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CHAPTER 1

Preliminaries

In this chapter we recall some classical constructions in homotopy theory, that
will be used without further comments in the following. Either explicit proofs or
detailed references are given. We will briefly review the definition and the main
properties of deformation retract and mapping cylinder, and in some more details
the definition of CW complexes, including cellular homology, and covering space in
the CW category.

1. Homotopy

DErFINITION 1.1. If f,g: X — Y, then f is homotopic to g, written f ~ g, if
there exists a map F : X x I — 'Y such that F(x,0) = f(x) and F(z,1) = g(z), for
all x € X.. The map F is called homotopy between f and g, sometimes written
f~Fg.

DEFINITION 1.2. A map f : X — Y is an homotopy equivalence if there
erists g : Y — X such that gf ~1x and fg~ 1y. We write X ~ Y.

DEFINITION 1.3. A space X is contractible if X ~ x.

DEFINITION 1.4. A space X is locally contractible if for every x € X, each

neighborhood U of x contains an open neighborhood V' of x that is contractible to x
in U.

DEFINITION 1.5. Let A be a subspace of X. If f,g: X — Y, and fla = g|a,
then f and g are homotopic relative to A, written f ~ g rel A, if there exists an
homotopy F : X x I =Y such that F(z,0) = f(x), F(x,1) = g(z), for allxz € X,
and F(a,t) = f(a) = g(a) for all (a,t) € A x I. The map F is called relative
homotopy between f and g, sometimes written f ~p g rel A. In the particular
case where A is a single point, we say that f and g are based homotopic.

DEFINITION 1.6. A map f : X — Y is an homotopy equivalence if there
exists g : Y — X such that gf ~ 1x and fg ~ 1ly. We write X ~Y, and we say
that X and Y are homotopically equivalent.

DEFINITION 1.7. Let (X, A) and (Y, B) two topological pairs. We say that the
pair (X, A) is homotopic to the pair (Y, B) and we write (X, A) ~ (Y, B), if they
are homotopic in the category of pairs (see ?). This means that there are maps of
pair f: (X, A) — (Y,B) and g : (Y,B) — (X, A), and homotopies of pairs F and
G, i.e. maps such that fg ~p ly, keeping the image of B in B during the entire
homotopy, and gf ~g 1x, keeping the image of A in A during the entire homotopy.
We aslo say in this case that (X, A) and (Y, B) are homotopically equivalent
pairs
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It is clear that by taking A = B = () the pair concepts reduce to the absolute
concepts.

DEFINITION 1.8. Let A be a subspace of X, with inclusion i : A — X. A map
r: X — A that is a left inverse of i (i.e. ri = 14) is called a retraction. The
subspace A is called a retract of X.

Equivalently, A C X is a retract of X if the identity map 14 : A — A is
extendable to a map r : X — A.

LEMMA 1.1. If X is Hausdorff, and A C X a retract of X, then A is closed in
X.

DEFINITION 1.9. A retraction v : X — A, of a subspace A of X, is a defor-
mation retraction if ir is homotopic to the identity 1x : X — X. We say that
A is a deformation retract of X in this case.

DEFINITION 1.10. A retraction v : X — A, of a subspace A of X, is a strong
deformation retraction if ir is homotopic to the identity 1x : X — X relatively
to A. This means that there exists an homotopy F : X x I — X such that

(1) F(*a O) = 1X;
(2) F(,1)=r,
(3) F(a,t) =a, for alla € A.

We say that A is a strong deformation retract of X in this case.
It is easy to check that if A is a strong deformation retract of X, then the

retraction r : X — A is an homotopy equivalence, the homotopy inverse of which
is the inclusion map i: A — X.

DEFINITION 1.11. Let i : A — X be the inclusion of a closed subspace. Let
f:1 A=Y beamap. The push outY Us X is called the adjuntion or attachment
of X toY by f. The relevant diagram is

A—"—sX
'
Y*?YLle

The map f: X — Y is called the attaching map of the adjunction, and the
map f: X — Y Uy X is called characteristic map of the adjunction.

LEMMA 1.2. Let ¢ : X UY — X Uy Y be the identification map appearing in
the definition of the push out. Then,

(1) Y is embedded as a closed subset, homeomorphic to Y, and q|y is an

homeomorphism,

(2) X — A is embedded homeomorphically as an open subset, and q|x_4 is an
homeomorphism.

