 0.0
UJG- 0.0 0.0
UIX

vE, 3.097
v, ~1.490

Table 5.21: The same of the table 5.15 for the *®Ca.
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0 | () | (¢ [(0)+(s)+(c)

7 | 16.50 16.50
7 | 441 |-0.23]-0.11 4.07
¥ | 0.64 |-0.06 0.58
Tr | 13.65 | 1.43 | 0.10 15.18
77 | 0.20 0.20
7Y | -0.02 -0.02
Tr; | -0.007 -0.007
Tem. | 020 0.20
ol | 3.82 | 0.34 | -0.82 3.43
v? | 245 |-0.18| 0.68 2.95
v* | 2.85 |-0.10 | 0.38 3.13
vT [ -35.56 | -1.00 | -2.77 ~39.33
v® | 0.36 |-0.01| 0.06 0.41
o5 | -14.87 | -1.05 | 0.99 “14.93
v; | 0.014 0.014
v 0.0 0.0
v? | 0.00 0.00
vi 70.018 0.0018
I 0.0 0.0
¢ 0003 0.003
UVII

v, 2.567
Vi, -1.246
UIX

vE, 3.330
v ~1.096

Table 5.22: The same of the table 5.16 for the *Ca.
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0 | () | (0 [ (0)+(s)+(c)

T | 16.05 16.05
7 | 416 |-0.35]-0.13 3.68
¥ | 042 |-0.08 0.34
Tr | 17.34 | 1.62 | 0.55 19.51
) | 017 0.17
Ty | -0.012 -0.012
Tr; | 0.0 0.0
Tpm. | 0.02 0.02
vl [ -0.03 | -0.10 | -0.47 0.6
vF | -1.29 | 0.04 |-0.19 1.44
v* | -3.87 | 0.18 | -0.67 ~4.36
vt | -17.57 | -0.41 | -1.49 -19.47
v* | 0.11 |-0.02 0.04 0.13
o5 [-21.42-1.37 | 0.10 ~22.69
vl [ 0.006 0.006
v 0.0 0.0
v [ 0.004 0.004
vi | 0.012 0.012
v; | 00 0.0
o8 -0.005 -0.005
UIX

Vibs 3.282
Vi, -1.368

Table 5.23: The same of the table 5.15 for the 208 Pp.
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0) | (s) | (6 [(0)+(s)+(c)

7 | 16.38 16.38
7Y | 3.98 |-0.32]-0.14 3.52
¥ | 031 |-0.06 0.25
Tr | 14.23 | 1.42 | 0.29 15.94
7 | 015 0.15
T |-0.009 -0.009
Tr; | 0.0 0.0
Tem. | 0.03 0.03
vl | 315 | 0.16 | -0.63 2.68
vr | 2.46 |-0.17 | 0.69 2.98
v® | 2.90 |-0.10 | 0.41 3.21
vT [ -36.11 | -1.01 | -3.20 ~40.32
v® | 0.36 |-0.01| 0.06 0.41
v®  [-15.05 | -1.04 | 0.80 “15.29
vl | 0.006 0.006
v 0.0 0.0
v? | 0.00 0.00
vi | 0.014 0.014
I 0.0 0.0
¢ [-0.003 -0.003
UVII

v, 2.720
Vi, -1.104
UIX

vE, 3.529
v, 2.557

Table 5.24: The same of the table 5.16 for the 208 Pp.
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5.6 The one-body distribution functions

Other interesting information about the nuclear ground states are related to the
density distributions. In figs. 5.2-5.6 we show these distributions for protons and
neutrons, respectively. The full lines show the uncorrelated distributions, the
dotted lines those obtained by using only scalar correlations (f;), usually called
Jastrow, and the dashed lines the results of the complete calculation. The Jastrow
results produce distributions which are smaller at the center of the nucleus with
respect to the mean-field distributions. This effect is strongly reduced when all
the correlations are included in the calculation. These findings are in agreement
with the results of ref. [Ari97| where a first-order cluster expansion was used. It is
evident the scarce relevance of short-range correlations in reducing the occupation
probability of the 3s1/2 proton state in 2 Ph. As it is pointed out in [Ang01],
the effect of long-range correlations seems to be the main reduction mechanism.
To investigate the relative effects of the various correlations on the proton and

