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ABSTRACT. Given a free isometric action of the binary tetrahedral group on a
(4n — 1)-dimensional sphere we obtain an explicit finite cellular decomposition
of the sphere, equivariant with respect to the group action. A cell decompo-
sition of the correspondent spherical space form and an explicit description
of the associated cellular chain complex of modules over the integral group
ring of the fundamental group of the space form follows. In particular, the
construction provides a simple explicit 4-periodic free resolution for the binary
tetrahedral group.
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1. INTRODUCTION

The spherical space forms are obtained as the quotient space of the spheres by
fixed-point free actions of finite groups; the family of such groups is explicitly known.
These spaces are complete Riemannian manifolds of constant positive curvature.

The spherical space forms problem splits into two problems, that of describing
the groups which can occur, and that of describing the ways in which a given group
can act upon the sphere in question. This problem was actually solved by means of
the results of several authors using group theory and representation theory. We refer
the interested reader to the book of Wolf [8], which gives a complete classification
of the spherical space forms.

In [7], Tomoda and Zvengrowski studied the cohomology ring of the tridimen-
sional spherical space forms. The basic idea is to produce an explicit resolution for
the fundamental group 7w of these spaces. This is indeed a long standing problem
in algebraic topology. Also in [7], they present an explicit resolution for the binary
tetrahedral group. The basic idea of the present work is to obtain an explicit reso-
lution for the binary tetrahedral group using geometry. In the last section, we will
prove the equivalence of our resolution with the one presented in [7].

Our approach is based on the original idea of Swan in [6]. Let a finite group
7w act freely on a sphere S™. Then, in order to obtain a resolution for =, it is
sufficient to obtain a m-equivariant CW decomposition of S™. Of course, the main
problem in applying this approach is computational, and this is the reason why,
after it was successfully exploited for the cyclic groups, it was somehow abandoned.
In [4], we studied the generalized quaternionic groups, and in [2], we studied the
split metacyclic groups. In particular, we followed the clever geometric setting
introduced by M.M. Cohen in [1, Ch. 9]. In that work, Cohen considered the cyclic
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groups, and a sophisticated description of the cellular complex is obtained using
the join decomposition of a sphere into spheres of lower dimension, i.e., the method
used to obtain the decomposition is essentially geometric. We refer to that book
for all the basic details of the construction.

In [2] and [4], the ideas of Cohen were used, and after some substantial
improving of his technique, it was possible to obtain a cellular decomposition of
the sphere S™, equivariant with respect to the actions of the groups studied. We
show in this work that this technique is in fact powerful enough to deal with another
class of spherical space forms: the binary tetrahedral spherical space forms. The
main advantage of using a geometric approach is that it is likely to be extended to
tackle all the other groups of the family FPg.3x. There is work in progress in this
direction.

2. PRELIMINARIES AND NOTATIONS

2.1. Binary tetrahedral group. We denote by P4 the binary tetrahedral group
with presentation [9, 2.2]

Py = (z,y, 2| 2% = (zy)® =9 2oz =y, zyz =y, aya =y P =2t = 1),

This group also has the following semidirect product structure see [7, Section
5.1]. Let Qs = (z,y | 2° = y*yay~' = a7%) = {1, 2,22, 2%, y, 2y, 2°y, 2%y} be the
quaternionic group, and Cs = {1, z, 22} the cyclic group of order 3. Consider the
homomorphism ¢ : C3 — Aut(Qs), defined by ¢,(z) = zzz71 = y and ¢.(y) =
zyz~! = ay (writing Qs = {£1,£,i,£,j, £k}, ¢ reads: ¢.(i) = j, .(j) = k,
¢, (k) =4). Then,

Py = Qg %y, Cs,
and we have the split short exact sequence

1 Qs —— Pay

p

C3 1a

Y
where ¢ is the inclusion onto the normal subgroup generated by ¢(z) = x and
Wy) =y (i) =z, 1(j) =y, u(k) = zy), p(2) = 2, the generator of C3 , p(z) =1 =
p(y), and the splitting map is s(z) = z. Note also that (Pa4)ap = Cs.