PrROOF. [2] pg. 128. O

LEMMA 1.3. Law of vertical composition of adjunctions: let A C X
closed, f: A— B, g: B— C, then
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PROOF. [4] pg. 38. O

LEMMA 1.4. Law of horizontal composition of adjunctions: let A C B
closed, B C X, closed, f: A —Y, then

i J

A B X

| b i

Yf)YUfo)(Yl_lfB)qugYUfB
i j

ProoF. [4] pg. 38. O

REMARK 1.1. LetY be a subspace of Z and yo € Y. Then, Z/Y is a push out
of the inclusion Y — Z and the constant map Y — yq.

DEFINITION 1.12. Let (X, ) € Top.. The cylinder of X is the space Cyl(X) =
X x I. The cone of (X,xq) is the space

CX = (X xI)/(X x {0}).
The space X is embedded in C'X as a closed subspace by the map
1:X = CX,
iz [(1,2)].

Let j : X — X x I, taking « into (z,0). Then, the cone CX is the adjunction
of X x I to z via the constant map ¢, as in the following diagram:

X—I1sXx1I

cwol \Lcmo

X

To — xo U
J

Cxq

DEFINITION 1.13. Let f : X — Y. The mapping cylinder of f is the push
out space My :=Y Uy (X x I). The relevant diagram is

X—1 s X xI

S/
YﬁMf ::YUf(XXI)
J

where j : X — X x I is the inclusion j(z) = (z,0).

DEFINITION 1.14. Let f : X — Y. The mapping cone of f is the push out
space Cy := X Uy CX. The relevant diagram is
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x—71 s0ox

I

Y —— Cf Z:YLlfCX
J

where j: X — CX is the inclusion j(x) = [(z,0)].
By definition the mapping cylinder of f : X — Y is the the quotient space
XxIHuy
My = XX DUY
(2,0) = f(x)

Let denote by ¢ the identification map (X x I)UY — M. We denote the class
q(2) by [2], where z € (X x I)UY. Note that j = g|y embeds ¥ homeomorphically
as a closed subset of My, and q|x (0,1) embeds X x (0, 1] homeomorphically as an
open subset of My, we write ¢(X x {0}) = X and ¢(Y) =Y. In particular, the map
i: X — My, i(x) = q(x,1), is a homeomorphism of X onto the upper face X x {1}
of M. To cut down on symbolism, we identify i(X) with X and j(Y) with Y.

A pair of maps (g1,92), g1 : X X I — Z, g5 : Y — Z, satisying g1(z,0) =
g2(f(x)), for each x € X, determine a unique map

g: My — Z,
qg: { q(x,t) = gl(xvt)
qa(y) — 92(y)-
The collapsing map p is defined by

p: My —Y,

oalzt) = f(2)
b { q(y) — y.

LEMMA 1.5. For any given f : X — Y, the collapsing map p: My — Y is a
strong deformation retract. In particular, Y ~ My.

PRrROOF. [2] pg. 369. O

LEMMA 1.6. For any given f : X — Y, the inclusion i : X — My satisfies
pi = f, and is an homotopy equivalence if and only if f is an homotopy equivalence.

PrOOF. [2] pg. 317. O
The relevant commutative diagram is

X — X xI

fl X lf

Y ~—— M;

where i = fj.

PROPOSITION 1.1. If f ~ g : X — Y, then the pair (My, X) is homotopic to
the pair (M;,Y).

ProOOF. [2] pg. 370. O
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2. CW complexes

DEFINITION 2.1. A space is called a topological cell, or simply a cell, of
dimension m if it is homeomorphic with B™. It is called an open cell of dimension
m if it is homeomorphic with Int B™ = B™ — dB™. In each case the integer m is
uniquely determined by the space in question. Here B™ = {x € R™ | |z| < 1} s
the unit ball or unit disc of the Fuclidean space.

For a given set .J, let {S7'};cs be a set of copies of the (n — 1)-dimensional
sphere, and let {B?}je] be the family of corresponding n-balls, i.e. B} = C’S}l_l,
and S}’_l = 0B}. For a given map

]Syt — a4,
jedJ
let
X = AL ( | B;?),
JjeJ

be the adjunction of | | B to A via f. The relevant commutative diagram is

Ujes 877 ——Ujes B}

fl J{f

A X

jeJ

i
where i = LleJij’ and %; : S;-l_l — B7 is the natural inclusion of the boundary.
Note that the map i is a closed cofibration

LEMMA 2.1. There is an homeomorphism
-1
x—a | (B -s7).
jeJ
given by the appropriate restriction of the map f. The map i is a closed cofibration.