neutron distributions we study the ratio

Ay(r) = pr(r) — po(r) (5.71)
po(r)

where, po(r) is the uncorrelated, mean-field, density. The A; ratios are shown in
fig. 5.7. Despite the noticeable differences between proton and neutron distribu-
tions, especially in “Ca and 2% Pb, the figure points out that, in these differences,
the type of correlation is more relevant than the proton or neutron distribution.
A direct comparison with the empirical density distributions is not fully mean-
ingful since the mean-field potential has already been fixed to reproduce at best,
these distributions. The only statements we can make is whether the inclusion of
the correlations may improve or not the agreement with the data. For this reason

we show in fig. 5.8 the ratios

P1 (T) - pezp(r)
Ay(r) = (5.72)
Peap(0)
where the experimental charge distributions have been taken from [Dej87]|.
The inclusion of correlations lowers the charge density distributions at the
center of the nuclei. If scalar correlation only are considered the effect is too
large. When all the correlations are included the effect is strongly reduced and

the agreement with the empirical densities slightly improves.
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Figure 5.2: One-body proton (up) and neutron (down) densities for the *2C.
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Figure 5.3: One-body proton (up) and neutron (down) densities for the ¢O.
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Figure 5.4: One-body proton (up) and neutron (down) densities for the *°Ca.
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Figure 5.5: One-body proton (up) and neutron (down) densities for the *Ca.
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Figure 5.6: One-body proton (up) and neutron (down) densities for the 2% Pb.
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Figure 5.7: Normalised ratios (eq. 5.71) for proton and neutron distributions. The
meaning of the lines is given in the legend, where we have indicated with J the re-
sults obtained with scalar correlation (f;) only, and with SOC the results of the full
calculation.
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Figure 5.8: Normalised ratios (eq. 5.72) for charge density distributions. The meaning
of the lines is given in the legend.
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5.7 The two-body distribution functions

It is interesting also to evaluate the two-body distribution functions (TBDF). We
define the operator dependent two-body density matrices as:

pgﬁ(xl,@) = A(A-1) /dxg...dxA U™ (21, To, T3, ooy £4)PT(21) O (1, 2) PP (2)
U(z1, T, X3, ..., T4)) < VU >
(5.73)

where
(1+t,)/2 for protons

P* =
(1—t,)/2 for neutrons

(5.74)
The explicit expression of pg‘fl(rl,rg) using FHNC/SOC approximation can be
written as

f2k —144; \T'12 f2k —1+1\T12
pg§k3_1+13("°1,r2) _ 1 +1( 2) 2 +2( )
fi(r2)

kiksks pk2 . aB af
{I A Xl1+l2+l3p2,dir(r17r2)

+ (1k4k1k5 J2ksks A’“p%fim(m, rg)

kaki1ks Tkokske Tkske2 of
+1 I I P2.exci (7'1; TZ)

1
Ak Z Xﬁil2+l3+l4 } (5.75)

14=0

where a sum is understood on every repeated index. The direct and the ex-
change two-body densities pg‘fm(rl, r) and pgﬁwc(j) (r1,72) have been defined in
egs. (4.19). We summarize the great amount of information contained in eq.
(5.73) by considering its dependence from the relative distance between the par-
ticles 1 and 2:

(6 1 (6%
pg,ﬁ(m) = Z/dRIZPQf](rlarQ) (5.76)

where Ris = (71 4+ r2)/2. The details of the calculation of (5.76) are given in
Appendix A.6.

In the figures 5.9 to 5.23, we give, for the nuclei considered, the TBDF for every
channel. In these figures we also show the uncorrelated distributions and the

distributions obtained only with the scalar correlations. We notice that in the
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particular case where o =  we the eq. (5.73) reads:

pyg(x1,12) = A(A— 1)/dx3...d:vA U™ (21, To, T3, ooy Ta) P (21) O (21, 22) P*(22)
U (21, T, X3, -, Ta)/ < VU >

(5.77)
Taking into account that in this case also is verified this identity
Pr(x1)T1 - ToP*(x2) = P (1) P*(22) (5.78)
we have
P39ks—1(T12) = Pook, (T12) (5.79)

In the cases of the uncorrelated and central correlations and with independence of
the isospin of the external particles, both the tensor and tensor-isospin TBDEF are
zero since at least two tensor operators are needed to a get a not zero spin trace.
In the same cases that mentioned above and when the isospin of the external
particles are different also the spin TBDF are zero. This zero is caused by the
spin trace on the direct part and by the isospin trace on the exchange part.