Remark 2.1. The order of the binary tetrahedral group is 24 and the elements of
P54 can be written as follows:

_ 2 .3 2 3 2 3 2 3 2 2 2,2
P24—{1,!L'7.'IJ YL LY, XY, LY, LY, 2, B, 2L, 2L 5 Y, ZLY, R Y, 2L Y, 2, 27X, 27T,

223, 22y, 22wy, 22ay, 22ady ).

2.2. Free actions on spheres. The group P»4 is a group of type III, according
to the table of Theorem 6.1.11 of J. Wolf [8], with A =1, B=2, P =z, Q =y,
m=1,n=3,7r=1,d=1, and satisfies all of the three conditions given below the
table (where d is defined in [8, Theorem 5.5.1]).

Then, according to Stepanov [5, Lemma 2.15], the binary tetrahedral group has
only one irreducible complex representation a without fixed points (a(g)(p) = p



implies g = 1 € Pyy), explicitly given by
t 0 0 1 1/ 144 1434
ale) = <0 —i) ol = (—1 0) ek =y (—1 i 1 z) '

This representation gives a free action of Pyy on S? C C2. Next, consider actions
of Py on the spheres S¥~1 n > 1. By [8, 7.4], all the possible actions are direct
sums of «; then define the representation

a=a1® - Day,: Py — U(2n,0C),
where a; =a: Pau — U(2,C), j =1,2,...,n.
Definition 2.1. Let Pyy be the binary tetrahedral group. The quotient space of the
action o of Py over S n > 1,
S4n71

yﬁln—l = Oé(P24)

is called a tetrahedral spherical space form.

2.3. Curved join. Let w € C,|w| = 1 and w = (cos¢,sin¢) € R2, for some
¢ € [0,2m) (we identify C here with R? via z + iy = (z,y)). Given two points
wy = (cos¢d1,singy) and we = (cos da,sinda), ¢1,¢2 € [0,27), with (wy,ws) €
C x C = R*, the vectors w; = (cos ¢1,sin ¢1,0,0) and ws = (0,0, cos ¢, sin ¢ are
orthogonal and then we can take the smallest unitary geodesic arc from w; to ws.
We denote this arc by wq *wg = [wy, we]. The arc [wy, we] can be written explicitly
as
{(costcos ¢y, costsin ¢y, sint cos ¢o,sintsings) : 0 < t < w/2}.

For any two subsets Z; and Zy, with W, x Wy € §' x S € € x C, we define

their curved join by

(21) W1 * W2 = U w1 * Wa.
w1 EWr,w2 W2

For example: S! % S' = 3. This process generalizes as follows: identifying
C™ with R?™ and given the standard orthonormal basis {e1, ..., €2, } of R*™, for
each 1 < r # s < m, denote by II, ; the plane generated by {e,,es}. Suppose
I, s, NIL,, s, = {0}. Let Wy and W5 be subsets of the unit circles of II,, 5, and
I1,, s,, respectively. Then, the curved join W; « W is well defined by equation (2.1).
In particular, we denote by ; the unit circle lying in the /-th complex hyperplane
of €?". Then, we have an equality of the iterated curved join

S4n71 :El*"'*zzn.

We can represent the two half spheres S'« S} (where S1 denotes the north/south
hemisphere of S!) as in Figure 1, where the framing is given by the geodesic lines
joining the end points of the basic vectors e; (see [1, Section 26] for details).