PROOF. [4] pg. 154. O

For each j € J, f(B]”) = €} is a compact subspace of X (closed if A is Haus-

e” are the n-cells of X. The restriction of f to an open ball

dorff). The subspaces €

B} — S;L*l is homeomorphic onto €7, an open n-cell of X, whose closure coincides
with €7. The map

fj:f\B; 1Bl — X,
is a characteristic map for the cell ey the map

fi= f|s_]7'—1 S8 A,

J

which glues the cell €} to A is an attaching map for the cell €. The pair (X, A)
is called an adjunction of n-cells (see Definition 1.11).

A CW complex is the direct limit of the sequences of inclusions i, : X,, —
Xn4+1 of a sequence of adjunctions of discs X, 41 := X, Uy (|_|j€‘, B;L), where
f: |—|j€ 70B} — X,. We present a more concrete definition, covering the more
general case of a relative CW complex.



8 1. PRELIMINARIES

DEFINITION 2.2. A pair (X, A) is called o relative CW complex if there
exists a sequences of spaces

X1t=AcCcxcXx'c...

such that:
(1) X° is obtained from A by adjunction of O-cells (i.e., X is the topological
sum of A and a discrete space);
(2) for every n > 1, the pair (X™, X"~ 1) is an adjunction of n-cells;
(3) X is the union space of the sequences (see Example 77)

X'tcx’cxlc...

)

this is the final topology (weak topology) coinduced by the family of the
inclusions of X™ in the union J,— | X™.

If the sequence X 1 C XY C X! C ..., is stationary at n, namely if X" 1 £
X", and X¥ = X", for all k > n, we say that the relative CW complex (X, A) has
dimension is n, otherwise that the complex has infinite dimension. The space X"
is called the n-skeleton of the complex.

If A=0, then X' = () and X° is a discrete space. In this case X is called
a CW complex. The collection of the cells and the characteristic maps is called
a CW decomposition of the space X. Note that from a set theoretical point
of view, a CW complex is just the disjoint union of its open cells; furthermore,
while the closed cells are closed (and compact) subsets of X, the open cells are not
necessarily open subsets of X (indeed, and open cell of X is not open if it intersects
the boundary of a cell of higher dimension). A CW complex with a finite number of
cells is said to be a finite CW complex; such a CW complex is clearly a compact
space.

A CW complex is a filtered space, according to the following definition.

DEFINITION 2.3. If X is a space, a filtration of X is a sequence
S CXpC X CXoC L,

with X, = 0 for n < 0, of subsepaces of X whose union is X. A space X together
with a filtration of X, is called a filtered space. If X and Y are filtered spaces, a
map f: X =Y such that f(X,) CY,, for all n is said to be filtration-preserving

The next two results follow from the very definition.
COROLLARY 2.1. CW complezes are Hausdorff and normal.

COROLLARY 2.2. Let X be a CW complex with open cellse;. Amap f: X =Y
is continuous if and only iff fle, is continuous for each ej. A map F: X x I —Y
is continuous if and only if F|c,x1 is continuous for each e;.

The following is an equivalent definition of a CW complex (see [5] 8.24, [3]
Section 38).

DEFINITION 2.4. Let X be an Hausdorff space and {e]}nen jes a family of
(disjoint) topological open cells (i.e. €} = B™ — JB" is homeomorphic to the open
n-ball (n-disc), see Definition 2.1). Let X" ={J,c €},

(1) X=U;,¢€} ie. X=U;,¢€}, and e; Ney =0, whenever j # k;
(2) for each cell € there is a relative homeomorphism f}' : (B",0B") —
(e} U Xn=l Xn=1) j.e. there is a map fj'+ B" — X such that:

and assume:
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(a) f}'lpn—apn is an homeomorphism onto e,
(b) fr(oB) € X",

(3) each e} is contained in the union of finitely many e;’;

(4) X has the weak topology determined by the family {€}}, i.e. a set U C X
is closed in X if and only if U N €} is closed in €} for all €]

THEOREM 2.1. Definitions 2.2 and 2.4 are equivalent.

PROOF. [5] 8.24 or [3] 38.2. O
We now give some properties of CW complex.

LEMMA 2.2. CW complexes are locally path connected and locally contractible.
ProOOF. [5] 8.25. O

LEMMA 2.3. The topology of a CW complex is the weak topology induced by the
family of its closed cells.

LEMMA 2.4. Let K be a compact subset of a CW complex X. Then K is
contained in a finite union of open cells of X.