As expected, for all the nuclei considered, the different from zero uncorrelated
TBDF are not zero in the origin, i.e. there exist a no zero probability to find two
particles in the same point. The inclusion of the correlation drops this probability
and makes that the distribution is closer to zero in the origin. As a general trend
we can mention that for these TBDF the main effect is caused by the central
correlation since the inclusion of the operator ones do not modify much the scalar
results. This small differences between the two correlated calculations is still valid
for the tensor and tensor-isospin TBDF since the size of these functions is quite
small.

In the fig. 5.24 we give for each nucleus the uncorrelated TBDF for the scalar
channel and in the proton-proton projection. We can see that the adding of the
exchange part in the TBDF causes, in general, a dropping in the region close to
the origin. Since the exchange part is related to the Pauli principle we can affirm

that the dropping is a first sign of correlation of the particles in our system.
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Figure 5.9: Two-body proton-proton distribution functions per channel for the '2C.
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Figure 5.10: Two-body proton-neutron distribution functions per channel for the 12C.
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Figure 5.11: Two-body neutron-neutron distribution functions for the '2C.
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Figure 5.12: Two-body proton-proton distribution functions per channel for the 1¢0.
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Figure 5.13: Two-body proton-neutron distribution functions per channel for the 1¢0.
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Figure 5.14: Two-body neutron-neutron distribution functions for the 160.
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Figure 5.15: Two-body proton-proton distribution functions per channel for the *°Ca.
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Figure 5.16: Two-body proton-neutron distribution functions per channel for the *°Ca.
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Figure 5.17: Two-body neutron-neutron distribution functions for the °Ca.
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Figure 5.18: Two-body proton-proton distribution functions per channel for the *8Ca.
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Figure 5.19: Two-body proton-neutron distribution functions per channel for the *8Ca.
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Figure 5.20: Two-body neutron-neutron distribution functions for the *4Ca
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Figure 5.21: Two-body proton-proton distribution functions per channel for the 208 Pp.
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Figure 5.22: Two-body proton-neutron distribution functions per channel for the 208 Pb.
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Figure 5.23: Two-body neutron-neutron distribution functions for the 208 Pp.
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Figure 5.24: Direct and direct plus exchange proton-proton scalar uncorrelated TBDF

for each nucleus. The adding of the exchange part drops the TBDF in the origin.



Chapter 6
Conclusions and perspectives

This thesis work can be considered the conclusive step of a project started more
than ten years ago. The aim of this project was to extend the FHNC/SOC
resummation technique in order to make a description of finite nuclear system
whithin the CBF theory framework.

The situation of the project before this thesis work started was that the
FHNC/SOC formalism was developed and applied to treat systems degenerated
in spin and isospin variables. In this thesis we extended the formalism to treat
nuclei with different number of protons and neutrons described by different sets
of single particle wave functions. This breaks the isospin degeneracy. In addition
to that we considered the set of single particle wave functions in a jj coupling
scheme in order to reproduce the full set of magic numbers. In our study we have
calculated binding energies and one- and two-body density distributions for the
120, 160, 40Ca, 8Ca, and 2°®Pb nuclei.

Our investigation has been conducted with two-body interactions of Argonne
and Urbana type, implemented with three-body interactions. Specifically, we
used the Argonne vg interaction together with the Urbana UIX three-body force,
and the Urbana vy interaction implemented with the three-body UV II force.
These two sets of interactions have been fixed to reproduce the properties of the
two-body systems and the ®*H binding energy. In addition we have done calcu-
lations also with the Urbana vy, implemented with the three-body Friedmann-
Pandharipande interaction fixed to reproduce the nuclear matter saturation point.

The most important results of our study are shown in Tabs. 5.9-5.14 where
the binding energies obtained with the various interactions are compared to the

experimental values. Our results show an underbinding of about 3-4 MeV per

144
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nucleon with respect to the measured energies. This general trend is a common
feature of all the nuclei we have considered but the 2C which is barely bound.
The '2C anomaly is evident also by observing the correlations functions, which in
the 2C case heal at different distances with respect to those of the other nuclei.