It is clear that the curved join is homeomorphic to the usual join:

JX,Y)=(X xIxY)/~,

where (z,t,y) ~ (¢/,¢',y') f and only if t =0 =¢ andy =y, or t =1 =1+

and ¢ = z’. However, the usual join J(X,Y) and the curved join X %Y are
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FIGURE 1

not isometric. The metric of the curved join is the metric of the sphere, and the
segments are segments of the geodesic. In particular, this is fundamental when we
describe the natural action appearing in the definition of the spherical space forms.
More precisely, let G be a finite group acting freely and orthogonally on a sphere
5™ let h be a positive integer. Then, there is a natural action of G on SMn+1)-1
defined by

2 (Sh,(n+1)—1 c (R x G — Gh(n+1)—=1 ~ (R,
((x1,---,2n),9) — (9x1,...,92h).
This action coincides with the action
(ShHD=1 = gh—D)(n+D)=1 , gny o G _, GhintD)=1 _ gh=Dn+1)=1 , gn
((z,,9),9) = (92,1, 9),

where the join is the curved join.

3. THE TRIDIMENSIONAL CASE

In this section we present the two important technical results of this work. In
the first subsection we describe the fundamental domain F for the action of Poy
via the representation o on the tridimensional sphere 52, in the second subsec-
tion we achieve a CW decomposition of F by first obtaining an equivariant CW
decomposition of S3.

3.1. The fundamental domain. In order to deal with the fundamental domain,
we will use the approach and the notation introduced in [4].

Definition 3.1. Let G be a finite group acting on a space X. A fundamental
domain of the action of G on X is a connected closed subset F of X such that

X = Ug]-' and gF N g'F has empty interior, that we denote by Int, for all

g
g#9g €G.



Remark 3.1. We denote by Fgan—1 the fundamental domain, where |G| is the
order of the group G and 4n — 1 is the dimension of the sphere.

The first important difference with respect to the case of the quaternion group
studied in [4] and the case of the split metacyclic group studied in [2] is that in the
present case the fundamental domain is not the curved join of two arcs of geodesic,
one in II; o and another in II3 4. This is due to the fact that when the elements
of the group with generator z act on the elements of the canonical basis of R* the
resulting points have all coordinates different from zero.

The alternative approach introduced for the group P4 is to take the point
V2 V2
27 2
the group on a the results are elements in the six planes, namely, II; o, II; 3, I 4,
Ily 5, Iz 4 and I3 4. So with this base point we can find the fundamental domain.

a=10,0, as a base point, because when we act by the 24 elements of

FIGURE 2

FIGURE 3
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We find that the action of the elements of the group Py on the point

a= (0,0, ?, ?) are:

la = <0,07?,—?> , Ta = <0’0’_\f’_\f> ,
z%a = <0,0,—\g§,\g§> , 230 = <0,0,\é§,\g§> )
ya = <\g§,\g§,0,0> , Ty = <\g§,\f,0,0> ,
r?ya = <—\g§,\g§,0,0> , ya = <—\g§,—\g§,0,0> ,
za = <—\é§,0,0,\g§> , zxa = <0,\£§,\g§,0> ,
zxla = <\£§,0,0,—\g§> , zxda = <0,—\g§,—\g§,0> ,
zya = <—\é§,0,07—\é§> , zrya = <0,—\g§,\f,0> ,
zxya = <\f70,07\é§> , zadya = <0,\é§,—\é§,0> ,
220 = <\é§,0,—\g§,0> , 22ra = <O,—?,O,\é§> ,
22520 = <\f,0,\f,0> , 22230 = <O,\f,0,\g§> ,
22ya = <O,\g§,0,\f> , 22xya = <—\g§,0,—\f,0> ,
22a?ya = <O,—\f,07—\f> . 22axdya = <\g§,0, ?,O) .

These points are displayed in Figure 2. Note that they are always in the middle
of the geodesic arc joining the basis points.

Next consider the sixteenth of the sphere S? = S! % S', namely the tetrahedron
spanned by e, e1,e3 and e_y4, see Figure 3 and Figure 4

The main purpose of this section is to prove the following result:

Proposition 3.1. A fundamental domain for the action of the group Psy on S®

via the representation o is Fos3 = a * TYQ * zx?a x 2°x3a U a * zza * vya * z2x3a U

axzx2ax* 22x3ya x xyaUa x zza * 22x3ya * xya, displayed in Figure 8 and in Figure

4.