PROOF. [4] pg. 163. O

LEMMA 2.5. Let X be a CW complez, then every open cell is open in X™, and
X" — X" s open in X™.

PrOOF. [5] pg. 203. O
Next, we give the definition of subcomplex, and of cellular maps.

DEFINITION 2.5. Let F be a family of open cells of a CW complex X, and let
Z be the union of the cells of F. We say that Z is a subcomplex of X if for every
open cell e € F, e € Z and Z has the topology induced by the closure of all cells in
F. We write Z < X and we call the pair (X,Z) a CW pair.

PRrROPOSITION 2.1. Arbitrary union and intersections of subcomplexs of a CW
complexr X are subcomplexes of X.

PRrROOF. [4] pg. 164. O

LEMMA 2.6. Let X be a CW complex, let F be a family of open cells of X, and
let Z be the union of the cells in F. Then, Z is a subcomplex of X if and only if Z
is a CW complex determined by the skeleta Z™" = ZN X", n > 0.

PROOF. [4] pg. 164. O

Note that CW complex satisfies an homotopy extension property ([5] 8.27) by
construction, in particular this implies the following useful result.

PrOPOSITION 2.2. Let L be a subcomplexr of a CW complex K. Then, the
following assertions are equivalent:
(1) L is a strong deformation retract of K,
(2) the inclusion map i : L — K is a homotopy equivalence,
(3) mpu(K,L) = 0 for all n < dim(K — L), where dim(K — L) means the
dimension of the top cell in K — L.
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PROOF. The fact that (1) implies (2) and that (2) implies (3) are elementary.
From (3) to (1) one proceeds inductively using the hypothesis and the homotopy
extension property. In particular, see for example [4] 6.2.5 and 6.2.6, where it is
proved that adjunction of n-cells produces (n — 1)-connected spaces, for example
(X,X™) is (n — 1)-connected. O

ProPOSITION 2.3. Let Z be a subcompler of a CW complex X. Then the
quotient space X/Z is a CW complex.

ProoF. [4] pg. 171. O

DEFINITION 2.6. A map f: X — Y between two CW complexes is called cel-
lular if it takes the n-skeleton X™ of X into the n-skeleton Y™ of Y. In particular,
if each cell of X is sent into a cell of Y. A map of CW pairs [ : (X, A) — (Y, B)
is cellular if f(X™ U A) C (Y™ U B) (note this does not imply that f|a is cellular).

REMARK 2.1. Note that a cellular map not necessarily sends cells into cells.
for example consider the decomposition of the circle with one or two 1-cells.

DEFINITION 2.7. A CW or cellular isomorphism is an homeomorphism such
that the image of each cell is a cell.

LEMMA 2.7. A cellular homeomorphism with cellular inverse is a cellular iso-
morphism.

Adjunction of CW complexes are CW complexes as long as the attaching map
is cellular. More precisely, we have:

PROPOSITION 2.4. Let A be a subcomplex of a CW complex X and let f : A —
Y be a cellular map. ThenY Uy Xis a CW complex containing Y as a subcomplex,
and whose cells are those of X — A and those of Y

PROOF. [4] pg. 168. O

COROLLARY 2.3. Let f : X — Y be a cellular map between CW complezes.
Then the mapping cylinder My is a CW complex, with cells which are either cells
of Y or which are of the form e x {1} or e x (0,1), where e is an arbitrary cell of
X.

THEOREM 2.2. Cellular approximation theorem. Any map f: (X, A) —
(Y, B) between CW pairs (or even between relative CW) is homotopic rel A to a
cellular map.

PROOF. [6] O

LEMMA 2.8. A cellular map f: X — Y between CW complezes is a homotopy
equivalence if and only if X is a strong deformation retract of the mapping cylinder
M.

PRrROOF. Exercise 1.
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3. Cellular homology theory

We now show how to compute the singular homology of a CW complex. The
symbol H, will denote singular homology in general, but if it happens that the
space in question is a triangulable CW complex, then H, can also be taken to
denote simplicial homology, since there is a natural isomorphism between singular
and simplicial theory. The ring of coeflicients is Z.

Recall that if given a triple B € A C X of spaces, one has a short exact
sequence of chain complexes (where Sj denotes the singular chain complexes)

Sn(A) Sn(X) Sn(X)
0 Sa(B) S (B) S (A) 0

In particular if X is a (simplicial) complex, A a subcomplex of X and B a
subcomplex of A, this holds for simplicial chain complexes. This gives rise to
the following exact sequence, called the homology exact sequence of a triple
(X, A, B):

-+ —— H,(A,B) —— H,(X,B) —5 H,(X,A) — n_1(A,B) —— - --

where a and 3 are induced by the inclusions, and ~ is the composite
Hn(X7A)? n—l(A)HJ n—l(AaB)a

where j : (4,%) — (A4, B), and 0 is the boundary homomorphism in the homology
exact sequence of the pair (X, A).