The study of one-body distribution functions shows that the correlations do
not considerably modify their shape. The effects of the correlations are more
relevant at the center of the nucleus, where this produce a lowering of the un-
correlated densities. The effect is relatively large when only scalar correlations
are used, and it is strongly reduced when the other terms of the correlations are
included. These results are in agreement with the findings of [Ari97] where a
simple first order expansion of the density has been used.

The correlations between two nucleons have been studied by investigating the
operator dependent two-body densities. We have observed that the short-range
correlations lower the probability of finding two nucleons very closed to each
other. It has been quite surprising to observe that, while the scalar two-body
densities extend on the full nuclear volume, the spin and tensor ones saturate at
3-f fm.

With this work, microscopic calculations for medium-heavy nuclei have reached
the same degree of accuracy of nuclear matter calculations. In reality, in order to
match these last type of calculations we should consider the p>8 terms of the two-
body interaction and in the correlation. The contribution of these terms on the
binding energy has been estimated in [Fab00], by means of a local density inter-
polation of the nuclear matter results, to be attractive and of the order of 1 MeV
per nucleon. A further improvement of the FHNC/SOC computational scheme
can be obtained by including three-body correlations. Also the contribution of
the elementary diagrams, at least the lowest order ones, should be considered.
An estimation of their contributions was done in [C092].

Straightforward applications and extension of the formalism developed in this
work are the evaluation of momentum distributions, natural orbits and quasi-
particle wave functions. In a slightly longer term plan the formalism can be
extended to describe hypernuclei, as in [Def98|, and nuclei with a nucleon more,
or less, the closed shell. It would be also interesting to extract from our formalism
effective interactions to be used in effective theories such as Hartree-Fock or
Random Phase Approximation.

A more ambitious project is to go beyond the Jastrow ansatz |V >= F|® >,
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and enlarge the space where to search for the minimum of the energy functional.
This could be done by considering |® > not a single Slater determinant but a
combination of them. The coefficients of this combination could be provided, for
example, by the RPA. This could be a way of implementing long-range correla-
tions in the CBF theory.

Finally, we should mention the possibility of using the FHNC/SOC computa-
tional scheme to study excited states, may be in a correlated RPA theory [Def98].
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Appendices

A.1 Cancellation of reducible diagrams in HNC

With reference to section 2.2, we show here an example of cancellation of a
reducible diagram with two unlinked diagrams. Let consider a correlation of the
type

fie(rig) = [1+ Kh(ry)] (1)

where K is a costant. We define

1
< Oy >k= 2 /dxldCUQQK(ml,iUz)Om(fUl;332) (2)

The expression of gk (z1x2) is given by the eq. (2.9) with fx(r;;) instead of f(r;;).
Obviously it holds
< O >=< 012 >g=1 (3)
We write gx (21, x2) up to linear terms in h(r;;) we have
1 2(A -2
orlena) = (- )P 1+ 220k [ arhey)
(A-2)(A-3
Y

A(A-1 -1

)pZK/dTideh(Tij) + - ) .

(1+
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We make a Taylor’s series expansion of gx(x1,z3) up to the first order in K. By

considering then K = 1 we have

gk=1(r1,22) = (1-— %)fQ(rlg)(l + #p/drjh(ﬁj) +
(4= Z)éf —3) P’ / dridrih(ri;)
—%/ﬁ /dridrjh(rij) +--)

The integral

A, Larntry) = 2222 [arhir)

can be considered as a special type of reducible diagram. On the other hand, the

integrals
A—2)(A-3 A—-2)(A-3
( 2L§2 )p2 / dTidT‘jh,(’l"ij) = ( 2)12 )p/drz]hf(rm)
AA-1) , AA-1)
~Sg 0 dndribtr) = =50 [[drgh(ry)

are unlinked diagrams since the external points 1 and 2 are not involved in the
integration. In the above equations we made use of the translational invariance
of the system and the fact that

,O/d’/"ide = é/dRij/dT‘ij = éV/dT’ij

By summing the three terms we have

g (o1,2) = (1= PP r)ll = 5 [ drigh(rsy)] ()

and for A — oo the contribution of all the terms linear in A vanishes. This
example shows the basic mechanism used in [Fan79| to obtain a formal proof of

the fact that unlinked and reducible diagrams cancel up to the % order.
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A.2 The calculation of the ¢ functions

Th first equation (2.68) is a direct consequence of the Pauli identity and of the

fact that the trace of linear terms in o is zero.