FIGURE 4

The proof of Proposition 3.1 follows by the next five lemmas. The Lemmas 3.1,
3.2, 3.3 and 3.4 assure that gFa4 3 N ¢'Fas,3 has empty interior. The Lemma 3.5
together with the previous lemmas assures that S® = U 9F24,3, i.e, that the

gEP24
action of Py on Faq4 3 covers all of 53, The proof of the first lemma is clear.
Lemma 3.1. Consider P *+ Q and P’ x Q', two subsets in S' x S', then
Int(P x Q) N Int(P" * Q') # 0 if and only if Int(P) N Int(P') # 0 and
Int(Q) N Int(Q') # 0.

We saw that the group Pay >~ Qg %, Cs. In [4], we showed that the fundamental
domain for the action of Qs on S® is the following join that we denote by Fg 3 =
Ay x Ay, where A; is the arc of ¥; of length 7 starting at ep, and As is the arc of
35 of length 7 starting at es, displayed in Figure 5.

FIGURE 5

We describe now the action of the group generators « and y in the representation
a. Let B; = z; * w; be an arc of ¥;, and let R(6) denote the rotation of angle 6,
then:

aa)(B1 ) = R (5) (B) « B (=5 ) (B)
a(y)(By * B2) = R(m)(B2) * B1.

Remark 3.2. a(z?)(61 x52) = R (Vg) (B1) * R (*’Yg) (B2)-
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Since the fundamental domain F4 3 is contained in Fg 3 we have the following
lemmas:

Lemma 3.2. The rotations on the two circles X;, j = 1,2, determined by the
action of the elements of group Qs on Fg 3, satisfy the following bounds:

(1) for v = 1,2,3, a(@)(61 * B2) = R(v%) (B1) * R(—75) (B2), with
0 < 7% < 2m, i.e. the rotations determined by 7 on ¥y and X9 are

less than 2m;
(2) a(y)(B1*B2) = R(m)(B2) x B, i.e. the rotations determined by y on 31 and
Yo are less than 2m;

(3) for v = 1,2,3, azVy)(B1 * B2) = R(vE +7) (B2) * R(—7%) (B1), with
0< 'yg + 7 <4m and 0 < —’yg < 27, i.e. the rotation determined by x7y

on X1 1s less than 4w and on Yo is less than 2.

Proof. This follows by lengthy direct verification, using the minimal rotations of
each element of the group. See [3] for more details. O

Lemma 3.3. The following statements are true:

(1) fory=1,2,3, Int(a(x7)(Fs,3)) N Int(Fs3) = 0;
(2) Int(a(y)(Ss,3)) N Int(Fs3) = 0;
(3) forv=1,2,3, Int(a(x"y)(Fs,3)) N Int(Fs,3) = 0.

Proof. The method of proving these facts is always the same: we first show that the
condition that the intersection of the interiors is empty in each of (1), (2), and (3)
is equivalent to some equation in Z, and then that such equation has no solution,
by contradiction. These calculations are simple so we omit the proof. See [3] for
more details. d

Lemma 3.4. Forp=1,2,v=0,1,2,3 and 0 =0, 1,
Int(a(szVy”)(S%g)) n Int(S24’3) = 0.

Proof. This proof is by direct determination of the intersection set, using the ex-
plicit description and proceeding case by case. We present some figures to give an
idea. See [3] for all details.

Fundamental Domain



Action of the element zx

Z’xya Z'a

e, Action of the element z* -6,
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e, Action of the element Z°Xy 6.
[

Lemma 3.5. The image of Faa,3 given by the action of the group Pas has volume
1% 1%

il ﬁ, where Vgs denotes the volume of the sphere S3.
| Pay| 24

equal to

Proof. Tt is clear that the volume of the tetrahedron with vertices eq, e, e3 and —ey
is V%. Now denote by A the volume of the tetrahedron with vertices zza, a, e3