Note that this can be also understood by composing the two exact sequences
of the two pairs (X, B) and (B, A) as described in the following diagram:

Hn—l(B)

——>H,(A)——H,(X)—— H,(X,A) ——H, 1(A) ——— -+

The construction is natural, in the sense that a map of triple f : (X, A, B) —
(Y, C, D) induces a homomorphism of the corresponding exact homology sequences.

DEFINITION 3.1. Let (K,L) be a CW pair. Let
Cn(K,L):= H,(K"UL, K" 'UL),
and let d,, be defined by the composite
H,(K"UL K" 1UL) - no1(K"1UL) — o1 (K" YUL, K2 U L),

¢

The chain complex : C(K,L) = {Cy(K,L),d,} is called the cellular chain
complex of the pair (K, L).

Exercise 2. Verify that d? = 0.
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LEMMA 3.1. Let €™ be an n-cell of K — L, and let ¢ be a characteristic map
for e™. Then, the map of pairs ¢ : (B™,0B™) — (€",0e™) induces an isomorphism
in relative homology.

PrOOF. This is clear since it is a relative homeomorphism, see also [3] 39.1. O
Recalling that (K" UL, K" 'UL) is the adjoint space (see beginning of Section
2)
|—IjeJn SJT'HI —— LleJn BJT‘L
/| lf
Krl'UL——>K"UL

and denoting by ¢ : (K"~ U L) U e,
adjunction, we have the following result:

B? the quotient map in the definition of

LEMMA 3.2. The map q induces an isomorphism in relative homology:

Hy(K"UL,K"'uL)= He(| | B}, | | 9B}).
J€In J€In
PROPOSITION 3.1. Let (K, L) be a CW pair. Let e; be an open cell of K — L
and ¢; a characteristic map for e;. Then,
(1) Hy(K"UL, K" 'UL) 20 if k # n,
(2) Cn(K,L) = H,(K"UL, K" 'UL) is free with basis the elements (¢;)«(wn),
where wy, is a fixed generator for H,(B™ 0B"™),
(3) if ¢ is a singular n-cycle of K mod L representing [¢] € H,(K"UL, K"~1U
L) and if |c| does not include the n-cell ej,, then nj, = 0 in the expression
[c] = e, mi(®5)(wn), nj in the coefficient ring.
The generator (¢;)«(wpn) of Hy(K™ U L, K" UL) is called a fundamental
cycle of the n-cell e;.

PROOF. [3] 39.4 for the first two points, [6] pg. 58 for all the points. O

PrOPOSITION 3.2. Let X be filtered by the subspaces Xqg C X1 C .... Assume
that Hg (X, X,n—1) = 0 for n # k. Suppose also that given any compact set C in
X, there is an n such that C C X, (in particular this holds for a CW complez).
Let C(X) be the chain complex associated to X as in definition 3.1. Then there is
an isomorphism

T:H,(C(X)) — H,(X).

T is natural with respect to homomorphisms induced by filtration-preserving
maps and takes the homology class of a cycle Y ¢ ;nj(¢;)c(wn) € Cn(X) onto
the homology class of the cycle ZjeJ”jQ_bj € Sp(X), where gzj is a singular chain
representing (¢;)«(wy)..

PRrOOF. [3] 39.4. O

PROPOSITION 3.3. Let X be filtered by the subspaces Xo C X1 C .... Suppose
that X is the space of a simplicial complex K, and each subspace X,, is the space of
a subcomplex of K of dimension at most n. Let Hgimp,n denote simplicial homology,

and assume that Hgmp k(Xn, Xn—1) = 0 for n # k. Then H,(X,, X, — 1) equals
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a subgroup of Csimp.n(K), and the isomorphism of Proposition 8.2 is induced by
inclusion. Indeed, H,(X,, X, — 1) is the subgroup of Csimp.n(K) consisting of all
n-chains of K carried by X, whose boundaries are carried by X, _1.

PrOOF. [3] 39.5. O

Definition 3.1 is natural in the following sense (easy to verify): a map of pairs
f:(K,L) — (K',L') induces a chain map fx : C(K,L) — C(K’',L’) and thus a
homomorphism in homology.