Z/d¢j(0'i'0'j)(°'j‘0'k) = ;/d%(di'dk)

957§

Now we analyze the product o; - 0;S;;. We have

Z/d¢j0i'0j[3(0kfkj‘7j72kj) —o-0j5] =
0']7']

Z/dfﬁj(?’(ak'fkj)[(m'fkj) +i0j - (07 X Ti)]

U'jTj

—|loi-or +io; - (0 % O'k)]) =

Z/d¢j(3(0'k Pz (i - Trg) — o - O'k)
7
If we choose

Tik = Tik (0, 0, 1)

rr; = Tkj(sinf@sin@,sinf cos @, cosb)
rij = (rgjsin@sing,ry;sinfcosd, rg;cosl — ri) = rr; — Tk
Then
Si = 20i,z0k,z — 04,20k, — Oiy0k,y
1
OiaOkg + OigyOky = 20;,0k, — Sik = 5(20%’ o — Sik)

and we have

/ doj(o - Trj) (0 - Trj) = / do;[ok 206z sin? #sin? ¢ + Ok, 20y sin’ @ cos® ¢

+0%,.0i cos? 6
1

= 5(ak,zoi,m + 0k yOiy) /d¢j(1 — cos? 6)

+/d¢j0-k,z0-i,z cos? 6

1
= 6(20',- COp — Sz‘k)/d¢j + /d¢j[0k,z0i,z
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_(20'1 . a’; —_ Szk)] C082 0

1 1
= (201 0%~ Su) / dd; + 5 S / dg; cos? 0

1 1 PO
= 6(20'1‘ COp — Sik)/d¢j + §Sik/d¢j(7'ik - Trg)?

where we have used the fact that [~ do;cos® ¢ = 12T do;sin® ¢ = % o d¢; and
cos? 0 = (Fiy, - Tj)?.

By using the above result we have
A A 1 S a2
S [ doil3on - 7ki) @ as) ~ o i) = X [ d6i S i) = 1) ()
Tj ’Tj
and

S [ oo ig)oi-iy) —ox- ol = X [ by SuBliu- ) =1)

> /d¢j5z’j5kj = Z/d%’[%j'fkj(ffi'fij)(cfk'fkj)

=3(ai - 7ij) (o) - Tij)

=3(0i - Tj) Ok - Trj) — O - O%] (7)

" . 1 1 PN
/d¢j(0'i : Tij)(o'k : Tkj) = (Ji,xak,m + Uz‘,yak,y)§ /d¢jr_[1 - (Tz'lc : Tkj)2]
kj
1 A a a
+ / dpj—0i,20k(Fij - Tik) (Fij - Trs)
Tkj

Then

o ) . 1 1,
/d¢j(rij P (o Ti) (O - Trj) = 6(20'1"O'k_Sik)/dqﬁja(rij‘rkj)Q
J
1 N
+55ik / do;(Pij - Trj) (Fij - Tix) (Prj - Pir)
and finally

Z/d¢jsijskj = Uz""’“Z/d‘ba‘[?)(fij )" = 1]
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1 o
+Z/d¢j551k[9(7“¢j < FikTik - TjThj - Tij)
7

=37« Tj) "= 3(Fig - 7an)” — 3(hy - 7ar)* + 2] (8)
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A3

A.3.1 The KPP gnd LP? matrices

KPar

=2

-2

18

=4

-2

-2

-4

-12

=6

-2
-2

prar

-18

18

18 36

18

-18
-36

18
36

-18

18

18
-18
36
-36

18
-18

18
-18

36
72

-18
-36

18
36

12

36

-18

18

36

-18

18
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A.3.2 The I¥tkks gnd Jkik2ks matrices

100 0 10 1
Iklkzlz 03 0 Ik1k22: 1 -2 0 Ik1k23: 0 0 1 (9)
00 6
0
0 —6 | (10)
6

100 0 3
Jhkika1l — 0 30 Jhkik22 — 3 6 0 Jhkik23 —
0 06 00

D
—_
[\]

A.4 The Jackson-Feenberg expression of the ki-

netic energy

The kinetic energy operator is:

. h2 A )
T=——
=1
Then the expectation value of T is:
< U|T|T >
<T>= 12
< ¥|T > (12)
Ifv="F(Q1,..,A®(x,...,xa) we get:
) A
<OF| - LY VI|IFP >
<T >= = (13)

< OF|F® >

F is the correlation function and ® the uncorrelated wave function of the system.