TTWTTWTW
and z2x3ya. Note that the edges of this tetrahedron have length 117133 and
g (see Figure 6), which are the same lengths as the edges of the tetrahedra with
the vertices

zya, zx’a, 22 x3ya, e

zya, e, 2°x3a, zra

2213a, —ey, a, z2%a,

Thus each of these tetrahedra will also have volume equal to A.
Now we will find the volume of the solid P with vertices z2z3ya, zya, zxa, 2223a,
a, zz2a. Tracing the three diagonals of length g inside the solid P, we obtain the

111 1
575757_5 . ThuS, we
have eight tetrahedra inside P with center at O, each of these eight tetrahedra also
has volume equal to A. This gives the desired result. ([

intersection point O of these diagonals, with coordinates
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FIGURE 6

3.2. Cellular decomposition. If X = S™/m, where 7 is some finite group acting
freely by isometries, F is the fundamental domain of the action of 7, and g : ™ — X
is the natural quotient map, then, ¢ is a covering map, S™ = X is the universal
covering space of X, ¢q|# : F — X is surjective, and it is a relative homeomorphism
for the pair (F,0F) — (X, X™ 1), where X"~ is the (n — 1)-skeleton of X
(recall X is a compact manifold). A mw-equivariant cell decomposition K of S"
determines a cell decomposition Lof F , where Lisa subcomplex of K, K= W.E,
and q(fJ) is a cell decomposition L of X. Moreover, at least one lift of each cell of
L will lie in L. Therefore, we can choose for each cell ¢ € L a single cell ¢ € L, that
will be called a representative lift of c. Since all the other cells of L are in the m-orbit
of some cell ¢ (i.e. are in the m-orbit determined by the action of some element
of the group), the cell complex of L can be described using the cells ¢ and some
actions of 7 over ¢. This set of cells will be called a minimal set of representative
lifts, and will give a minimal cell decomposition of F, that we denote by Z. Tt is
clear that q(Z ) = L. Taking all the complete orbits of the cells in Z, we obtain the
cell complex K =77, that is a m-equivariant cellular decomposition of S™.

We pass now to determining a Pyy-equivariant cell decomposition of S3. For this
we define a cell decomposition of S? as follows: fix a point of S and identify this
point with a. Write S® as the join of two circles and consider the decomposition
introduced in Section 3. This gives a cell decomposition L of the fundamental
domain F34 3. Then, 0-cells of the cell decomposition K of S3 are the elements
of the orbit Posa. The 1-cells, 2-cells and 3-cells of S3 are the 1-cells, 2-cells and
3-cells, respectively, of the fundamental domain translated by the actions of the
elements of Pyy. It is clear that K = P24z, i.e. that this is an equivariant cell
decomposition. This gives the following lemma.

Lemma 3.6. A Py, equivariant cell decomposition of S® is K = P24Z,~whe7“e L
is the cell decomposition of Faa 3 given in Section 8. The quotient L = L/a(Pay)
gives a cell decomposition of Ps.

Now we will describe the minimal set of lifts Z of the cells of L in S3, and their
boundaries. In order to describe this complex, after fixing one 0-cell a, we denote
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the other 0O-cells by action of the elements of the group. Higher dimensional cells
are obtained by joining lower dimensional ones.

Proposition 3.2. A minimal set Z of representative lifts €q,s (where the first index
denotes the dimension) of the cells of the cellular decomposition L of &3 defined
in Lemma 3.6 is:

=g = V2 V2
o1 =a= (0707 2T )
~ 2.3 ~
€11 = a* z°z3ya, Cl,2 = 4 * zxa,
C13=a * ZQZ‘SG, Clga=a * zxza,
C2,1 = a* zxa * 2?z3a, Coo =ax* zx?a * 22x3ya,

C23 =a* zxa * 2223a, Co.4 = Q% zTa * 2?23ya,

2ax 222%aUa x zza * xya * 2°23a U a * z22a x 222%ya * 2ya

Ua * zza * 2223ya * xya,

C3,1 = * TYQ * 2T

with boundaries:

O1(c11) = (Z22%y — 1)ep 1,

0(C1,2) = (zz — 1)¢p 1,

O (c1,3) = (22503 —1)eoa,

01(¢14) = (22 = 1)cp 1,

0a(C2,1) = —2%z? C1,1+Ci2 —Ci3,

Do(Ca) = —C11 — 2°2’yC13 + Cra,

0a(C2,3) = —z2z? Ci2+Ci3— Cia,

52(52,4) = 51,1 - 51,2 - Z$51,47

05(¢3,1) = (1 — 22x3y)52,1 +(1- z2x3)5272 + (1 —zx)ce3+(1— zm2)5274.

Proof. The proof is based on an explicit description of the cell decomposition
L of the fundamental domain. First, since &3 is connected, one 0-cell ¢y is
sufficient in L and we fix the lift ¢y ; of co,1 by identifying it with the point

V2 V2
2

a={0,0, BN . Next, since the quotient space is a manifold and the funda-

mental domain a 3-dimensional disc, it is clear that we can take just one top cell,
namely we can lift the top cell of L and this will be exactly L, with boundary glued
on the 2-skeleton of L, that is precisely its boundary. The O-cells are vertices of
24,3, that is, the points:

Cp,1 = a, Cp,2 = 2xa, Co,3 = Z2:E3(1, Co4 = ZZIIigya, Co,5 = ZJL‘QCL, Co,6 = TYa.

The 1-cells are arcs:

C1,1 =0 * 2?z3a, c12 = a*zza, c1,3 = a* zxa,
Cl4 = 2223a * zza, C15 = Zxa * rya, C1,6 = 22230 * zya,
7= 2223ya * zya, C1,8 = ZTA * 2223ya, Clo=ax 2223ya,

c1,10 = 22x3ya * 22xa c1,11 = zxa * xya, Cl12 = zxla * 22z3a.
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The 2-cells are the sets:

C2,1 = G * 2X0, * 22x3a, C2,2 = ZTG * TYGQ * 22x3a, Co,3 = 2Xa* 22x3ya * zya,
c2.4 = 2223ya x wya x zx%a, a5 = 2223yax 22%a x a, c2.6 = ax zxla x 2223a,
c27 = ax zza * 22x3ya, ca8 = 2x%a x 2°x3a x zya.

We verify that the union of the eight 2-cells previously presented coincides with
the boundary of the fundamental domain, 0§24 3. Similarly, the boundary of each
2-cell is contained in the union of 1-cells, and the boundary of each 1-cell is con-
tained in the union of 0O-cells. This shows that this set of cells provides a cell
decomposition of the fundamental domain. We verify that the following is a set of
linearly independent 1-cells that generates all the other 1-cells:

~ _ _ 2,.3 . — —
Ci,1 =C9=2a * z27rrya, Cl2=C2=0a * zZxa,

Ci3=cC11=0ak% 2?z3a, Cla=Ci3=0ax zx’a,

for

_ 2.3 _ _ 2.3 _ 2.3
Cl4 = 2727 C1,9, C1,5 = 2TC11, C16 = 27T C1,3, Ci1,7 =2"X7YC12,
_ _ 2.3 2 .2
C1,8 = 2T C1,3, C1,10 = 2"27YC1,1, Ci1,11 = 2T"C1,9, C1,12 = 2T"C1.2.

Next, we give representative lifts in Z of the 2-cells. The method is similar to
the previous one, we identify the orbits of 2-cells in L, we get:

_ 2.3 _ _ 2.3 )
C22 = 2"T"C25, C23= 2ZTC26, C24 = Z2"T7YC21, C28 = Z2ZT7C27.

Thus, a set of minimal lifts of 2-cells is:

2,3 2 2

Co1 = coq = ax*zxaxz’xia, Coo=cos =2 3yax 2w

C23=0C6 =0 * Z.TQCL * 2’233‘30,, 5274 =C7=a * ZTxa * ZQZ‘SyCL.

a*a,

The unique 3-cell of 7 is c31 and it coincides with the fundamental domain.