ProPOSITION 3.4. Cellular homology is a functor from CW pair.

THEOREM 3.1. There is a natural equivalence T between the cellular homol-
ogy functor and the singular homology functor (simplicial homology functor for
triangulable CW complezxes). Namely, for every CW complex pair (K, L) there is
an isomorphism Tk ry : H (C(K,L)) — H.(K,L), and for every cellular map
f:(K,L)— (K', L) the following diagram commutes for each n
T(x, 1)
_—

H,(C(K, L)) H, (K, L)
f*J/ f*l
H,(C(K, 1)) "2 H, (K", 1)

The isomorphism Tk, 1) takes the homology class of a cycle 3 ;nj(dj)«(wn) €
C,(K, L) onto the homology class of the cycle ... ;n;b; € Sn(K, L), where ¢; is
a singular chain representing (¢;)«(wn,).

jeJ

PROOF. [6] pg. 65. O

We conclude with few words on orientation of cells and cellular chains.

DEFINITION 3.2. Let e be a topological n-cell (see Definition 2.1). The group
H, (&, 0e) is infinite cyclic. The two generators of this group are called the two
orientations of the cell e. An oriented n-cell is a topological cell e together with
an orientation of e.

We have seen that the cellular chain group C,(X) = H,(X,, Xp—1) is a free
abelian group. One obtains a basis for it by orienting each open n-cell e; of X and
passing to the corresponding element of H,,(X,,, X, —1), that is, by taking the image
of the orientation under the homomorphism induced by inclusion H,(€;,0de;) —
H, (X, Xn-1).

The homology of the chain complex C(X) is isomorphic with the singular homol-
ogy of X. In the special case where X is a triangulable CW complex triangulated by
a complex K, we interpret these comments as follows: the fact that X,, and X,,_1
are subcomplexes of K implies that each open n-cell e; is a union of open simplices
of K, so that e; is the polytope of a subcomplex of K. The group Hgimp,n(€;,0€;)
equals the group of n-chains carried by €; whose boundaries are carried by de;. The
cellular chain group C(X) equals the group of all simplicial n-chains of X carried
by X,, whose boundaries are carried by X,,_;.

We conclude resuming the situation: given a CW pair (K, L), the CW decom-
position canonically defines a chain complex

C(K, L) = {Cn(K, L), dn},
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where
= Z H (€5, 0¢;),
Jj€In
of free abelian groups, i.e. free abelian Z-modules. By ordering and orienting
the n-cells we obtain a basis of this chain complex, given by the set of the n-
fundamental cycles. We call this base the geometric basis of C(K, L). Note that
the ambiguities in fixing this basis are encoded by the action of the group

11 ss. x z/27,
n>0

where S; denotes the group of permutations of a set J.

EXERCISE 3.1. Give a cellular decomposition of the real projective space/plane
and compute its homology.

Exercise 3.

3.1. Covering spaces in the CW category. The next three lemmas follow
by classical theory of covering spaces, see for example [5].

LEMMA 3.3. If K is a CW complex for any subgroup G of m1(K) there is a
covering space (K,p) of K with p.(m(K)) = G. In particular, K has a universal
covering space.

A covering in the CW category p : K — K is a covering with K and K CW
complexes and p CW map. When dealing with CW complexes, nothing is lost
assuming it is a CW covering by the following result.

LEMMA 3.4. Let p: K — K bea covering, with K a CW complex. Then, the
family of cells é;, that are lifts of the cells e; of K gives a cell structure for K with
respect to which K is a CW complex. If ¢; : B — K is a characteristic map for
ej, € is a lift of e;, and (ﬁj : B" — K is lift of ¢ such that (Zaj(x) € é; for some
x € B" —dB™, then ¢; is a characteristic map for é;.

LEMMA 3.5. pr K—Kisa covering and f : L — K is a cellular map which
lifts to f L — K, then f is cellular. If f is also a covering in the CW category,
S0 s f

Since a CW covering that is also a homeomorphism is a cellular isomorphism,
Lemma 3.5 implies that the universal covering space of a CW complex K is unique
up to cellular isomorphism.

LEMMA 3.6. Let (K, L) be a pair of connected CW complexes, and p : K —
K the universal covering of K. Let L = p~Y(L). If iy : m(L) — m(K) is a
isomorphism, then pl|; : L — L is the universal covering of L. If L is a strong
deformation retract of K, then L is a strong deformation retract of K.