Expanding the above expression:

2 A
<T >= —;—m% Z.:Zl/dxl....dxA<I>>“(x1, ...,xA)FVZZ[FCI)(xl, ey XA4)]

with N =< ¥|¥ >. Now

VZ(F®) = V;Vi(F®) = V[(V;F)®+ F(V;®)]
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= (VZF)® +2(V,;F) - (V;®) + FV?®

then

29 A
<T>= _;_mﬁ /dxl...dxA[(I)*F(V?F)¢>+2<I>*F(V,-F)-(VZ@)+¢>*F2V?<I>] (14)
=1

1=
Integrating by parts the term 20*F(V;F)(V;®) we get:

2 / O F(ViF)(Vid)dxi, .. ,dxs — 2 / dx1, .o, dx 4 & F (Vi F) )%

- 2/dx1,...,dxAVZ-(@*F(VZ-F)q)

— 0- Z/dxl,...,dxA[(VZ-@*)F(ViF)@
+ ®(V;F)® + 3*(V,F)*® + &*F(ViF)J]

where we supposed that the following property holds:
D (X1, .0y Tjy X)) — P(X1, ey Thy ooy xa) =0 Periodic condition

The (14) becames:

Pi1d
_ - * 12 2
<T> = 2mNi:1/dthX2,m’dXA[(I) F°V;®

— B*F(VHD — 2(V;8")F(V;F)® — 20*(V,;F)%d] (15)

We note that:
Vi@ F(ViF)®) = (V;®*)F(ViF)®+ &*(V;F)*® +
O*F(VZF)® + &*F(V,F)(V;®)
then
<T> = —ﬁ—zii/dx dx4[D*F?V}®

+ (V;@")F(V;F)® 4 &*(V,;F)?® 4 &*F(V,;F)(V;®)
— Vi(®*F(V;F)®) — 2(V;®")F(V;F)® — 28*(V,F)*®]
1 &
* T2v72
= —%NE/dxl,de,...,dxA[@ F*V?®

— (V;®*)F(V;F)® — &*(V,F)2® + ®*F(V,F)(V,;®)
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— V(O F(V,F))] (16)
We see that:

/ dx....dxAVi(®* F(V,F)®) = 0
(divergence theorem and periodic condition)
FV,F = -V,F?
/ dxi, dxs, ..., dx s [~ (V:0*)F(ViF)® + &* F(V;F)(V;®)] =

1
/dxl,de,...,dxAE[—(Vz@*)é+®*(V,-<I>)]V,~F2 — 0

2mN i—1 ’ T

The equation (14) and (17) are called Pandharipande-Bethe and Clark-Westhaus energy
respectively. Now we calculate the Jackson-Feenberg expression of the energy. We

consider the Jackson-Feenberg identity [Jac61]:

/drl, oy drA TP V2T = %/drl, oy deA[UF V2T 4 (V2U5)T — 2(VEH) (V)] (18)

V20 = O*FV?*(®F) = d*FVV(FD)
= ®*F(V?’F)® + ®*FVFV® + *FVFV® + &*F*V?®
(V20T = V3(F3")Fd
= O*F(V F)® 4+ VO*F(VF)® + VO*F(VF)® + (V20*)F?2®
—2(VI)(VE) = —2[V(F®")|[V(F2)]
= —2[¢*(VF)?® + ®*FVFV® + VO*F(VF)® + VO*F?VP]

The we can write the right side of eq.(18) in this form:

1 1 1
/drl, a8 F(VF)® + S8 F(VR)VE + ;8 F>V°3

+%¢>*F(V2F)<I> + %V(I)*F(VF)(I) + i(v%*)p%

—%@*(VF)QQ - %@*F(VF)V(I) - %V@*F(VF)Q) - %V(I)*FQVQ]
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Simplifying we get:
1 * 2 1 * 2v72
<T> = /drl,...,drA[§<I> F(V°f)® + Z(I) F°Vv-®
+ i(v%*)}ﬂ@ - %@*(VF)QQ - %V@*FQVQ]
and by using the identity:

V&*'Ve = %[VQ(Q*Q) - V20 — (V20*) D]

we get:

1 1
<T> — /drl, ey A= V(87 0) 4 [V + (V") 3P

1
- §<I>[Fv21?—(VF)Q]@]
= /drl,...,drA[—iF2V2(@*<I>) + 3*V20

+ %@[FVQF — (VF)?]9]

The above equation is the kinetic energy in the Jackson-Feenberg form.

A.5 The uncorrelated one-body densities

156

(19)

In this appendix we write the explicit general expressions for the uncorrelated one-

body densities involved in the calculation of the kinetic energy and for systems

not necessary saturated in the isospin. For the single particle wave functions we

use the expression:

nijm (€1) = By (7 Z <lpg ~slim > Y90 () xa)

(20)

where R is the radial function, Y is the sherical harmonic and y, and x, are the

spin and isospin functions, respectively.

The one-body density p$, is given by:

p%l(rl) = Z nl]m(rl)v1¢nl]m ’rl Zvl¢nl]m 7‘1) vlqﬁzljm(rl)

nljim

= _Z 2]+1 l nlj( )(Dglj( )_l(l:%l) zlj(rl))

nlj
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~ [R5y (r))” (21)

where we have defined:

Diy(rs) = ViR () = By + 2R - VR 00, 22)

1

For the one-body density matrices pro and pre4 we find:

pa(ri,me) = po(ry, o) Viph (ri,me) — Vipd (ri,ms) - Viph (r1,70)
1 . . o
- 1) Z (27 +1)(25'+1) nlj(TQ)Rg/l/j/ (r2)

nljn'l'j'

X{ [ glj(rl)Dglllj/ (7'1) - %;](Tl)Rﬁfl/], (Tl)]B(COS 0),Pll (COS 0)

sin®f _

——7 B r1) Royy s (r1) P (cos 0) ,,(cosa)} (23)
a 1 ! a
,OTgA(”‘1,7°2) = 47)2 Z ( 1)]+J o anl]( )Rg'l’j'(r2)

(47)% i

{ [Rgl]( )Dzlllj/ (7']_) - ngj (rl)Rg:l/j/ (Tl)] Ql (COS H)Qll (COS 0)
. 9

- w o] (rl)Rg,l,j, (r1)Q)(cos 0)Q} (cos 0) } (24)
1

where P, are Legendre polynomials, # is the angle between the vectors r; and 7,

and we have defined

Qi(cosf) = sinfP/(cosh)

Q;(cosf) = ﬁ ( cos §) P/ (cos §) — I(I+) P;(cos 0))

For the pr3 densities we have

pFs(r1,m2) = 2Vipg p(ri,me) = —Z 2j + 1) Ry, (r2) Dy (r1) Pr(cos 0) (25)
nlj
1
praa(ri,re) = 2Viph 4(r1,m2) = o (-1)~ l_jRnl]( 2) Dy (1) Qi(cos 0).
nlj
(26)

The last density that appears in the calculation of the center of mass energy
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can be written as:

PTa(T1, T2) = pr6(T1,72) — p5.p(T1, T2) P75 p (71, 72) — P A(T1, T2) P75 A (71, T2) (27)

where we have defined:

P61 72) = 2(Viplp(F, 7) - Vaplp(7, 72) + (28)
leg,A(Fla F2) . V2,03,A(Fl, FZ))
p%S,X(Fl’FQ) = QVI'V2P&X(F1,F2) (29)

where X = P, A and the explicit expressions of the defined quantities are:

Pop(Fiu) = =2+ 1) [ o (k1) R (1) cos 0Py (cos ) + (30)

nl]

o o Boy(r) L Buy(ra)
(R 2 g ) S
Rglj(rl)R%lj(TQ)

r1To

) sin 0 P/(cos 0) +

<sin2 0P/ (cosf) + I(l + 1) cos O Py(cos 9))]

- = 1 j—1— (e
PTs.4(T1,7T2) = o (—1)7 I/Ql o1 (11) Ry (r2) cos 0Q(cos 0) + (31)
nlj

( glj(TZ)Rglj(rl) + R )%) sin? 0} (cos 0) +

(A1
Rglj(rl)R%lj(TQ)
r1To

(ta+1) -

{ sin? 0Q)(cos 0) +

1
0) cos 0Q;(cos 0) ]

sm

Bl i) = g 3 (24 + D@ + DR () Rwy(r) (32)

nlj
15!