Figure 7 shows the fundamental domain with all the cells in Z.

FIGURE 7

Finally, we calculate the boundaries geometrically and we write the coefficients
in ZP24. |
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4. THE HIGHER DIMENSIONAL CASE

The fundamental domain and the cellular decomposition for the higher dimen-
sional cases will follow by the tridimensional case and some general results. Apply-
ing [3, Lemma 2.3.1], the fundamental domain of the action of Py on S*"~1 via
the representation «, follows immediately from the definition of the fundamental
domain Fy4 3 given in Proposition 3.1.

Proposition 4.1. A fundamental domain for the action of the group Psy on S*"~1,
n > 1, via the representation « is

Fosan—1 = Y1 x Yo * -+ % Moy _1) * Faa 3,
with ‘7‘—24’3 inside Zgn,1 * Egn.

In a similar way, the equivariant cell decomposition of $4*~! follows from that
of S given in Propositions 3.2. It remains to consider the boundary of the cell
¢1g1, ¢ > 0. But this follows easily considering that ¢4y = S%971 % 4,11, and
hence its boundary is given by the collection of all the cells of S~ i.e. all the
orbits of 7. All the details can be found in the chain complex explicitly given in
the next section.

4.1. The chain complex. We now describe the chain complex of Z P54 modules
for the tetrahedral spherical space form Py, 1.

Following standard notation in algebraic topology, we will denote by C' (f( ; Zmr)
the Zm-chain complex of the universal covering space of a finite complex K with
the action of the fundamental group acting by covering transformations. This is a
complex of free finitely generated modules over Zr.

Theorem 4.1. The chain complex C(Pyn_1;Z.Psy) of the universal covering space
of the tetrahedral spherical space forms Pyn_1 with the action of the fundamental
group acting by covering transformations is the following complex of free finitely
generated Z,Ps4 modules:

O4q—3

Cig-3 cee Co 0,

84q_1 a4q—2
0——>Cip1 —> -+ ——>Cyq2

where
Cag—a =ZP2y[Caq—_a4],
Cag—3 =ZPs4[Cag—31,Caqg—3,2,Cag—3,3, Caq—3,4);

[
[
Cig—2 =ZP24[Caq—2.1,Cag—2,2, Caq—2,3, Cag—2,4),
Ciq—1 =ZPayfcyq1],

with boundary (Oyp =0):
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Oag—2(Caq— 21):—233 Caq— 31+C4q 3,2 — C4¢—3.3,
54q 2(C4q 2,2)=—C4q 31—2 z? Y C4q—3,3 T Cag—3,4,
O1g—2(Cag—2,3) = — 22°Caq—3,2 + C1g—3,3 — Caq—3 4,
O1q—2(Cag—2.4) =Cag—31 — Cag—3,2 — 2TCaq—3 4,

Oag—1(Caq—1) =(1 — 2°2%y)cag—21 + (1 — 2%2%)csg22 + (1 — 2x)cyg_2 3+
+(1 - Z$2)C4q,2_’4.
This complez is exact in all middle dimensions, namely Im(9y4+1) = Ker(dy), for

O<g<idn—1.

Proof. The complex emerges directly from the equivariant cellular decomposition
of S3 described in Proposition 3.2. Exactness follows by the fact that the complex
is composed of the cells of the cellular decomposition of $4"~!, and the homology
of $4"=1 is zero, in middle levels. O

The chain complex C(Py4,_1;ZPs4) of the universal covering space (S4"~1) is
exact in all middle dimensions, as we saw in Theorem 4.1. Taking the augmentation
map and letting n — oo, we construct a 4-periodic resolution of Z over ZPs4, and
we have the following result.

Corollary 4.1. The complex (the boundaries are given in Theorem 4.1)

o1

Oaq—3 O4q—4 €
Caq—3 Cug—a e Cy Co Z 0,

is a 4-periodic resolution of 7, over Z.Pay.