PROOF. L is a closed set which is the union of cells of K (the lifts of the cells of
L). Thus L is a subcomplex of K. Clearly, pl; is a covering of L. We show that if 7,
is isomorphism, then L is simply connected. First, by the five Lemma applied to the
exact homotopy sequences of (K, L) and (K, L), it follows that 7, (K, L) 2 7, (K, L)
for all ¢ > 1. By the exact homotopy sequence of the pair (K, L), m (K,L) = 0.
Combining with the previous isomorphism, 7y (K’ , f/) = 0, and by connectedness of
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K and the exact homotopy sequence of (K, L), L is connected. Commutativity of
the diagram

0

(

) —>m(K) =0

|

m (L) ——— m(K).

3

1

shows that L is 1-connected. Eventually, if L is a strong deformation result of
K, by Proposition 3.1, m,(K, L) = 0, implying by the previous isomorphism that
7q(K,L) =0, and hence by the same proposition the last statement. |

LEMMA 3.7. Let f : K — L be a cellular map between connected CW complezes
such that f. : m(K) — m (L) is an isomorphism. If K, L are universal covering
spaces of K, L, and f : K — L is a lift of f, then M is a universal covering space
Of Mf.

PRrOOF. Exercise 4. O

We conclude reviewing in some details the standard identification of the group
of covering transformation with the fundamental group of a CW complex K.

PROPOSITION 3.5. Let p: K — K the universal covering of a CW complex K.
Fix a base point xg € K and To € p~(xo9) € K. Then, the function
02050 1 (K, 20) — Cov(K, K),
Oz0,20 1 Gas
where g, 1s the unique covering homeomorphism with g, (Zo) = &(1) (by Lemma

??), is an isomorphism of groups.

PrROOF. We provide an explicit description of the action of g, points of K, not
in the fibre of xzy. Let a € a, a : (I,0I) — (K, () be a loop. By Proposition ??
or Proposition ??, there exists a unique lift @ of a with @(0) = Z,. If j € K and
b:(I,0,1) — (K,Zo,7) is any path, then

9a(§) = axpb(1),

where * denotes sum of loops. For we have the following picture. In K the loop
a starts and ends at xg, and the path pb starts at xo and ends at some yy = p(y).
In K, there is the lift of a, that is the path a starting at £y = a(0), and ending
Z1 = a(1), and there are the lifts of pb: pb starting at Zo, and ending at say o, and
pb starting at £; and ending at 3;. By unicity of lift, pb = b and hence gy = 7.

Since g, is an homeomorphism, and g,(Zo) = Z1 by hypothesis, it follows that
Jda(b) = ga(pb) = pb. Thus

9a () = ga(b(1)) = pb(1).

It is now clear by direct investigation that ﬁ)( 1) = a/_*\_ﬁ)(l), and this completes
the proof of the formula.
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It is now easy to see that 6 is isomorphism. For example, given «, 8 € 71 (K, x9),
and identifying paths with classes,

—_~
~ —

9a95(F) = 9a(B(1)) = ax (pB)(1) = a * B(1) = gap(@).
O

If p: K — K and q: L — L are universal coverings, any map f : (K,z) —
(L,y) induces an homomorphism f, on the fundamental groups and an homomor-
phism f4 on the covering transformation groups. The following diagram obviously

commutes

-
m (K, ) ———m(L,y)

LEMMA 3.8. If f : K — L covers f, then fg = f#(g)f, for all g € Cov(K, K).

PrOOF. The following diagram is useful:

F————&
L f#(9) L
K K
\ \
L————1L.

Both the maps cover f, so it suffices to show that they agree at a point. Let
o= 9;}6(9), since f&(0) = g = fa(0), then

Fg(@) = fa(1) = fa(1) = 0y, 5(f.(@)) (@) = 04,540, 5 (9)) (@) = f4(9)(H)-
O

3.2. Fundamental properties of the universal cover of a CW complex.
Let (K, L) be a CW pair, and p : K — K the universal covering space of K. Then,
by results of Section 3, the cellular chain complex C(K, L) (where L = p~'(L)) is
a free Z-module with properties described in Proposition 3.1 | with natural basis
given at the end of the section. We now show that C(K, L) is canonically a free
Zm (K )-module, and we describe a natural bases for it.