{cos 6 IR% (r2) Ryyipjo (r1) Py(cos 8) Py (cos 0) —

Rfflj (TQ)Rg’l’j’ (r1)

rire

sin’ 6

P/(cos 6) P} (cos 9)] +

R
sin® 0[ "l;( )Rn’l’ 2 (r1) P/ (cos 0) Py (cos 0) +
2

Rz’l’j’ (7"]_)

£t 2 sy P cos0)| |
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47r (42 Z H] e anlj( )Rg’l’j’(rl)

nlj
i

{cos 0 [Rﬁ{j (ro) Rty (r1)Qi(cos 0)Qy (cos 0) —
Rﬁzj (TQ)Rg’l’j’ (r1)

rira

sin’ 6

Q;(cos )@} (cos 9)] +

sin? 0 lR"l]( ra) Rty (11) Q) (cos 0)Qu (cos 6) +

T
R?:’l’j’ (Tl)

!
319'(7"2) "

Qeost)cos0)| |

A.6 The two-body distribution functions

The goal is the calculation of the integral

02,5(7“12 / dR5p5 q(rla T2)

where ri5 = |r; — 5| and Rys = (71 + 73)/2. The equalities

/d’l"ld’f‘gpgf](’f‘l,’f'g) = /d’f’lnglzp(’f'l,’f’Q) = /drldrlgpg”;(rl,rg)

hold since they have the same Jacobian. Moreover we have explicitly

p3h (1, m2) = poa(ri,ra, 1 Ta) = p3h (11,72, 08 012)

Then we have

6(7‘12 — 7'0)

B _ B
,Og’q(’f'o) = / drldrgp;q(rl, T2, COS 012) 471'7‘%2

5(7’12 — 7'0)

2
4mri,

= /derdQl /ng"a?dQQng](rla T2, COS 012)

If we choose 71 || z we have

af _ R 2 R 2 af
Pag(ro) = 2m | ridr | radry [ dQapyy (1, 72,08 O12)

2
4Amri,y

Now we know that

T%Z :T‘%-FT% —27‘17“2C05012

5(7"12 — T())

159

(33)

(34)

(35)

(38)

(39)
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then we can express pg‘f;(rl, r9,€08 015) as a function of r1, ro and r15. The above

integral reads

R R o 1 5 _
,ng](r()) - 27T/ T%dﬁ/ ngm/ d¢/ d(— cos 9)032(7‘1, 7“2,7‘12)(7“12727”0)
° 0 4mr,
R R rit+rz ]
= 27T/ 7‘1d7‘1 / 7“2d7“2 / —d?‘12p2 q(Tl, T2, 7“12)(5(7-12 — 7-0) (40)
0 0 |r1—r2| T12

In the above expression the fraction i can create several numerical problems,
then we used a different form of integration by expliciting the function p with

respect the 1, r19 and 7 - 715 coordinates. In this way the integral reads

o R 1 5 o —
0 4Amri,
= 271'/ d7'1 / dT12 / T2 ,02 q(T1, Tr12,T1 - 7'12)(5(7"12 — 7’0)

- QW/O ridry /_1 d(=r1 - T12) P q(r17T0ar1 T12). (41)

A.7 Acronyms

CBF: Correlated Basis Function

FHNC: Fermi HyperNetted Chain

FHNC/SOC: Fermi Hypernetted Chain/Single Operator Chain
FP: Friedman-Pandharipande interaction
HNC: HyperNetted Chain

IP: Interacting Particles

IPM: Independent Particle Model

MBCF: Many-Body Correlation Function

OBD: One-Body Density

OBDF: One-Body Distribution Function
RFHNC: Renormalized Fermi HyperNetted Chain
SOC: Single Operator Chain

SOR: Single Operator Ring

TBCEF: Two Body Correlation Function

TBDEF: Two Body Distribution Function
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