4.2. Remarks. With integer coefficients, the complex in Theorem 4.1 is the com-
plex of groups

Cag-a =Z[caq-4],

Ciq—3 =Z[C4q—3,1,Caq-3,2, Caq—3,3, Cag—3.4],
Ciq—2 =Z[C4q—2,1,Ca9-2,2,Caq—2.3, Cag—2,4],
Cag—1 =Z[caq—1],

with boundary (8 = 0):

Osq-4(Caqg—4) = 24C(4q—a)—
64(1 3= 07
O1q—2(Cag—2,1) = —Cag—3,1 + Cag—3,2 — Cag—3.3,
O1q—2(Cag—2,2) = —C4q—3,1 — C4qg—33 + C4q—34,
O1g—2(Cag—2,3) = —Caq—3.2 + Cag—3,3 — Cag—3.4,
34q 2(C4q 2 4) 4q 3,1 — C4¢g—3,2 — 2TC4q—3 4,
84(] 1(C4q 1)

This gives Ho(Pyp—1;72) = Z, H4q—4,q>1(<@4n—1) = 0, Hig—2(Pan-1) = 0,
Hyq1(Pan—1;Z) = Z/247Z (since the determinant of the matrix of 044—o is differ-
ent from 0). In order to compute Hyig—3(Pan—1), we change the basis of Cyq—3 and
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C4q—2 to the new bases
C4q—3,4;C4q—3,1 + C4g—3,4, —C4q—3,2 + C4g—3,3 — C4¢q—3,4,C4q—3,3 T C4q—3 .4,
and
—2C4q—2,1 +C4q—2,2—C4g—2,3—C4q—2,4, —C4q—2,1 —C4q—2,3, C4q—2,3, —C4q—2,1 —C4q—2.4-

In these new bases the matrix of d4q—2 is diagonal with eigenvalues 3,1, 1,1, and
therefore H4q—3(<@4n—1) = Z/3Z
The cohomology follows by the universal coefficient theorem:

This agrees with [7] Theorem 4.4. Furthermore, we now show explicitly that the
complex described in Theorem 4.1 is in fact chain equivalent to the one given in
Proposition 4.1 of [7]. For, first recall that in [7] the following presentation for the
group Psy is used

Py, = (S, T;STS = T? TST = S%).

An isomorphism ¢ : Poy — Pj, is the following (we thank the referee for sug-
gesting this isomorphism)

o(x) = TS*T, o(y) =TS, o(z) = S*,
with inverse
W(T) = 2%y, P(S) = 2z

Consistently, we denote by C’ the resolution of Z over P, described in Propo-
sition 4.1 of [7], that we recall here

C, = Z.P,,[a], 9 (a) = 0;
C{ = ZP2I4[b7 bl]7 8i<b

Cy = 7Z.Pe, ], % (c

C3 = ZPy,d], 05(d
C) = 7P}, |a4], 9 (aq) = Nd.
We now present an explicit proof of the equivalence of C' and C’. Using the

isomorphism ¢, we identify the element of P4 with their image in Pj,. We have
the chain maps

cpq:CqHC;
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and

¢o(co) = a,
e1(c11) =0, 1(c12) = STITH(1 —=T)b - V),
p1(cr3) =T Hb—1), p1(c1,a) =D,
pa(con) = =S'T e =T, p2(ca,2) =0,
pa(c2,3) =0, pa(caq) = ST e,
pa(cs) =T7'd,
P C’; — Cy
Yo(a) = co,
P1(b) = c1.4, (V) =1,
a(c) = —co0 — Tea s +TSca u, Yo(d') = =Teoy + oo — Teaa,
¥3(d) = Tes,
Ya(ag) = Tey.

It is easy to verify that o is the identity of C’. On the other side, ¢ is chain

equivalent to the identity of C' by the chain homotopy D, : Cy — Cq41,

Di(c12) =S T ean + S tea s, Di(c13) =T oo,

and D, is zero otherwise.

Acknowledgments The authors are grateful to the referee for his comments
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