Recall that m (K) = Cov(K, K), the group of covering transformations of K,

namely homeomorphisms g : K — K such that pg =p. If g € Cov(f(, K) then it
is a cellular isomorphism of K by Lemma 3.5, and it induces the homomorphism

gx - Cn(f{af/) - Cn(]fiv?i)a
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with dg. = g.d (where d is the boundary operator), for each n. Let define an action
of Cov(K,K) on C(K,L):

-1 Cov(K,K) x C(K,L) — C(K, L),

i (g,0) g ci=gu(o).

Clearly, d(g - ¢) = g - d(c). This makes C(K,L) a Zm (K)-complex (i.e. a
complex of Zm (K)-modules) if we extend the action linearly, namely if we define

(ST RS-

acA a€cA

The following proposition shows that C(K, L) is indeed a free Zm; (K )-complex
with a natural class of bases. These bases are obtained by lifting and orienting the
geometric basis of the complex C(K, L) (see the end of Section 3).

PROPOSITION 3.6. Let (K, L) be a CW pair, p : K — K the universal covering
space of K, and L = p~'(L). For each n-cell e; € K — L fiz a characteristic map
¢; : B — L, and a lift ¢; : B® — K. Then, the set

{(¢5)+(wn)}jese,ex—L,

is a basis for Cp,(K, L) as a Zm, (K)-module for each n, and thus the union of these
sets for all n >0, is a basis for C,(K, L) as Zmi(K)-complex.

PROOF. Fix a base point x € I™ — 9I" for each n > 1. For each y € p~1¢;(%),
let éj y be the unique lift of ¢; with (;3] y(*) =y (use the Lifting Theorem). Since
the covering is the universal covering, Cov(K K) acts freely and tran81t1ve1y on
each fibre p~!(z). Thus each (j)j 4 1s uniquely expressible as gb] y = gqﬁj for some
g € Cov(K,K). Then,

{diy |y €p710;(0)} = {99; | g € Cov(K, K)}.
By Proposition 3.1 and Lemma 3.4, C(K, L) is a free Z-module with basis
{(85)«(wn) [ ¥ € p7'6;(0)} ={(99))(wn | g € Cov(K, K)}
={9:(6;)+(wn) | g € Cov(K, K)}
={g- (¢j)nlwn) | g € Cov(K, K)},

where j € J varies over the given characteristic maps for K — L. Thus each chain
ceC(K, ) is uniquely representable as a finite sum

Z Njada - (6)(wn) = Z (Z nj,OzQOc) < (05)«(wn),

jeJ,acA jE€J \a€A
where Y 4 1jaga € Zmi(K). This proves that the set
{(éj)*(wn)}jeJ7ejeK—L7

is a basis for C, (K, L) as a Zm; (K )-module for each n.
(I

EXERCISE 3.2. Give the cellular chain complex of the universal covering space
of a circle St with coefficients in Zm1(S1).

Exercise 5






Bibliography

[1] M.M. Cohen, A course in simple homotopy theory, Springer-Verlag GTM 10, 1973.
[2] J. Dugundgji, Topology, Allyn and Bacon Inc., New York, 1968.

[3] J.R. Munkres, Elements of algebraic topology, Addison-Wesley, 1984.

[4] R. Piccinini, Lectures on homotopy theory, North-Holland, 1992.

[5] J.J. Rotmann, An introduction to algebraic topology, Springer-Verlag GTM 119, 1988.
[6] G.W. Whitehead, Elements of homotopy theory, Springer-Verlag GTM 61, 1978.

19






Index

n-cell, 7 oriented cell, 13

deformation retraction, 4 relative CW complex, 8
relative homotopy, 3

adjunction of n-cells, 7 relatively homotopic functions, 3
adjunction of a space, 4 retract, 4

attaching map, 4
attachment of spaces, 4

retraction, 4

skeleton of a CW compex, 8
based homotopic functions, 3 strong deformation retract, 4

. strong deformation retraction, 4
cellular chain complex, 11 & ’

cellular isomorphism, 10 topological cell, 7
cellular map, 10

characteristic map, 4 unit ball, 7
collapsing map, 6 unit disc, 7

cone, 5

contractible, 3

CW complex, 8

CW decomposition, 8
CW pair, 9

CW subcomplex, 9
cylinder, 5

deformation retract, 4
dimension of a CW complex, 8

filtration, 8
finite CW complex, 8
fundamental cycle, 12

geometric basis, 14

homology exact sequence of a triple, 11
homotopic equivalence, 3

homotopic functions, 3

homotopy, 3

homotopy equivalence, 3

homotopy equivalence of pairs, 3

locally contractible, 3

mapping cone, 5
mapping cylinder, 5

open cell, 7
orientation of a cell, 13

21



